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2 P. Albin and J. Gell-Redman

Figure 1. The singular space X obtained by collapsing the fibers of the boundary fibration of M. The
spaces M, play a central role in our proofs.

1 Introduction

Ever since Cheeger’s celebrated study of the spectral invariants of singular spaces [22, 23, 24]
there has been a great deal of research to extend our understanding of geometric analysis from
smooth spaces. Index theory in particular has been extended to spaces with isolated conic
singularities quite successfully (beyond the papers of Cheeger see, e.g., [20, 31, 32, 43]) and
was used by Bismut and Cheeger to establish their families index theorem on manifolds with
boundary [13, 14, 15].

The fact that Bismut and Cheeger used, [13, Theorem 1.5], is that for a Dirac operator
on a spin space with a conic singularity, the null space of L? sections naturally corresponds
to the null space of the Dirac operator on the manifold with boundary obtained by excising
the singularity and imposing the ‘Atiyah—Patodi-Singer boundary condition’ [8], provided an
induced Dirac operator on the link has no kernel. (Here ‘Dirac operator’ refers to the ‘classical’
Dirac operator Tr coV where V is the Levi-Cevita connection on the spin bundle and ¢ is Clifford
multiplication.) This is not true for more general first order operators; indeed, even for twisted
Dirac operators there is no such equivalence. On the other hand, Cheeger points out in [22]
that one can leverage the related APS boundary value problems to prove the Gauss—Bonnet and
Hirzebruch signature theorems for spaces with conic singularities.

In this paper we consider the Dirac operator on a spin space with non-isolated conic sin-
gularities, also known as an ‘incomplete edge space’, and the Dirac operator on the manifold
with boundary obtained by excising a tubular neighborhood of the singularity and imposing the
Atiyah—Patodi—Singer boundary condition. Although the relation between the domains of these
two Dirac operators is much more complicated than in the case of isolated conic singularities,
we show that under a “geometric Witt assumption” analogous to that used by Bismut—Cheeger,
the indices of these operators coincide. Thus we obtain a formula for the index of the Dirac
operator on the singular space as the ‘adiabatic limit’ of the index of the Dirac operator with
Atiyah—Patodi—Singer boundary conditions.

An incomplete edge (ie) space is a stratified space X with a single singular stratum Y. In
keeping with Melrose’s paradigm for analysis on singular spaces (see, e.g., [50, 52]) we resolve X
by ‘blowing-up’ Y and obtain a smooth manifold with boundary M, whose boundary is the total
space of a fibration of smooth manifolds with typical fiber Z,

7 < oM 25y,
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A (product-type) incomplete edge metric is a metric that, in a collar neighborhood of the
boundary, takes the form

g =da*+ 297 + ¢ gy (1.1)

with x a defining function for M, gy a metric on Y and gz a family of two-tensors that restrict
to a metric on each fiber of ¢. Thus we see that metrically the fibers of the boundary fibration
are collapsed, as they are in X.

We also replace the cotangent bundle of M by a bundle adapted to the geometry, the ‘in-
complete edge cotangent bundle’ T;: M, see (2.2) below. This bundle is locally spanned by forms
like dz, xdz, and dy, and the main difference with the usual cotangent bundle is that the
form x dz is a non-vanishing section of T;; M all the way to OM.

We assume that M?° is spin and denote a spin bundle on M° by & — M and the associated
Dirac operator by 0. The operator 0 does not induce an operator on the boundary in the usual
sense, due to the degeneracy of the metric there, but we do have

:U5|8M = c(dz)(3 dim Z 4+ dz),

where 0 is a family of operators on the fibers of 9M. It turns out, as in the conic case mentioned
above, and the analogous study of the signature operator in [2, 3], that much of the functional
analytic behavior of 0 is tied to that of 07. Indeed, in Section 3.4 below we prove the following
theorem.

Theorem 1.1. Assume that 0 is a Dirac operator on a compact, spin incomplete edge space
(M, g), satisfying the “geometric Witt-assumption”

Spec(0z) N (—1/2,1/2) = @. (1.2)

Then the unbounded operator & on L?(M;S) with core domain C2°(M;S) (sections supported in
M\ OM) is essentially self-adjoint. Moreover, letting D denote the domain of this self-adjoint
extension, the map

d: D— L*(M;S)
1s Fredholm.

When M is even-dimensional, the spin bundle admits the standard Z/27Z grading into even
and odd spinors

S=8tas,

and thus we have the chirality spaces D* = D N L?(M;ST) and the restriction of the Dirac
operator satisfies

9: DY — L*(M;S™).

This map is Fredholm and our main result is an explicit formula for its index.

The metric (1.1) naturally defines a bundle metric on 75 M, non-degenerate at dM, and the
Levi-Civita connection of g naturally defines a connection V on T;t M. Our index formula in-
volves the transgression of a characteristic class between two related connections. The restriction
of TieM to OM can be identified with Ny OM @& TOM)Y @& ¢*TY . Let

n: TicM|,,, — NydM,  v: TiM|,,, — TOM/Y,

be the orthogonal projections onto the normal bundle of OM in M, Ny OM = (0,), and the
vertical bundle of ¢, respectively, and let v, = n & v. Both

V”+:v+oV‘aMov+, and th:noVbMonEBvojSVov, (1.3)

where pt stands for ‘product’, are connections on Ny;OM @& TOM/Y — OM.
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Main Theorem. Let X be a compact, even-dimensional stratified space with a single singular
stratum endowed with an incomplete edge metric g and let M be its resolution. If 0 is a Dirac
operator associated to a spin bundle S — M and O satisfies the geometric Witt condition (1.2),
then

Ind (3: DY — L2(M;87) / A(M /A (—n (dz) + /ZT/T(VU+,VPt)>, (1.4)

where A denotes the g—genus, Tﬁ(V”,th) denotes the transgression form of the A genus
associated to the connections (1.3), and 1) the n-form of Bismut—Cheeger [12].

The simplest setting of incomplete edge spaces occurs when Z is a sphere, as then X can
be given a smooth structure and the singularity at Y is entirely in the metric. Atiyah and
LeBrun have recently studied the case where Z = S' and X is four-dimensional, so that Y is an
embedded surface, and the metric g asymptotically has the form

da? + 22 8%d0* + ¢* gy

The cone angle 273 is assumed to be constant along Y. In [7] they find formulas for the
signature and the Euler characteristic of X in terms of the curvature of this incomplete edge
metric. Kronheimer and Mrowka also study invariants of such spaces, in particular working
out the dimension of the moduli space of naturally associated flat connections [39, 40], and
Lock and Viaclovsky [44] compute the index of the ‘anti-self-dual deformation complex’. Using
work of Dai [27] and Dai-Zhang [29], in Theorem 6.2 below, we recover the formula for the
signature in [7], and moreover, we show that our formula for the index of the Dirac operator (1.4)
simplifies substantially in the case Z = S! and dim X = 4. In the context of general Witt spaces,
on the other hand, work on the signature operator and L-class in the incomplete edge setting
includes [19] and [21].

In studying the Dirac operator on incomplete edges with sphere fibers, it is natural to assume,
and we do so below, that the manifold X itself has a spin structure. This induces a spin structure
on the interior of M (which is diffeomorphic to X minus the singular locus), which extends to M.
Then the induced spin structure on the fiber Z ~ S7 is the spin structure induced from thinking
of ST as the boundary of the ball Bf*! in Euclidean space. In particular when f = 1, so the
fiber Z is a circle, the induced spin structure on S' = R/27Z with the round metric df?, induce
the Dirac operator 09 = —i0p + 1/2 whose spectrum satisfies spec(dyp) = {1/2+ Z}. (Note that
the spectrum of the Dirac operator depends on the choice of spin structure, so it is important
that we have the bounding spin structure on the circle.) As we show in the proof of the following
corollary, this implies that for cone angles 2738 < 27, the geometric Witt assumption is satisfied
and we arrive at a simpler index formula in this case.

Corollary 1.2. If  is a Dirac operator on a smooth, compact four-dimensional spin mani-
fold X, associated to an incomplete edge metric with constant cone angle 2w < 27 along an
embedded surface Y, then O is essentially self-adjoint and its index is given by

1

Ind (0: DT — L*(M;S7)) = ~5

p1(M) + (B2 - (1.5)

1
21
where [Y)? is the self-intersection number of Y in X.

The formulas in (1.4) and (1.5), and indeed our proof, are obtained by taking the limit of the
index formula for the Dirac operators on the manifolds with boundary

M, ={x > ¢},
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so in particular the contribution from the singular stratum Y is the adiabatic limit [12, 27, 62]
of the n-invariant from the celebrated classical theorem of Atiyah, Patodi, and Singer [8], which
we review in Section 6. It is important to note that the analogous statement for a general
twisted Dirac operator is false and the general index formula requires an extra contribution
from the singularity. We will return to this in a subsequent publication. We also point out
to the reader that there exist other derivations of index formulas on manifolds with structured
ends in which the computation is reduced to taking a limit in the Atiyah—Patodi-Singer index
formula; see for example [19] where the author discovers a self-adjointness criterion and proves
an L%-signature theorem on incomplete edge spaces, or [42] where the authors prove an index
formula for twisted Dirac operators on spin manifolds with fibered boundary metrics, a complete
Riemannian manifold with a structured end that is a fiber bundle over an asymptotically conical
(big end of a cone) manifold.

One very interesting aspect of the spin Dirac operator is its close relation to the existence
of positive scalar curvature metrics. Most directly, the Lichnerowicz formula shows that the
index of the Dirac operator is an obstruction to the existence of such a metric. This is still true
among metrics with incomplete edge singularities. Analogously to the results of Chou for conic
singularities [25] we prove the following theorem in Section 7.

Theorem 1.3. Let (M,g) be a spin incomplete edge space. The geometric Witt assump-
tion’ (1.2) holds if either:

1. dim Z > 2 and the scalar curvature of g is non-negative in a neighborhood of OM .

2. dim Z =1, the spin structure on M 1is the lift of a spin structure on X, and the cone angle
satisfies 2w < 2m.

If the geometric Witt assumption holds and in addition the scalar curvature of g is non-
negative on all of M, and positive somewhere, then Ind(d) = 0.

Now let us indicate in more detail how these theorems are proved. For convenience we
work throughout with a product-type incomplete edge metric as described above, but removing
this assumption would only result in slightly more intricate computations below. The proof
of Theorem 1.1 follows the arguments employed in [2, 3] to prove the analogous result for the
signature operator. Thus we start with the two canonical closed extensions of 0 from C°(M),
the sections with support a compact set in the interior M \ M, namely

Dinax == {u € L*(M;S): du e L2(M;S)},
Diin := {4 € Dpax: Jug € C°(M) with ug, — u, Ou, — du as k — oo}, (1.6)

where the convergence in the second definition is in L?(M;S), and we show that under assump-
tion (1.2), these domains coincide

Dmin = Dmax =D. (17)

Since 0 is a symmetric operator, this shows that it is essentially self-adjoint.

One difference between the case of isolated conic singularities (dimY = 0) and the general
incomplete edge case is that in the former, even if Assumption (1.2) does not hold, Dyax/Dmin
is a finite-dimensional space. In contrast, when dimY > 0, this space is generally infinite-
dimensional.

We prove (1.7) by constructing a parametrix @ for d in Section 3. From the mapping
properties of @}, we deduce both that O is essentially self-adjoint, and that it is a Fredholm
operator from the domain of its unique self-adjoint extension to L2. The relationship between
the mapping properties of Q and the stated conclusions can be seen largely through (3.28) below,
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Figure 2. M as a smooth manifold with boundary whose boundary M is a fiber bundle. Here x is
a boundary defining function and the space M. are given by M, = {x > €}.

which states that the maximal domain has ‘extra’ vanishing, i.e., sections in Dy, lie in weighted
spaces 9 L% with weight § higher than generically expected. This shows that the inclusion of
the domain into L? is a compact operator, which in particular gives that the kernel of & on the
maximal domain is finite-dimensional.

Once this is established we give a precise description of the Schwartz kernel of the generalized
inverse @ of @ using the technology of [45, 47]. In Section 4, we use @ and standard methods
from layer potentials to construct a family of pseudodifferential projectors

£ e WOOM,;S)
such that

6|M with domain D: = {u € HY (M S): (Id — &) (ulorr.) = 0}.

is Fredholm and has the same index as (0, D). This domain is constructed so that the boundary
values coincide with boundary values of ‘G-harmonic’ L?-sections over the excised neighborhood
of the singularity, M — M..
To compute this index, we consider the operators
6|M€ with domain Dppg . = {u € HI(ME;S): (Id — maps,e)(ulon.) = 0} .
where mapg ., is the projection onto the positive spectrum of 5| on- From [8] we know that
these are Fredholm operators and

Ind (8, Dypg . — L*(M;S8™) /A — In(Oon.) + Le, (1.8)

where L. is a local integral over M, compensating for the fact that the metric is not of product-
type at OM.. These domains depend fundamentally on €. Not only does Dapg . vary as € — 0,
it does not limit to a fixed subspace of L?(OM) with any natural metric. (More precisely, the
boundary value projectors mapg . which define the boundary condition do not converge in norm.)

Through a semiclassical analysis, which we carry out using the adiabatic calculus of Mazzeo—
Melrose [46], we show that the projections & and mapg. are homotopic for small enough ¢,
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with a homotopy through operators with the same principal symbol. The adiabatic calculus
technology boils this down to an explicit analysis of modified Bessel functions, which we carry
out in the appendix. Then we can appeal to arguments from Booss—Bavnbek—Wojciechowski [17]
to see that the two boundary value problems have the same index. Having shown that the index
of (0,D) is equal to the adiabatic limit of the index formula (1.8), the Main Theorem follows as
shown in Section 6.

Incomplete edge differential operators, such as the Dirac operator for on an incomplete edge
spin manifold, are closely related with (complete) edge differential operators, which include the
natural geometric PDEs associated with edge metrics. Indeed, our analysis of O here relies partly
on pre-existing analysis of edge differential operators [48], and in the case of the Dirac operator
of a given spin structure (and not in the general case of twisted Dirac operators) the complete
and incomplete edge cases are related by conformal invariance properties. As we mention in
Remark 3.5, if the geometric Witt assumption is strengthened to exclude fiber spectrum from the
closed interval [—1/2,1/2], then our results imply an index formula for Dirac operators on edge
manifolds (which under this strengthened assumption are Fredholm on their natural domain.)

Though we do not attempt to give a complete overview here, there is a large body of work on
index theory of non-compact Riemannian manifolds which is closely related to our work here. In
particular, the geometric microlocal perspective, in which one compactifies complete manifolds
and uses radial blowups to resolve a geometrically natural Lie algebra a vector fields and define
a calculus of pseudodifferential operators, has led to index theorems on complete Riemannian
manifolds with structured ends [51]. In particular there is a wealth of work (though not many
index theorems) on (complete) edge differential operators (3.4), see [45]. There is, moreover,
work on differential operators on singular spaces and their Fredholm and index theory from the
perspective of groupoids in particular for edge differential operators [5, 30, 56]. See also [55].
The first author proved a renormalized index formula for ‘Dirac-type’ operators, specifically
operators arising as Trc o V for V a Clifford-connection on a Hermitian Clifford bundle, on
complete edge manifolds. The complete setting involves the subtlety that such operators, though
essentially self-adjoint, are not guaranteed to be Fredholm on their natural domains. As far as
the authors are aware, ours is the first index formula for the classical Dirac operator in either
the incomplete edge or (complete) edge context.

2 Connection and Dirac operator

Let (M, g) be an incomplete edge space which is spin, S — M the spinor bundle for a fixed
spin structure with connection V, and let 0 be the corresponding Dirac operator. Given an
orthonormal frame e; of the tangent bundle of M, the Dirac operator satisfies

0= Z c(€;)Ve,,

where c(v) denotes Clifford multiplication by the vector v. See [41, 58] for background on spinor
bundles and Dirac operators. The main goal of this section is to prove Lemma 2.2 below, where
we produce a tractable form of the Dirac operator on a collar neighborhood of the boundary M,
or equivalently of the singular stratum Y C X.

2.1 Incomplete edge metrics and their connections

Let M be the interior of a compact manifold with boundary. Assume that OM = N participates
in a fiber bundle

7 N2y,
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Let X be the singular space obtained from M by collapsing the fibers of the fibration ¢. If we
want to understand the differential forms on X while working on M, it is natural to restrict our
attention to

{w e C¥(M;T*M): iyw € ¢*C(Y;T*Y)}. (2.1)
Following Melrose’s approach to analysis on singular spaces [49] let
TeM — M (2.2)

be the vector bundle whose space of sections is (2.1). We call T M the ‘incomplete edge
cotangent bundle’; and its dual bundle T3 M, the ‘incomplete edge tangent bundle’. (Note that
TieM is simply a rescaled bundle of the (complete) ‘edge tangent bundle’ of Mazzeo [45].) The
incomplete edge tangent bundle Ti. M is canonically isomorphic to T'M over the interior M°, but
its extension to M is not canonically isomorphic to TM (though they are of course isomorphic
bundles) as we discuss below.

Remark 2.1. The bundle T;;M is the natural space for defining uniform ellipticity of the
natural operators, such as the Hodge-Laplacian or the Dirac operator, on incomplete edge
spaces. Indeed, for example, the Laplacian on functions A, for an incomplete edge metric g, has
principal symbol o(A,) which acts on covectors & € T*M by o(Ag)(€) = [|€]|2. This extends
up to OM as a function o(Ay): T;iM — R and is non-vanishing away from the zero section
(hence uniformly elliptic). It does not extend smoothly as a function on T*M.

Let  be a boundary defining function (bdf) on M, meaning a smooth non-negative function
x € C*°(M;[0,00)) such that {z =0} = N and |dz| has no zeroes on N. Near a point p € OM,
we will typically work in local coordinates on M written

z, Y % (23)

where z is the bdf above, y are coordinates along Y on a neighborhood of ¢(p) and z are
coordinates along Z. In particular, we choose a local trivialization of the fibration M on an
open set V 3 ¢(p), giving a local diffeomorphism ¢~ '(V) ~ V x Z. The y and z are local
coordinates on the left and right factors, respectively. In local coordinates the sections of Tix M
are spanned by

dr, x=dz, dy.

The crucial fact is that x dz vanishes at N as a section of T*M, but it does not vanish at IV as
a section of Ty M because the ‘x’ is here part of the basis element and not a coefficient. There
is an obvious map from T;;M to T*M which takes a differential form expressed as a linear
combination of the above basis forms to the exact same form in 7™M this is an isomorphism on
the interior M° but takes forms x dz to zero over the boundary. Similarly, in local coordinates
the sections of Tie M are spanned by

aﬂﬂ %82’7 ay7

and, in contrast to TM, the vector field %82 is defined at N as a section of Ti. M.

Next consider a metric on M that reflects the collapse of the fibers of ¢. Let ¥ be a collar
neighborhood of N in M compatible with =, € = [0, 1], x N.

A product-type incomplete edge metricis a Riemannian metric on M that on € (i.e., for some
boundary defining function ) has the form

gie = da” + g7 + &gy, (2.4)
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where gz + ¢*gy is a submersion metric for ¢ independent of z. Note that this metric naturally
induces a bundle metric on Tie M with the advantage that it extends non-degenerately up to OM.
We will consider this as a metric on TicM from now on. (A general incomplete edge metric is
simply a bundle metric on TicM — M.)

An exact ie-metric induces an orthogonal splitting

TE = (9,) ® TN/Y & ¢*TY

defined by noting that (9,) ® TN/Y is the kernel of the ¢.: T4 — TY and thus the perpen-
dicular space is isomorphic to ¢*TY

To describe the asymptotics of the Levi-Civita connection of gje, let us start by recalling the
behavior of the Levi-Civita connection of a submersion metric. Endow N = 0M with a sub-
mersion metric of the form gy = ¢*gy + gz. Given a vector field U on Y, let us denote its
horizontal lift to N by U. Also let us denote the projections onto each summand by

h: TN — ¢*TY, v: TN — TN/Y.

The connection VV differs from the connections V¥ on the base and the connections VY on
the fibers through two tensors. The second fundamental form of the fibers is defined by

§?: TN/Y x TNJY — ¢*TY,  8*(Vi,Ve) = h(Vy/ 14)
and the curvature of the fibration is defined by
RY: ¢*TY x ¢*'TY — TN/Y,  R®(Uy,Uz) = v([U1,0s]).

The behavior of the Levi-Civita connection (cf. [36, Proposition 13]) is then summed up in the
table:

N (T, Wa, W) Vo Uo
Vi Vs QN/Y(Vgl/YV%Vo) ¢*9Y(S¢(Vl7‘/2)uﬁ0)
vy gy (10 V], Vo) = &"gy (82(V. Vo). U) | 4wy (R?(U.0h). V)
vy ~6%gy (S(V, V), U) Yonyv (R(U,To), V)
VA U, Lanyy (R (U1, Us), Vo) 9v (V1 U2, Uo)

We want a similar description of the Levi-Civita connection of an incomplete edge metric.
The splitting of the tangent bundle of 4" induces a splitting

Tie% = (0,) ® 2TN/Y @ ¢*TY, (2.5)
in terms of which a convenient choice of vector fields is
0., 1V, U,

where V' denotes a vertical vector field at {x = 0} extended trivially to ¢ and U denotes a vector
field on Y, lifted to M and then extended trivially to %. Note that, with respect to g, these
three types of vector fields are orthogonal, and that their commutators satisfy

(0,,1V] = -5V ea™lc™(%, 2T0M/Y), [0,,U] =0,
[Lvi,ivs] = (v, W] e a7'C™ (%, LToM)Y),

1v,0] = %[v 0] e c(%,tToM/Y),

[Ul, Us] € 2C®(€, LTOM/Y) +C=(€,¢*TY).
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The Levi-Civita connection V for g, satisfies the Koszul formula

20ie (Vv Wi, Wa) = Wogie(W1, Wa) + Wi gie(Wo, Wa) — Wagie(Wo, Wh)
+ gie ([Wo, Wh], Wa) — gic([Wo, Wa] , W1) — gie([W1, Wa] , Wy),

and it is easy to see that the expression on the right hand side is smooth on all of M for any
any smooth vector field Wy € C*°(M;TM) and Wy, Wy € C®°(M;TieM). In fact we will now
describe the action of V in relation to the splitting of T'¢" above.

If Wy € {0,,V,U} and Wy, Ws € {0, %V, U} then we find

gie(vW()Wla WQ) = 0 lf 8&? 6 {W07 W].) WQ}
except for  gie (V1 0z, 2V2) = —gie (Vi1 2V2,0:) = 92(V1, V2),

and otherwise

Gie(Vw, Wa, W3) V0 Uo
Vi iV, anyy (Vo ¥ Ve, Vo) v*gy (S(V1, V), Uo)
VsV vy ([U. V], Vo) = ¢%gy (S°(V. Vo), U) | —%gnv (R*(U,Uo), V)
VU —x¢* gy (S*(V, V), U) gy (RO(U,0o), V)
Vglﬁz 59N/Y (R?(Uy,Ta), V) gy (V{7,Us, Up)

We point out a few consequences of these computations. First note that
V: C®(M;TieM) — C®°(M; T"M @ Tic M)

defines a connection on the incomplete edge tangent bundle. Also note that this connection
asymptotically preserves the splitting of T3.% into two bundles

T = [(0,) ® LTN/Y] & ¢*TY (2.6)
in that if Wy, Wy € V. are sections of the two different summands then
Gie(Vi, W1, Wa) = O(x) for all Wy e C*(M;TM).
In fact, let us denote the projections onto each summand of (2.6) by
vi: 6 — (0:) ® ;TN/Y,  h: Ti6 — ¢*TY,
and define connections
V' =vioVovy: C®(%;(0,) ® LTNJY) — C™(€;T*¢ @ ((0.) ® 1TN/Y)),
Vh = ¢*VY: C®(€;¢*TY) — C®°(€;T*C @ ¢*TY).
Denote by
Je: {x=¢}—>%F

the inclusion, and identify {z = ¢} with N = {x = 0}, note that the pull-back connections j*V"+
and j*V" are independent of ¢ and

3V =3V @ gV (27)
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In terms of the local connection one-form w and the splitting (2.6), we have

o <wN/Y @(x))’ PH, _ < ws (’)(w)>’

O(z) O(2?) O(z) ¢*wy
| wey O(x)
W= <O($) o*wy + O(x2)> ’ (2.8)

where PV w is the projection onto the dual bundle of [(83;) @ %TN/Y], PHy is the projection
onto the dual bundle of ¢*T'Y’, and the forms wy/y, ws, wy, wy+ are defined by these equations.
Finally, consider the curvature R;, of V. If Wy, Wy € V,, are sections of two different summands
of (2.6) and W3, Wy € C®(€¢,TN/Y @ ¢*TY) then

Gie(Rie(W3, W)W, W) = O(x),
but

1
gie(Rie(a;m W4)W17 WQ) = Egie(vW4W1, WQ) = O(l)

We will be interested in the curvature along the level sets of x. Schematically, if €2 denotes
the End(7Tie M )-valued two-form corresponding to the curvature of V, then with respect to the
splitting (2.6) we have

U= (o) o)

where (), is the tangential curvature associated to wy/y +ws and Qy is the curvature associated
to wy, and analogously to (2.7),

JoS2 = joSdv, + ¢ Qy-. (2.9)

Following [13] and [36], it will be convenient to use the block-diagonal connection V on Tie M
from the splitting (2.5). Thus

V: C®(€, T ) — C°(€;T*C @ T %) (2.10)
satisfies

Vo, =0, %ar =0, and

Gie (ewl Wa, W3) 1vo Uo
6\/1%‘/2 QN/Y(V%/YVQ, Vo) 0
ViV vy ([0, V], Vo) — 679y (S*(V. V), U) 0

VvU 0 0
Vi, U 0 av (V3. Un, Up)

The connection V is a metric connection and preserves the splitting (2.6).
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2.2 Clifford bundles and Clifford actions
The incomplete edge Clifford bundle, denoted Clic(M, g), is the bundle obtained by taking the
Clifford algebra of each fiber of Tic M. Concretely,

Clie(M, g) = ZTieM@)k/(x QY+y®r= -2, y>g)-
k=0

This is a smooth vector bundle on all of M.

We assume that M is spin and fix a spin bundle S — M. Note that S is indeed a smooth vec-
tor bundle on all of M (including the boundary) as the orthonormal frame bundle O — M° ex-
tends smoothly up to the boundary (indeed, consider the local orthonormal frames from the pre-
vious section). In fact, the orhonormal frame bundle of Tie M gives the extension of O to M. De-
note Clifford multiplication, which also extends smoothly to all incomplete edge vector fields, by

c: CO(M,TieM) — C*(M; End(S)).

We denote the connection induced on § by the Levi-Civita connection V by the same symbol.
Let 0 denote the corresponding Dirac operator.

Lemma 2.2. Let € = [0,1), x N be a collar neighborhood of the boundary. Let
Ouy Vo, U (2.11)

denote a local orthonormal frame consistent with the splitting (2.5). In terms of this frame and
the connection V from (2.10), the Dirac operator & decomposes as

5 = c(0,)0, —&-—c %Z vv+z IV + B, (2.12)

where f =dim Z, b=dimY, and B € C>*°(M,End(S)).

Proof. Consider the difference of connections (on the tangent bundle)
A=V -V eC®(¢T*M @ End (*T%)).

From [16] we have

5= ete) B )

where A(W) := iij Gie(A(W)e;, ex)c(ej)c(er). From Section 2.1 we have
Gie(AWo)W1, W) =0 if 0, € {Wo, Wy, Wa}
1
except for gie(A(%Va)aza %Vﬁ) = _gie(%A<Va)iv,Bya$) = EQZ(VOMVB)a

and otherwise

Gie(A(W1) W3, W3) 1o Uo
A(R1) iy, 0 ¢* gy (S°(V1, Va), Up)
AU) LV 0 —%gn/y (R*(U, To), V)
A(V)U ~¢"gv (S*(V.V0).U) | $gnyv (R?(U,Th), V)
A(Uh) U, sanyy (R (U1, U2), Vo) 0
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Hence iZs’mgie(A(eS)et,eu)c(es)c(et)c(eu) has terms of order O(1), O(1), and O(z). The

terms of order % are

fZ Gie(A(LVa) O, LVa) e(a) + gie(A(LVa) 1Va, 02) (—c(0)))

>0 (f D= Lo,

which establishes (2.12). [

=~ =

2.3 The APS boundary projection

We now define the APS boundary condition discussed in the introduction. We will make use
of a simplified coordinate system near the boundary of M, namely, let (z,z’) be coordinates
near a point on OM for which 2/ € R"! are coordinates on OM and z is the same fixed
boundary defining function used in (2.3). For the cutoff manifold M. = {z > £}, consider the
differential operator on sections of S over M. defined by choosing any orthonormal frame e,
p=1,...,n—1 of the distribution of the tangent bundle orthogonal to J, and setting

n—1

1~ ~
gag = —c(0y) Zc(ep)vep ,
p=1 T=¢
where V is the connection from (2.10). The operator 55 is defined independently of the choice
of frame, so we may take frames as in (2.11) to obtain

f b
0c = —2c(@:) | 3 e(3Va)Viy, + > c(0)Vg || - (213)
j=1

a=1
r=¢€

We refer to 0. below as the tangential operator, since for every € it acts tangentially along the
boundary dM.. The operator 9. is self-adjoint on L?(OM,,S).

We denote the dual coordinates on T)F ,M by (&,¢'). Using the identification of T*M with
TM induced by the metric g, the principél symbol of § is given by

o(0)(x,x") = i€c(0;) + ic(& - D), (2.14)

n—1 ~
where ¢ - 0 = > fg-(‘)x;_. Note that using coordinates as in (2.14), for = ¢, 0. has principal
i=1
symbol
o(0:) (', ') = —iec(dp)e(€ - Ou).
Since o(d,) (2, £)2 = &2 |(0,§’)|§, if we define & = ¢’/ (0,€)],, then

-~

o(3)(@. &) = [(0.8)], @)@, &) =<|(0.)], (r._, o) — 7o), (2.15)

where 7___z(2') are orthogonal projections onto + eigenspaces of o(0:) (2, €). We will define
a boundary condition for @ on the cutoff manifolds M,

TAPS ¢ = L? orthogonal projection onto V_e, (2.16)

where V_ . is the direct sum of eigenspaces of 55 with negative eigenvalues. We recall basic facts
about TAPS,e-
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Theorem 2.3 ([8, 59]). For fized €, the operator mapse is a pseudodifferential operator of
order 0, i.e., TApPS ¢ € UO(OM,;S). Its principal symbol satisfies

o(mapse) (@, &) =7 _a(a),
where 7_ _ g,(x’) is projection onto the negative eigenspace of fic(ax)c(g’ - Oy) from (2.15).
Consider the domains for d on L?(M,;S) defined as follows

Dapsc i= {u € H'(M.,S): (Id = maps)u =0},
DXPS,& := {u € Daps,: image(u) C St}. (2.17)

In one of the main results of this paper, we will show that 0 has a unique self-adjoint extension D,
such that for € > 0 sufficiently small,

Ind (8: Dipg, — L*(M:;87)) =Ind (0: DT — L*(M;87)),

where D the elements of D valued in ST. Indeed, this will follow from Theorems 4.1 and 5.1
below.

3 Mapping properties of 0

In this section we will use the results and techniques in [2, 3] to prove Theorem 1.1. We proceed
by constructing a parametrix for 0 and analyzing the mapping properties of this parametrix.

Let D denote the domain of the unique self-adjoint extention of d. At the end of this section,
we analyze the structure of the generalized inverse ) for 9, that is, the map

Q: L>(M;S) — D satisfying 0Q =1Id — mey and Q = Q*,

where Ty, is L?-orthogonal projection onto the kernel of d. Here the adjoint Q* is taken with
respect to the pairing defined for sections ¢, ¥ by

(6,912 = / (6, )¢ dVol,,

where G is the Hermitian inner product on S.

3.1 The “geometric Witt condition”

The proof of Theorem 1.1 relies on an assumption on an induced family of Dirac operators on
the fiber Z which we describe now. By Lemma 2.2, on a collar neighborhood of the boundary,

ucm with U ~[0,e0)s x OM (3.1)
we can write
fo1 .
_ A TTA\NT
0= c(8,) (ax +oo 0y - ;C(ax)C(Ui)Vm) +B (3.2)

with || B]| = O(1) and where, for y in the base Y’

f
07 = —c(0a) - Y _e(2Va) - Vv, (3.3)
a=1

The operator 55 defines a self-adjoint operator on the fiber over y € Y in the boundary fibration

N 2oy acting on sections of the restriction of the spin bundle S,,.
We will assume the following “geometric Witt condition” discussed in the introduction.
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Assumption 3.1. The fiber operator 65 in (3.3) satisfies

(—1/2,1/2) Nspec (55) =0 for all y.

3.2 Review of edge and incomplete edge operators

A vector field on M is an ‘edge vector field’ if its restriction to N = M is tangent to the fibers
of ¢ [45]. A differential operator is an edge differential operator if in every coordinate chart
it can be written as a polynomial in edge vector fields. Thus if £ and F' are vector bundles
over M, we say that P’ is an m'™ order edge differential operator between sections of E and F,
denoted P’ € Diff]*(M; E, F), if in local coordinates we have

Pl= 3" ajan(@,y,2)(@d) (@,)*(3.),

jtlal+lyIsm

where o denotes a multi-index (ai,...,ap) with |a] = a3 + -+ + ap and similarly for v =
(71,---,7f), and each ajq~(x,y,2) is a local section of hom(FE, F).

A differential operator P is an ‘incomplete edge differential operator’ of order m if P’ = 2™ P
is an edge differential operator of order m. Thus, symbolically,

Diff{}(M; E, F) = z~ " Diff*(M; E, F), (3.4)
and in local coordinates

P=z" 3 jas(@y 2)(20:) (29,)%(9.)".
Jtlal+ly[sm

The (incomplete edge) principal symbol of P is defined on the incomplete edge cotangent bundle,
o(P) € C®(TitM; 7" hom(E, F)),
where 7: T;:M — M denotes the bundle projection. In local coordinates it is given by
o(P)(w,y.2, 600 = Y ajaq(@y.2)(E) () ().
Jt+lel+lyl=m
We say that P is elliptic if this symbol is invertible whenever (£, 7, () # 0.

Lemma 3.2. The Dirac operator O on an incomplete edge space is an elliptic incomplete edge
differential operator of order 1, i.e., is an elliptic element of Diffile(M;S). In particular, 0 is
an elliptic element of Diffl(M;S).

Proof. This follows from equation (2.12) in Lemma 2.2. [

3.3 Parametrix of 0 on weighted edge spaces

Lemma 3.2 shows that 0 is an elliptic edge operator. By the theory of edge operators [45],
this implies that 20 is a bounded operator between appropriate weighted Sobolev spaces, whose
definition we now recall.

Let D'(M;S) denote distributional sections. Given k € N, let

HF(M;S) := {ueD(M;S): Al Aly e LA(M;S) for j < k and A' € Diffé(M;S)}.
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In particular, u € HX(M;S) if and only if u € L*(M;S) and, for any edge vector field V &
C>®(M;T,M), Vyu € L?(M;S). The weighted edge Sobolev spaces are defined by

L HE(M;S) = {u: 7% € Hf(M7S)}
Thus, the map
20: ?HFN(M;S) — 2 HF1(M; S) (3.5)

is bounded for all 6 € R, k € N, in fact for £ € R by duality and interpolation. We will prove
the following

Proposition 3.3. Under the Witt assumption (Assumption 3.1), the map (3.5) is Fredholm for
0<d<1.

Remark 3.4. Recall that the space L?(M;S) used to define the z0 H*(M;S) is equipped with
the inner product from the Hermitian metric on S and the volume form of the incomplete edge
metric g.

Remark 3.5 (complete edge manifolds). We now give a rough sketch of how one can use the
main theorem of this paper to prove an index formula for Dirac operators in the complete edge
case, leaving the details to the reader. Note that for each incomplete edge metric g on M as
above, there is an edge metric g defined by

g=1z"73,

where x remains a boundary defining function as above, and in particular is non-vanishing in
the interior of M. Choosing a spin structure, the Dirac operator of g is related to that of g
(under a natural identification of the spin bundles) by

55 _ :L,(n+1)/2 65 :Cf(nfl)/2'

One can show that, under the strengthened assumption, 8;: HZ (M;S) — L?(M;S) is Fred-
holm (i.e., one can take the weight 6 = 0) and that the index of this map is equal to that of 9.
The main theorem then gives an index formula for 95 in this case.

In fact we will need more than Proposition 3.3; the proof of the Main Theorem requires
a detailed understanding of the structure of parametrices for 0. To understand these, we must
recall of edge double space M2, depicted heuristically in Fig. 3 below, and edge pseudodifferential
operators, defined in [45] with background material in [53]. The edge double space M2 is a mani-
fold with corners, obtained by radial blowup of M x M, namely M2 := [M x M;diagg,(OM x
OM)], where the notation is that in [53]. Here diagg, (OM x OM) denotes the fiber diagonal

diagg, (N x N) = {(p,q) € N x N: é(p) = ¢(q)}, (3.6)

where ¢: N — Y is fiber bundle projection onto Y. Whereas M x M is a manifold with
corners with two boundary hypersurfaces, M2 has a third boundary hypersurface introduced by
the blowup.

Let ff be the boundary hypersurface of M? introducedby the blowup.
Furthermore we have a blowdown map.

B: M?— M x M,
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%[0, 004

Figure 3.

which is a b-map in the sense of [53] and a diffeomorphism from the interior of M?2 to that of
M x M. The two boundary hypersurfaces of M x M, {x =0} and {2’ = 0}, lift to boundary
hypersurfaces of M2 which we denote by

If := /8_1({1: _ O}int) and of = 5—1({1./ _ O}int )
The edge front face, ff, is the radial compactification of the total space of a fiber bundle
Z?2 xR xRy — ff — Y,

where b = dim Y. This bundle is obtained by pulling-back the tangent bundle of Y and trivial R*
bundle, to the fiber product of two copies of M, along the natural projection to Y. Choosing
local coordinates (z,y,z) as in (2.3), and our fixed bdf z, and letting (z,y, z,2',y/, 2’) denote
coordinates on M x M with (2,1, 2") the same functions as (z,y, z) but on the right factor, the
functions

€z y—y
x 9 g = ?7 y == 9 y/7 Za Z/ (37>

define coordinates near ff in the set 0 < o < oo, and in these coordinates z’ is a boundary
defining function for ff, meaning that {2’ = 0} coincides with ff on {0 < o < 0o} = M2\ rf,
and 2’ has non-vanishing differential on ff. When 2’ = 0, o gives coordinates on the R fiber,
Y on the R? fiber, and z, 2’ on the Z? fiber. Below we will also use cylindrical coordinates
near ff. These have the advantage that they are defined on open neighborhoods of sets in ff
which lie over open sets V' in the base Y. With (z,y, z) as above, let

/ o
pr =2+ @)+ y—y ) 6= <x,x,y y>,
pit’ pee et

so (pse, 6,y 2, 2') form cylindrical coordinates (in the sense that |¢|* = 1) near the lift of V to
ff and in the domain of validity of y, z.

We now define the calculus of edge pseudodifferential operators with bounds, which is similar
to the large calculus of pseudodifferential edge operators defined in [45]. Thus, V7% ,(M;S)
will denote the set of operators A mapping C°(M;S) to distributional sections D' (M 'S ), whose
Schwartz kernels have the following structure. Let End(S) denote the bundle over M x M whose
fiber at (p,q) is Hom(S,; Sp). The Schwartz kernel of A, K4 is a distributional section of the
bundle End(S) over M x M satisfying that for a section ¢ € C°(M;S),

Ad(w) = /M Ka(w,w")¢(w') dVoly(w'), (3.8)
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where dVol, is the volume form of an incomplete edge metric g asymptotically of the form (2.4).
Moreover,

KA € Aa,b,fIm (Me27 Aev B* End(S)),
meaning that K4 = K + Ky where p{fK 1 is in the Hormander conormal space [37, Chapter 18]
Py € I™ (M, Ac; B End(S)),

K7 is supported near A, and Ky € A(M2; End(S)), i.e., is smooth in the interior and conormal
to the boundary, and satisfies the bounds

Ko(p)=0(pft) as p—1f,  Ko(p)=0(%) as p—rf, (3.9)

where pit, prf, and pgr are boundary defining functions for If, rf, and ff respectively. The bound
is in the norm on End(S) over M x M, see [45] for details. Since the bounds a and b in (3.9)
will be of some importance, we let

W' (M;S;a,b)

denote the subspace of U7, (M;S) of pseudodifferential edge operators whose Schwartz kernels
satisfy (3.9) with bounds a and b.

The bounds in (3.9) determine the mapping properties of A on weighted Sobolev spaces.
From [45, Theorem 3.25], we have

Theorem 3.6. An element A € VI'(M;S;a,b) is bounded as a map
A: PHF (M S) — 2 HF (M S),

if and only if
a>8—f/2-1/2 and  b>-0—f/2-1/2.

Remark 3.7. In Mazzeo’s paper [45] the convention used to describe the weights (orders of
vanishing) of the Schwartz kernels of elements in W[* is slightly different from ours. There one
chooses a half-density ;1 on M which looks like v/dxdydz near M. The choice of p gives an
isomorphism between the sections of S and the sections of S ® QY2(M) where QY/2(M) is the
half-density bundle of M (simply by multiplying by x), and the Schwartz kernel of an edge
pseudodifferential operator, A, in this context is the section x4 of End(S) ® QY2(M2) with the
property that

Alp) = /M Kati. (3.10)

One nice feature of (3.10) is that k4 is smooth (away from the diagonal) down to ff. With our
convention in (3.8), it is singular of order —f due to the factors of x in the volume form of g.

Given an elliptic edge operator Pe Diff*(M;S), to construct a parametrix for P one must
study two models for P, the indicial family I, (15, ¢) and the normal operator N(Jg)y, in addition
to inverting the principal symbol.

First we discuss the indicial operator. For each y in the base Y, the indicial family ¢ —
Iy(lg, () is an elliptic operator-valued function on C obtained by taking the Mellin transform

(see [45, Section 2]) of the leading order part of P in z. By (3.2), the leading order part of

P =20 is ¢(0y) (x@x +f/2+ 65 ), so taking the Mellin transform and ignoring the ¢(9,) gives

i+ f/2+07. (3.11)
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The meaningful values of ( are the indicial roots, which we define to be
Ay ={i+ f/2+1/2: (3.11) is not invertible} . (3.12)

By definition, (3.11) is invertible as long as —(i( + f/2) & a(fiyz), so Assumption 3.1 implies
that

Ay N[0,1] C {0,1} forall yeY.

Remark 3.8. The shift by f/2 + 1/2 in (3.12) comes from the following considerations. We
want to understand the mapping properties of 0 on L?(M;S) with the natural measure dVol,
given by the incomplete edge metric g. On the other hand, the values of i for which (3.11)
fails to be invertible give information about the mapping properties of 0 on the Sobolev spaces
defined with respect to the b-measure

Ly 1= A dVol,.

In particular, the Fredholm property in Proposition 3.3 is equivalent to 20 being a Fredholm
map from the space x5_f/2_1/2H§(M;S;ub) to the space a:a_f/2_1/2Lg(M;S;ub), where the
Sobolev spaces are now defined with respect to the b-measure. Alternatively, as in [3] we could
define P’ = x—1/271/2(28) 212112 take the Mellin transform and use the values of i¢ as the
indicial roots, but we would get the same answer as in (3.12).

Now we discuss the normal operator N(P). Elements of V, acting on either factor of M x M
are tangent to ff when lifted to M2. This implies that, letting P act on the left on M x M and
lifting to M2, P defines an operator on sections over ff. In fact, we can see explicitly that P
acts on the fibers of ff, so the base Y enters its action only parametrically; that is, for every
yey, P defines an operator

N(P)y acting on the fiber ff, over y.

To obtain an expression for N(P), in coordinates, write

P= Z Wi 5 (Y, 2)(20y) (2:0,) 07, where a; o € C*(M;EndS),
itlaf+]|B]<m

and use the projective coordinates in (3.7) to write

N(P), = > aak(0,9,2)(00,) (00y)*0..
i+lal+[B]<m

The mapping properties of P are deduced from mapping properties of the N (ﬁ)y In particular,
to prove Proposition 3.3 we will need Lemma, 3.10 below, which shows that the Fourier transform
of Ny(z0) is invertible on certain spaces.

Edge pseudodifferential operators also admit normal operators. Given A € Ul ds (M;S), the

restriction N(A) := pffK Alge is well defined, and in fact
N(A) € AgpI™(tf, Acler; B End(S)]r),

meaning that N(A) = k1 + ko where k1 is a distribution on ff conormal to A, N ff of order m
and kg is a smooth function on ff** with bounds in (3.9) (with the point p restricted to ff).
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Using (3.2) and the projective coordinates in (3.7), and letting ¢, denote the operator induced
by ¢(0;) on the bundle Sy, the restriction of the spin bundle to the fiber over y, the normal
operator of x0 satisfies

N(z0) =¢, - <08+f

241 ag) + oy, (3.13)

where 0y can be written locally in terms of the limiting base metric h, = gy|r1,y,, i.e., the
translation invariant metric on the vector space T,Y defined by gy in (2.4) as

dimY

53} = Z C(ayi)h;jayj.

ij=1
The operator N (20) acts on sections of Sy.
The remainder of this subsection consists in establishing the following theorem.
Theorem 3.9. Let 0 < 6 < 1. Under Assumption 3.1, there exist left and right parametrices @i,
i =1,2 for 0. Precisely, there are operators @Q; € \Il;énd(M;S), satisfying

Qzd =1d — s and  20Qa = Id — Meoker s, (3.14)
where
Qi: 2’HFE(M;S) — 2P HFY(M;S),  Ters, Heokers: 2 HF(M;S) — 2P HX(M;S)

for any k. Here e 5 (resp. Meoker,s) is x‘SL2(M; S) orthogonal projection onto the kernel (resp.
cokernel) of ©0. The Schwartz kernels satisfy the following bounds

Qvi € \I]e_l(M; S; a, b)7 err,57 Hcoker,é € \I]e_oo(Ma ‘S; a, b)a

where a > d — f/2—1/2 and b > —6 — f/2 —1/2. Furthermore, N(Illxey 5) = 0 = N (Ilcoker,s) SO
we have

N(Q1)N(20) = N(Id) = N(29)N (Q2). (3.15)
In particular this establishes that x0: x0 HFY(M;S) — 2 HF¥(M; S) is Fredholm.

We will see that Theorem 3.9 can be deduced from the work of Mazzeo in [45] and its
modifications in [2, 3, 48]. (See also [38], which is closely related to [48], though not directly
used in the current work.) In order to see that the results of those papers apply, we must prove
that the normal operator N (x0) is invertible in a suitable sense. Taking the Fourier transform
of Ny(«0) in (3.13) in the ) variable gives

L(y,n) :== W)(a, n,2) = ¢y - (Gaaa + g + 55) + ioc(n) (3.16)

and for each y, one considers the mapping of weighted edge Sobolev spaces defined by picking
a positive cutoff function ¢: [0, 00), — R that is 1 near zero and 0 near infinity and letting

HO = {ueD([0,00), x Z;8,): du € o®H", (1—¢)u e o'H"Y, (3.17)

where, in terms of ky = gn/y the fiber metric on the fiber above y € Y,

oy’
H":= H" (0! dodVoly,; S,),

i.e., it is the standard Sobolev space on [0,0), X Z whose sections take values in the bundle &
restricted to the boundary over the base point y. Consider

L(y, 77): Hr,&,l N Hrfl,&l‘



The Index of Dirac Operators on Incomplete Edge Spaces 21

Lemma 3.10. If the fiber operators 55 satisfy Assumption 3.1 for each y, then
L(y, 77): rHr,é,l N rHrfl,(s,l

is invertible for 0 < § < 1, where L(y,n) and H"%' are defined in (3.16) and (3.17).

Proof of Lemma 3.10. Given y € Y and n € T,)Y with n # 0, writing 7 = 1/ |n|, we have
(ic(7))? = id. Furthermore,

Z: (= i \aZ
0y ic(1) = ic()0y
so these operators are simultaneously diagonalizable on L?(Z; 8y, ko). Thus for each y and 7

we have an orthonormal basis {¢; + };o, of L*(Z;Soy, ky) satisfying

07 ¢ix = tpidin,  ic[Mbix = FTdis, i =tz (3.18)

Note that the existence of such an orthonormal basis is automatic from the existence of any
simultaneous diagonalization 52 Indeed, since ¢, is the operator on the bundle S, induced
by ¢(0,), we have ic(?])cl,qgi = —c,,gi, so we can reindex to obtain ¢; 4+ satisfying the two
equations on the right in (3.18). But then since ¢,07 = —0Zc,, the first equation in (3.18)
follows automatically. Using the ¢; +, we define subspaces of HO! by

W, = span { (a(0)gi, 1 +b(0) i) : a,b € H(do)},

where H"%!(do) is defined as in (3.17) in the case that Z is a single point. In particular, for
all n and 1,

Wfrzlsvl C /}_[7',6,[
i .

Note that multiplication by ¢, defines a unitary isomorphism of WZ-T’(S’l. We consider the
map L(y,n) on each space individually. We claim that

L(y,n): Wir’(s’l — W;fl"s’l is invertible for 0 < 6 < 1. (3.19)

From (3.16), we compute

¢, Ly, ma(o)dis = (aaa e u) adis — o il adi- (3.20)

Thus, writing elements in Wir’é’l as vector valued functions (a, b)T = a¢; 4+ + bp; _, we see that
L(y,n) indeed maps W:’é’l to Y/V;_I’é’l, acting as the matrix

~atlymlw =o0 + g2+ (1 7).
oLl = o0+ 12+ (L0

From this, one checks that that the solutions to L(y,n)¢ = 0 can be written using separation of
variables as superpositions of sections given, again in terms of the ¢; + by

- 1 (Inlo) - -K (Info)

T (g) = g f/2t1/2 ( lut+1/2] , IC (o) = o T/2+1/2 lu+1/2| 7
wal?) Huapy(nl o)) @) Kyr/a (ol )

where I,(z) and K,(z) are the modified Bessel functions [1]. But neither of these lie in W, &

7
Indeed, by the asymptotic formulas [1, equation (9.7)], the sections involving the Z,, are not

even tempered distributions, as the grow exponentially as z — oco. The sections involving
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the K., are tempered distributions, but since K, (2) ~ 27" as z — 0 for v > 0, Assumption 3.1
tells us that u & (—1/2,1/2), so max{|u —1/2|, |u+1/2|} > 1. Thus K, ¢ H"! for any § > 0.
In other words, Assumption 3.1 implies that

(3.19) is injective if § > 0.

On the other hand, the ordinary differential operator in (3.20) admits an explicit right inverse
if § < 1. Specifically, consider the matrix

0.5) = (05)1/2 I| 1/2\(’77“7) —K| 1/2\(‘77‘0)
My (7:5) = (28) |n <I|Z+1/2<rm o) Kﬁ/z.(ma))
—H(g—U)K\ —1/2|(|77’5) —H(&—U)K| +1/2|(\77|5)
* ( “H(o~ )y jy(0]3)  Ho—3)Ts (1)) > ' (3:21)

Then the operator @, , on Wiw_l’é’l defined by acting on elements a(o)@; + + b(o)p; — by

a\ _ _—sp [~ ~v~f2-1 (—b(0)) ~
Qu.u (b) =0 /0 My (Il o,0)c ( a(3) do (3.22)
satisfies
L(y,mMQyu=id  on W (3.23)

(One checks (3.23) using the recurrence relations and Wronskian identity
I(2) = Lo1(2) = Z1,(2) = T1(2) + L (2),
K)(2) = ~Kyo1(2) = ZKul(2) = ZKu(2) = Kusa(2),
1/z2=1,(2)Ky41(2) + L4+1(2) K, (2), (3.24)

which are equations (9.6.15) and (9.6.26) from [1].) That @ : W;"S’l — W;*l"s’l is bounded
for 6 < 1 can be seen using [45], but one can also check it directly using the density of poly-

homogeneous functions. Invertibility on each Wir’é’l gives invertibility on H"%. This proves
Lemma 3.10. |

Theorem 3.9 then follows from [45] as explained in [3, Section 2] using the invertibility of the
normal operator from Lemma 3.10. In the notation of those papers, one has the numbers

§:=inf {6: L(y,n): 0’ L*(dodVol,; S;) — L*(dodVol,;Sy) is injective for all y},
d:=sup{d: L(y,n): o’ L?(dodVol,; S,)) — L*(dodVol,; S,) is surjective for all y}.

By our work above, 0 <0< 1<, and thus for the map z8: 2 H¥ — 2 HF with 0 < 6 < 1,
there exist Q;, i = 1,2 satisfying (3.14) for 0. In particular, by (3.15)

N(mﬁ)yN(Qvi)y = N(Id) = dganit,
where $*A is the lift of the interior of the diagonal A C M x M to the blown up space M 2; Thus
in the coordinates (3.7), dg=Anff = 0o=1,y—=0, S0 from (3.21) and (3.22), we can write N(Q;), as
follows. For fixed n and the basis ¢; +, i = 1,2,..., from (3.18), let II(é,7) denote L? orthogonal
projection onto ¢; + and define the vectors

N (T, +))
T(n,i) = . : 3.25
i) = (T (3.25)
where (1, i, £) is orthogonal projection in L*(Z, So,y, ky) onto ¢; 1. We thus have
T, )N (Q0) T (1) = (3/0)/ /25 M, (0 1), (3.26)

where I1*(n, 7) (Z) = ag;+ + bo; .
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3.4 Proof of Theorem 1.1 and the generalized inverse of 0

In this section we will prove Theorem 1.1 and describe the properties of the integral kernel of the
generalized inverse of 3. We start by recalling the statement for the convenience of the reader:

Theorem 3.11. Assume that 0 is a Dirac operator on a spin incomplete edge space (M, g), satis-
fying Assumption 3.1, then the unbounded operator @ on L*(M;S) with core domain C°(M;S)
is essentially self-adjoint. Moreover, letting D denote the domain of this self-adjoint extension,
the map

d: D— L*(M;S)
is Fredholm.

Proof. The proof of Theorem 1.1 will follow from combining various elements of [2, 3]. The
first and main step is the construction of a left parametrix for the map 8: Dyax —> L?(M;S),
where D,y is the maximal domain defined in (1.6).

Consider Q; from (3.14) and set Q12 = Q,. Then by (3.14)

@16 =1Id - err,zS, (3.27)

where both sides of this equation are thought of as maps of z°L2(M;S). We claim that in
fact equation (3.27) holds not only on x°L2(M;S), but on the maximal domain Dyyay defined
n (1.6). This follows from [3, Lemma 2.7] as follows. In the notation of that paper, L = 0 and
P = z0. Taking (again, in the notation of that paper) £(L) to be Dpax, by [3, Lemma 2.1],
EM(L) = £(L). Furthermore, (L) = 2™ L2(M; 8)NDyax. Since Q1 maps 20 L2(M; S) to 2’ HY,
we have Id — Q0 is bounded on &,. Futhermore, 0 maps Dyax to L?(M;S) C 2 L*(M;S), so
Q.0 = Q1x5 maps Dpax to 20 L2(M;S). Thus [3, Lemma 2.7] applies and (3.27) holds on Dyax,
as advertised.

Thus Id = Q,0+ ier,s 00 Diay, and since the right hand side is bounded L*(M;S) to 2°L?,
for any 0 € (0,1), we have

Duax C | 2°L*(M, S), (3.28)
o<1

in particular for any § < 1, Dmax C H, N a?L?(M,S) which is a compact subset of L2(M;S).
It then follows from Gil-Mendoza [33] (see [2, Proposition 5.11]) that Dpax C Duin, i.e., that 0
is essentially self-adjoint. By a standard argument, e.g., [54, Lemma 4.2], the fact that Dyax
includes compactly into L?(M,S) implies that d has finite-dimensional kernel and closed range.
But the self-adjointness of 0 on D now implies that 0 has finite-dimensional cokernel, so 0 is
self-adjoint and Fredholm. |

Thus 0 admits a generalized inverse Q: L?(M;S) — D satisfying
0Q = Id — Tyer and Q= Q"

where ., is L? orthogonal projection onto the kernel of & in D with respect to the pairing
induced by the Hermitian inner product on S. To be precise, if {¢;}, ¢ = 1,...,N is an
orthonormal basis for the kernel of d on D, then 7, has Schwartz kernel

Z@ ) @ i (w).
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From (3.28), we see that mer € Wo*(M;S;a,b). The properties of the integral kernel of @ can
be deduced from those of the parametrices Q; in (3.14). Indeed, setting Q = Qz~!, we see that

Q(20) = Id — mker and (20)Q =1d — = - Tyer - z L.

Applying the argument from [45, Section 4], specifically equations (4.24) and (4.25) there, shows
that Q € U, 1(M;S;a,b) for the same a, b as in (3.14), and in particular that N(Q) = N(Q;).
In particular, by Theorem 3.9, we have the bounds

Kq(p) = O(p?f) as p—If and Kq(p) = O(plr’f) as p—rf,

where a >0 — f/2—1/2and b> -6 — f/2+1/2,0 < 6 < 1, and again the bounds hold for K¢
as a section of End(S) over M x M. Finally, by self-adjointness of @), we have that

Ko(w,w') = K§(w',w) for all w,w’ € M™, (3.29)
By (3.29), the bound at rf, which one approaches in particular if w remains fixed in the interior
of M and w’ goes to the boundary, gives a bound at 1f. Thus we obtain the following.
Proposition 3.12. The distributional section K¢g of End(S) over M x M with the property
that Q¢ = [,; Kg(w,w")¢'(w")dVoly(w') is conormal at Ae, and p{f_lKQ is smoothly conormal
up to ff, where

plKqz i = pfQlee
satisfies (3.26). Moreover, for coordinates (x,y,z,z',y,2") on M x M as in (2.3),

Ko(z,y,2z,2',y,2") = O(z%), uniformly for x' > ¢ >0, (3.30)

where a > —§ — f/2+41/2 for any § > 0 and ¢ is an arbitrary small positive number.

4 Boundary values and boundary value projectors

Recall that M. = {z > ¢} is a smooth manifold with boundary, and M — M, is a tubular
neighborhood of the singularity. Consider the space of harmonic sections over M — M,

Hioce = {u € L2 (M — M.;S): 3u=0,3ueDst. u= 17|M,M5},

where D is the domain for 0 from Theorem 1.1; in particular, D C Hﬁ)c. By the standard

restriction theorem for H' sections [60, Proposition 4.5, Chapter 4], any element u € Hioc,e has
boundary values u|gr. € H 1/2(9M.). We define a domain for & on the cutoff manifold M. by

D, = {u € HY (M.;S): ulonr. = v]gns. for some v € ’Hlocﬁ} c L*(M,;S). (4.1)
Essentially, D, consists of sections over M. whose boundary values correspond with the boundary
values of an L? harmonic section over M — M.. We also have the chirality spaces

DF =D. N L*(M.;SF),
where S* are the chirality subbundles of even and odd spinors. In this section we will prove the

following.

Theorem 4.1. For ¢ > 0 sufficiently small and D. as in (4.1), the map d: D, — L?*(M.;S)
1s Fredholm, and

Ind (0: Df — L*(M.;87)) =Ind (8: DT — L*(M;S7)).

In the process of proving Theorem 4.1, we will construct a family of boundary value projec-
tors . which define D, in the sense of Claim 4.2 below, and whose microlocal structure we will
use in Section 5 to relate the index of  on M. with domain D, to the index of d on M, with
the APS boundary condition, see Theorem 5.1.
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4.1 Boundary value projector for D,

As already mentioned, the main tool for proving Theorem 4.1 and also for proving Theorem 5.1
below will be to express the boundary condition in the definition of D, in (4.1) in terms of
a pseudodifferential projection over OM.. We discuss the construction of this projection now.
First we claim that the invertible double construction of [17, Chapter 9] holds in this context
in the following form: there exists an incomplete edge manifold M’ with spinor bundle &' and
Dirac operator &', together with an isomorphism
o: (M — M,,,S) — (M — M.

g0’ S/)
such that, with identifications induced by ®, the operators d and &' are equal over M — M,
(=® (M’ — M), and finally such that @' is invertible. In particular, the inverse Q" satisfies

Q: D — LA(M'), Q' =id = Q'9, (4.2)

where D’ is the unique self-adjoint domain for & on M’ with core domain C2°(M’,S"). Moreover,
Q' satisfies all of the properties in Proposition 3.12.

We describe the construction of this “invertible double” for the convenience of the reader,
though it is essentially identical to that in [17, Chapter 9], the only difference being that we
must introduce a product type boundary while they have one to begin with. Choosing any point
p € Mc,, let Dy, Dy denote open discs around p with p € Dy € Dy and Do N (M — M,,) = @.
We can identify the annulus Dy — Dy with [1,2), x S9! by a diffeomorphism and the metric g
is homotopic to a product metric ds? + \dz]2 where z is the standard coordinate on B4~
Furthermore, the connection can be deformed so that the induced Dirac operator @' is of product
type on the annulus (see equation (9.4) in [17]). Call the bundle over Ny := M — D; thus
obtained S. Letting Ny := — Ny, the same incomplete edge space with the opposite orientation,
let M’ = Ny U N2/ {s =1} and consider the vector bundle &’ over M’ obtained by taking S*
over N; and S~ over Ny and identifying the two bundles over Ds using Clifford multiplication
by 0s. The resulting Dirac operator, which we still denote by @', is seen to be invertible on M’
by the symmetry and unique continuation argument in Lemma 9.2 of [17].

We will now work on a neighborhood in M — M, of OM (or equivalently of the singular
stratum Y'), so we drop the distinction between M and M’. Using notation as in (4.2), and
given f € C*°(90M,;S), define the harmonic extension

Ext. f(w) := //eaM Ko (w,w")e, f(w)dVolaay. (4.3)

where Ky is the Schwartz kernel of Q' (see (3.8)), and ¢, = ¢(d,). Since
O Kg (w,w') =0 away from w = w’, (4.4)

0’ Ext. f(w) = 0 for w ¢ OM.. Recall Green’s formula for Dirac operators; specifically, for
a smoothly bounded region 2 with normal vector J,,

/ (3, v) — (1, Bv)) dVolg = / (c(B)u, v} dVolyg. (4.5)
Q o0
Green’s formula for sections u satisfying Ou = 0 in M — M, gives that for u € Hioc,

u(w) = — Kq (w, w")e,u(w)dVolgay, , (4.6)
OM.
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provided

Vu € Hioce, wEM™, lim Kq (w,w")e,u(w')dVolgpr. = 0. (4.7)
e—0 OM:=

The identity in (4.6) is obtained by integrating by parts in
/ 0Ky (w, w')u(w') — Kg (w, w")du(w)dVol,,
M—M.

and using (4.4). In fact, as we will see in the proof of Claim 4.2 below, (4.7), and thus (4.6),
hold for all u € Hioce-
It follows from (4.3) and (4.6) that, for Ou = 0 satisfying (4.7),

ulonr. (w) = & (ulgrr. ) (w), (4.8)

where

E(f)(w) == lim  Extc(f)(w)

_w—w
weM—M.

We will show that the &£ define the domains D, as follows.

Claim 4.2. The operator &. in (4.8) is a projection operator on L?>(0M.,S), and the domain D-
in (4.1) is given by

D. = {u€ H' (M S): (Id — &) (ulorr.) = 0}. (4.9)

Moreover, there ezists B. € WO(0M.;S) such that
1
E = §Id + B,

B.f(w) =— - Ko (w,w")ey f(w)dVolgp. for w e 0M,, (4.10)

and the principal symbol of & satisfies
o(&:) = o(Taps,e), (4.11)
where maps ¢ is the APS projection defined in (2.16).
Assuming Claim 4.2 for the moment, we prove Theorem 4.1.

Proof of Theorem 4.1 assuming Claim 4.2. The main use of Claim 4.2 in this context (it
will be used again in Theorem 5.1 ) is to show that the map

d: D. — L*(M.). (4.12)

is self-adjoint on L?(M,;S) and Fredholm. The Fredholm property follows from the principal
symbol equality (4.11), since from [17] any projection in ¥°(dM,., S) with principal symbol equal
to that of the Atiyah—Patodi—Singer boundary projection defines a Fredholm problem. To see
that it is self-adjoint, note that from (4.5) the adjoint boundary condition is

DI = {¢: (9,cv@lons.)ors. = 0 for all g with (Id — &E.)g =0} .
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Again by (4.5), for any v € Hioce, vlonm. € DZ. Thus D, C DZ, and it remains to show that
D C D.. Let ¢ € DX, and set f := ¢|grr.. We want to show that (I — &) f = 0, or equivalently

((I=&)f,9)om. =0 Vg <= (fi(I-E)glom. =0 Vg. (4.13)

Since (f,cLg) = —(cvf,g), by (4.5) we have (f,c,g) = 0 for every g € Ran&, and thus (4.13)
will hold if (I — &¥)g € Ranc,&. In fact, we claim that

I-&=—cc.

To see that his holds, note that by Claim 4.2 and self-adjointness of @', specifically (3.29),
B = ¢, Bccy, so

1 S| 1
I1-&=1- <2+B€> :§—B::—c,, <2+B€>c,,:—c,,5501,,

which proves self-adjointness.
Now that we know that (4.12) is self-adjoint, we proceed as follows. We claim that for e > 0
sufficiently small, the map

ker (0: D — L*(M;S)) — ker (3: D. — L*(M;S)),
6 — ¢ = ol
is well defined and an isomorphism. It is well defined since by definition any section 5 €
ker(d: D — L?(M;S)) satisfies that ¢ = ¢|y. € D.. It is injective by unique continuation.

For surjectivity, note that for any element ¢ € ker(d: D, — L?(M.;S)), by definition there is
a u € Hioee such that u|prr. = ¢lons.. It follows that

~ - Jo(w) forwe M,
" \u(w) forwe M — M.

is in H' and satisfies 0¢ = 0 on all of M, ie., ¢ € ker(d: D — L2(M;S)). Since the full
operator 0 on D is self-adjoint, and since the operator in (4.12) is also, the cokernels of both
maps are equal to the respective kernels. Restricting 0 to a map from sections of ST to sections
of §~ gives the theorem.

This completes the proof. |

Thus to prove Theorem 4.1 it remains to prove Claim 4.2.

Proof of Claim 4.2. We begin by proving (4.10). It is a standard fact (see [61, Section 7.11])
that

E. € WO(OM.;S).
Obviously,

& =A+ B, (4.14)
where

B.f(w) =— - Ko (w,w")e, f(w')dVolgp. for w e JM,,

supp A C diag(OM. x OM,),
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where the last containment refers to the Schwartz kernel of A. We claim that

A=Ltid  and B. € UY(0M,;S).

2
Using that Q' has principal symbol o(Q’) = ¢(d)~! we can write Q' in local coordinates w as
1 = ~
Q = @) /n e_(w_w)'éa(w,w,f)df locally,
where

a(w, @,8) = [&] 4y ic€) +O(1)  for |¢[>c>0.
Given a bump function y supported near wg € M., let Q;( := xQ'x and define the distributions
KQ;( = K1 + Ko, (4.15)
where
K = ]'_5_1( ’f‘g(i,) ic(€)) Fz,

where, as in (3.8), K¢y denotes the Schwartz kernel of Q- The distribution K3 is that of
a pseudodifferential operator of order —2 on M, and it follows from the theory of homoge-
neous distributions (see [61, Chapter 7]) that the distribution K5 restricts to dM. to be the
Schwartz kernel of a pseudodifferential operator of order —1. The distribution K3 is that of
a pseudodifferential operator on M of order —1. It is smooth in Z with values in homogeneous
distributions in x — T of order —n + 1, and it follows that the restriction of the Schwartz kernel
K (w,w") to M, gives a pseudodifferential operator of order zero. Letting B, in (4.14) be
the operator defined by the restriction of Ky to OM,., we have that B is in ¥0(0M.;S) and it
remains to calculate A. Choosing coordinates of the form w = (z,2’) and w = (&, ¥’) of the form
in (2.14) and such that at the fixed value wy = (¢, () € OM, the metric satisfies g(x) = id, it
follows (see [4]) that the Schwartz kernel of B in (4.15) satisfies

- 1 ¢(zo) —c(x 92—
B(wg,7) = ——— L2 =D | (1 g2my,
Wn—1 ‘ﬂfo—x‘

where wy,_1 is the volume of the unit sphere S"1. If we let B(a/,%') = B(0,2/,0,7'), then
near

L[ () AT,
. £0.0) = - [ (UG0S ) cur@a

o b, o(0.) — TN o
-/ <|<6,a:'>—<o,af'>|”+ G.2) (0.7 ) W/ (@)

S 1@+ [ BE sy as 50

This proves that A =1/2.
The principal symbol of & (again see [61, Section 7.11]) is given by the integral

(ic(€0y) + ic(€ - D)) c(Oy)dE

a(&)(2', &) = ! lim eil@—e)¢

27 ase Jp (6,62
_ 1. i § a2 L. o
=5 zlirg (/Re ’(578)‘!2;1{ ic(0z) 2zc(£ 0y )c(0x)
Tl 2w e L 7.0,
= 5 (75 ) el00? - §(-ict@sc(@ 010

1 1

= 5 = 5(—ic(@:)e(@ - 0x))).
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where in the third line we used the residue theorem. Now recall that the term —ic(@x)c(g’ Oyr))
is precisely the endomorphism appearing in (2.15), so

(€)@ ) =5 — S, o) —7_al@) =7 (@),

where the projections are those in (2.15). Thus, Theorem 2.3 implies the desired formula for
the principal symbol of &, (4.11).

To finish the claim, we must show the equivalence of domains in (4.9). We first show that
for any u € Hioce, the formula in (4.6) holds. This will show that any f € Hl/Q(GME;S) with
f = ulonm. for some u € Hjoc e satisfies (Id — &) f =0, i.e., that

D. C {u e H' (M.;S): (Id — &) (ulon.) = 0}.

Thus we must show that (4.7) holds for u € Hjoc . For such u, we claim that for some § > 0, as
e—0

/aM [ul|* dVolans, = O(e7770). (4.16)

To see this, note first that v € 2! 9H}(M — M., S) for every § > 0, which follows since u
has an extension to a section in Dyax C HL_ Ns=o ' 0L2(M:;S). In particular, z0//2y €
H'(M,dxdydz), the standard Sobolev space of order 1 on the manifold with boundary M.
Using the restriction theorem [60, Proposition 4.5, Chapter 4], 20+f/2y = £5+1/24, ¢ HY/2(OM)
uniformly in €, so (4.16) holds. Thus, for fixed w € M — M., writing dVol, = zladxdydz for
some a = a(z,y, z) with a(0,y, z) # 0, we can use the bound for K¢ in (3.30) with 2’ fixed and

T = ¢ to conclude

2 2
( Kg (w, w')cyu(w')dV013M5> = ( Kg(w, w’)c,,u(w’)efady'dz’>
OM. oM.

< (/ HKQ/(w,w’)HQady/dz’> (/ )2 ady/dz’)
OM; oM.

= 52f0(6_25_f+1)0(5_f_25) forall >0

= 0(574‘”1) — 0 as ¢ — 0.

To prove the other direction of containment in (4.9), we need to know that for f € H'/2(9M,)
satisfying (Id — &) f = 0, the section u := Ext. f|p—nm. € Hioc,e, Where Ext. is the extension
operator in (4.3). This is true since for any H'/? section h over M., there is an H' extension v
to the manifold M’ defined above, that can be taken with support away from the singular locus.
If 15, is the indicator function of M/, then &'(Ext. f +1yv) = donr. (f +h) + 1 0'v. Taking h
to cancel f gives that o' (Ext. f+1)pv) € L*(M’;S). Since 170 is an extendible H! distribution
on M/ near OM., Ext f|p—ar is an extendible HlloC distribution on M — M, near OM.. This
completes the proof of Claim 4.2. |

5 Equivalence of indices
In the previous section we have shown
Ind (8: Df — L*(M.;S7)) =Ind (3: D" — L*(M;S7)),

in this section we will prove the following.
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Theorem 5.1. Let maps. denote the APS projector from (2.17). Then for ¢ > 0 sufficiently
small,

Ind (8: Dipg, — L*(M:;S87)) = Ind (3: DF — L*(M;87)),
where D¢ is the domain in (4.9) and Daps ¢ is the domain in (2.17).

The main tool for proving Theorem 5.1 is the following theorem from [17]. We define the
‘pseudodifferential Grassmanians’

Grapse = {7r € \Ilo(aMg;S): 72 = and o(r) = O'(T['APS,E)}. (5.1)

We endow Graps. with the norm topology. If m € Grapse, then defining the domain D, . =
{ue H' (M S): (Id — ) (ulsrr.) = 0}, the map

0: Dpe— L*(M;S)
is Fredholm. The following follows from [17, Theorem 20.8] and [17, Theorem 15.12]

Theorem 5.2. If m; € Graps,, ¢ = 1,2 lie in the same connected component of Graps. then
the elliptic boundary problems

0: Df . — L*(M.,S7)
have equal indices.
To apply Theorem 5.2 in our case, we will study the two families of boundary values projec-
tors maps . and & using the adiabatic calculus of Mazzeo and Melrose [46].
5.1 Review of the adiabatic calculus

Consider a fiber bundle Z < X —=» Y. The adiabatic double space X 2, is formed by radial
blow up of X2 x [0,0). along the fiber diagonal, diagg;,(X) (see (3.6)) at ¢ = 0. That is,

X2 = [X? x [0,0)e; diagg, (X) x {e =0}].

Thus, X 2, is a manifold with corners with two boundary hypersurfaces: the lift of {e = 0},
which we continue to denote by {¢ = 0}, and the one introduced by the blowup, which we
call ff. Similar to the edge front face above, ff is a bundle over Y whose fibers are isomorphic
to Z2 x R? where b = dim Y, and in fact this is the fiber product of 7*T*Y and X.

We define ff, to be the fiber of ff lying above y.

The adiabatic vector fields on the fibration X are families of vector fields V. parametrized
smoothly in € € [0,€¢), such that Vj is a vertical vector field, i.e., a section of TX /Y. Locally
these are C*°(X x [0,£0)e) linear combinations of the vector fields

0., €0y.
Such families of vector fields are in fact sections of a vector bundle
Toqa(OM) — OM x [0,&0)e. (5.2)

We will now define adiabatic differential operators on sections of S. The space of m'™ order
adiabatic differential operators Diff]}(X;S) is the space of differential operators obtained by
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Aad

ff

Figure 4. The adiabatic double space.

taking C>(X; End(S)) combinations of powers (up to order m) of adiabatic vector fields. An
adiabatic_differential operator P admits a normal operator N(P), obtained by letting P act
on X x X x [0,&0)e, pulling back P to X2, and restricing it to ff. The normal operator acts
tangentially along the fibers of ff over Y, and N(P), will denote the operator on sections of S
restricted to over ff,. More concretely, if P is an adiabatic operator of order m, then near
a point yg in Y, we can write

P = Z aa,g(z,y,g)af(eay)ﬁ,
|la|-+[8]<m

for y near yo, where a, g(z, 9, €) is a smooth family of endomorphisms of S. The normal operator
is given by

N(P)y= Y aap(z 40,0020,
la|+[B[<m

where ) are coordinates on R”. Thus N(P),, is a differential operator on Z,, x T,,Y that is
constant coefficient in the T'Y direction.

Returning to the case that X = OM for M a compact manifold with boundary, we take a collar
neighborhood U ~ M x [0,e9), as in (3.1), and treating the boundary defining function, z,
as the parameter ¢ in the previous paragraph, identify the adiabatic double space (0M )id with
a blow up of {x =2’} CU x U.

Lemma 5.3. The tangential operator O, defined in (2.13) lies in Diff™(0M;S). The normal
operator of O satisfies

N(3.), =87 — .0y,

where 55 is as in (3.3), and Oy is the standard Dirac operator on T,Y .
Proof. This follows from equation (3.13) above. |

The space of adiabatic pseudodifferential operators with bounds on X of order m acting on
sections of S, denoted W17, (X;S), is the space of families of pseudodifferential operators
{Actocece,r Where Ac is a (vstandard) VU of order m for each e, and whose integral kernel of A,
is conormal to the lifted diagonal A,q := diagg x(0,0)e, smoothly up to ff. To be precise,
the Schwartz kernel of an operator A € W™ (9M;S) is given by a family of Schwartz kernels
Ky, = K1+ Ky, where K . is conormal of order m at A,q smoothly down to ff and supported
near A,q, and Ks . is smooth on the interior and bounded at the boundary hypersurfaces.
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An adiabatic pseudodifferential operator A € ¥ (9M;S) with bounds comes with two cru-
cial pieces of data: a principal symbol and a normal operator. The principal symbol o(A)(¢)
is the standard one defined for a conormal distribution, i.e., as a homogeneous section of
N*(A;End(S)) ® Q2, the conormal bundle to the lifted diagonal (with coefficients in half-
densities). In our case N*(A) is canonically isomorphic to T, (0M ), the dual bundle to T,q(OM)
defined in (5.2); in particular, the symbol of A is a map o(A): T (0M) — C*°(M;End(S)),
well defined only to leading order, and smooth down to ff. The normal operator is the restriction
of the Schwartz kernel of A to the front face

N(A) = Kl
We thus have maps

VI (OM;S) < W(0M;8) = S™(T39(OM; S)) @ QY2
and

N: W (OM;S) — Ui a(0M;S).

For fixed 7, we use the same eigenvectors ¢; +, 5yZ and ic(7) as in (3.18) above, and consider
the spaces

Wi = span {; +, ¢i,—} . (5.3)
We have the following.

Lemma 5.4. The layer potential E. is a zero-th order adiabatic family (with bounds), i.e.,
E. € WY (OM;S). Using the vectors I1(n,4) from (3.25), the normal symbol of E- satisfies

TT(n, ) Ny (E2) (g mIT* (1, 6) = Ny, s (5.4)
where
_ I\u+1/2|(|77|)K|u—1/2\(|77\) I|u+1/2|(|77|)K\u+1/2|(|77|)
N = I <Iu_1/2|<|n|>K|M_1/2<|n\> Im_l/m<|n|>Ku+1/2|<|n|>> (5:5)

and I, K denote modified Bessel functions.

Proof. That & is an adiabatic pseudodifferential operator follows from (4.10). The formula
in (5.4), (5.5) follows from the Fourier decomposition of the normal operator of the generalized
inverse ) in Proposition 3.12, since by (4.3) the operator & is obtained by taking the limit

in (3.26) as 0 = x/2’ 7 1 and checking that Li%l./\/lmw(a, 1) =Ny [ |

5.2 APS projections as an adiabatic family

To study the integral kernel of the projector maps . we will make use of the fact that the boundary
Dirac operator . from (2.13) is invertible for small €. This is a general fact about adiabatic
pseudodifferential operators: invertibility at ¢ = 0 implies invertibility for small epsilon, or
formally

Theorem 5.5. Let A, € VT, (M;S) and assume that on each fiber ff, the Fourier transform of

the normal operator N(A.), is invertible on L*(Z;S,, ky), with S, the restriction of the spinor

Y
bundle to the fiber over y and k, = gN/y{y. Then A. is invertible for small ¢.
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It is well known [8] that for each fixed € > 0, mops . is a pseudodifferential operator of order 0.
As ¢ varies, these operators form an adiabatic family:

Lemma 5.6. The family maps,. lies in \Iigd(aM;S). Its normal symbol N(maps,) satisfies
1 ~ . ~ ~
N(mapse) = 5N (0:) " (N (0:) — [N (3.)])- (5.6)

Proof. By Assumption 3.1, 9. is invertible for small £. Indeed, by (5.8), N (55)y does not
have zero as an eigenvalue. The projectors maps . can be expressed in terms of functions of the

tangential operators 9. [8] via the formula
1~ 4~ o~
TAPS e = 0. 1(8. — |0¢]). (5.7)

Following [59], the operator 55_ 13,| is in ¥l,(0X;8) and has the expected normal operator,

namely the one obtained by applying the appropriate functions to the normal operator of N(d,),
and composing them. |

—

We compute that the operator N(9.), acts on the spaces W; from (5.3) by

Y

—

N(%a)y(n)éf)i,i = tpdi+ — || ¢ix-
That is to say, with II(n,7) as in (3.25),

1 )N @), o = (4 1), 55)
Thus,
MG NG ), 010 ) = i () ) s

Using (5.7), we obtain
(1, 8) N (waps, )y (MIT* (,) = NAPS,

where

1 1 -

APS wonl

= (Idoso +——5—7 :
Mt,lﬁ\ 2 < 2x2 (/,LZ + |77|2)1/2 <|77 H))

Theorem 5.7. There exists a smooth family m. ¢, parametrized by t € [0,1] satisfying:
1) for fized t, m.y € Graps., the Grassmanians defined in (5.1), and
2) meo =& and m. 1 = TAPS .-

Proof. The proof proceeds in two main steps. First, we construct a homotopy from the normal
operators N (&) to N(maps,). Then we extend this homotopy to a homotopy of the adiabatic
families as claimed in the theorem.

For the homotopy of the normal operators, the main lemma will be the following

Claim 5.8. For each y € Y, the normal operators N(E:)y and N(maps.), acting on L*(Z x
T,Y;S,), satisfy

HN(gs)y - N(”APS,&)HLQHLQ <1-4,

for some & > 0 independent of y.
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Assuming the claim for the moment, the following argument from [17, Chapter 15] furnishes
a homotopy. In general, let P and @) be projections on a separable Hilbert space. Define
T: =1d+t(Q — P)(2P — Id), and note that 77 P = Q71. Now assume that 7T} is invertible for
all t. Then the operator

F, =T, 'PT,

is a homotopy from P to @, i.e., Fy = P, F} = Q. This holds in particular if |P — Q]| < 1, in
which case T is invertible by Neumann series for ¢ € [0, 1].

To apply this in our context, we first take P = N (&), and Q = N(maps,)y, and see that
the corresponding operator T; is invertible by Claim 5.8. Now taking P = &, and ) = maps,
(so P, @, and T} depend on €) by Theorem 5.5, T} is invertible for small e. Thus the homotopy
F, = Fi(e) =: m.4 is well defined for small e. In fact, 7.+ is a smooth family of adiabatic
pseudodifferential projections with principal symbol equal to that of maps . for all €.

Thus it remains to prove Claim 5.8. By the formulas for the normal operators given in (5.4)
and (5.6) and Plancherel, the claim will follow if we can show that for each p with || > 1/2,
and all ||, that

[N = Nt |l < 1 =6, (5.9)

for some & independent of > 1/2 and |n|. Here the norm is as a map of R? with the stan-
dard Euclidean norm. We prove the bound in (5.9) using standard bounds on modified Bessel
functions in Appendix A. |

6 Proof of Main Theorem: limit of the index formula

Recall (e.g., [51, Section 2.14]) that if £ — M is a real vector bundle of rank k, with connec-
tion V¥ and curvature tensor R” then every smooth function (or formal power series)

P: so(k) — C,

that is invariant under the adjoint action of SO(k), determines a closed differential form P(R¥) ¢
Co°(M; A*T*M). If V¥ is another connection on E, with curvature tensor R¥ then P(RF) and
P(RF) differ by an exact form. Indeed, define a family of connections on E by

0=V —VEeC®(M;T*M ® Hom(E)),  V{ =(1-t)VF +tv¥ =V +10,
denote the curvature of V¥ by RF, and let

P'(A;B) = 9

s P(A+ sB).

s=0

The differential form

1
TP(VE, VY) :/ P'(RF;0) dt
0

satisfies
drpP(V”,vy{) = P(R") - P(R]).

Now consider for € < 1 the truncated manifold M, = {x > ¢} and the corresponding truncated
collar neighborhood 4. = [¢,1] x N. Let VP' be the Levi-Civita connection of the metric

gpt = dz* + 297 + ¢ gy
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The Atiyah—Patodi-Singer index theorem on M. has the form [34, 35], cf. [28]

AS(V) + / TAS(V,VP") — in(oM.)

M oM.

where AS is a characteristic form associated to a connection V and TAS(V, VP!) is its trans-
gression form with respect to the connection VP,

The Levi-Civita connection of g, induces a connection on Ti. M., which we continue to denote
VP Let 6° = V — VP Since gie and gpy coincide on {z = €} we have

gpt (VR B, C)|__. = gie(V$B,0)| if A,B,C€C™(%.;TN).

=&

On the other hand, if A, B,C € {9,, 1V, U}, we have
gt (VAB,C) =0 if 8, €{A,B,C}

except for

82

9ot (V5, 310 3V2) = ——92(V1, Va).
Note that, analogously to (2.7), we have
oV = 4oV @ gV,

where, as above, j.: N < % is the inclusion of {x = €}, and V¥ = v o V o v is the restriction
of the Levi-Civita connection to TN/Y .
Thus

05(B)| __=0 (6.1)

Tr=¢&

except for

05, GV)|,oc = 22Vo  050)|,_. = 2V, S (A)| . = —92(Vi,V2)0,.

r=¢c x

In particular note that jX6° is independent of ¢ and is equal to
Jro® = jo V't — 55 VUL

Next we need to compute the restriction to x = & of the curvature §; of the connection
(1 =)V + tVP' = V + t0°. Locally, with w the local connection one-form of V (2.8), the
curvature (), is given by

Qp = d(w + t0°) 4 (w + t0°) A (w + t6°) = Q + t(dO° + [w, 07]5) + t26° A 67,

where [+, -]s denotes the supercommutator with respect to form parity, so that [w, 0%]s = w A 05+
6° A w. In terms of the splitting (2.6) we have

Q\x:f(gf;) ng “’:<5in> ¢*wyo+(x<)9<w2>>’ j:962<g 8>

and hence

o _(Qv++t(d§+[wv+,§]s)+t2§/\5 O(a))
Ha=e = O(e) P*Qy )
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In particular, if we denote €2, ; the curvature of the connection (1 —¢)V"+ +¢V" on the bundle
(0z) + TN/Y, we have

” . ) . Q. 0
32 = o + O(e), with joQ: = < 0* t gb*Qy) .

It follows that

0

53|, G A(Qy)A(Q, 4 + 80) dt = A(Y) ATA(V™, V)

. 1
lim jZTA(V, VP) = /0

and similarly for any multiplicative characteristic class.
We can now prove the main theorem, whose statement we recall for the reader’s convenience.

Theorem 6.1. Let X be stratified space with a single singular stratum endowed with an incom-
plete edge metric g and let M be its resolution. If 0 is a Dirac operator associated to a spin
bundle S — M and O satisfies Assumption 3.1, then

Ind (3: D+ — L*(M;57)) = /MX(M> + /Y A(v) <—;ﬁ(8z) + /a M/ym(vv+,vpt)> ,

where A denotes the g—genus, TE(V”,VI”) denotes the transgression form of the A genus
associated to the connections V'+ and VP above, and 7 the n-form of Bismut—Cheeger [12].

Proof of Main Theorem. Combining Theorems 4.1 and 5.1 we know that, for € small enough,

Ind (8: DT — L*(M;S87)) =1Ind (3: DI — L*(M;S7))
= Ind (0: Dipg. — L*(M;S7)).

Hence

Ind (8: D — L*(M;87)) = lim Ind (8: Dipg. — L*(Mc;S7))

e—0

/A / A /\TAV”V” - =

6.1 Four-dimensions with circle fibers

= lim A(V) /8 y TA(V, VP — In(aM,)
A

An incomplete edge space whose link is a sphere is topologically a smooth space. So let us
consider a four-dimensional manifold X with a submanifold ¥ and a Riemannian metric on
X \ 'Y that in a tubular neighborhood of Y takes the form

da? + 22 B82d0* + ¢ gy

Here 3 is a constant and 273 is the ‘cone angle’ along the edge.

Recall that the circle has two distinct spin structures, and with the round metric the corre-
sponding Dirac operators have spectra equal to either the even or odd integer multiples of .
The non-trivial spin structure on the circle is the one that extends to the disk, and so any
spin structure on X will induce non-trivial spin structures on its link circles. Thus, cf. [26
Proposition 2.1], the generalized Witt assumption will be satisfied as long as § < 1.
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In this setting the relevant characteristic class is the first Pontryagin class: for a two-by-two
anti-symmetric matrix A, let

1 1
t\ "
Tp]_(v,vp) ——(271_)2/(; Trjo(e/\Qt)dt
with Q; = Q + t(d6° + [w,6°]s) + t20° A 6°. We can simplify this formula. Indeed, note that
if {V;} are an orthonormal frame for TN/Y then

j:(ee VAN 95) = Z @ijvib VAN ijb with @Z](%Vk) = _(5147‘]‘%‘/2'7

and so in particular dim Z = 1 implies jZ(6° A 6°) = 0. Moreover with respect to the split-
ting (2.5), 6 is off-diagonal and €2 is on-diagonal, hence Tr jj(6 A Q) = 0 and

1

Tpy (V, vpt) = _H
0

« 1 "
tTrjo(0 A dP) dt = 32 Tr jo (6 A dB).

Next let us consider 6 in more detail. From (6.1), with respect to the splitting (2.5), we have

0 Id 0
jod=1-1d 0 0]a,

0 0 0
where « is a vertical one-form of gz length one. This form is closely related to the ‘global angular
form’ described in [18, p. 70]. Indeed, « restricts to each fiber to be 5df which integrates out
to 2wf3. It follows that da = —2wfB¢*e, where e € C®°(Y;T*Y) is the Euler class of Y as
a submanifold of X, and hence

—1Id 0
jo@ndd)y=| 0 —Id O] aAn(—2wB¢%e).
0 0

Thus we find

1 o
/aM Tp:(V, V) = 802 o Tr j5(0 A d6)
— gz | (mBange) =5 [ e= g (6.2)

- e
87 Jonmr Y

This computation yields a formula for the index of the Dirac operator and, combined with results
of Dai and Dai-Zhang, also a proof of the signature theorem of Atiyah—LeBrun.

Theorem 6.2. Let X be an oriented four-dimensional manifold, Y a smooth compact oriented
embedded surface, and g an incomplete edge metric on X \'Y with cone angle 2wf3 along Y .

1) If X is spin and g € (0,1],

Ind (0: DT — L*(M;87)) = —i Mpl(M) + 2—14(52 —1)[Y]~.
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2) The signature of X is given by (see Atiyah—LeBrun [7])

1 2 2 152

sen(X) = g [ (Wl = o) du+ =P,

Proof. 1) As mentioned above, the fact that the spin structure extends to all of X and g € (0, Ili
implies that the generalized Witt assumption for 0 is satisfied. The degree four term of the A
genus is —pj/24, so applying our index formula (1.4) and using the derivation of the local
boundary term for p; in (6.2) gives

Ind (8: DY — L*(M;S87)) = 214 p1(M) — /A (—77 62))

where the final term on the right is the limit (1/2) liH(l) ne where e, is the eta-invariants induced
E—

on the boundary of M. as ¢ — 0. Thus we claim (and it remains to prove) that the adiabatic
limit of the eta-invariant for the spin Dirac operator is

1

_ ﬂ[YP? (6.3)

i
i.e., the limit of the eta-invariants is the opposite of the local boundary term when 8 = 1, which
indeed it should be since in that case the metric is smooth across z = 0.

Although other derivations of the adiabatic eta invariant exist [29], we prefer to give on here
which we find intuitive and which fits nicely with arguments above. To this end, we consider N,
a disc bundle over a smooth manifold Y, and we assume N is spin. We will show below that N
admits a positive scalar curvature metric. Thus, given a spin structure and metric, the index
of @ vanishes on N. If we furthermore note that N is diffeomorphic to [0,1), x X where X is
a circle bundle over Y, and let N¢ =[0,¢), x X, we may consider metrics

g=dz®+ fQ(x)k + h, (6.4)

where h is the pullback of a metric on YV, k € Sym®?(N¢) z and da-independent and restricts
to a Riemannian metric on the fibers of X. We assume f is smooth across z = 0 with f(z) =
x4 O(2?) which implies that g is smooth on N Using the computation of the connection above,
with respect to the orthonormal basis, X;, U, 9, the connection one form of g is

i
@E—f%gaR —fga(ﬁ—i-%f?\,) 0

w=| fg°(II + iR) 0 Fut |, (6.5)
0 —f'U" 0

where ¢° = k 4 h is the metric on the circle bundle X. We will take

f(x) = fs(x) = :EXs(x)a

where x is a smooth positive function that is monotone decreasing with x(x) =1 for x < 1/3
and x(x) = f for x > 2/3. Then f = f' = f" = O(1/e), and using Q = dw + w A w, we see that

A, = FdvVol,,

where F is a function that is O(1/¢). Since Vol(N.) = O(e?),

~ 1
A= —— p1— 0 as e —0.
/Ne ‘ 24 Jn.
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Since the index of the Dirac operator vanishes on N¢, applying the APS formula gives

1

o=—L [ 4 / Tpi (V,97) — 1n(9N9),
24 Ns aNe

where VP! is as in (1.3), and thus the limit of the trangression forms is exactly as computed
above. Thus by taking the ¢ — 0 limit we obtain (6.3).

To prove part 1) it remains to prove the existence of a positive scalar curvature metric on N.
To this end we take the metric ¢g as in (6.4) on N° now with

f(x) = fs(x) = dsin(x/)).
Note that f = O(e), f' = O(e/d). Then curvature equals

Qs 0 0
Q=dvo+twAw=1{ 0 0 fdx AU | +O(e) + O(e/9).
0 | —f"dx ANU? 0
Denoting our orthonormal basis by e;, ¢ = 1,...,n and taking traces gives
L 2
scal, = 66710 (ey, ;) = scaly, —|—§ +0(g/d),

and thus taking €/6 = 1 and § small gives a positive scalar curvature metric.
2) Since X is a smooth manifold we can use Novikov additivity of the signature to decompose
the signature as

sgn(X) = sgn(X \ M) + sgn(M.).
Identifying X \ M. with a disk bundle over Y we have from [27, p. 314] that

sgn(X \ M) = sgn </Y e) ;

i.e., the signature is the sign of the self-intersection number of Y in X. In fact this is a simple
exercise using the Thom isomorphism theorem.
The Atiyah—Patodi—Singer index theorem for the signature of M. yields

1 1 even
(M) = 3 [ (V)4 g [ (90 -

where 7¢V" is the eta-invariant of the boundary signature operator restricted to forms of even

degree. As € — 0, the eta invariant is undergoing adiabatic degeneration and its limit is
computed in [29, Theorem 3.2],

lim = —/ L(TY)(cothe —e™!) +sgn (Be.),
e—0 Y

where B, is the bilinear form on HY(Y) given by H°(Y) > ¢, ~ cd{e,Y) € R, i.e., it is
again the sign of the self-intersection of Y. (In comparing with [29] note that the orientation

of OM; is the opposite of the orientation of the spherical normal bundle of Y in X, and so

sgn(Be) = —sgn(X \ M.).) The only term in L(TY )(cothe—e~1) of degree two is %e, and hence

sen(X) = 3 [ o glVP 4 5 (8P

as required. (Note that we could also argue as in the Dirac case to compute the limit of the eta
invariants.) |
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7 Positive scalar curvature metrics

In this short section, we prove Theorem 1.3 following [25]. We recall the statement of the
theorem for the convenience of the reader:

Theorem. Let (M,g) be a spin space with an incomplete edge metric. The ‘geometric Witt
assumption’ (1.2) holds if either:

1. dim Z > 2 and the scalar curvature of g is non-negative in a neighborhood of OM .

2. dim Z = 1, the spin structure on M 1is the lift of a spin structure on X, and the cone angle
satisfies 2w < 2m.

If the geometric Witt assumption holds and in addition the scalar curvature of g is mon-
negative on all of M, and positive somewhere, then Ind(d) = 0.

Proof. 1) Taking traces in (2.9), the scalar curvature R, satisfies
Rg = Rcone + 0(1),

where Reone is the scalar curvature of the cone with metric dz?+ 22gy /v | < as in (2.6).

0:)®ITN/Y’
On the other hand, by [25, Section 4], the scalar curvature of an exact cone C(Z) is equal to
172(Rz — dim(Z)(dim(Z) — 1)), where Ry is the scalar curvature of Z. Thus R, > 0 implies
that Rz > dim(Z)(dim(Z) — 1), which by [25, Lemma 3.5] shows that Assumption 3.1 holds.

2) In the circle fiber case, there exist local trivializations of the boundary fibration such that
55 = 5%59 where 3 is the Dirac operator on S! for the spin structure that bounds a disk. Since
spec(0p) N (—1/2,1/2) = &, the assumption 8 < 1 implies that also spec(5yz) N(-1/2,1/2) =@
in this case.

Now assume that the geometric Witt condition is satisfied. By Theorem 1.1, 0 is essentially
self-adjoint. That is, the graph closure of & on C2°(M) is self-adjoint, with domain D from
Theorem 1.1, and furthermore by the Main Theorem its index satisfies (1.4).

From the Lichnerowicz formula [11],

0"0 = V'V + R/4,

where R is the scalar curvature. Thus, for every ¢ € C°(M), |02 = [Vl ;2 + (Rd, &) 2.
We conclude that for all ¢ € C2°(M),

18¢] 2 = (1992 — (R, )2 = [Vl 2 = 0. (7.1)

This implies in particular that Dy (0) = D C Dpin(V), where we recall that Dy, (P) refers
to the graph closure of the operator P with domain CS°(M). We claim that the index of the
operator

d: DT — L*(M;S7)

vanishes, so by formula (1.4), Theorem 1.3(b) holds. In fact, the kernel of @ on D consists only
of the zero vector, since if ¢ € D has 0¢ = 0, then since (7.1) holds on D, V¢ = 0 also. By the
Lichnerowicz formula again, R¢ = 0, but since by assumption R is not identically zero, ¢ must
vanish somewhere and by virtue of its being parallel, ¢ = 0. |
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A  Appendix

In this appendix we prove Claim 5.8 by using standard bounds on modified Bessel functions to
prove the sup norm bound (5.9): for each p with |p| > 1/2, and all |7|,

HNuylnl —Nﬁﬁ?\\ <1l-o.

Among references for modified Bessel functions we recall [6, 9, 10, 57].
To begin with, using the Wronskian equation (3.24), note that

TrN,,.=Te NS =1,

Thus the difference N, . — N, :58 has two equal eigenvalues and hence its norm is the square

root of the determinant. We now assume that p > 1/2, since the p < —1/2 case is treated the
same way. Using (3.24) again, we see that

1 1 z
APS
det (N, —NL°) = -5+ §W(M(IM—1/2KH+1/2 —Lyy1y2K,1)2)
+ 2Ly 2K 1o + 1m1 0K 12)), (A1)

and we want to show that for some ¢ > 0 independent of y > 1/2 and z > 0,
—1+06 <det (N,: —NS) <1-0. (A.2)
To begin with, we prove that
0<zl,(2)K,(z) <1/2 for v>1/2,2>0. (A.3)

In fact, we claim that for v > 1/2, 2K, (2)I,(z) is monotone. To see that this holds, differentiate

(2K, (2)1,(2)) = K 1, + 2(K.I, + K,I) = K, I, <1 + ngg) + ZIIVL(S)) .

Thus we want to show that Zé’/’((:)) + ZIIVL((ZZ))) > —1. Using [10, equation (5.1)], for v > 1/2

<ZKL(Z)>'+ <ZIL(Z)>/ <0,

KV(Z) II/(Z)

2K, (z) + 210, (2) . ¢ d . In fact i that
Kl + 745 1s monotone decreasing. In fact, we claim tha

so the quantity

2K (2)  z2I(2) 0 asz—0,

K,(z) I,(z) -1 asz— o0.

The limit as z — oo can be seen using the large argument asymptotic formulas from [1, Sec-
tion 9.7], while the limit as z — 0 follows from the recurrence relations (3.24) and the small
argument asymptotics in [1, Section 9.6]. Thus 2K, (z)I,(z) is monotone on the region under
consideration. Using the asymptotic formulas again shows that

0 as z — 0,
1/2 as z — oo,

2K, (2)I,(z) — {

so (A.3) holds.
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We can now show the upper bound in (A.2). Using the Wronskian relation in (3.24), we write

1 [ 1 2
2 (2 +z2)1/2jL 2 (u2 +z2)1/2( 20l 412K )12

1
det (Ny,. — NATS) = —5+5

+ 2(Lg1 )oK i1 yo + Lu1 oK1 /2))
1 z
< §m( (L1 2K pg1yo + L1 )oK 1)) (A.4)

Now, if 4 > 1, by (A.3), the right hand side in the final inequality is bounded by 1/2, establishing
the upper bound in (A.1) in this case (with § = 1/2). If u € [1/2,1], we use the following
inequalities of Barciz [10, equations (2.3), (2.4)]

I K’
21, (2) <Vz22+12 and 2K, (2) < =22+ 12

I,(z) K, (z)

for v > 0, z > 0. Using these inequalities and the recurrence relation (3.24) gives

e 12 _ VA (p—=1/22 +p—1/2 K, Y2 _ z
IM+1/2 z 7 K112 \/22 (W+1/224+pu+1/2

so continuing the inequality (A.4) gives

1

det (N NAPS) 5@ (ZI +1/2KN+1/2)
V212 12 (A5)
\/22 (w—1/22+p—1/2) '

One checks that for 1/2 < p, the fraction in the second line is monotone decreasing in z, and
thus by (A.3), for z > 1 the determinant is bounded by

(1 A <L (e vay <1 =

where the middle bound is obtained by checking that the fraction on the left is monotone
decreasing in p for g > 1/2 and equal to 1 4+ v/2 at u = 1/2. Thus, we have established the
upper bound in (A.2) in the region z > 1. For z < 1, rewrite the bound in (A.5) as

1 z \/22 +(u+1/2)2+pu+1/2
2t A Genvalne) 2 {14 S o TR )

For p > 1/2, by [57], the function I,,,;/5(2)K,41/2(2) is monotone decreasing, and by the
asymptotic formulas it is goes to 1/2 as z — 0. Thus in 0 < z < 1 the determinant is bounded
about by

\/22 (n+1/2)2+p+1/2

\/22 (n—1/224pu—1/2)
This function is monotone increasing in z for p € [1/2,1], so the max is obtained at z = 1, i.e., it
is bounded by the left hand side of (A.6), in particular by 1 —¢ for the same §. This establishes
the upper bound in (A.2).
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Finally we establish the lower bound. First, we rewrite the determinant again, this time using
the Wronskian relation in the opposite direction to obtain

1 1 1
APS\ _ H z
det (N/M *Nu,z ) T 9 9 (12 + 22)1/2 + 9 (12 + 22)1/2 (ZMI#—1/2KM+1/2
+ 2(Lyg1 0K i1yo + Lu1 2K m1/2)).- (A7)

Now, recalling that 21, /5(1) K, 41/2(1) is monotone increasing, using the asymptotic formulas
[1, equations (9.7.7), (9.7.8)] we see that

1
Livi2(DEKp12(1) = Wt 1/2)
as 1 — oo, we use the inequality [6, equation (11)], namely
2 2\1/2
p—1/2+ (22 + (n+3/2)?)
z

I 12(2) >

IN+1/2(Z)'

On the region z € [0,1], u—1/24 (22 + (u+3/2)%)Y/? > 5y > 0. Dropping the terms with equal
order in (A.7) then gives

1 z
APS
det (N = Np2”) > -1+ 2 (42 1 222 22K
>—1+172M Li12K 12(#‘1/2+(22+(M+3/2)2)1/2)
= 2 (2 + 22)1/27 /25 p+1/
1/2
Tp—1/2+ (22 + (n+3/2)?)
2 —1+50§ (Iu2+z2)1/2 Z —1+5

This completes the proof of (A.2).
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