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Abstract. We investigate the skew-zigzag algebras introduced by Huerfano and Khovanov.
In particular, we relate moduli spaces of such algebras with the cohomology of the corre-
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1 Introduction

Zigzag algebras were introduced by Huerfano and Khovanov in [5] in their categorification of the
adjoint representation of simply-laced quantum groups. The zigzag algebra A(T") is a quotient of
the path algebra of the double quiver associated to the Dynkin diagram I'" of the quantum group
in question. The Grothendieck group of the category of A(I")-modules is then naturally identified
with the weight lattice of g. Zigzag algebras have also recently appeared in categorifications of
the Heisenberg algebra. See [2] and [7, Remark 6.2(c)].

In addition to their importance in categorification, zigzag algebras have a variety of nice
features, as pointed out in [5]. Examples of such features include the following: they have
nondegenerate symmetric trace forms and are quadratic algebras (provided that " has at least 3
vertices); if I" is a finite Dynkin diagram, then A(I") is of finite type and its indecomposable
representations are enumerated by roots of g; and if I' is bipartite, then the quadratic dual of
the A(T") is the preprojective algebra of I" for a sink-source orientation.

Skew-zigzag algebras, also introduced in [5], are a generalisation of zigzag algebras. They
involve coefficients v . for vertices a, b, ¢ such that a is connected to both b and c¢. When all
coefficients are equal to one, they recover the zigzag algebras. The goal of the current paper
is to investigate some important properties of skew-zigzag algebras. We provide proofs of some
results mentioned in [5] without proof, in addition to proving some results that appear to be new.

We begin with a review of the concepts in graph theory necessary for the current paper in
Section 2. In Section 3, we recall the definition of the skew-zigzag algebras, find an explicit
basis for them (see Proposition 3.7), and prove that they are graded symmetric algebras (see
Proposition 3.9). In Section 4, we describe two moduli spaces of skew-zigzag algebras. The
first is the moduli space of skew-zigzag algebras up to isomorphism preserving vertices, which
we show to be isomorphic to the graph cohomology of I' (see Theorem 4.8), as stated in [5]
without proof (see Remark 4.9). The second is the moduli space of skew-zigzag algebras up to
arbitrary isomorphism, which we show to be isomorphic to the quotient of the graph cohomology
of I' by a natural action of the automorphism group of I' (see Theorem 4.12). We should note
here that we consider the moduli space only as a group, and do not consider any geometric
structure. Finally, in Section 5, we discuss an alternate definition of skew-zigzag algebras that
has appeared in the literature. We show that this alternate definition is more restrictive (see
Proposition 5.3).
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2 Graph theory background

Recall that a graph T is a pair (V, E) where V is a finite set and F is a set consisting of two
element subsets of V. The elements of V' are called vertices and the elements of E are called
edges. Note that this implies that we consider graphs with no loops or multiple edges. We will
often depict graphs as diagrams, with a node for each vertex and curves between nodes a and b
if {a,b} € E. If there exist subsets A, B C V such that AU B = V and each element of E
contains one element of A and one element B, then I' is said to be bipartite.

A quiver, Q, is a four-tuple (Qp, Q1,s,t) where Qy and Q; are both finite sets and s, t
are set maps from Q1 to Qp. The elements of Qp are again called vertices and the elements
of Q; are called directed edges. For each directed edge f, we call s(f) and ¢(f) the source
and target of f (respectively). We will often denote a directed edge with source a and target b
by (a|b). Throughout this paper we will consider quivers with no parallel edges, i.e., no directed

edges f1, f2 such that s(f1) = s(f2) and t(f1) = t(f2).

Example 2.1 (a graph and a quiver). The leftmost diagram below represents the graph (V, E)
with V = {a,b,c,d} and E = {{a,b},{b,c},{a,c},{a,d}}. The rightmost diagram depicts the
quiver Q@ = (Qo, 9Q1,s,t) with Qy = {a,b,c,d}, Q1 = {(alb),(a|d),(b]c),(c|d),(d|b)} and
s,t: Q1 — Qg given by

s((a[b)) =s((a[d)) =a,  s((blc)) =b,  s((c|d)=¢c,  s((d]b)) =d,
t((alb)) =t((d[b)) = b, t((a]d)) =t((c|d)) =d,  t((b]c)) =c.

a b a b
d c d c
We define a path in a graph I to be a sequence of vertices (a1, ag, . .., ay) such that {a;, a;+1} €

E fori=1,...,n — 1. Analogously, we define a path, P, in Q to be a sequence of directed
edges (f1,..., fn) such that the source of f;;; is equal to the target of f; for 1 <i <n—1. The
source and the target of P are the source of f; and the target of f,, (respectively). Furthermore,
for any path P = (aj,as,...,a,) (respectively P = (f1,..., fm)), the length, £(P), of P is equal
to n — 1 (respectively m). We also consider paths of length 0 which start and end at the same
vertex a, called empty paths or trivial paths and denoted (a). We shall use Q; to denote the
paths of length 7 in Q. In addition, we shall use (aj|az| ... |a,) (n > 1) to denote a path
(fi,--., fn—1) such that s(f;) = a; and t(f;) = a1 for 1 <i <n—1in Q. We say that I is
connected if for any vertices a and b, there exits a path P between a and b.

Example 2.2 (paths). In the graph of Example 2.1, (a, b, ¢, a, d) is a path from a to d of length 4.
In the quiver of Example 2.1, (a|b|c|d) is a path of length 3. However, (a|b]|d) is not a path
in the quiver of Example 2.1.

We define the double graph of I', denoted DI', to be the quiver consisting of the vertices
of T" and for each edge {a,b} of I', DI' has two edges f1 and fo with s(f1) = t(f2) = a and

s(f2) = t(f1) = 0.

Example 2.3 (double graph). Let I" be the graph in Example 2.1. Its double graph, DT, is the
following quiver.
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d C

A path C = (a1, a9, ...,ay,) in I is said to be a cycle if a1 = a,. Then we define Vi and E¢
to be the sets {a; |1 <7 <n—1} and {{a;,ai+1}|1 <i <n— 1} respectively. Similarly, a path
C = (a1]az2| ... |an) in Q is said to be a cycle if a; = a,. Then we define Vo and E¢ to
be the sets {a;|1 < i < n—1} and {{a;,a;+1}|1 < i < n — 1} respectively. For each vertex
a € V, we define the degree of a, denoted deg(a), to be the cardinality of the set {e € F'|a € e}.
Furthermore, for any cycle C' (in a quiver or a graph), we define the degree in C' of a vertex
a € Vg, denoted degq(a), to be the cardinality of the set {e € E¢|a € e}. Finally, we say
that C' is a simple cycle if for all a € Vi we have degg(a) = 2.

We say that a graph IV = (V'  E') is a subgraph of T = (V,E) if V' CV and E' CE. If T
is a connected graph that does not contain any simple cycles, then T is said to be a tree. Let
T = (Vp, E7) be a subgraph of I'. If Vpp =V and if T is a tree, then T is called a spanning tree
of I'. Every connected graph has at least one spanning tree (see, for instance, [4, Section 1.5]).
If " = (V, E) is a connected graph and T' = (Vr, E7) is a spanning tree of I, then |Er| = |V|—1.

3 Skew-zigzag algebras

In this section we introduce our main objects of study, the skew-zigzag algebras, and prove some
basic facts about them that are stated without proof in the literature. Throughout this section,
we fix a field k and a connected graph I' = (V, E).

3.1 Definitions

We first recall the definition of the path algebra of a quiver. We refer the reader to Chapter 2
of [1] for further details. The path algebra of a quiver Q, denoted kQ, is the vector space
with basis consisting of all paths. We define the concatenation of two paths (aj|az] ... |an)
and (af|ah]| ... |al,) to be the path (aj|az| ... |a, = d}|db]| ... |al,) when a, = a} and 0
otherwise. Then, we define the multiplication of two paths P; * P, to be the concatenation of
paths. The path algebra is an N-graded algebra, i.e.,

kQ = Pk,
=0

where each kQ; is the k-vector space spanned by all paths of length i, and kQ;kQ; C kQ;; for
all 7, j. We call an element of kQ homogeneous of degree i if it lies in kQ;. We will be mostly
interested in the case where Q = DI

Recall that an ideal I of a graded algebra A = @, A; is called graded or homogeneous if it
is generated by homogeneous elements of A. Equivalently, I is homogeneous if I = @;2,(INA;).

Definition 3.1 (skew-zigzag coefficients). A set v = (vac € k|{a,b},{a,c} € E) is a collection
of skew-zigzag coefficients for the graph I' = (V, E) if it satisfies the following three conditions:
e vy,=1for all {a,b} € E,
o vy vy, =1 for all {a,b},{a,c} € E, and
o vy ve g, =1 for all {a,b},{a,c}, {a,d} € E.
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From now on, whenever we say that two vertices are connected, we shall mean that there is
an edge between these two vertices. We are now ready to recall the definition of the algebras
defined originally in [5, p. 527].

Definition 3.2 (skew-zigzag algebra). Let v be a collection of skew-zigzag coefficients.

e If I only contains one vertex, then we define A, (I") to be the algebra generated by 1 and X
with X?=0.

e If I contains two vertices, then we define A,(I") to be the quotient algebra of the path
algebra of DI" by the two-sided ideal generated by all paths of length greater than two.

e If I' has at least three vertices, we define I, to be the ideal generated by

a) paths of the form (a; | ag | as) for all a1, ag, as in T such that a; is connected to ag, as
is connected to a3 and a; # as,

b) elements of the form (a; | as|ay) — VGl 0 (a1 |as|ay) for all aq,az,as € V such that a;
is connected to a9, ag.

We then define A,(I") to be the quotient algebra of the path algebra of DI" by the ideal I,,.

We call A,(T") the skew-zigzag algebra of T'. When vl . = 1 for all vertices a1, ag, ag such

that a1 is connected to both as and ag, then we call A, (") the zigzag algebra of I' and denote
it A(T).

Remark 3.3. Notice that [, is generated by homogeneous elements of kI" and hence is a graded
ideal. Therefore, the skew-zigzag algebra inherits a grading of its own. More precisely, we have

A1) = @D KQ/(I, NkQ) = DKL, + 1)1,
=0 1=0

Moreover, if I contains at least two vertices, I, is generated by elements of kQs. Thus I, is
contained in @222 kQ;. Consequently, any path of length less than two cannot sit inside 1,,.

For a path P in DI, we let [P] denote the equivalence class of P in A,(T"). Similarly, we
shall use the notation [a; | az2| ... | ay] to denote the equivalence class of (a1 |as | ... |an), n > 1,

in A,(T).

3.2 Bases

Our next goal is to describe an explicit basis of the skew-zigzag algebra. We begin with a few
technical results. Throughout this subsection, we fix a collection v of skew-zigzag coefficients
for the connected graph I' = (V, E).

Lemma 3.4. Let a,ay,...,a, € V with n > 2, and suppose that a is connected to aq, ..., ay.
Then
Ughazvg%aza o 'Ugnfhan - Ughan‘ (3.1)

Proof. We shall proceed by induction on n. For n = 2, this trivially holds. Now suppose
that (3.1) holds for some integer n > 2. Let us prove that it holds for n + 1. We have

n n n—2

a _ a a a _ a a _ a
I I Uaiyazdrl - | | vai,aiﬂ van+17an—lvan—1yan+l - I | Uaiyai+1 Uan—lyan+l - valyan+l’
=1

i=1 =1

where the last equality follows from the induction hypothesis. |
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Corollary 3.5. For all n > 2, we have

a a a a =1

Yay,a2%as,a3 """ Yap_1,anVan,a1 =

Proof. Suppose n > 2. By Lemma 3.4, we have

Ugl,azvgm% o .vg:nflyanvgnyal = Ut(llhanvgn,m =1 u
Lemma 3.6. Let Pi,..., P, be paths in a quiver, no two of which have the same source and
target. If [P;] # 0 for alli=0,...,n then [P1],...,[P,] are linearly independent.

Proof. Suppose there exist ag,...,a, € k such that

a1[P1] + -+ ap[Pn] = 0.
Then, for all : = 1,...,n, we obtain

0 = aas(PIPIP)] + -« + csls(PRIEP)] + -+ + anls(PPIE(P)] = i[P.
Hence, we must have o; = 0 for alli = 1,...,n. Thus, [Py],..., [P,] are linearly independent. W

We are now in a position to determine a basis of the skew-zigzag algebra. In particular, this
gives us the dimension of the zigzag algebra, which was stated in [5, Section 3] without proof.

Proposition 3.7 (basis of the skew-zigzag algebra). Recall that T' = (V, E) is a connected graph
and v is a collection of skew-zigzag coefficients.
e IfT only has one vertex, then {1, X} is a basis for A,(T).

o If T' has two wvertices, a and b, then {[a],[b],[a]|b],[b|al],[a|b|a],[b|a]|b]} is a basis
for Ay (T).

e IfT' has three or more vertices, for all x € V we define V, to be set of all vertices that are
connected to x and we fix a verter y, € V. Then

J =A{[al,[b|d],[x|ys | z]|a,z €V, {b,c} € E} (3.2)
is a basis for Ay(I'). In particular, we have dim A, (") = 2|V| + 2| E|.

Proof. The author would like to thank a referee for bringing into light a much simpler proof
of this proposition.

The first two claims are obvious. Therefore, we assume that I" has at least three vertices.
Recall that the ideal I, is generated by the set

Xy = {(alble), (z|y|z) — vy (x]2]2)]{a, b}, {bc}, {2, y}, {z,2} € E, a # c},
and hence
lalblc =0,  [z|y|a] =0y [z]|z]], (3:3)

for all {a,b},{b,c},{z,y},{z, 2} € E with a # c. Note that the first equality implies that any
path with three consecutive pairwise distinct vertices is equivalent to zero. Now, consider a path
of the form (a|b|a|b) where {a,b} € E. Since I' is connected and has at least three vertices,
either a or b is connected to a third vertex d # a,b. Suppose b is connected to d. (The case
that a is connected to d is analogous.) Then, (3.3) yields

lalblalb] = [a|b][b|alb] = vg 4lalb)[b]d|b] = [a]b|d][d]b] = 0.
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Thus, any path of length 3 or greater has an equivalence class equal to 0. So A,(I") only contains
elements of degree 0, 1 or 2. It is clear that {[a]|a € V'} and {[a|b]|{a,b} € E} are bases for
(Ay(I))o and (Ay(T)); respectively since I, is concentrated in degrees 2 and higher. Now, let
r € V. Notice that for any a € Vi, we have [r|a|x] = vf, [v|y.|x]. So any element in
([x] A (T)[2z])2 can be written as some nonzero scalar times [x |y, | z]. Thus, {[z |y, |z]|z € V}
is a spanning set for (A,(I'))2 and so, by Lemma 3.6, it is a basis of (A,(I"))2. Consequently,
J is a basis for A,(T").
Finally, notice that we have

J={la]la e V}U{la|b][{a,b} € E} U{[z|y:|z]|x eV}

Thus, [J| = [{[a][a € V}|+ [{[a|b] [{a,b} € E}| + [{[z |y 2] |2 € V}| = 2[V]| +2|E]. u

3.3 Skew-zigzag algebras as Frobenius algebras

We begin by recalling the concept of a Frobenius algebra, referring the reader to [6] for further
details. Let f be a bilinear form

f: VxV ok,

where V is a vector space of finite dimension over the field k. A trace map gives rise to a bilinear
form (z,y) — tr(zy).
Let A be a k-algebra. Let tr be a k-linear map

tr: A — k.

We call tr a trace map. A trace map gives rise to a bilinear form (x,y) — tr(zy).

Definition 3.8 (Frobenius and symmetric algebra). Let A be a finite-dimensional unital asso-
ciative k-algebra. If there exists a nondegenerate trace map tr: A — k, then A is said to be
a Frobenius algebra. Moreover, if there exists a nondegenerate symmetric trace map, then A is
said to be a symmetric Frobenius algebra or simply a symmetric algebra.

Recall that I' = (V, E) is a connected graph. Let v be a collection of skew-zigzag coefficients,
and let P be a path in DI'. Throughout this article, we shall define the source and the target
of the equivalence class [P], s([P]) and t([P]), to be [s(P)] and [t(P)] respectively. If P; and P»
are both trivial paths or paths of length 1 then we have [P)| = [P»] if and only if P, = P,. If P;
and P, are paths of length 2 then [P;] is a scalar multiple of [P] if and only if s(P) = s(P)
and t(Py) = t(P,). Thus [s(P)] and [t(P)] are well-defined.

If [P] # 0, we define the length of [P], denoted ¢([P]), to be ¢(P). If [P] = 0, then we
simply define ¢([P]) to be 0. Since I, is generated by homogeneous elements of the same degree,
(([P]) is well-defined.

Let J be as in (3.2) and define the k-linear map tr: A,(I') — k on the elements of J as
follows:

1 i ¢([P]) = 2,

0 otherwise.

tr([P]) = {

For any path P = (a|b|a), we let vp = v}, ~where y, is defined as in Proposition 3.7.

Proposition 3.9. Recall that T' = (V, E) is a connected graph, and let v be a collection of skew-
zigzag coefficients. Then A,(T) is a graded Frobenius algebra. In addition, A(T') is a graded
symmetric algebra.
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Proof. As noted in [5, Proposition 1], zigzag algebras are symmetric algebras. Furthermore,
as stated in [5, Section 4.5], skew-zigzag algebras are Frobenius algebras. This follows from the
fact that a basic finite-dimensional algebra over an algebraically closed field is Frobenius if the
socle of any projective indecomposable module is simple, and the map P/rad(P) — soc(P) is
a bijection onto the set of isomorphism classes of simple modules. The fact that the Frobenius
form is as defined above then follows from Propositions 1.10.18 and 3.6.14 of [9]. It is also
possible to prove directly that the trace map defined above has the desired properties. |

4 Moduli spaces of skew-zigzag algebras

In this section we describe the moduli spaces of skew-zigzag algebras up to various types of
isomorphism. We will see that such moduli spaces are related to the cohomology of the corre-
sponding graph. As noted in the introduction, we will only consider the group structure, and
not any geometric structure, on the moduli spaces to be introduced below. Throughout this
section we fix a field k that contains square roots.

Let I' = (V,E) be a connected graph and v a collection of skew-zigzag coefficients. Let
P={(ay|...|an) be a path in I". Define

n—1
path H a;
Up - Va;_1,ai41°
=2

We call v;;ath the product of v along P. If P is a cycle, then we also define

n—1
cycle _  a; H a; — 01 path
vp = Ya,_1,a2 Uai—1,tli+1 = Ya,_1,02P >
1=2

and call v the eyele product of v along P. Furthermore, we define P* = (a,| ... |a1). It is
easily seen that (Uf;ath)fl = Ug‘lth
Let PL = (a1]| ... |ay) and P» = (ay | ... |am) be two paths. Notice that we have
m—1 n—1 m—1
path _ i — i n i
UP1P2 - (H ng'haiﬂ) - (H Ugilﬂiﬂ) Ugn—han-u ( H vgilyaiJrl)
i=2 i=2 i=n+1
th, an th
= /U%? vgnfluanﬁ»lvgz (41)

If, in addition, P; and P» are cycles, then P, P; is also a cycle and thus,

cycle _ aq path _  aq an path path
PP, = Yam_1,00VP Py = Yamm 1,00Y%an 1,00 VP VP,
— 21 ! pon path path
T Yam—-1,an41 Gn—-1,a2 “0n-1,an4+1 " P P>
_ a1 an path path _  cycle cycle
- van—17a2 am—1,an41 " P P - ,UPl UPQ . (42)

In particular, the second equality of (4.2) implies that

cycle _  aq an path path
P1P2* _van+17a2 An—1,am—1" P /UP2* : (43)

Example 4.1 (product of v along a path and a cycle product). Consider the graph I' = (V| E)
where V' = {a,b,c,d} and E = {{a,b},{a,d},{d,c},{b,c},{b,d}} and let k = C. Its associated
double graph is the following quiver.
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d C

It is easy to show that the following are skew-zigzag coefficients for I' using straightforward
calculations:

a _ ,c __ a _ ,c __ d _ b __ d _ b __ d _ b _
Vha = Vpa =2, Vgp=10gp=1/2, vg.=0,,=5 v ,=v.,=1/5 vy . =vg.=7,
d b d b d b
Vep =Vog=1/T, Vap=0aa=5/T, Vy,=00,=7/5 wv,,=1 foral {z,y}€E.

Now, consider the cycles Py = (d|b|c|d) and P, = (d|a|b|d). Then, we have
WO BT =1 2 o2 ad =1

Remark 4.2. We note that A,(I") is both a k-algebra and a kQp-algebra. Moreover, note
that a homomorphism of kQp-modules is precisely a homomorphism of k-modules that fixes the
vertices.

Lemma 4.3. Let I' be a connected graph with at least 3 vertices and v and u be two collections
of skew-zigzag coefficients. Suppose that

¢ Ay(I) — Au(D),

is an isomorphism of graded algebras such that ¢([a]) = [a] for alla € V. Then

cycle cycle
up  =Yp

for any cycle P.

Proof. For all {a,b} € E, we have ¢([a|b]) = agpla|b] for some o, € k*. In addition, for any
{a,b} € E we have

¢(lafbla]) = ¢([a]bl[b|a]) = ¢(a]b])¢([b]a]) = aapla|blapalb|a] = agponalalb]al.
Let a,b,c € V be such that a is connected to both b and ¢. Then

aa,bab,auac[a |clal = agpapalalblal = agpapqlalblb]al
= ¢([alb][b|a]) = &(la|b]a]) = d(vy lalcla]) = vy oacacalal clal.

Thus, we have

a I aa,cac,a a
ub,c = — c
Qg bXp,q
Therefore, if P = (a1 | ... |a,) is a cycle, we have

n—2
cycle Qa0 1%, 1,01 Qq,a;_1Xa;_1,a Qap_1,an_2%n_2,an_1 cycle _  cycle
up = vp  =vUp

Qay,a2Xaz,a; i—9 Qa;,air1Xait,a, Qap_1,a1¥ar,an-1

1=
as required. [

The following proposition shows that the converse to Lemma 4.3 holds.
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Proposition 4.4. Let I' = (V, E) be a connected graph with at least 3 vertices and let v and u

be two collections of skew-zigzag coefficients. Then v;yde = u(l:gyde for every cycle P if and only

if there exists an isomorphism of graded algebras ¢: A, (') = Ay (T) such that ¢([a]) = [a] for
alla e V.

Proof. =: Fix an edge {a,b} € E. For any {d,e} € E, consider a path P = (a; | ... |a,) with
a1 = a, a,—1 = d and a, = e. Note that since I' is connected, there is at least one such path.
Now, choose ag . = aeq € k* such that

2 _ ,..a a path path
g e = Up gy Vap pUp  Ups - (4.4)

We will show that since we have vgde = ug’de for any cycle C, (4.4) is independent of the choice

of the path. Let P, = (a1 | ... |ay) and Py = (b1 | ... | by) be two paths such that a = a; = by,
d=ay—1=bp_1 and e = a, = by,. Since P P5 is a cycle, we have
cycle n path path path path
VB Py = VhyasVan 1 b VP VP = VbabVbasVBy Upy
where the first equality follows from (4.3) and the second equality follows from Lemma 3.4 and
the fact that a,_1 = b,;,—1. Similarly, we obtain

cycle ¢ a path path
PPy = Wby bUba P, Upy

. cycle _  cycle
Since Up py = Up, pyy W have

a a path path g a path path

Uby,bVb,a2Vpy Vpy = Uby pUbayp, Upy
Consequently,

a a path path g a path path

Ub,byVby bUp, Vpy = UbagVar p¥p, Upy >

as required. Thus the coefficients oy . are path independent. Now, define a map ¢ as follows
¢: kDI' = kDI', (d)— (d) forall deV, (d|e)— age(d|e) forall {d,e} e E.

By definition this map is k-linear. We then extend the map to longer paths by requiring it to be
an algebra homomorphism. We will now show that ¢(I,) C I,,. Now suppose {z,y},{z,z} € E.
Let Py = (a1| ... |ayn) and Py = (b1 | ... | by) be two paths such that a = a1 = b1, x = ap—1 =
bm—1, y = a, and z = b,,,. We have

2 a a path path a path path
Ay o WaVarpUpPy Upr 0 VaybVPp VR (4.5)
a2 Vay = a a path path Vzy = a path pathvz,y' :
T,z Up,bo Vb b P, VP az,bo Py Up,
The path Py(z|z|y)P; is a cycle. Thus,
cycle _a path _a z y , path_ path path path path gz
Upy(z |2 |y)Pr = VazboVPy(z |2 |y)Pp = VazboVzaVeaVpy Viz|a|y)VPr = Var ,boVpy VpPy Yz

where the second equality uses (4.1). Similarly, we obtain

cycle o path path gz

a
Upy(z|z|y) Py = Yazbopy Upy Uz

cycle __cycle

* * m 1 hav
Pz |z |y) Py uPz(z|:1:\y)P1’We ust also have

Since we have v

a path path 2 _ a path path gz
Yag boUp, Upy Vzyy = Uasbop, Upy Uzy: (4.6)
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Combining (4.5) and (4.6) gives us

path path

9 a path path a T

2y o YazboVpPy VP, Uy by Wz yUpy Up, .
v = v = =Uu .

a2 2y a path path "2V a path path 2y

&5 Yaz by Py Py Yag,bo Py Py

Hence, we can now deduce that ¢(I,) C I, and thus ¢ induces an algebra homomorphism

[d] — [d], devV,
b: A,(T) — A, (T), [d]e] — ageld]e], {d,e} € E,
[d\e\d]»%ai’e[d]e]d], {d,e} € E.

Since ¢ is surjective, ¢ is also surjective. Since A,(T") and A,(I") have the same dimension, ¢ is

also injective. Consequently, ¢ is an isomorphism and hence A, (T") = A, (T).
The converse of this proposition is Lemma 4.3. |

We will now introduce the concept of graph cohomology. Let I' = (V, E) be a connected graph
and DI" = (V, E’) its double graph. Let

ZV_{Zaaa]QGGZforaHGGV}, ZE’_{Zaee\aEGZforaﬂeeE’}.

acV eck’

Define the map ¢ by

§: ZE'/{(a|b) + (bla)|{a,b} € E} — ZV, e s(e) —t(e),
where we extend the map by linearity. For any path (ai| ... |a,), we associate the element
nil(ai|ai+1) € ZE' to it. Notice that if a1 = a,, then § <nzll(ai|ai+1)> = 0. Let C = kerd.
: i=

=1
We call C the space of cycles of I'. The space of cycles is a Z-submodule of the free Z-module
ZE'/{(a|b)+ (b]a)|{a,b} € E} and thus it is a free Z-module. Consequently, it has a Z-basis.

Lemma 4.5 ([8, Section 4.4]). Let I' = (V, E) be a connected graph. Then rank(C) = |E| —
V] + 1.

Let T = (Vp, E7) be a spanning tree of a graph I' = (V, E') and let e € V'\ Vip. We shall denote
by T + e the subgraph of T" with vertex set V' and edge set Ep U {e}. Moreover, for any cycle
C=(ay|...|an=a1), wesay that an edge (a|b) isin C'if (a|b) € {(a;|a;+1)} |1 <i<n-—1}.

Lemma 4.6. Let I' = (V, E) be a connected graph with |V| = n and |E| = m. There ezists
a basis of C, B ={C1,...,Chn—nt1}, such that, for all 1 <i < m —n+ 1, there exists (b;|¢c;)
in C; such that (b;|¢;) is not in Cy, for k # i.

Proof. Let I' = (V, E) be a connected graph with |V| =n and |E| = m. Pick a spanning tree
T = (Vp,Er) of I'. Let E\ Ep = {e1,...,em—n+1}. Notice that for each i € {1,...,m—n+1},
T + e; contains one simple cycle. Thus, the quiver D(T + ¢;) contains two corresponding simple
cycles, C; and —Cj. Let

B={C;li=1,...,m—n+1}.

Clearly the elements of B are linearly independent. Moreover, |B| = m — n + 1. Thus, by
Lemma 4.5, B is a Q-basis of C ®7 Q. But since the coefficient of e; in C; is one, it follows
that B is a Z-basis of C. Finally, it is also clear that for all i = 1,...,m —n + 1 we have (b; | ¢;)
in Cy, if and only if k£ = 4, where (b; | ¢;) is the corresponding directed edge of e; in C;. |
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Let I' = (V,E) be a connected graph and DI' = (V, E’) be its double graph. The graph
cohomology of I is defined to be the space of group homomorphisms from C to k*:

HY(T,k*) = Homgroup (C, k*).

Note that the operation in this group is pointwise multiplication.
Let z € C. Take a representative > ace of z in NE' = { > aee|ae. € Nforall e € E’}.

ecE’ eck’
Since z € C = ker 9, for each a € V we have > a. = Y a. where S = {e € E'|s(e) = a} and
eeS eeT
T = {e € E'|t(e) = a}. Thus, we can choose n, € N and vertices by 1, ..., ban.,Ca,l,---sCana
such that
ZZ bai|a) + (a|cai)) = 22.
a€V i=1

Now, for a collection of skew-zigzag coefficients v, define

Na

fv,a(z) = H Uga,i,cayi .

1=1

Lemma 4.7. Let I’ = (V, E) be a connected graph, v be a collection of skew-zigzag coefficients,
a €V and z € C. Set by1,...,ban, and cq1,...,Can, as in the previous paragraph. Then,
fv.a(2) is independent of the order chosen for bga,...,ban, and cq1,...,Com, and fyq(2) is
independent of the representative of z chosen in NE'.

Proof. For the first claim, it suffices to show that f, 4(z) remains unchanged when we inter-

change ¢, ; and cq 41 for some j € {1,...,nq — 1}. Indeed, we have
Na
5 II v
ba,jvca,j+1 a J+1aca 7 a i:Ca,i
=1
i#J,J+1

Ngq

. a a a —
- vba,jzca,]’vca,jyca,j+1vba j+1:Ca,j+1 Ca ,j+15Ca,j H a i:Ca,i H ba ,i1Ca,i’
=1
i#j,j+1
where the second equality follows from Lemma 3.4 and the third equality follows from the second
condition of Definition 3.1.
For the second part of the lemma, it suffices to show that f, 4(%) remains unchanged when

you remove b, ,, and ¢, when by, = ¢, . But this is obvious as Uga . = o =1. [ |

Ca,n ba,nyba,n
Now, for any collection of skew-zigzag coefficients, v, define the map f, to be

for C—k*, Z H foa(2)

acV

It is clear by the definition of f, that we have f,(z1 + 22) = fu(21)fo(22) for any 21,29 € C.
Thus, f, € H'(I',k*). In addition, if C is a cycle in DI, then it is clear that f,(C) = vccyde.

Let SZC = {v]|wv is a collection of skew-zigzag coefficients}. For u,v € SZC, define u - v to
be the set of skew-zigzag coefficients defined as follows:

(U : U)Z,c = ug,cvg,cﬂ
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for all {a,b},{a,c} € E. It is straightforward to check that this introduces a group structure
on SZC. We then define an equivalence relation on SZC as follows:

v =u <= there exists an isomorphism ¢: A,(I") — A,(T)
such that ¢([a]) = [a] for all a € V.

By Lemma 4.3 and Proposition 4.4, we have

_ cycle _  cycle .
v=u <= vy =up forevery cycle PinI.

Now let
¥ ={A,(T)|v € SZC}.
Let ~ be the equivalence relation on ¥ defined by

Ay(T) ~ Ay(T') <= there exists an isomorphism ¢: A,(I') — A,(T")
such that ¢([a]) = [a] Va € V.

Let v € SZC. From now on, we shall use [v] to denote the equivalence class of v in SZC/=.
Furthermore, we shall use [4,(T")]~ and [A,(T")]~ to denote the equivalence classes of A,(T")
in ¥/ and 3/~ respectively, where 2 denotes isomorphism of graded algebras. Note that ¥/
and SZC/= are naturally isomorphic sets via the map

¢: ¥/ —SZC/=, [Ay(D)]~ = [v]. (4.7)
Theorem 4.8. Let I' = (V, E) be a connected graph. Then we have
¥/ = S7C/= = H (T, k%),

where the first isomorphism is an isomorphism of sets and the second isomorphism is an iso-
morphism of groups.

Proof. Define the map 1 by
Y: SZC — HY(T,k*), v [y
It is clear that this map is a group homomorphism. Let v,u € SZC. Then, we have

Y() =Yp(u) <= fu = fu <= fu(P)= fu(P) forall P €C

cycle cycle

< vp =up forall PeC <= v=u.

Hence, SZC/kery = SZC/=.

Let us now prove that ¢ is surjective. By Lemma 4.6, there exists a basis of cycles B =
{C1,. .., Clg|—jv|+1} of C such that, for all 1 <i < |E|— |V|+ 1, there exists (b; | c;) € C; such
that (b; |¢;) € Cy if and only if k = i.

Let f be a group homomorphism from C to k*. We define coefficients as follows:

vy = 1 for all {a,b} € E,
vy = 1 for all {a,b},{a,c} € E, a#biforalli=1,...,|E|—|V|+1.

Then, for all i = 1,...,|E| — |V| + 1 we define

1ol =i, = f(Cy) foralla# ¢, 1<k < |E|—|V|+1,
vgzi,ci = f(Ci)/f(Cy) for all k € {1,...,|E| — [V]+ 1} such that b; = by,
vbi, =1 for all {b;,a},{bi,c} € E,a#c; #c.
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It is clear that the set v = (v{,|{a,b},{a,c} € E) is a collection of skew-zigzag coefficients.
Moreover, since (b; | ¢;) is in Cy, if and only if k = i for all i = 1,...,|E| — |[V| + 1, it is also
clear that f,(C;) = f(C;) for all i =1,...,|E| — |[V| + 1. Thus, we must have ¢(v) = f, = f.
Consequently, 1) is surjective.

Since 1 is surjective, the first isomorphism theorem implies SZC/= = H'(I',k*). The result
then follows using (4.7). [

Remark 4.9. In [5, Section 4], the authors state that “the moduli space of skew-zigzag algebras
is naturally isomorphic to H*(I', C*)”. In light of Theorem 4.8, we assume that the moduli space
they had in mind was X/ ~.

Let I' = (V, E) be a graph. We say that a permutation o of the elements of V' is a graph
automorphism of T if, for all a,b € V', we have

{a,b} € E < {o(a),0(b)} € E.

The identity permutation is called the trivial graph automorphism. A graph is said to be
asymmetric if it admits only the trivial graph automorphism, otherwise it is said to be symmetric.

Suppose o is a graph automorphism of I'. For any path P = (a1 | ... |a,) we let o(P) =
(o(a1)] ... |o(an)). Notice that if P is a cycle, then o(P) is also a cycle. Moreover, if P
and P, are two paths, then it is clear that o(P; P2) = o(P;)o(P3). Thus, the map o induces an
automorphism of the path algebra kDI’

¢o: kDI - kDI, P s o(P).

Fix a collection of skew-zigzag coefficients v. We define (ov)j . for all {a,b},{a,c} € E as
follows:

(O”U);C = Ugfl(b),gfl(c) .

Then we define ov = ((ov)j . | {a, b}, {a,c} € E). The map (o,v) — ov defines an action of the
group of graph automorphisms on the set of skew-zigzag coefficients.
It is straightforward to verify that o(I,) = I,,. Thus we obtain an isomorphism

o: Ay(T') = Agy(D), [P] — [o(P)]. (4.8)
Let
P Ay(T) — Ay ()

be an isomorphism of graded algebras where v and u are two collections of skew-zigzag coeffi-

cients. Suppose that V' = {aj,...,a,}. Although it follows from more advance concepts, we

will use an elementary approach to prove that vertices must be mapped to vertices. For all
n

1 <i < n,let ¥([as]) = Y aujlaj], where oy € k for all 1 < 4,5 < n. For any two vertices

Jj=1
a;,ap €V, 1<ik<n,i#k, wehave

0=v(0) = ¥([ailar]) = Z aijla;] Z agjlag] | = Z avjokglag).

Thus, for any j = 1,...,n, at least one of a;; or ay; is 0. Hence, if o;; # 0 for some 1 <4, j < n,
then og; = 0 for all 1 < k < n, k # i. Moreover, since 9 is injective, ¥ ([a;]) # 0 for all
i =1,...,n, and so there exists j; € {1,...,n} such that a;;, # 0 and thus ay;, = 0 for all
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1 <k <n, k+#1i. Therefore, for any 1 < i,k <n, i # k we have j; # jr. As a result, we must
have aj; =0 for all 1 <,j < n, j # j;. Consequently, we must have 1([a;]) = aj,[a;,] for some
ji € {1,...,n}. Furthermore, notice that we have

P([ai]) = ¢([aillai]) = ¢([ai])p([ai]) = ijiuij;[aj;] = aijd([ai]),

for all 1 <4 < n. Hence we must have «;;, = 1. Therefore, any isomorphism ¢: A,(I") = A,(I")
induces a graph automorphism

op: V=V, a; — aj,.
Then, we obtain the isomorphism
01;1 otp: Ay(l') = Ay—1,(T),
Therefore
Y =oy0 (01;1 o), where 01;1 o([a]) = [a] for all a € V. (4.9)

Lemma 4.10. Let I' be a connected asymmetric graph with at least three vertices, and let v
and u be two collections of skew-zigzag coefficients. Then A,(T') =2 A, (T') as graded algebras if
and only if v = u.

Proof. Let I' be a connected asymmetric graph with at least three vertices, and v and u be two
collections of skew-zigzag coefficients. Suppose that we have an isomorphism ¢: A,(I") — A, (T).
Then in particular the map

op: V=V, ars(¢([a])),

is a graph automorphism. Since I' is asymmetric, we must have o4(a) = a for all a € V. Thus
¢([a]) = [a] for all @ € V. Hence v = u by Lemma 4.3.
The reverse implication follows from the definition of the equivalence relation. |

Let Aut(T") be the group of graph automorphisms of I'. We define a group action of Aut(T")
on HY(T,k*) by

(@f)(C) = f(e71(C)), oecAw(), feH(T,k*), CeC.

For any o € Aut(I") and any collection of skew-zigzag coefficients v we have an isomorphism
given by (4.8) o: A,(I") = Asp(T). It is clear that A,(T') — Ayy(T') defines a group action of
Aut(T") on ¥ and that it preserves the equivalence relation ~. Therefore, we have an induced
action of Aut(T") on X/, given by X — oX for all X € ¥/, where 0 X = {oz |z € X}.

Lemma 4.11. For any graph I' we have the following isomorphism of sets
(/) Aut() = /=

Proof. Define
0 S/ o Sfx [AD)]e o [A(D)]e.

Clearly this is a well-defined surjective map. Moreover, notice that if v and u are two collections
of skew-zigzag coefficients, then we have

a([Ay(D)]~) = a([Au(D)]~) == [Ap(D)]= = [Au(I)]=
<= there exists an isomorphism ®: A4,(I") — A, ().
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Recall from (4.9) that every isomorphism between skew-zigzag algebras can be written as the
composition of a graph automorphism and an isomorphism that fixes the vertices. Thus, there
exists o € Aut(I') and an isomorphism v that fixes the vertices such that

P=coy: A,) L A,—1,(T) S Ay (D).
Since 7 fixes the vertices, we have [A, ()]~ = [A,-1,(I")]~ and so,
a[Ay(D)]~ = 0[Ag-14(D)]~ = [Au(D)]~-

Now, let v and u be two collections of skew-zigzag coefficients such that there exists o € Aut(I")
such that o[A,(T')]~ = [Au(T')]~. Then, since As-1,(I") € [A,(I")]~, there exists an isomor-
phism ~ that fixes the vertices such that we have the following

Au(T) = Age1y (D) % Ay().
Since o o7 is an isomorphism, we must have [A,(I')]~ = [A4(T")]~ and thus, a([4,(T)]~) =
a([Au(T)]~)-

Consequently, for any X7, Xo € ¥/, we have

a(X1) = a(X2) < there exists 0 € Aut(I') such that 0 X; = Xo.
Hence, we finally obtain (3X/.)/ Aut(I') = X/~. [
Theorem 4.12. For any graph I we have the following isomorphism of sets

¥/~ = HY(T,k*)/ Aut(D).
Proof. By Theorem 4.8, we know that the map

voo: B/ = HI(TK),  [Au(D)~ > fo,

is an isomorphism, where the map ¢ is as in (4.7) and v¢: SZC/= — HY(T,k*), [v] = f,. Let
us now prove that it preserves the Aut(I')-action, i.e., for all o € Aut(I") and v € SZC, we have
(40 0)(0[Au(T)]..) = 01 0 )([Ay(D)].). We have

(¢ 0 ¢)(a[As(D)]~) = P([ov]) = fou,

and

(10 @) ([Au(D)]~) = o(¥([v])) = o (fo).

Let C = (ai| ... |an) € C be a cycle. Then,
a(f)(C) = fu(o 1)) = fu((e™H(a1) | ... [0 (an)))
_ ,Uail(al) - U‘jil(“nfl) = f (C)
— Yo Yan—1),0"(a2) oY an—2),0" (an) ~ JOV :

Hence o(f,) = fsu. Consequently, we must have (¢ o ¢)(c[A,(T')]~) = o(¥ 0 ¢)([A,(T")]~). So
1o ¢ is an Aut(I')-set isomorphism and thus,

(2/.)/ Aut(T) = HY(T, k*)/ Aut(T).
Lemma 4.11 then yields ¥/~ = HY(T,k*)/ Aut(T). [

In [5, Section 4] the authors state the following result without proof.
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Corollary 4.13. If T is a tree then all of its skew-zigzag algebras are isomorphic.

Proof. The follows immediately from Theorem 4.12 and the fact that trees have trivial graph
cohomology. |

Example 4.14. Consider the graph I' = (V, E) given by V = {a,b,c} and E = {{a, b}, {b, ¢},
{a,c}}. The associated double graph is

a C

By Proposition 4.4, if u,v € SZC, then A,(T") ~ A,(T) if and only if u?de = v?’de for every
cycle P. Furthermore, recall that by (4.9), if u,v € SZC are such that A,(I") = A,(") via an
isomorphism ¢, then ¢ can be written as the composition of a graph automorphism o with an
isomorphism ~ that fixes the vertices:

coy: Ay(T) 5 A,-1,(T) S Au(D).

Thus, if P is a cycle, then U;yde = u?’flkz P)- Conversely, if there exists o € Aut(I'), such that
v = u?flle(’ py for every cycle P, then we have A,(I') = A,-1,(I') by Proposition 4.4 and

A,-1,(T) =2 Ay(T) by (4.8). Thus, A,(I") = A,(T'). Consequently, 4,(I") = A, (T") if and only if
there exists some o € Aut(I") such that v?’de = ugyflkz P)
compute /., and 3 /~, it suffices to consider the cycle products of u and v (u,v € SZC) along
every cycle.

It is clear that the C' = (a|b|c|a) yields a basis for the cycle space C. So, if u,v € SZC,
then A,(T) ~ A,(T) if and only if u(gde = 3% and A,(T) = A4,(1) <« uccyde = vgde or

cycle _  cycle
Uc* = 'UC .

for all cycles P. Therefore, in order to

Let k=C and 2Ry <= x=yor 27! =y (z,y € C*). Consider the maps

d): Z/N — (C*7 [AU(F)]N — ,Ué}”Cle’ ¢: Z/E N (C*/R, [AU(F)]E — 'Ugde.

These maps are well-defined and injective by the above remark. Surjectivity follows from the
fact that if z € C*, then the following is a collection of skew-zigzag coefficients:

a _,a _,b _ b _,c¢c _,¢c _,a _,a _,b _ b __
vb,b_vc,c_va,a_vc,c_va,a_vb,b_vb,c_vc,b_va,c_vc,a_17
c c _ ..—1

Ua,b =, Ub,a =T .

Thus, ¥/ = C*, whereas ¥/~ = C*/R. Note that, C* 2 C*/R since, in C*/R, every element

is its own inverse which is not true in C*.

5 Other constructions of some skew-zigzag algebras

We conclude with a discussion of other constructions of certain skew-zigzag algebras that have
appeared in the literature [2, 3].

Let I' = (V, E) be a connected graph. We call Q = (e, € k*|a,b € V) a collection of
orientation coefficients if, for any pair of vertices a,b € V, we have ¢, = 0 if {a,b} ¢ E and
€ab = —€bq if {a,b} € E. If T" has at least 3 vertices, we define the algebra Bg to be the quotient
algebra of the path algebra of DI' by the two sided ideal I generated by elements of the form
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e (a|b|c) for {a,b},{b,c} € E and a # ¢, and
o e,p(albla) —eqc(alc|a) such that a is connected to both b and c.

Lemma 5.1. Let I' be a connected graph. For any collection of orientation coefficients, €, there
exists a collection of skew-zigzag coefficients, v, such that Bg = A,(D).

Proof. Let 2 = (€,) be a collection of orientation coefficients and set vj . = €4,c/€q for all
{a,b},{a,c} € E. For any {a,b},{a,c},{a,d} € E we have

€a,c €ab €ac €a,d €ab
Ug,cvg,b = L2 = L, and Ug,cvg,dvg,b ==
€a,b €a,b €a,c €a,b €a,c €a,d

a Ea,b — 17

’Ube = =1.

Thus the set v = (vi,|{a,b},{a,c} € E) is a collection of skew-zigzag coefficients. It is clear
that I = I,. Thus, we have Bl' = A,(T). [ |

Definition 5.2 (orientation). Let I' = (V, E) be a connected graph and let DI" = (V, E’) be its
double graph. A set e C E’ is said to be an orientation of DT if, for every {a,b} € E, exactly
one directed edge in DI" between a and b is in e.

In [3, Section 2.1, p. 109] the authors fix an orientation € of DI'. Then, they define orientation
coefficients Q = (e, | a,b € V) as follows:

1 if (a]b) €,
€ap = 4 —1 if (b|a) € ¢, (5.1)

0 if @ and a are not connected.

Notice that €,, = —€p 4. Thus, by Lemma 5.1, we have Bg = A,(T"), where

o= (she = a0} fac) € ).

a

However, the following proposition shows that the converse of Lemma 5.1 is false. Thus, the
alternate definition of skew-zigzag algebras in terms of orientation coefficients is more restrictive.

Proposition 5.3. If ' is not a bipartite graph, then A(T") is not isomorphic to Bg for any
collection of orientation coefficients €.

Proof. Suppose that I' is not a bipartite graph and that there exists an isomorphism
¢: A(l') — B

for some collection of orientation coefficients . For all a € V let ¢([a]) = [zq]. So, for all
{a,b} € E we have ¢([a|b]) = aqplxa|zp] for some a4, € k. Consequently, for any {a,b},
{a,c} € E we have

aa,bab,a[xa ’ Ty ‘ wa} = ¢([a ’ b | a]) = (Z)([CL ‘ c ’ a]) = aa,cac,a[xa ’ Te ’ xa]-

Therefore,

Qg cOlcq €xq,x
) ) — astc . (52)
Qg bXp,q €4,

By [4, Proposition 1.6.1], since I' is not bipartite, it contains a cycle of odd length. Thus, there

is a cycle C = (a1 | ... |ay) in DT with n even. So, (5.2) yields
1 = QayarQaz,ar  Yasazas,az  Yan—1,01Yar,an—y
Qay,an—1%¥n-1,01 Yaz,a1Xaz,a2 Qap_1,0n—2%n—2,an1
_ @ay ey Cway tag €2a,,_1,Tay (5.3)

€ € €
ZaysTap_1 ~Tag,Tay Lap_1:%Tan_g
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Since {a;,a;41} € Eforalll1 <i<n-—1, €24, .Ta, #0for1<j,k,<n-—1,j#k. Moreover, we
know that €, = —€p 4 for all a,b € V. Consequently, (5.3) yields

1=(-1)"1=-1
This contradiction implies that A, (') 2 BY for any Q. [

Suppose (€q) is a collection of orientation coefficients. For z € V, define V, and y, as in
Proposition 3.7. Notice that if we modify the set J in (3.2) by setting

J = {[al,[b] ], €z, (| Yz | 2] |a,x € V, b,c € V such that {b,c} € E},
then J’ is independent of the choice of y, for every x € V. Indeed, for any y, z € V,., we have

ex7y[5€|y|ﬂ§] = Ex,z[I | Z|SU]

In [2, Section 6.1, p. 2516], the authors fix an orientation e of I' and define coefficients €,
(a,b € V) asin (5.1). They then define a diagrammatic algebra using these coefficients. Their
algebra is in fact isomorphic to the algebra Bg, for Q = (e |a,b € V), via the map

Y

exvyz [JZ‘ ’ Yz ’ I’] if x = Y,

A — AT), H{[aj’y] T#Y, T — [z].

T

So, by Lemma 5.1, A is isomorphic to A, (T") where v = (vg’c = :Z |{a,b},{a,c} € E). However,
if I is not bipartite, then this is not isomorphic to the zigzag afgebra by Proposition 5.3.

Note on the I TEXversion. For the interested reader, the tex file of this paper includes
hidden details of some straightforward computations and arguments that are omitted in the pdf
file. These details can be displayed by switching the details toggle to true in the tex file and

recompiling.
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