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Abstract. In this paper, we study the formal solution space of a nonlinear PDE in a fiber
bundle. To this end, we start with foundational material and introduce the notion of a pfd
structure to build up a new concept of profinite dimensional manifolds. We show that the
infinite jet space of the fiber bundle is a profinite dimensional manifold in a natural way.
The formal solution space of the nonlinear PDE then is a subspace of this jet space, and
inherits from it the structure of a profinite dimensional manifold, if the PDE is formally
integrable. We apply our concept to scalar PDEs and prove a new criterion for formal inte-
grability of such PDEs. In particular, this result entails that the Euler-Lagrange equation
of a relativistic scalar field with a polynomial self-interaction is formally integrable.
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1 Introduction

Even though it appears to be unsolvable in general, the problem to describe the moduli space
of solutions of a particular nonlinear PDE has led to powerful new results in geometric analysis
and mathematical physics. Notably this can be seen, for example, by the fundamental work
on the structure of the moduli space of Yang-Mills equations [5, 15, 46]. Among the many
challenging problems which arise when studying moduli spaces of solutions of nonlinear PDEs
is that the space under consideration does in general not have a manifold structure, usually not
even one modelled on an infinite dimensional Hilbert or Banach space. Moreover, the solution
space can possess singularities. A way out of this dilemma is to study compactifications of
the moduli space like the completion of the moduli space with respect to a certain Sobolev
metric, cf. [20]. Another way, and that is the one we are advocating in this article, is to consider
a “coarse” moduli space consisting of so-called formal solutions of a PDE, i.e., the space of those
smooth functions whose power series expansion at each point solves the PDE. In case the PDE
is formally integrable in a sense defined in this article, the formal solution space turns out to be
a profinite dimensional manifold. These possibly infinite dimensional spaces are ringed spaces
which can be regarded as projective limits of projective systems of finite dimensional manifolds.

Profinite dimensional manifolds appear naturally in several areas of mathematics, in par-
ticular in deformation quantization, see for example [34], the structure theory of Lie-projective
groups [8, 26], in connection with functional integration on spaces of connections [4], and in the
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secondary calculus invented by Vinogradov [9, 27, 48] which inspired the approach in this paper,
cf. in particular [27, Chapter 7]. It is to be expected that the theory of profinite dimensional
manifolds as set up in this paper will have further applications, for example for the (classical)
perturbation theory of PDEs in mathematical physics, where one should understand a pertur-
bation as a deformation, i.e., a smooth family of profinite dimensional solution manifolds of
a (formally integrable) PDE depending on a parameter. Work on this is in progress.

The paper consists of two main parts. The first, Section 3, lays out the foundations of the
theory of profinite dimensional manifolds. Besides the papers [7] and [1], where the latter is
taylored towards explaining the differential calculus by Ashtekar and Lewandowski [4], literature
on profinite dimensional manifolds is scarce. Moreover, our approach to profinite dimensional
manifolds is novel in the sense that we define them as ringed spaces together with a so-called
pfd structure, which consists not only of one but a whole equivalence class of representations
by projective systems of finite dimensional manifolds. The major point hereby is that all the
projective systems appearing in the pfd structure induce the same structure sheaf, which allows
to define differential geometric concepts depending only on the pfd structure and not a particular
representative. One way to construct differential geometric objects is by dualizing projective
limits of manifolds to injective limits of, for example, differential forms, and then sheafify the
thus obtained presheaves of “local” objects. Again, it is crucial to observe that these sheaves are
independent of the particular choice of a representative within the pfd structure, whereas the
“local” objects obtain a filtration which depends on the choice of a particular representative.
Using variants of this approach or directly the structure sheaf of smooth functions, we introduce
in Section 3 tangent bundles of profinite dimensional manifolds and their higher tensor powers,
vector fields, and differential forms.

The second main part is Section 4, where we introduce the formal solution space of a nonlinear
PDE. We first explain the necessary concepts from jet bundle theory and on prolongations
of PDEs in fiber bundles, following essentially Goldschmidt [24], cf. also [9, 36, 48, 49]. In
Section 4.2.2 we introduce in the jet bundle setting a notion of an operator symbol of a nonlinear
PDE such that, in the linear case, it coincides with the well-known (principal) symbol of a partial
differential operator up to canonical isomorphisms. The corresponding result, Proposition 4.18,
appears to be folklore; see [44] and [27, Section IV.2] for related work. Afterwards, we show
that the bundle of infinite jets is a profinite dimensional manifold. This result immediately
entails that the formal solution space of a formally integrable PDE is a profinite dimensional
submanifold of the infinite jet bundle. Finally, in Section 4.4, we consider scalar PDEs. We
prove there a widely applicable criterion for the formal integrability of scalar PDEs, which to
our knowledge has not appeared in the mathematical literature yet. Moreover, we conclude from
our criterion that the Euler-Lagrange equation of a relativistic scalar field with a polynomial
self-interaction on an arbitrary Lorentzian manifold is formally integrable, so its formal solution
space is a profinite dimensional manifold. We expect that this observation will be of avail
when clarifying the Poisson structure [33, 49, 50] and quantization theory — possibly through
deformation — of such scalar field theories, cf. [16, 38].

2 Some notation

Let us introduce some notation and conventions which will be used throughout the paper.

If nothing else is said, all manifolds and corresponding concepts, such as submersions, bundles
etc., are understood to be smooth and finite dimensional. The symbol T#* stands for the functor
of k-times contravariant and [-times covariant tensors, where as usual T := T1? and T* := T%!,
If X is a manifold, then the corresponding tensor bundles will be denoted by ey : TH!X — X.
Moreover, we write 2 > and QF for the sheaves of smooth vector fields and of smooth k-forms,
respectively.
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Given a fibered manifold, i.e., a surjective submersion 7: E — X, we write I'*°(x) for the
sheaf of smooth sections of 7. Its space of sections over an open U C X will be denoted
by I'*°(U; ). The set of local smooth sections of m around a point p € M is the set of smooth
sections defined on some open neighborhood of p and will be denoted by I'*°(p; 7). The stalk
at p then is a quotient space of I'°°(p; 7) and is written as I';°(r).

The vertical vector bundle corresponding to the fibered manifold 7 is defined as the subvector
bundle

v V(r) :=ker(Tn) — E

of mrg: TE — E. If ©’: B/ — X is a second fibered manifold, the vertical morphism corre-
sponding to a morphism h: E — E’ of fibered manifolds over X is given by

V: V(r) — V(7),  v+— Thv).

If 7: E — X is a vector bundle, then the fibers of m are R-vector spaces, hence one can
apply tensor functors fiberwise to obtain the corresponding tensor bundles. In particular,
" Sk(7) — X will stand for the k-fold symmetric tensor product bundle of .

Finally, unless otherwise stated, the notions “projective system” and “projective limit” will
always be understood in the category of topological spaces, where they of course exist; see [18,
Chapter VIII, Section 3]. In fact, given such a projective system (M;, pi;)i jen,i<j, a distinguished
projective limit is given as follows. Define

M = {(pi)ieN € HMZ» | i (p;) = pi for all 4,j € N with i < j}
1€N
to be the subspace of all threads in the product, and the continuous maps p;: M — M; as
the restrictions of the canonical projections [[;cy M; — M; to M. Then one obviously has
pij o prj = p; for all 2,7 € N with ¢ < j. Note that a basis of the topology of M is given by the
set of all open sets of the form ui_l(U), where 1 € N and U C M; is open. In the following, we
will refer to the thus defined M together with the maps (u;)ien as the canonical projective limit
of (M, j1i5)i jen,i<j, and denote it by M = lim M;.

i€N

3 Profinite dimensional manifolds

In this section, we introduce the concept of profinite dimensional manifolds and establish the
differential geometric foundations of this new category. For comparison and further reading on
this topic we refer to [1, 14] and [34, Section 1.4].

3.1 The category of profinite dimensional manifolds

The following definition lies in the center of the paper:
Definition 3.1.

a) By a smooth projective system we understand a family (M;, p1i5)i jeni<; of smooth mani-
folds M; and surjective submersions p;;: M; — M; for ¢ < j such that the following
conditions hold true:

(SPSI) Wiz = idMl. for all 7 € N.
(SPS2) pu55 0 pjr, = pix for all 4,5,k € N such that ¢ < j < k.
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b) If (M}, pily)abeN, a<p denotes a second smooth projective system, a morphism of smooth
projective systems between (M, f1i5)i jen,i<; and (M, il )abeN, a<b 1S a pair (¢, (Fo)aen)
consisting of a strictly increasing map ¢: N — N and a family of smooth maps Fj:
My — M/, a € N such that for each pair a,b € N with a < b the diagram

Ho(a)p(b)
My(a) = My

Fal in
’
-

Hq,
My~
commutes. We usually denote a smooth projective system shortly by (Mi, Mz‘j) and write

(¢, Fa): (M, pij) — (M, i)

to indicate that (¢, (Fg)een) is a morphism of smooth projective systems. If each of the
maps F, is a submersion (resp. immersion), we call the morphism (¢, F,) a submersion
(resp. immersion).

c) Two smooth projective systems (M;, pi;) and (M}, u),) are called equivalent, if there are
surjective submersions

(907 FOL) : (Mi> ,Uij) — (M(;a :u:zb)7 (1% Gl) (M¢2> :uizb) — (Mia ,Uij)

such that the diagrams

Bi o((i)) Fa (o (a))
M; Moy — and M, M o(ay)
\& A k A’)
My M (a)

commute for all 4, a € N. A pair of such surjective submersions will be called an equivalence
transformation of smooth projective systems.

Remark 3.2. In the definition of smooth projective systems and later in the one of smooth
projective representations we use the partially ordered set N as index set. Obviously, N can
be replaced there by any partially ordered set canonically isomorphic to N such as an infinite
subset of Z bounded from below. We will silently use this observation in later applications for
convenience of notation.

Example 3.3.

a) Let M be a manifold. Then (M, p;;) with M; := M and p;; := idps for @ < j is a smooth
projective system which we call constant and which we denote shortly by (M, idys).

b) Assume that for ¢ < j one has given surjective linear maps A;;: V; — V; between real
finite dimensional vector spaces such that (SPS1) and (SPS2) are satisfied. Then (Vj, Ai;) is
a smooth projective system. For example, this situation arises in deformation quantization
of symplectic manifolds when constructing the completed symmetric tensor algebra of
a finite dimensional real vector space; see [34] for details. Of course, a simpler example is
given by the canonical projections m;; : R7 — R’ onto the first i coordinates, hence (R?, Tij)
is a (non-trivial) smooth projective system.
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c¢) In the structure theory of topological groups [8, 26] one considers smooth projective sys-
tems (Gj, 7;;) such that each G; is a Lie group and the 7;;: G; — G; are continuous group
homomorphisms. See Example 3.8(c) below for a precise description of the projective
limits of such projective systems of Lie groups.

d) The tower of k-jets over a fiber bundle together with their canonical projections forms
a smooth projective system (see Section 4.1).

Within the category of (smooth finite dimensional) manifolds, a projective limit of a smooth
projective system obviously does in general not exist. In the following, we will enlarge the cate-
gory of manifolds by the so-called profinite dimensional manifolds (and appropriate morphisms).
The thus obtained category will contain projective limits of smooth projective systems.

Definition 3.4.

a) By a smooth projective representation of a commutative locally R-ringed space (M, €5y)
we understand a smooth projective system (M;, p;;) together with a family of continuous
maps p;: M — M;, i € N, such that the following conditions hold true:

(PFM1) As a topological space, M together with the family of maps p;, i € N, is a pro-
jective limit of (M, ju;j).

(PFM2) The section space €35 (U) of the structure sheaf over an open subset U C M is
given by the set of all f € € (U) such that for every p € U there exists an i € N,
an open U; C M; and an f; € €°°(U;) such that p € u;l(Ui) C U and

furtwny = fio ki1 oy
hold true.

We usually denote a smooth projective representation briefly as a family (M;, pj, ;).

b) A smooth projective representation (M, pij, i) of (M, €5y) is said to be regular, if each
of the maps p;;: M; — M; is a fiber bundle.

c) Two smooth projective representations (M;, puij, pi) and (M, pl, . p,) of (M,€55) are
called equivalent, if there is an equivalence transformation of smooth projective systems

(oo Fu): (Mi, pig) — (Mgs i), (0, Ga): (Mg, pgy) — (M, puij)
such that
w; = Gjo Mip(i) and Ho = Fa 0 fp(a) for all i,a € N.

In the following, we will sometimes call such a pair of surjective submersions an equivalence
transformation of smooth projective representations. The equivalence class of a smooth
projective system (M, pij, p1i) will be simply denoted by [(M;, w4, pts)] and called a pfd
structure on (M, €yy).

Proposition 3.5. Let (M,%}y;) be a commutative locally R-ringed space with a smooth projec-
tive representation (M, pij, jt;). Assume further that (M, pl,) is a smooth projective system
which is equivalent to (M;, ;). Then there are continuous maps p,: M — M), a € N, such
that (M}, i1y, 1) becomes a smooth projective representation of (M, €55) which is equivalent to

(M;, pij, i)
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Proof. Choose an equivalence transformation of smooth projective systems

(‘Pa Fa): (Miaﬂij) — (Ménuizb)a (1/)7G1) (M(/p%b) — (Minuij)'

Put piy, := F, 0 j1y()- Let us show first that M together with the family of continuous maps puy,,
a € N is a projective limit of (Mé, u;b). So assume that X is a topological space, and h,: X —
M/, a € N a family of continuous maps such that h, = p/, o hy for a < b. Since M is a projective
limit of (M;, pij), there exists a uniquely determined h: X — M such that p; o h = G; o hy;
for all i € N. But then

fig © b= Fy 0 figa) © h = Fo 0 Gip(a) © hyp(p(a)) = Hap(o(a)) © Me(a)) = Na-

Moreover, if h: X — M is a continuous function such that ph o h = h, for all a € N, one
computes

Hi 0 h = Hig(e) © Bow) © h = Gi 0 Fy) © tpgua) © h = Gio py o h = Gi o hy).

Since M is a projective limit of (M;, p;;), this entails h = h. This proves that M is a projective
limit of (M}, ul,).

Next let us show that (PFM2) holds true with the p; replaced by the pl,. So let U C M be
open, f € €y (M), and p € U. Choose i € N such that there is an open U; C M; and a smooth
fi: Ui — R with p € p; Y(U;) € U and Fuiwy = Ji© i1y Put a:= (i), Vo := Gy,

and define fa Vo, — R by fa := fi o Giy,. Then fa is smooth, and

fao :U’izm{jl(v) = fioGioFyg)o Fo(w (), =1 (V)
= i 0 Hig@(i)) © o) 1 v,y = i © Hiju, -1 (va) = Flun =1 vy

where we have used that u,”" (V) = p; L(U;). Similarly one shows that a continuous fiU—SR
is an element of €57 (U), if for every p € U there is an a € N, an open V, C M, and a smooth

function fa V, — R such that p € pl, 1(V) c U and fa o ,u,aw “1(v,) = flu’ “1(v,)-
Finally, it remains to prove that p; = G; o ! (i) for all i € N, but this follows from

Gi 0 (i) = Gi 0 Fy(s) © Lig(p(0) = Hi(w(a)) © How(a)) = Hi-
This finishes the proof. |

Remark 3.6. The preceding proposition entails that the structure sheaf of a commutative
locally R-ringed space (M, €5y ) for which a smooth projective representation (M;, p1i5, f1i) exists
depends only on the equivalence class [(M;, pij, (i)

The latter remark justifies the following definition:
Definition 3.7.

a) By a profinite dimensional manifold we understand a commutative locally R-ringed space
(M, €5y5) together with a pfd structure defined on it. The profinite dimensional manifold
(M, €5y) is called regular, if there exists a regular smooth representation within the pfd
structure on (M, €yy).

b) Assume that (M, %};) and (N, €x°) are profinite dimensional manifolds. Then a contin-
uous map f: M — N is said to be smooth, if the following condition holds true:
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for every open U C N, and g € €5°(U) one has

go fig—rw) € Car (fHU)).

By definition, it is clear that the composition of smooth maps between profinite dimensional
manifolds is smooth, hence profinite dimensional manifolds and the smooth maps between them
as morphisms form a category, the isomorphisms of which can be safely called diffeomorphisms.
All of this terminology is justified by the simple observation Example 3.8(a) below.

Example 3.8.

2)

)

Given a manifold M, the constant smooth projective system (M, idys) defines a smooth
projective representation for the ringed space (M, €y5). Hence, every manifold is a profini-
te dimensional manifold in a natural way, and the category of manifolds a full subcategory
of the category of profinite dimensional manifolds.

Assume that (M;, 1155) is a smooth projective system. Let

M :=lim M;

i€N

together with the natural projections p;: M — M; denote the canonical projective limit
of (MZ-, ,uij). Then, (PFM1) is fulfilled by assumption, and it is immediate that M carries
a uniquely determined structure sheaf €7 which satisfies (PFM2). The locally ringed
space (M, €55) together with the pfd structure [(M;, pij, pti)] then is a profinite dimensional
manifold. This profinite dimensional manifold is even a projective limit of the projective
system (M, ju;5) within the category of profinite dimensional manifolds. We therefore
write in this situation

(M%) = lim (M., 677)

€N

and call (M,%yy) (together with [(M;, pij, 1ti)]) the canonical smooth projective limit of
(M;, pij).

A locally compact Hausdorff topological group G is called Lie projective, if every neigh-
bourhood of the identity contains a compact Lie normal subgroup, i.e., a normal subgroup
N C G such that G/N is a Lie group. One has the following structure theorem [8, Theo-
rem 4.4], [26]. A locally compact metrizable group G is Lie projective, if and only if there is
a smooth projective system (G;,7;;) as in Example 3.3(c) together with continuous group
homomorphisms 7;: G — G;, i € N such that (G, n;) is a projective limit of (G;,7;;). Again,
it follows that G carries a uniquely determined structure sheaf €2° satisfying (PFM2). The
locally ringed space (G, ¢¢°) together with the pfd structure [(G;,7:;,7:)] becomes a re-
gular profinite dimensional manifold with a group structure such that all of its structure
maps are smooth.

The space of infinite jets over a fiber bundle canonically is a profinite dimensional manifold
(see Section 4.3).

Remark 3.9.

a)

In the sequel, (M,%}y) or briefly M will always denote a profinite dimensional manifold.
Moreover, (M;, pij, pti) always stands for a smooth projective representation defining the
pfd structure on M. The sheaf of smooth functions on a profinite dimensional manifold
will often briefly be denoted by €°°, if no confusion can arise.
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b) One of the intentions when constructing the category of profinite dimensional manifolds
was that it should be a category with projective limits which extends the one of smooth
manifolds and that it is minimal in a certain sense with respect to these properties. The
category of profinite dimensional manifolds fulfills these requirements. That it extends
the category of manifolds follows from Example 3.8(a). By a straightforward argument
using the ‘diagonal trick’ for doubly projective limits one concludes that the category of
profinite dimensional manifolds contains all projective limits. The minimality requirement
is a direct consequence of the definition of profinite dimensional manifolds as abstract
projective limits of manifolds.

¢) The profinite dimensional manifolds defined in this paper coincide with the projective
limits of manifolds from [1], but are in general not plb-manifolds in the sense of [14,
Definition 3.1.2]. The latter have the property that they can be modelled locally on
Fréchet spaces representable as projective limits of Banach spaces. A profinite dimensional
manifold of infinite dimension, though, can in general not locally be modelled by open
subsets of R*°. In particular when the underlying profinite dimensional manifold is given
as the manifold of formal solutions of a formally integrable PDE in the sense of Proposition
and Definition 4.29 corresponding local charts with values R appear to exist only in
particular cases. A more detailed study of this phenomenon is left for future work.

Let N C M be a subset, and assume further that for some smooth projective representation
(M;, pij, p1i) of the pfd structure on M the following holds true:

(PFSM1) There is a stricly increasing sequence (I;);en such that for every i € N the set N; :=
i, (N) is a submanifold of M, .

(PFSM2) One has N = () p " (Ny).
1EN

(PFSM3) The induced map
Vij = Mlilj|Nj : Nj — NZ
is a submersion for all ¢, 57 € N with j > 4.

Observe that the v;; are surjective by definition of the manifolds IV; and by v; = v;; o vj, where
we have put v; := '“21-| N In particular, (NV;,v;;) becomes a smooth projective system.

Proposition and Definition 3.10. Let N C M be a subset such that for some smooth pro-
jective representation (M, pij, p1i) of the pfd structure on M the azioms (PFSM1) to (PFSM3)
are fulfilled. Then N carries in a natural way the structure of a profinite dimensional manifold
such that its sheaf of smooth functions coincides with the sheaf €% of continuous functions on
open subset of N which are locally restrictions of smooth functions on M. A smooth projective
representation of N defining its natural pfd structure is given by the family (N;,vj,v;). From
now on, such a subset N C M will be called a profinite dimensional submanifold of M, and
(M, pij, i) a smooth projective representation of M inducing the submanifold structure on N.

Proof. We first show that N together with the maps v; is a (topological) projective limit of
the projective system (N;,v;;). Let p; € N;, i € N such that v;;(pj) = p; for all j > 4. Since M
together with the p; is a projective limit of (Mj, p;;), there exists an p € M such that j, (p) = ps
for all ¢ € N. By axiom (PFSM2), p € N, hence one concludes that N is a projective limit of
the manifolds ;.

Next, we show that Cﬁﬁ\‘,’ coincides with the uniquely determined sheaf €5 satisfying axiom
(PFM2). Since the canonical embeddings V; < M), are smooth by (PFSM1), the embedding
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N — M is smooth as well, and ‘5“’]\? is a subsheaf of the sheaf €3°. It remains to prove that for
every open V C N a function f € €{°(V) is locally the restriction of a smooth function on M.
To show this let p € V' and V; an open subset of some V; such that p € v, 1(V;) C V, and such
that there is an f; € €°°(V;) with f\vz-_l(Vi) = fjo Vi) Since V; is locally closed in M;,,
we can assume after possibly shrinking V; that there is an open U; C M;, with V; = N; N U;
and such that N; N U; is closed in U;. Then there exists F; € ¢°°(U;) such that Fyy, = f;. Put
F:=F;o Ml (U;) Then F € %“(ul_il(Ui)), and

Tt = Bty
which proves that f € %lo]\‘;(V) The claim follows. [ |

Example 3.11.

a) Every open subset U of M is naturally a profinite dimensional submanifold since for each
i € N the set U; := p;(U) is an open submanifold of M;.

b) Consider the profinite dimensional manifold

(R, %2%) = lim (R", %22),

neN

and let B"(0) be the open unit ball in R™. The projective limit

(B>(0), €5%(q)) := lim (B"(0), €% (o))

neN

then becomes a profinite dimensional submanifold of R*. Note that it is not locally closed
in R,
c¢) The space of formal solutions of a formally integrable partial differential equation is a pro-

finite dimensional submanifold of the space of infinite jets over the underlying fiber bundle
(see Section 4.3).

We continue with:

Definition 3.12. Let U C M be open. A smooth function f € €°°(U) then is called local, if
there is an open U; C M; for some i € N and a function f; € €°°(U;) such that U C ,u;l(Ui)
and f = f; o pjjy. We denote the space of local functions over U by 632 (U).

loc

Remark 3.13.

a) Observe that %50 forms a presheaf on M, which depends only on the pfd structure
[(M;, pij, pts)]. Moreover, it is clear by construction that for every open U C M and
every representative (M, p;;, 1) of the pfd structure, €50 (U) together with the family of
pull-back maps i} : €°°(1;(U)) = €52(U) is an inductive limit of the injective system of

linear spaces (€' (1i(U)), 1 )ien-

b) .2 is in general not a sheaf unless M is a finite dimensional manifold. The sheaf associated

to Gjoe naturally coincides with @ since locally, every smooth function is local.

c) By naming sections of €,5° local functions we essentially follow Stasheff [45, Definition 1.1]
and Barnich [6, Definition 1.1], where the authors consider jet bundles. Note that in [1],
local functions are called cylindrical functions.
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d) The representative M := (M;, u;j, j1;) leads to a particular filtration F of the presheaf
of local functions by putting, for [ € N,
M *
Fi (Cgﬁc};) =y Cgffl
Observe that this filtration has the property that

%o = | FM(6).
lEN

3.2 Tangent bundles and vector fields

The tangent space at a point of a finite dimensional manifold can be defined as a set of equiv-
alence classes of germs of smooth paths at that point or as the space of derivations on the stalk
of the sheaf of smooth functions at that point. The definition via paths can not be immediately
carried over to the profinite dimensional case, so we use the derivation approach.

Definition 3.14. Given a point p of the profinite dimensional manifold M, the tangent space
of M at p is defined as the space of derivations on 4°, the stalk of smooth functions at p, i.e.,
as the space

T,M := Der (4;°,R).
Elements of T),M will be called tangent vectors of M at p. The tangent bundle of M is the
disjoint union
TM = | T,M,
peEM

and
mrym: ITM — M, TPMBYI—>p
the canonical projection.

Note that for every ¢ € N there is a canonical map Tu,;: TM — TM,; which maps a tangent
vector Y € T, M to the tangent vector

Yi: 65 — R, [filps = Y ([fi 0 pralp), where  p; := p;(p).

By construction, one has Tjy;; o Tp; = Tu; for i < j. We give TM the coarsest topology such
that all the maps Tp;, ¢ € N are continuous. Now we record the following observation:

Lemma 3.15. The topological space TM together with the maps Tu; is a projective limit of the
projective system (TM;, Tpuj).

Proof. Assume that X is a topological space, and (<I>Z)Z ey @ family of continuous maps ®;: X —
TM; such that Tp;; o ®; = ®; for all 7 < j. Since M is a projective limit of the projective
system (Mi, ,uij), there exists a uniquely determined continuous map ¢: X — M such that
s, © Py = pi o for all i € N. Now let € X, and put p := ¢(z) and p; := pi(p). Then, for
every i € N, ®;(x) is a tangent vector of M; with footpoint p;. We now construct a derivation
®(z) € Der(6;°,R). Let [f], € €,°, i.e., let f be a smooth function defined on a neighborhood U
of p, and [f], its germ at p. Then there exists ¢ € N, an open neighborhood U; C M; of p; and
a smooth function f;: U; — R such that

p () CU - and  fo g = Fio o )
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We now put

®(x)([f]p) :== @i(2)([filp:) where p; := p;i(p).

We have to show that ®(z) is independent of the choices made, and that it is a derivation indeed.
So let f': U — R be another smooth function defining the germ [f],. Choose j € N, an open
neighborhood U} C M of p;, and a smooth function f: Ul — R such that

/Lj_l(Uj/) cU and f|#;1(U]') = fJI o Mj|p]._1(U]f)'

Without loss of generality, we can assume ¢ < j. By assumption [f], = [f'],, hence one concludes
that

!
fio tijpy, = fy,

for some open neighborhood V; C M; of p; := u;(p). But this implies, using the assumption on
the ®; that

(@) ([flp;) = Trij®;(2) ([filp:) = i) ([filp:)-

Hence, ®(z) is well-defined, indeed.

Next, we show that ®(x) is a derivation. So let [f],,[g], € €;° be two germs of smooth
functions at p. Then, after possibly shrinking the domains of f and ¢, one can find an i € N|
an open neighborhood U; C M; of p;, and f;, g; € €°°(U;) such that

Nty = Jie By and g wy) = 900 B wy)-
Since ®;(x) acts as a derviation on 4;°, one checks

(I)(x)([f]p[g]p) = z(x)([ ilp: [9i]p ) :fi(pi)q%(x)([gz]pz)+gz(p2) i(w )([fz]pz)
= f(p)®()([g]p) +9)@(x)([f]p),

which means that ®(x) is a derivation.
By construction, it is clear that

Tp;®(x) = &;(z) for all ieN.

Let us verify that ®(x) is uniquely determined by this property. So assume that ®'(z) is
another element of T),M such that Ty;®'(z) = ®;(x) for all i € N. For [f], € €;° of the form
f=1fio Hi = (1) Wlth U; C M, an open neighborhood of p; and f; € €°°(U;) thls assumption
entails

‘I)(»’U)([f]p) = @,(x)([fz]pl) = q)/(x)([f]p)‘

Since every germ [f], is locally of the form f; o Hij=1 0y We obtain ®(z) = ®'(x).

Finally, we observe that ®: X — TM is continuous, since all maps ®; = Ty; P are continuous,
and TM carries the initial topology with respect to the maps Ty;.

This concludes the proof that TM together with the maps Tpu; is a projective limit of the
projective system (TM;, Tpj). [
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Remark 3.16.

a) Ifpe M, Y,,Z, € T,M, and X\ € R, then the maps Y, + Z,: ¢,° — Rand \Y),: €° = R
are derivations again. Hence T, M becomes a topological vector space in a natural way

and one has T, M = lim T, ,)M; canonically as topological vector spaces. In particular,
1€EN

this implies that 7wy : TM — M is a continuous family of vector spaces. Note that this

family need not be locally trivial, in general.

b) Denote by &7 ) the set of germs of smooth paths v: (R,0) — (M, p). There is a canonical
map 57, — T, M which associates to each germ of a smooth path v: (R,0) — (M, p)
the derivation

Vit — R, [flp—= (for) (0).

Unlike in the finite dimensional case, this map need not be surjective, in general, as
Example 3.18 below shows. But note the following result.

Proposition 3.17. In case the profinite dimensional manifold M is regular, the “dot map”
Piip — ToM,  [v]o— 7(0)
is surjective for every p € M.

Proof. We start with an auxiliary construction. Choose a smooth projective representation
(M, pij, i) within the pfd structure on M such that all p;; are fiber bundles. Put p; := p;(p)
for every ¢ € N. Then choose a relatively compact open neighborhood Uy C My of pg which is
diffeoemorphic to an open ball in some R™. In particular, Uy is contractible, hence the fiber
bundle HO1| - () ¢ tior (Uo) — Uy is trivial with typical fiber Fy := g (po). Let Wo: poi (Uo) —
Up x F1 be a trivialization of that fiber bundle, and D; C F} an open neighborhood of p; which
is diffeomeorphic to an open ball in some Euclidean space. Put Uy := ¥ YUy x Dy). Then,
U, is diffeomeorphic to a ball in some Euclidean space, and po1|, : Ur — Up is a trivial fiber
bundle with fiber D;. Assume now that we have constructed Uy C My, ...,U; C M; such that
for all ¢ < j the following holds true:

1) the set U; is a relatively compact open neighborhood of p; diffeomorphic to an open ball
in some Euclidean space,

2) for i > 0, the identity u;—1;(U;) = U;—1 holds true,

3) for i > 0, the restricted map Hi—14|y, : U; — U;_1 is a trivial fiber bundle with fiber D;
diffeomorphic to an open ball in some Euclidean space.

Let us now construct Uj 41 and Dj;. To this end note first that pjj41),-1 Mj_j1+1(Uj) — Uj
i+1(Us

is a trivial fiber bundle with typical fiber F; := /Lj_lerl(pj), since Uj is contractible. Choose
a trivialization W, q: Hjj+1-t ) U; x F}j, and an open neighborhood D; 1 C Fjy1 of pjy1
i+

which is diffeomorphic to an open ball in some Euclidean space. Put U1 := \If;_&l (Uj X DjH).
Then, Uj; is diffeomeorphic to a ball in some Euclidean space, and LIRS Uit1 — Uj is
a trivial fiber bundle with fiber D; 1. This finishes the induction step, and we obtain U; C M;
and D; such that the three conditions above are satisfied.

After these preliminaries, assume that Z € T,M is a tangent vector. Let Z; := Tp;(Z) for
1 € N. We now inductively construct smooth paths v;: R — U; such that

71(0) = Pi, ’}/7,(0) = ZZ and, if 7 > O, Mi—1i © Vi = Yi—1- (31)
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To start, choose a smooth path 79: R — Uy such that vy(0) = po, and 49(0) = Zy. Assume
that we have constructed 7o, .. .,7; such that (3.1) is satisfied for all ¢ < j. Consider the trivial
fiber bundle Hij+1y,,, - Ujy1 = Uj,and let ¥ 1: Ujpq — U;j X Djyq be a trivialization. Then,
TV;1(Zj41) = (Z;,Yj41) for some tangent vector Yj 1 € Tp; 11 Dj+1. Choose a smooth path
Qj+1+ R — Dj+1 such that 0j+1 (0) = Dj+1, and QjJrl(O) = Yj+1. Put

Y (t) = Ul (3(), 0j41(t))  forall teR.

By construction, 7,41 is a smooth path in Ujy; such that (3.1) is fulfilled for ¢ = j 4+ 1. This
finishes the induction step, and we obtain a family of smooth paths ~; with the desired properties.

Since M is the smooth projective limit of the M;, there exists a uniquely determined smooth
path v: R — M such that p; oy = ~; for all ¢ € N. In particular, this entails v(0) = p, and
4(0) = Z, or in other words that Z is in the image of the map Pty — TpM. |

Example 3.18. This example shows that there exist profinite dimensional manifolds having
tangent vectors which can not be represented as the derivative of a smooth path. Denote by
rSk c RF! for k € N* the k-sphere of radius » > 0. Moreover, denote for 1 < i < j by
pij: RITL — R the projection onto the first i + 1 coordinates. We use the same symbols
for restrictions of pj; to open subsets. Now we define inductively a pfd system (M;, p1;5) with
M; C R open as follows:

Mo:=R, M;:=R>\S5" My:=(M; xR)\15% ..., Mp:=(MxR)\ 55
Observe that all p;; are still surjective submersions when regarded as mappings from M; to M;.
Next consider the point p = (p;)ien € M := lim M;, where p; := 0 € M;. Now let Y € T,M be

1€N
the tangent vector represented by the family (Y;);en+ of tangent vectors

0
Vi 60 B [l 2 (0)
1
where (1,...,7;) are the canonical coordinates of R’. Assume that there is a smooth path

v: (—e,e) — M such that v(0) = p and 4(0) = Y. Let ; := p; o. Since 41(0) = 1, one
can achieve after possibly shrinking ¢ that 4 (t) > % for all ¢ € (—e,¢). This implies by the
mean value theorem that |y(t)| > 1|¢| for all t € (—¢,e). Now choose i € N* such that 1 < 1e.
Then 7;(0) = 0 but %(%6) has to be outside the connected component of 0 in M;. This is
a contradiction, so there does not exist a path v with the claimed properties, and Y is not

induced by a smooth path.

Let us define a structure sheaf €35, on TM. To this end call a continuous map f € € (U)
defined on an open set U C TM smooth, if for every tangent vector Z € U there is an ¢ € N,
an open neighborhood U; C TM; of Z; := Tu;(Z), and a smooth map f; € €°°(U;) such that

(Tp:)~Y(U;) C U and fierpny 1wy = fi o (Tpi) |ty -1 w,)- The spaces
Gy (U) :=={f €€U)|f is smooth}

for U C TM open then form the section spaces of a sheaf €75, which we call the sheaf of smooth
functions on TM. By construction, the family (TM;, Tpi;, Tpi) now is a smooth projective
representation of the locally ringed space (TM, %@OM), hence (TM,€55,) becomes a profinite
dimensional manifold. Since p;omrar = mrar, 0Ty for all @ € N, one immediately checks that the
canonical map mryr: TM — M is even a smooth map between profinite dimensional manifolds.
With these preparations we can state:
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Proposition and Definition 3.19. The profinite dimensional manifold given by (TM,€55,)
and the pfd structure [(TM;, Tpj, Tp;)] s called the tangent bundle of M, and mrar: TM — M
its canonical projection. The pfd structure [(TM;, Ti;j, Tp;)] depends only on the equivalence

class [(Mi, pij, )]

Proof. In order to check the last statement, consider a smooth projective representation

(M, iy, 1) which is equivalent to (M, pij, pts). Choose an equivalence transformation of

smooth projective representations
(oo Fa): (Mi, pig) — (Mg, py), (9, Ga)e (Mg, pugy) — (M, pig).
Then one obtains surjective submersions
(0, TFa): (TM;, Tpij) — (TMg, Tpgp), (¥, TGy): (TMg, Tpgy) — (TM;, Tuij)

such that the following diagrams commute for all 7,a € N:

Th; Th (o (a
M, Hi o (i) Moo and ™! w(p(a)) TM’ o
\ A) \ A‘“

TM’

Hence, (TM,,Tpu,) is a smooth projective system which is equivalent to (TM;, Tp,j). Now
recall that the map Tpul,: TM — TM] is defined by Tpu,(Z,) = Z, o (u,)*, where Z, € T,M,
p € M, and (p,)* denotes the pullback by pl,. One concludes that for all i € N

TG, o T#Zp(i)(zp) =TG;(Zpo (/‘ip(i))*) =Zyo (,u;}(i))* o GY = Zyour =Tui(Zy),

and likewise that TF, 0 Tpug ) (Yy) = Thy(Yy) for all @ € N. This entails that the smooth projec-
tive representations (TM;, Tpj, Ty) and (TM], Tyl,, Tpul,) of the tangent bundle (TM,655,)
are equivalent, and the proof is finished. |

Remark 3.20.

a) By Example 3.8(c), the induced smooth projective system (TM;, Tp;;) has the canonical
smooth projective limit

(TM,62,) = lim (TM;, 65%,,).

i€N

Denote its canonical maps by Tm: T™ — TM;. By the universal property of projective
limits there exists a unique smooth map

r TM — TM

such that ’TuiOT = Tu; for all ¢ € N. By construction of the profinite dimensional manifold
structure on the tangent bundle TM, the map 7 is even a linear diffeomorphism, and is
in fact given by

e TM.

TM 3Y — (Tui(Y)),cn
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b) As a generalization of the tangent bundle, one can define for every k € N* := N\ {0} the
tensor bundle T*9Af of M. First, one puts for every p € M

—k
KOS .
THOM = (X) T,M,

where ® denotes the completed projective tensor product, see Example A.1(a) or [25, 47].
The canonical maps Ty, ; = Tu”Tp v TpM — Tp,M;, p; == pi(p) induce continuous
linear maps

—k
Ty = ) Tppi: THOM — THOM,

by the universal property of the completed projective tensor product. Likewise, one con-
structs for ¢ < j the continuous linear maps

k,0 . k,0 k,0
T Hpj g - Tp], Mj — Tpi Mi,

which turn (T’;,;OMi, Tk’oﬂpj7ij) into a projective system of (finite dimensional) real vector
spaces. By Theorem A .4, its projective limit within the category of locally convex topologi-
cal Hausdorff spaces is given by T’;’OM together with the continuous linear maps Tk70um-,
that means we have

TEOM = lim T}OM;.

1€EN

Now define

THOM = | ThM,
peEM

and give T*9M the coarsest topology such that all the canonical maps

T]g,[)ui: Tk,OM SN Tk’OMi,
7190 QL —> TM@'(ZI) & .- ®T,Ui(Zk)

are continuous. By construction, T*OM together with the maps T*9; has to be a pro-
jective limit of the projective system (Tk70Mi,Tk70,uij). The sheaf of smooth functions
Crroy, 18 uniquely determined by requiring axiom (PFM2) to hold true. One thus ob-
tains a profinite dimensional manifold which depends only on the equivalence class of the
smooth projective representation and which will be denoted by T*°M in the following.
Moreover, T%0 even becomes a functor on the category of profinite dimensional manifolds.
If (N, €x°) is another profinite dimensional manifold and f: M — N a smooth map, then

one naturally obtains the smooth map
TR0 . TRON — TRON,
Z1 @@ Zp— Tf(Z1) © - @ Tf(Zy),
which satisfies mproy 0 TFOf = f o oy,
We continue with:

Definition 3.21. Let U C M be open. Then a smooth section V: U — TM of mppr: TM — M
is called a smooth vector field on M over U. The space of smooth vector fields over U will be
denoted by 2>°(U).
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Assume that for U C M open we are given a smooth vector field V: U — TM and a smooth
function f: U — R. We then define a function V f over U by putting for p € U

Vi) :=Ve)([fl).
Lemma 3.22. For every V € Z°(U) and f € €°°(U), the function V f is smooth.

Proof. Choose a point p € U, and then an open U; C M; and a function f; € €°°(U;) for some
appropriate ¢ € N such that p € ,u;l(Ui) C U and

Fupr ey = Fio Mgy (3.2)

Consider V;: M — TM;, V; := Tu; o V. Since V; takes values in a finite dimensional smooth
manifold, there exists an integer j, > i (which we briefly denote by j, if no confusion can arise),
an open U,; C M; and a smooth vector field V,: U,; — TM; along p;; such that p € uj_l(Upj),

Upj C iy (Us) and
Thio V1w, = Vo © il )
Now define g,;: Up; — R by
93 (@5) = Vo) ((filpy(ap))  Torall q; € Uy
Then g,; is smooth, hence g, := gp; Wil () is an element of €*° (u;l(Up )) Now one checks
J

i
for ¢ € uj_l(Upj) that

9p(0) = Vol (@) ([fil ) = Vil@) ((fil i) = V(@) ([flg)
by equation (3.2). Hence
9 = V1w,
and V f is smooth indeed. |

Proposition 3.23. Every vector field V € 2 °°(U) defined over an open subset U C M induces
a derivation

dy: €FU) — €(), f— V.
Proof. By construction, it is clear that the map
CCU)> fr—mVfe?d>™ )

is R-linear. It remains to check that Jy is a derivation, or in other words that it satisfies Leibniz’
rule. But this follows immediately by the definition of the action of V' on ¢°*°(U) and the fact
that V' (p) € Der (%pOO,R) for all p € U. More precisely, one has, for p € U and f,g € €(U),

V(f9)(p) =V ) ([falo) = F@V®)(glp) + 9@V ) (1f1p) = (fV(9) + gV () (p).
This finishes the proof. |

Definition 3.24. Let U C M be open. A smooth vector field V€ 2°°(U) is called local,
if for every ¢ € N there is an integer m; > i and a smooth vector field V. : tim,(U) — TM;
along ftjm,; such that

TpioV = Vip, o Hems |- (33)

The space of local vector fields over U will be denoted by 2,°0(U).

loc



Formal Solution Spaces of Formally Integrable PDEs 17

Remark 3.25.
a) Obviously, 2°*° is a sheaf of €*°-modules on M, and 2,50 a presheaf of € 5°-modules.
Note that 2,>¢ depends only on the pfd structure [(M;, juj, p;)]-

b) Let V € Z,22(U), and pick a representative (M, 5, 1) of the underlying pfd structure.

loc
If (m;)ien is a sequence of integers such that (3.3) holds true, we sometimes say that V' is

of type (mo, m1,ma,...) with respect to the smooth projective representation (M, fuij, 1)
The notion of the type of a local vector field is known from jet bundle literature [2],
where it makes perfect sense, since the profinite dimensional manifold of infinite jets has
a distinguished representative of the underlying pfd structure, see Section 4.3.

Now we are in the position to prove the following structure theorem:

Theorem 3.26. The map
§: Z°°(M) — Der (‘KOO(M),%OO(M)), Vi— oy

is a bijection. Moreover, for every V€ 2 °°(M), the derivation dy leaves the algebra €50 (M)
of local functions on M invariant, if and only if one has V € 2;2°(M).

loc

Proof. Surjectivity: Assume that D: €°°(M) — €°°(M) is a derivation. Then one obtains for
each ¢ € N and point p € M a linear map

Dpi: €°(M;) — R, f+— D(f o u)(p)
Note that for f, f' € €°°(M;)
Dypi(ff") = D((ff') o ui)(p) = f o mi(p)D(f o pi)(p) + f o pui(p) D(f o i) ()
= [ o pi(P)Dpi(f) + [ 0 p1i(p) Dyi(f),

which entails that there is a tangent vector V),; € Tui(p)Mi such that D,; = V};. Observe that
for j > i the relation

Dm‘(f) = D(foui)(p) = D(fo,uz‘j OMj)(p) = Dpj(fo,uz‘j)

holds true, which entails that V,; = Ty o Vj;. Hence, the sequence of tangent vectors (V;)ien
defines an element V), in

TpM = Hm Ty, ) M;.

i€N

We thus obtain a section V: M — TM, p — V,. Let us show that V' is smooth. To this end,
consider the composition

Vi = TuiOV: M—)TMZ‘.

By construction V;(p) = V), for all p € M. It suffices to show that each of the maps V; is
smooth. To show this, choose a coordinate neighborhood U; C M; of p;(p), and coordinates

(xl,...,ack): U; — R*.
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is a local coordinate system of TM;. The map V; now is proven to be smooth, if da! o Vj is
smooth for 1 <[ < k. But

l l
dat o Vi, oy = Dl 0 pigrwry):
since for ¢ € p; 1 (U;)
da’ o Vi, 17 (@) = Vai(@) ([2'],1,(0) = Dai (2') = D (&' 0 iy 107, (a).

Hence each V; is smooth, and V' is a smooth vector field on M which satisfies dyy = D. This
proves surjectivity.

Injectivity: Assume that V is a smooth vector field on M such that dyy = 0. This means that
dvf(p) =0forall f € €>°(M)and p € M. Choose now a i € N and let f; be a smooth function
on M;. Put f:= f;opu; and V; = Tu; o V. Then, we have for all p € M

Vi(p) ([fil i) = v f(p) =0,

which implies that V;(p) = 0 for all p € M. Since V(p) is the projective limit of the V;(p), we
obtain V(p) = 0 for all p € M, hence V' = 0. This finishes the proof that § is bijective.

Local vector fields: Next, let us show that for a local vector field V: M — TM the deriva-
tion dy maps local functions to local ones. To this end choose for every ¢ € N an integer m; > 1
such that there exists a smooth vector field Vi, : M,,, — TM,; along p;,, which satisfies

Tui oV = Vim; 0 pim;

Now let f be alocal function on M, which means that f = f;ou; for some i € Nand f; € €°°(M;).
Define g, € €°°(Mm,) by 9m;(q) = Vim,(@) ([filysrn () for all ¢ € My,,. Then, one obtains for
peM

dvf(p) = Vim, (Hmz' (p)) ([fi]pi(p)) = 9m; (/‘mz‘ (p)),

which means that v f = g, o pm, is local.
Invariance of €50(M): Finally, we have to show that if 6y for V- € 27°°(M) leaves the space
©:2°(M) invariant, the vector field V' has to be local. To this end fix ¢ € N and choose a proper

loc

embedding

x =01 xn): M; — RN,
Then x; 0 p; € 620(M) for I = 1,..., N, hence there exist by assumption ji,...,jn € N and
git € €°°(Mj,) such that

dv (X1 0 pi) = it © g,

After possibly increasing the j;, we can assume that m; := j; = --- = jy > i. Denote by
2 RY — R the canonical projection onto the I-th coordinate, and define the vector field
Vim; : My, — TRY along x o fiim, by

0

— for e M,,..
Dz x( ! '

_ N
Vim (@) == 13,(q)
=1

tim; ()

Since by construction

Vimi (i (0)) ([20x (s (p))) = it (o () = (Tas © VY(0) (X s ()
for all p € M, ‘Zm, (y) is in the image of Tyx for every q € M,,,, hence
Vimg: My, — TMi, g (Tyx) ™" (Vim, (a))

is well-defined and satisfies Tj; o V' = Vi, © py,. Therefore, V' is a local vector field. |
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The following result is an immediate consequence of Theorem 3.26.

Corollary 3.27. For all VW € Z°*°(M), the map
VW] (M) — ¢=(M),  f—= VW) -W({V])

is a deriwation on €°°(M). Its corresponding underlying vector field will be denoted by [V, W]
as well, and will be called the Lie bracket of V' and W. The Lie bracket of vector fields
turns Z (M) into a Lie algebra.

Remark 3.28. Unlike in the finite dimensional case, smooth vector fields on a profinite dimen-
sional manifold of infinite dimension need not be integrable. See [12, Section 3 & Concluding
comments] and references therein for further information on this phenomenon and an integra-
bility criterion in the particular case of the solution manifold of a formally integrable PDE.

3.3 Differential forms

In the finite dimensional case, differential forms are usually defined as smooth sections of alter-
nating powers of the cotangent bundle. This approach can not directly be carried over to the
profinite dimensional case, since there is no canonical construction of the cotangent bundle of
a profinite dimensional manifold. The reason for this is that unlike for the tangent bundle
functor, which is a covariant functor and transforms a smooth projective system (M;, p;;) into
a projective system (T'M;, Tp;j), forming the cotangent bundle is neither covariant nor con-
travariant functorial on the category of finite dimensional smooth manifolds and smooth maps.
The way out is to define differential forms on profinite dimensional manifolds as continuous
maps on a tensor product of the tangent bundle such that these maps are locally pull-backs of
differential forms on the components of a smooth projective representation.

Definition 3.29. Let k € N and U C M open.

a) A continuous map
w: (WTk,OM>_1(U) — R

is called a differential form of order k or a k-form on M over U, if for every point p € U
there is some ¢ € N, an open subset U; C M; with p € ui_l(Ui) C U and a k-form
w; € QF(U;) such that

vy = wi o Ty

“i(

RiOTpke,03,) ™ piomrk,05,)~ (Ui)*

More precisely, this means that for all y € p; '(U;), and V4,..., Vi € 7~ (y) € TM the
relation

w1 ®- @ Vi) = wi(Tw(Vi) ®@ -+ @ Tpa(Vi)

holds true. In particular, a k-form w over U is antisymmetric and k-multilinear in its
arguments. The space of k-forms over U will be denoted by QF(U).

b) A k-form w € QF(U) is called local, if there is an open U; C M; for some i € N and a k-form
w; € QF(U;) such that U C p; 1(U;) and w = (1w, where here and from now on we

use the notation y}w; for the form w; o T»%y;. The space of local k-forms over U will be
denoted by QF (U).

loc
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Remark 3.30.

L. (U) only depend
on the pfd structure [(M;, 15, it5)]. Moreover, for every representative (M;, pij, pi) of the
pfd structure, QF (U) together with the family of pull-back maps i} : QF(u;(U)) — QF (U)
is an inductive limit of the injective system of linear spaces (Qk(,ui(U ), ,u;kj)l. N

a) By a straightforward argument one checks that the spaces Q¥(U) and QF

b) By construction, it is clear that Q forms a sheaf of *°-modules on M and Qﬁ;o a presheaf

of € o°-modules. Moreover, QOF coincides with the sheaf associated to Q{“OC.

c) The representative M := (M;, p;j, ptj) of the pfd structure on M leads to the particular
filtration FM of the presheaf QF —of local k-forms on M by putting, for I € N,

loc

loc
Observe that this filtration has the property that

Qfoc = U ]:lM (Q{Coc) .
leN

Proposition and Definition 3.31.

a) There exists a uniquely determined morphism of sheaves d: QF — QF+1 such that

d(p;w;) = p; (dw;) forall 1N, U; C M; open, w; € Qk(Ul)

k+1
loc -

The morphism d is called the exterior derivative, fulfills dod = 0, and maps Q{“OC to €2

b) There exists a uniquely determined morphism of sheaves
A QF x Qb — QFL

called the wedge product, such that for all i € N, U; C M; open, w; € QF(U;), and
wi € QUU;) one has

piwi A g i = pg (Wi A ps)-

°
loc

¢) Given a vector field V.e€ Z°°(M), there exists the contraction with V' that means the
sheaf morphism

The wedge product also leaves €Y. invariant.

iv: QF — QF 1

which is uniquely determined by the requirement that for all w € QF(U) with U C M open,
peU, and Wh,...,Wj_1 € T,M the relation

iv(w)(W1 Q- & kal) = w(V(p) QW ®---® kal)
holds true. If V is a local vector field, contraction with V' leaves €} . invariant.

Proof. Using the sheaf property of Q¥ one can reduce the claims to local statements which are
immediately proved. |
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4 Jet bundles and formal solutions of nonlinear PDEs

The aim of this section is to develop a precise geometric notion of formally integrable (systems
of) partial differential equations, and to show that the formal solution spaces of these equations
canonically become a profinite dimensional manifold in the sense of Section 3. Finally, we
are going to give a criterion for the formal integrability of nonlinear scalar partial differential
equations, and apply this result to a class of interacting relativistic scalar field theories that
arise in theoretical physics.

We refer the reader to [9, 23, 27, 41] and also to [36, 42] for introductionary texts on jet
bundles, where the latter two references have a strong focus on the highly nontrivial algorithmic
aspects of this theory. A nice short overview is also included in the introduction of [49].

4.1 Finite order jet bundles

For the rest of the paper, we fix a fiber bundle 7: E — X. Moreover, F' will denote the typical
fiber of m and we set m :=dim X, n := dim F..

Then one has dim E = m+n and the fibers 77!(p) C E become n-dimensional submanifolds,
which are diffeomorphic to F. There are distinguished charts for E:

Definition 4.1. A manifold chart (z,u): W — R™ x R" of E defined over some open W C E
is called a fibered chart of 7, if for all e, ¢’ € W with 7(e) = w(€’) the equality x(e) = x(e’) holds
true.

Remark 4.2.

a) Sometimes, fibered charts are called adapted charts.
b) Note that a fibered chart (x,u): W — R™ xR" for 7 canonically gives rise to a well-defined
manifold chart on X. It is given by
z: m(W) — R™, p+— x(e), (4.1)

where e € W N 7w~ 1(p) is arbitrary.

¢) On the other hand, a manifold atlas for E that consists of fibered charts for 7 can be
constructed from manifold charts for X and from the local triviality of E as follows: For
an arbitrary e € E, take a bundle chart ¢: 7= 1(U) — U x F around 7(e), that is, U is an
open neighbourhood of 7(e) and ¢: 7~ 1(U) — U x F is a diffeomorphism such that

N U) 2 ~Ux B

. rl (4.2)
g ;

commutes. Let Z: U — R™ be a manifold chart of X (here we assume that U is small
enough), and let : B — R"™ be a manifold chart of F'. Then

(fom diopryod) = (Foprjog,iopryoe): m (U) — R™ x R"

[13~45)

is a fibered chart of . Note here that by the commutativity of (4.2), the notation “Z” is
consistent with (4.1).
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Let us introduce the following notation for multi-indices, which will be convenient in the
following: For any ki, ko € N with k1 < ko let N} , denote the set of all multi-indices I € N™
such that

m
k‘l S |I| = ZIJ Sk‘g
j=1

and let F(m, k1, k2) denote the linear space of all maps N, = R Forany I <m, i1,...,4 €
{1,...,m}, the symbol 1;, ; € N will denote the multi-index which has a 1 in its i;’s slot for
7=1,...,1, and a 0 elsewhere.

Any 1) € I'*°(p; 7) allows the following local description: Choose a fibered chart (z,u): W —
R™ x R" of m with W N7~1(p) # @. Then one has z 01 = ¥ near p, so that ¢ is determined by
the coordinates (u' o,...,u" o)) = u o near p. The special form of the following definition
is motivated by the latter fact:

Definition 4.3. Let p € X, k € N. Any two ¢, ¢ € I'™°(p; ) are called k-equivalent at p, if for
every fibered chart (z,u): W — R™ x R" of © with W N7 ~!(p) # @ one has

ol (u® o) _ oMl (u® o)

ozl P il (4:3)

foralla=1,...,nand all [ € Ng'x- The corresponding equivalence class j’;w of v is called the
k-jet of ¥ at p.

Remark 4.4. In fact, it is enough to check (4.3) in some fibered chart. This can be proved
by induction on k, using the multivariate version of Faa di Bruno’s formula [13, Theorem 2.1]
(details can be found in Lemma 6.2.1 in [41]).

Let us now come to several structures that can be defined via jets. Denoting by

W)= {ibw | e T™(p;m)}

peX

the collection of all k-jets in 7, we obtain the surjective maps
mer (m) — X, fe—p, mopr ) — B, e y(p).

Using these maps, one can give J¥(7) the structure of a finite dimensional manifold in a canonical
way: For every fibered chart (xz,u): W — R™ x R™ of 7 and every I € Ng'» one defines the
map

('rkauk,l): W()_,i(W) s R™ x Rrdim F(m,o,k)?

(! o 1 (y™ o
W( ),...,W@)). (4.4)

gty — (i“(p),
The following result is checked straightforwardly (cf. [41]).
Proposition and Definition 4.5. The maps (4.4) define an m +ndim F(m, 0, k)-dimensional

manifold structure on J* (). In view of this fact, J*(r) is called the k-jet manifold corresponding
to .
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For convenience, we set J°(7) := E and jgw :=1(p) for any ¥ € I'*°(p; ), and 7y := w. More
generally, we have for any k1 < ks the smooth surjective maps

Mookt I2(m) — P (), P2y — iy,

which satisfy 7y, = idjk(r), and if one also has ko < k3, then the following diagram commutes:

I3 () — 210 g ()
Tk1,k3 ks Tha (4'5)
Jk () T X

Let us collect all structures underlying the above maps. Let (z,u): W — R™ xR"™ be a fibered
chart of 7. Then we set

(g, ug) : W];(l)(W) — (W) x F(m, 0, k)",

_ M (wo
i — | p, {g;,)(p)}
IENg’lk

(4.6)
oMl (u' o ) M (um o 9)
= p,{;;,@)} ,...,{;ﬂ@) ,
IeNg, IeNg,

(thkz?ukhkz) : ﬂ-k;];()(W) — 7rk_1170(W) X F(m, ki +1, k2)n7
Ml (y o 4.7
v s e, {é‘;, 2 (p)} . -

IeN

m
k1+1,kg

If 7 is a vector bundle, then, for every p € X, the fiber 7'(";1(]9) canonically becomes a linear
space through

cr(ipv) + ca(ipe) ==iplcryy + cap), ¢ €R.

Furthermore, if ks = k, k1 = k—1 and if a € J¥=1(r), then the fiber 7, ', , (a) carries a canonical
affine structure which is modelled on the linear space

Sk (T (a)X) @ ker (Tmr, , 1 ())- (4.8)

Tk—1

To see the latter fact, assume that mg,—i(a) € W, let jfrk,l(a)w € 7., .(a) and let v be an
element of (4.8). Then v can be uniquely expanded as

= [6 5% B~ a o
v Z Z Y1 dxllﬂk_l(a) @ Ww 1@ ek

IeNy, a=1
where we have used the abbreviation

dzy = (d71)®1 @ - © (dEy,) @0,
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so that one can define jik—l(a)w +v € W,;_luﬁ(a) to be the uniquely determined element whose
image under (4.7) is given by

M (w o)

k—1 - 7
T { 05 rta TNy
k,k

With these preparations, one has:
Lemma 4.6. Let k, k1, ko € N with k1 < ky. Then the following assertions hold.

a) The maps (4.6) turn my,: J¥(7) — X into a fiber bundle with typical fiber F(m,0,k)". If w
is a vector bundle, then so is 7.

b) The maps (4.7) turn mg, g, : J¥2(m) — J¥1(7) into a fiber bundle with typical fiber F(m, 1+
LE)", and mp_1x: J¥(7) — J*7L(xm) becomes an affine bundle, modelled on the vector
bundle

o1 S" (mrex) @ Mg oV(m) — S ().

Proof. The reader can find a detailed proof of Lemma 4.6 in Chapter 6 of [41]. [

We close this section with a simple observation about distinguished elements of I'*° (7). Let
U C X be an open subset for the moment. Then for any ¢ € I'™°(U; ), the map U — J¥(n),
D > j’;w, defines an element of I'°°(U; ), called the k-jet prolongation of 1. In fact, this
construction induces a morphism of sheaves j*: I'°(1) — I'™°(m,) (with values in the category
of sets) such that

Tk ko Ojk2 = jkl for kl < kz. (49)

It should be noted that it is not possible to write an arbitrary element of I'*°(U; my) as j’f]w for
some ¢ € I'>°(U; m). The elements of I'*°(U; 7 ) having the latter property are called projectable.
This notion is motivated by the following simple observation which follows readily from (4.9).

Lemma 4.7. Let U C X be an open subset and ¥ € I'>°(U; ). Then the map p — mo (¥ (p))
defines an element of T°°(U; ), and ¥ is projectable, if and only if one has jk(wo,k o) =1,

4.2 Partial differential equations

The aim of this section is to give a precise global definition of partial differential equations and
the solutions thereof in the setting of arbitrary fiber bundles. We shall first consider the general
(possibly nonlinear) situation in Section 4.2.1. Then, in Section 4.2.2, we are going to relate
everything with the corresponding classical linear concepts.

Throughout this section, let w: £ — X be a second fiber bundle, with typical fiber F and
fiber dimension n.

4.2.1 General facts

Definition 4.8.

a) A subset E C J¥(r) is called a partial differential equation on  of order < k, if e E— X
is a fibered submanifold of .
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b) Let E C J¥(7) be a partial differential equation on 7 of order < k. Some v € T (p;7) is
called a solution of E in p, if jfjvﬁ € E. For an open U C X, a section ¢ € I'>°(U;x) will
simply be called a solution of E, if ¢ is a solution of E in p for every p € U, that is, if
im(j*+) C E.

Remark 4.9.

a) The definition of a PDE we present here appears to go back to Goldschmidt [24] and is now
widely used in the geometric PDE literature [32, 36, 37, 39, 40, 42]. One of its virtues is
that it allows to clearly separate and globalize the notions “partial differential equation”,
“solution of a partial differential equation” and “partial differential operator”.

b) By the Cartan—Kuranishi prolongation theorem [31], an analytic PDE either has no solu-
tions or becomes involutive after finitely many prolongations, which means that it admits
integral manifolds as stated in the Cartan—Ké&hler theorem [11]. In Goldschmidt’s work,
this observation is always in the background. Since we are mainly interested in the infinite
prolongation or in other words the formal solution space of a PDE as in Proposition and
Definition 4.29, Goldschmidt’s approach fits perfectly for our purposes. For a slightly
different general setup of non-linear PDEs of various orders (and their symbols) see [30].

c¢) There exist non-fibered submanifolds £ C J¥(7) which one could refer to as “partial
differential equations” as well. The problem with this more general concept of a PDE
though is that then independent variables might not really be independent anymore, cf. [42,
Section 2.3]. Moreover, only the fibered variant leads in general to profinite dimensional
manifolds (cf. Proposition 4.29 below).

Definition 4.10. A morphism h: J¥(7) — E of fibered manifolds over X is called a partial
differential operator of order < k from m to .

Of course, the notion “operator” in Definition 4.10 is justified by the fact that as a morphism
of fibered manifolds, any h as in Definition 4.10 induces the morphism of set theoretic sheaves

P":=hoj*: (1) — I'™®(x).

We define D¥(rr, 7) to be the set of all partial differential operators of order < k from 7 to 7, and
remark that the assignment h +— P" induces an injection P*® of D*(r, r) into the set theoretic
sheaf morphisms I'*°(7) — I'*°(x). The connection between partial differential operators and
partial differential equations is given in this abstract setting as follows: For every h € D¥(r, )
and O € T'°(X;x), the set Zo(h) is defined by Zo(h) := h~1(im(0)) C J¥(x), with the usual
convention ker(h) := Zo(h) if 7 and 7 are vector bundles and h is linear. Observe that one has
by definition

Zo(h) = {a e J5(m) | hia) = O(Wk(a))}.
The following fact is well-known:

Proposition 4.11. If h € D¥(m,x) has constant rank, and if O € T>(X;x) fulfills im(O) C
im(h), then Zo(h) C J¥(r) is a partial differential equation.

It is clear that with an open subset U C X, a section ¢ € I'*°(U; ) is a solution of Zo(h)
(in p € U), if and only if one has P2(¥)) = O (in p).

Next, we explain how the affine structure of m;,_1 can be used to introduce the notion of
“operator symbols of (possibly nonlinear) partial differential operators”. To avoid any confusion,
we remark that with “symbol” we will exclusively mean “principal symbol” in this paper.
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To this end, note that the assignment

d
pi mSt(rrex) @ gV (m) — V(m),  pje(v) = la+ ],
for a € J¥(r),v € SF (T;"Tk(a)X) ®ker(mx, . (a)), 18 & (mono)morphism of vector bundles over JE(m).
Note here that pj, essentially extracts the pure k-th order part of vertical k-jets. Using the
map uf, we can provide the following definition (see also [11]):

Definition 4.12. For every h € D*(7, 1), the morphism o (h) of vector bundles over h given by
the composition

meSF (mrex) @ mp V() - = = == = - - =V(m)
;U«z %
V()

is called the operator symbol of h.

Given a partial differential operator, one can use its symbol to check whether it defines
a partial differential equation in the sense of Proposition 4.11 (see also Theorem 4.31 below):

Proposition 4.13. Let h € D*(r, xr). If o(h) is surjective, then so is h. If o(h) is a submersion,
then h is a submersion, too, which in particularly means that for every O € T'>°(X;x) with
im(0) C im(h) the set Zo(h) C J¥(n) is a partial differential equation.

Proof. We have the following commuting diagrams

V(me) — ™ V(a) TV (rz) TV(x)
(mx)V i
Jk () E TJ* () TE

where the maps for the second diagram are given by the tangential maps corresponding to the
first one. If o(h) = hy o uf is surjective, then so is hy and V' o hy, so that the first assertion
follows from the first diagramm. If o(h) is a submersion, then one can use the analogous
argument for the second diagram to deduce that Th has full rank everywhere. |

4.2.2 Linear partial differential equations

We are now going to explain how the classical concepts of linear partial differential equations
and partial differential operators fit into the general setting of Section 4.2.1. In fact, it will
turn out that the notions “linear partial differential equation” and “linear partial differential
operator” correspond to each other under natural assumptions in the following sense: ker(h)
is a linear partial differential equation for every k-th order linear differential operator and,
conversely, for every linear k-th order partial differential equation E there exists a (not uniquely
determined) k-th order linear differential operator h with E = ker(h). Note that an analogous
correspondence statement for the nonlinear case is only locally true [21]. Finally, the space of
linear partial differential operators coincides with the space of classical linear partial differential
operators (see Theorem 4.17 below). We begin with:
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Definition 4.14. Let m and 7 be vector bundles.
a) A subset E C J¥(7) is called a linear partial differential equation on 7 of order < k, if
mg e E— X is a sub-vector-bundle of 7.
b) A morphism h: J¥(7) — E of vector bundles over X is called a linear partial differential

operator of order < k from m to m.

Remark 4.15. Let 7 and 7 be vector bundles. Then h € DF(r, x) is linear, if and only if
PL:T>(X;7) — I'™°(X;n) is linear. We denote the linear space of linear partial differential
operators by DE (m,m) C DF(r, ) and remark that if h € Df (m,7), then one has h) €
Dﬁil(ﬂ',ﬂl) for all [ € N.

Let us recall the definition of “classical” linear partial differential operators:
Definition 4.16. Let m and & be vector bundles. A classical linear partial differential operator
of order < k from 7 to 7 is a morphism of sheaves

D: T*(n) — I'™°(x)

with the following property: For every manifold chart : U — R™ of X for which there are frames

e1,...,en € I'°(U;m) and ey,...,e, € I'™(U;z) there exist (necessarily unique) functions

D?’B ce€¢>*U)fora=1,...,n,6=1,...,n,and I € NgY such that one has for all !, ..., y" €
> U)

n 1]
Do [ v | =303 z il
j=1

p=1a=1IeNg"

The linear space of classical partial differential operators will be denoted by DCl i (70, 70).
Now one has:
Theorem 4.17. Let m and © be vector bundles.

a) P*® induces the isomorphism of linear spaces

‘Plin' Dhn(ﬂ- 7'[') — Dcl hn(Tr?E)? h — Ph'

b) If h € DE (m,7) has constant rank, then ker(h) C J(my) is a linear partial differential
equation. C’onversely, if E C J*(n) is a linear partial differential equation, then there is
a vector bundlem: E — X and an h € Dﬁn (7r, g) with constant rank such that E = ker (Q)

Proof. a) We first have to show that P} is well-defined, which means that for any h €
D (m,x), P"is in D’(ffl 1in (7, ). It is then clear that P? is a linear monomorphism. To this end,

lin\7
let Z, eq, €3, ¥ be as in Definition 4.16 and let a, be a basis for F'. Then we have the vector

bundle chart

o: w_l(U)—>U><F, Zvaea(p)>—> (p,ZUO‘aa> ) peU,
a=1 a=1

so that we get the fibered chart

(z,u): 7T_1(U) — R™ x R", Zvo‘ea(p) — (5:(7r(p)), (vl, V.. ,v"))
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of 7 as in Remark 4.2(c). Then

(g, ug): 7, "(U) — U x F(m,0,k)"
is a vector bundle chart of m;, by Lemma 4.6, and we get the frame e; o, € I'(U; ), a = 1,...,n,
I € Ny, given by

€10 = (T, ug) " (9,07.0).

Hereby, 07, : Ng?k — R"™ is defined by 07,4(J) := 14, if I = J, and to be 0 elsewhere. Since h is

a homomorphism of linear bundles over X, there are uniquely determined h?’ﬂ € €°(U) such
that one has for all « = 1,...,n, I € Ng, and ¢*! € €>(U)

n n n
o, _ a,B ol
M Do D v ear | =23 D0 htues
a=1TeNpy, B=1a=1TIeNm,

The proof of the asserted well-definedness of P?, is completed by observing that by the above
construction of the frame ey, for I'*°(U;m,) the following equality holds true:

n n |I],,cx
i (Zwea> ) P
a=1

a=11eNy,

In order to prove surjectivity of P2, let D € D’(fl lin (7, ), and let jlgw € J(my), with p from an

open subset U C X. Then h(j’;@b) := Dy1b(p) gives rise to a well-defined element h € DE_(7, ),
which of course satisfies Pl’fn =D.

b) The first fact is well-known. For the second assertion, we can simply take £ — X to
be given by the quotient bundle Jk(ﬂ') /E — X, and h to be given by the canonical projection

JE(7r) — J* () JE (see [32, Proposition 3.10] for a more general statement). [

Finally, we explain in which sense the classical concept of linear operator symbols fits into
the general setting of Section 4.2.1.

Let m and 7 be vector bundles for the moment. From the canonical identification of ker(Tm.)
with 7=1(7(e)), for e € E, (and analogous ones for ), we obtain canonical morphisms of vector
bundles over the base map 7 (resp. =)

o": V(r) — E,

4.10
0" ker(Tr),): Ker(Tme) — (m(e)), ec kb, and (4.10)
o™ V(m) — E,
- _1 (4.11)
a7 ker(Tr,) : ker(TE\g) — T (l(@)), ec€k,
which both are fiberwise isomorphisms. It follows that for each k € N* the map
O';Cr: wZS’“(wT*X) ®7TZ’OV(7T) —>Sk(7rT*X) R F, (4 12)

or(v@w) =v®a"(w),

where v ® w € Sym* (T;k(a)X) ® ker (T71'|7r0 k(a)) for a € J¥(r), is a morphism of vector bundles
over the base map 7 and also acts by ismorphisms, fiberwise. Furthermore, for later reference,
we record that there is a canonical (mono)morphism of vector bundles over X which is defined by
Pigin: S"(mrex) ® B — JF(m),
dfi(p) © -+~ © dfi(p) @ (p) — Jp(f1- - fir)-
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Here, the f; run through the elements of ¢°°(p; X) satisfying f;(p) = 0, and ¢ € I'*°(p; 7). Ana-
logously to uy, the map puf . also extracts the pure k-th order part of k-jets in an appropriate
sense (taking into account the canonical isomorphisms (4.11) and (4.12)).

The following result recalls the classical definition of linear operator symbols and shows the
naturality of Definition 4.12, in the sense that in the linear case, the linear operator symbol
coincides with the operator symbol up to the canonical isomorphisms (4.11) and (4.12):

k

Proposition and Definition 4.18. Let m and ™ be vector bundles and let h € Dlin(ﬂ,l).

a) There is a unique morphism of vector bundles over X
oiin(h): S¥(rpex) ® E — E

with the following property: For every manifold chart £: U — R™ of X for which there
are frames ey, ... ,e, € I°(U;m) and ey, . ..,¢e, € I°(U;x), one has

o) [ 30 S utdi @en | =303 3 (B Puges, (4.13)

IeNZ?k a=1 B=1a=1 IeNka

where v € € (U), and where we have used the notation from Definition 4.16 and Theo-
rem 4.17. The morphism oy, (h) is called the linear operator symbol of h.

b) The following diagram commutes

o(h
TS (e x) @ 78 V() — - V()

U ™
Uk o—

Sk(’]TT*X) ® E Ulin(h) E

Proof. a) Here, one only has to prove that the representation (4.13) does not depend on
a particular choice of local data. In fact, the easiest way to see this, is to note that one can
simply define oy, (h) by the diagram

Sh(rrex) @ E- - - 2~'- - ~E
(m)

To see that oy (h) defined like this satisfies (4.13), let Z: U — R™ be a manifold chart of X
such that there are frames ey, ..., e, € I'°(U;7), e;,...,¢e, € ['*°(U;x). Then, as in the proof
of Theorem 4.17(a), picking a basis a, for F, we get the corresponding frame e Ia €ET°(U;my),
a=1,...n, I € Ngfk, and we denote the representation of h with respect to ey o and ez by h?’ﬁ.

Furthermore, by the proof of Theorem 4.17(a), we have h?’ﬂ = (Pt

a7/3
)7 . Now one has

n n
Wm | 2 D vidEr@ea | = > ) viera,

[EN?:I@ a=1 IENZ’?,€ a=1
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so that
n n n
h o i i E E vidTr ®eq | = g E hI vres,
IeNy, a=1 p=1a=1TeNy,

which completes the proof of part a).

b) Let a € J¥(r) be arbitrary, and let : U — R™ be a manifold chart of X around ()
such that there are frames ey,...,e, € T*®(U;7), e;,...,¢e, € I*°(U;x). Then, again as in the
proof of Theorem 4.17(a), picking a basis a,, for F and a basis ag for F, we get the corresponding
adapted coordinates

(z,u): 7 HU) — R™ x R", (z,u): 7 YU) — R™ x RZ
We can expand an arbitrary
v e SH(T; (X) @ker(Tr, (o)
uniquely as
> i”?d@m(a)@gﬁx . WPER,
TNy, a=1 U Imo,x(a)

so that

Y D vidEr ® eajny (o)

IeNy?, a=1

and we arrive at

oim(R) oo ="y (Pl) 308 €5 | mp(a)- (4.14)

f=la=1IeNy,

Let us now evaluate 0™ o o(h) = 0™ o hy o uj, in v: By Proposition 4.5 and Lemma 4.6 we have
the frame

Sk € Foo(ﬂ',;l(U); (Wk)v), I e Ngy, a=1,...,n.
I«

As h is a linear morphism, the linear morphism hy is represented with respect to the frames
Bua and ‘9 5 precisely by the functions

h’ o (Wk\ i) € € (my ¢ (),

where h?’ﬁ € €°(U) is the representation of h with respect to (z,u) and (z,u) (cf. the proof of
Theorem 4.17(a)). Thus, in view of

I

a= 1I€Nm k‘ I|a

we have

0
ZZ Z vih fm (@) 9o )

B=1a=1IeNp |70,x (@)



Formal Solution Spaces of Formally Integrable PDEs 31

so that
n n
o%oo( Z ) Z Wy v es m o)
B=1a=1 IGN
But this is equal to (4.14), in view of (P2 )%F = %P The claim follows. u

4.3 The manifold of oco-jets and formally integrable PDEs

Throughout Section 4.3, 7 will again be an arbitrary fiber bundle.

Finally, in this section we are going to make contact with the abstract theory on profinite
dimensional manifolds from Section 3: We are going to prove that the space of “oco-jets” in «
canonically becomes a profinite dimensional manifold (see Proposition 4.21), and that the space
of “formal solutions” of a “formally integrable” partial differential equation on 7 canonically is
a profinite dimensional submanifold of the latter (see Proposition 4.29).

We start by introducing the space of oo-jets. In analogy to Definition 4.3, we have:

Definition 4.19. Let p € X. Any two ¢, p € I'®°(p; ) are called oo-equivalent at p, if 1 (p) =
¢(p) and if for every fibered chart (z,u): W — R™ x R™ of 7 with W N 7~1(p) # @ one has

M ow) O o)
opr W= g W)

forall a=1,...,n and all I € N™ with 1 < |I| < oco. The corresponding equivalence class i
of v is called the co-jet of 1 at p.

Remark 4.20. In view of Remark 4.4, co-equivalence also only has to be checked in some
fibered chart.

It will be convenient in what follows to set J=!(7) := X, j;lz/Jp :=p, and m_19 := m. We
define

= {iyrelv eT™mmn)},

peX

and obtain for every i € Z>_; a surjective map
Tioo: (1) — (), X0 — . (4.15)

We equip J*°(7) with the initial topology with respect to the maps m; o0, ¢ € Z>_;. Furthermore,
we define €2° to be the sheaf on J*°(7), whose section space €°(U) over an open U C J*®(7)
is given by the set of all f € €(U) such that for every x € U there is an ¢ € Z>_1, an open
U; C Ji(7) and an f; € €°°(U;) with x € Ly L (U;) cU and

Firr Ly = i © Tioopet ()

In particular, (J*°(7), €5°) becomes a locally R-ringed space. Now observe that we have, in view
of (4.5), a smooth projective system (Ji(ﬂ'), ﬂ'i,j), which graphically can be depicted by

7y & 0y 8 e S S g () e (4.16)
together with a family of continuous maps
Tioo: J°(m) — Ji(m), i€ ZL>_1.

These data have the following crucial property.
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Proposition and Definition 4.21. The family (Ji(ﬂ'),ﬂ'i,j,ﬂ'z‘po) is a smooth projective rep-
resentation of (J°(m),€°). In particular, when equipped with the corresponding pfd structure,
(J°(m), €2°) canonically becomes a smooth profinite dimensional manifold, called the manifold
of co-jets given by .

Proof. Let J®(r)’ := lim J/(m) denote the canonical projective limit of (4.16), that means
i€Zy_y
let

JOO(W)I = {b— (b_l,bo,bl,...) S H JZ<7T)|bl = 7Tm‘(bj) for all ¢ S j},

1€L> 1

and let m; 1 J°(m)" — Ji(7) denote the canonical projections. We are going to prove the
existence of a homeomorphism = such that the diagrams

() == ()’
k ) / (4.17)
Jim

commute for all i € Z>_1. Then the universal property of (J°°(x)’,x. ) will directly imply

» 4,00
the same property for (J°°(m), m; ), which is precisely (PFM1). As a cé)nsequence7 (PFM2) is
trivially satisfied by the definition of the structure sheaf €°.
We now simply define Z(a); := 7j o (a) for a € J*°(r) and j € Z>_1. Then it is obvious that =
is a well-defined injective map, and that the =-diagram in (4.17) commutes. In particular, the
continuity of = is directly implied by that of the maps 7; o. In order to see that = is surjective

and that =71 is continuous, let us recall that Borel’s theorem states that for any map

t: N = JNg; —R”
JEN

there is a smooth function ¢: R™ — R™ such that t; = d;¢(0)/I! for all I € N™. Let b € J°°(x)’
and let Z: U — R™ be a manifold chart of X around b_; with Z(b_;) = 0. Choosing furthermore
a bundle chart ¢: 771(U) — U x F and a manifold chart @: B — R" of F, we get the fibered
chart

(z,u) := (Zomdopryod): 7 HU) — R™ xR"

of m by Remark 4.2(c). Moreover, the function ¢: N™ — R", ¢; := u;(b;)/1!, if I € Ng;, is
well-defined. Borel’s theorem then produces a function ¢): R™ — R” such that t; = d71(0)/1.
It is clear that the section ¢ € I';° (7) defined by

i=¢ o, 0oi)
satisfies xj(ji_lw) =0, and Uj,[(j'l])_l’lp) = u;r(b;) forall j€Z>_1 and I € Ng;, thus E(j3° ) = b,
and Z is surjective, indeed. Furthermore, by the construction of Z~1(b), it is also clear that the

=~ l-diagram in (4.17) commutes, so that the continuity of Z~! trivially follows from that of
the 7r£7oo. This completes the proof. [ |

Remark 4.22. An important additional structure on the profinite dimensional manifold J*(7)
is given by its Cartan distribution, a canonically given (involutive) distribution. This additional
structure is the key to the so-called secondary calculus. We shall not touch this here and refer
the interested reader to [48].
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Next, we will prepare the notion of formal integrability. Let us first note the following simple
result:

Proposition and Definition 4.23.

a) For every h € DF(rm, ) there exists a unique h©) € DF(w, m,) such that the following
diagram of set theoretic sheaf morphisms

hojk

() > (x)

commutes. The partial differential operator h\V is called the I-jet prolongation of h.

b) The partial differential operator
(! . g
qe(=idf) ) s ) — ), i — )
is an embedding of manifolds.

Let E C J¥(m) be an arbitrary partial differential equation for the moment. Since, by
definition, the map

TEIE: Fr)DE— X
is again a fibered manifold, there exists for every | € N an obvious well-defined map
UE: JZ(WME) — J(mp),
which comes from considering a locally defined section in 7y g as taking values in JE (7).
Definition 4.24. Let E C J¥() be a partial differential equation. Then the set
) . {E, for | = 0,
o (e (mype))) € B (), for I e N,
is called the [-jet prolongation of E.

If the underlying partial differential equation is actually given by a partial differential oper-
ator, then there is an explicit description of the corresponding I-jet prolongation [24, p. 294]:

Proposition 4.25. Let h € DF(n, ) with constant rank and let O € T>(X;x) with im(O) C
im(h). Then one has, for everyl € N,

Zo(h)Y = Zyo (hV) c JFH(x).

Let us note the simple fact that the following diagramm commutes, for every r € N,

Jhtltr (m) % Jitr (k)

Tl k-l 4r (Tk )41

s
Lk

Jk—i—l(ﬂ.) - r Jl(ﬂ_k)
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Applying this in the case r = 1 implies Tp4q x+i+1 (E(H'l)) c ED for any partial differential
equation E C J¥(7) and every I € N, so that we obtain the maps

ECY —ED o Mgt (a). (4.18)
Now we have the tools to give

Definition 4.26. A partial differential equation E C J¥() is called formally integrable, if E()
is a submanifold of J¥*!(7) and if (4.18) is a fibered manifold for every I € N.

Remark 4.27.

a) Here, it should be noted that E itself can always be considered as a trivial formally
integrable partial differential equation on 7 of order 0, where in this case one has E() =
Ji(r) for all I € N.

b) Furthermore, there are abstract cohomological tests for partial differential equations to be
formally integrable [24]. In fact, we will use such a test in the proof of Theorem 4.31 below;
we refer the reader to [36] and particularly to [42] for the algorithmic aspects of these tests.
Although it can become very involved to verify these test properties in particular examples,
formal integrability could be shown for some particular equations of mathematical physics
such as the Yang—Mills-Higgs equations [22, 23] or the Einstein’s field equations [28]. In
accordance with this, Theorem 4.31 below states that all reasonable (possibly nonlinear)
scalar partial differential equations are formally integrable. But formal integrability need
not always be given, as the example of a system of PDEs describing the isometries of
a Riemannian metric shows, which is formally integrable if and only if the corresponding
curvature is constant. See Pommaret [37, Introduction, p. 9] for more information.

An important purely analytic consequence of formal integrability is given by the highly non-
trivial Theorem 4.28 below, which essentially states that if all underlying data are real analytic,
then formal integrability implies the existence of local analytic solutions with prescribed finite
order Taylor expansions. Theorem 4.28 goes back to Goldschmidt [24] and heavily relies on (co-
homological) results by Spencer [43] and Ehrenpreis-Guillemin-Sternberg [17]. This result can
also be regarded as a variant of Michael Artin’s approximation theorem [3] or as an interpretation
of the Cartan-Kéhler theorem, cf. [35, Theorem 4.4.3] and [11].

Theorem 4.28. Assume that X is real analytic, that 7 is a real analytic fiber bundle (then so
is ), and that E C J¥() is formally integrable such that in fact m, ie: E— X is a real analytic
fibered submanifold of wy,. Then, for everyl € N and a € EY there exists an open neighborhood
U C X of miyi(a) and a real analytic solution i € T°(U;7) of E such that ji:’il(a)w =a.

Proof. This result follows directly from Theorem 9.1 in [24] (in combination with Proposi-
tion 7.1 therein). [

Now let E C J¥(n) be a formally integrable partial differential equation. Then we can define
a subset E(*) ¢ J°(7) by E(*) := 7! (E). Inductively, one checks that the maps (4.15) restrict
to surjective maps

E(>) — E@), a — Tpiioo(a), ieN,
E() X, a+— Tp_1,00(a),

so that
EC) = (Y s (E)-
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In other words, this means that axioms (PFSM1) to (PFSM3) are satisfied for the subset
E(>) ¢ J°(7) and the smooth projective representation (J"(W),m,j,mm). Hence, one readily
obtains

Proposition and Definition 4.29. Let E C J*(7) be a formally integrable partial differen-
tial equation. Then (Ji(ﬂ),wiﬁj,mm) induces on E©°) the structure of a profinite dimensional
submanifold of (J%°(n),€>°). In view of this fact, E(*) will be called the manifold of formal
solutions of E.

Remark 4.30. In the above situation, the Cartan distribution on J*°(7) restricts to a well-
defined distribution on E(>°).

4.4 Scalar PDEs and interacting relativistic scalar fields

Let us first clarify that throughout Section 4.4, 7: X x R — X will denote the canonical line
bundle.

4.4.1 A criterion for formal integrability of scalar PDEs

We now come to the aforementioned result on formal integrability of PDEs. In order to keep
the notation simple and in view of the applications that we have in mind, we restrict ourselves
in this paper to scalar PDEs.

In the scalar situation, the sheaf of sections of 7 can be identified with the sheaf of smooth
functions on X. Recall that the space of smooth functions defined near p € X is denoted
by € (p; X). Likewise, the space of k-th order partial differential operators D*(7,7) can be
canonically identified as a linear space with €"*°(J¥(r)). Given such an h € D¥(r, 7), the space
of vector bundle morphisms

meSF (e x) @ mh oV () — V()

over h can be identified canonically as a linear space (remember here the maps (4.11) and (4.12))
with the space of vector bundle morphisms 7} S¥(7r+x) — X x R over 7. It follows that for
every a € J¥(r) the symbol o(h) induces a linear map

a(h) ): STk, (X) — {m(a)} x R.

k *
IS (T% X
With these preparations, we have:

Theorem 4.31. Let h € € (J*(n)), and recall that
Zo(h) := {a € J*(7) | h(a) = 0}.
Assume furthermore that the following assumptions are satisfied:
(1) One has o(h), # 0 for all a € Ik (7).
(2) The map Zo(h)Y — Zo(h), a = mgr1(a) is surjective.
Then Zo(h) C J¥(n) is a formally integrable partial differential equation on 7.

Remark 4.32. Note that assumption (1) together with Proposition 4.13 implies that Zg(h)
indeed is a partial differential equation, as o(h) is surjective.
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Proof of Theorem 4.31. The seemingly short proof that we are going to give actually com-
bines two heavy machineries: The already mentioned abstract cohomological criterion for formal
integrability of partial differential equations from [24], with a highly nontrivial reduction result
for the cohomology of Cohen—Macaulay symbolic systems [29]. There seems to be no reasonable
elementary proof of Theorem 4.31.

First observe that (1) is equivalent to

(1') For all a € J*(7) there exists v € T, (2)X such that a(h)(v®k) #£ 0.

Namely, if o, (h)(v®*) = 0 for all v € T3, (@, then o4(h) = 0 by polarization.
To prove our claim, let an arbitrary a € J*(7) be given and pick some v € T ;‘rk(a)X with
o(h)(v®*) # 0. Then, in the terminology of [28],

is a one-dimensional noncharacteristic subspace corresponding to the Cohen—Macaulay symbolic
system g(h; a) given by Zg(h) over a. Thus we may apply Theorem A from [29] to deduce that all
Spencer cohomology groups H*/(g(h; a)) except possibly H?(g(h;a)) and H%!(g(h;a)) vanish.
But now the result follows from combining (2), [24, Theorem 8.1] and [24, Proposition 7.1], once
we have shown that the first prolongation

U shia)® — Zo(h) (4.19)
aGZo(h)

becomes a vector bundle. To prove the latter claim, note first that A induces the morphism of
vector bundles

o(h)W: 7S (rpex) — mTHX,
which, for every a € J¥(n), is given by

(1) . k+1 * *
o'(h) |Sk+1 (T:k(a)X) . S (Tq-rk(a)X) — Tﬂ.k(a)X)
V1O O Upay — O'(h)(vg @"‘@Uk+1)vl'

€R

The assumption (1) immediately implies that the latter linear map is surjective (in fact for every
a € J¥(m)), in particular, as one has [24]

g(h’ a)(l) = ker (O'(h)(l) ‘Sk+1 (T;k<a)X) ) )

it follows that (4.19) is a vector bundle. [

The assumption (2) from Theorem 4.31 is a technical regularity assumption (which can
become tedious to check in applications), whereas the reader should notice that assumption (1)
therein is essentially trivial and means nothing but that the underlying differential operator
globally is a “genuine” k-th order operator.

4.4.2 Interacting relativistic scalar fields

As an application of Theorem 4.31, we will now consider evolution equations that correspond to
(possibly nonlinearly!) interacting relativistic scalar fields on semi-Riemannian manifolds. To
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this end, let (X, g) be a smooth Lorentzian m-manifold. The corresponding d’Alembert operator
will be written as

Og: €°°(X) — €°(X).
With functions Fy, Fy» € €°(X), K € €>*°(R), we consider the partial differential operator
he,ky,my, i € € (J*(7)) given for p € X, p € € (p; X) by

he, 1,1,k (in®) = TOgip(p) + F1(p)o(p) + Fa(p) K ((p)).
What we have in mind here is:

Example 4.33. Let us assume that m = 4, that (X, g) has a Lorentz signature, and that
Fy = a1 scalg —{—a%, =1, K =o3K,

where aq, a3 € R, ag > 0, scaly € €°°(X) denotes the scalar curvature of g and K € €>°(R).
Then Zo(hg,m 0,5) C J*(7) describes the on-shell dynamics of a relativistic (real) scalar field
with mass oy, where K is the field self-interaction with coupling strength a3, and where the
number «7 is an additional parameter, which is sometimes set equal to zero. For example,
K(z) = 23 corresponds to what is called a ¢*-perturbation in the physics literature (since the
corresponding potential in the Lagrange density which has Zg(hg r 0,x) as its Euler-Lagrange
equation is given by V(@) = ¢*). We refer the reader to [19] for the perturbative aspects of this
equation in the flat ¢* case.

Returning to the general situation, we can now prove the following result on scalar partial
differential equations on semi-Riemannian manifolds:

Proposition 4.34. In the above situation, the assumptions (1) and (2) from Theorem 4.31
are satisfied by hg py 7y 5. In particular, Zo(hg r my1c) C J?() is formally integrable, and the
corresponding space of formal solutions canonically becomes a profinite dimensional manifold via
Proposition 4.29.

Proof. In view of Theorem 4.28, we only have to prove that the assumptions (1), (2) from
Theorem 4.31 are satisfied. To this end, we set h := hg p, p, k and assume Fy = 0. Firstly, in
view of

o(h) (VOU) =8y (v; V) for all a € J*(n), wve Tr @)X

|52 ( wg(a)X)

assumption (1) is obviously satisfied and Zy(h) indeed is a partial differential equation.

It remains to prove that the map Zo(h)(") — Zo(h), a +— ma3(a) is surjective. To see this,
assume to be given b € Zo(h) and consider a g-exponential manifold chart 2: U — R™ of X
centered at mo(b). Then one gets the trivial fibered chart

(x,u) :== (Z,idgr): UXxR —R™ xR

of 7, and b € Zy(h) means nothing but b € J?(7) and
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where g, Ff}- € €*°(U) denote the components of the metric tensor and the Christoffel symbols
of g with respect to Z, respectively. Noting that Proposition 4.25 implies Zo(h)(l) = Zo(h(l)),
one easily finds that some a € J3(n) is in Zo(h)(Y, if and only if

1,7=1 ,5,k=

Z g¥(ms(a))us,;(a) — > g7(ms(a))T};(ms(a))ur, (a)
k=1
+ Fi(ms(a))usg (o,...0) (@) + K (us,

0,..0)(a)) =0,
and, foralll =1,...,m,
> (98" (w3(a))us,,; (a) + g7 (ms(a))us 1, (a))
ij=1

(018" (m3(a))T5; (m3(a) us 1, (a) — g7 (w3(a)) T (mw3(a))us 1, (a))

1

i’

NGERINGE

g (m3(a) T (m3(a) Jus,1,, (a) + O F1(m3(a) )us o,..0) (a)

i,5,k=1
+ Fi(m3(a))us,1,(a) + K'(us (0,...0)(a))us1,(a) = 0
Here, we have used 0; := 8 —27. Let us now assume that the signature of g is given by (¢1,...,em) =
(1,—1,...,—1). The general case can be treated with the same method. We define some

a € J3() by requiring Z3(a) := #(m2(b)), and, for I € Np's,

— >0 9ig¥(m2(b))uz1,,(b) + S ogh (Wz(b))l“fj(ﬂz(b))uz,lk(b)
ij=1 i, k=1
uzr(a)=4 + 2 1gij(ﬂ2(b))3lrfj(W2(b))U2,1k(b) > 1gij(7T2(b))1“§j(7r2(b))umlk(b)
: i,jk= i k=
- 811'71(7@(5)) 2(0 o)(b) Fy(ma(b))uz,1,(b)
_K(UQ(O )u21l if I =141; for some [l =1,...,m,
0, else.

\

Now we are almost done: Indeed, our construction of a directly gives ma3(a) = b, so m3(a) =
m2(b). Since we have

gij(wg(a)) — gij(ﬂ'Q(b)) _ {5j7 if i = 7,

0, else,

it follows immediately that a € Zo(h)(l), and the proof is complete, noting that F» has not
played a role in the above argument. |

A Two results on completed projective tensor products

Assume to be given two locally convex topological vector spaces V and W, and consider their
algebraic tensor product V @ W. A topology 7 on V ® W is called compatible (in the sense of
Grothendieck [25]) or a tensor product topology, if the following axioms hold true:

(TPT1) V ® W equipped with 7 is a locally convex topological vector space which will be
denoted by V &, W.



Formal Solution Spaces of Formally Integrable PDEs 39

(TPT2) The canonical map V x W — V @, W is separately continuous.

(TPT3) For every equicontinuous subset A of the topological dual V' and every equicontinuous

subset B of the topological dual W', the set A® B := {A®@ pu|\ € A, u € B} is an
. . /
equicontinuous subset of (V ®r W) .

If 7 is a tensor product topology on V ® W, we denote by V®,W the completion of V @, W.

Example A.1.

a)

The projective tensor product topology is the finest locally convex vector space topology
on V. ® W such that the canonical map V x W — V ® W is continuous, cf. [25, 47]. The
projective tensor product topology is denoted by 7. It is generated by seminorms pa ®,qp,
where pa, A € A and ¢g, B € B each run through a family of seminorms generating the
locally convex topology on V respectively W, and pa ®; qp is defined by

pA ®r qp(2) := inf {ZPA(UZ) as(w) |z = sz ® 'U)l} :
1=1 1=1

The seminorm p4 Q@ gg is in particular a cross seminorm, i.e., it satisfies the relation

PA ®xq(v @ w) = pa(v)gp(w) forall veV, weW.

The njective tensor product topology on V @ W, denoted by ¢, is the locally convex
topology inherited from the canonical embedding V@W — By(V/@ W), where Bs(V', W')
denotes the space of separately continuous bilinear forms on the product V' x W' of the
weak topological duals V/ and W’ endowed with the topology of uniform convergence on
products of equicontinuous subsets of V' and W’. See [25] and [47, Section 43] for details.

Remark A.2.

a)

By definition, the e-topology on V @ W is coarser than the m-topology. If V' (or W)
is a nuclear locally convex topological vector space, then these two topologies coincide,
cf. [25, 47]. Since finite dimensional vector spaces over R are nuclear, this entails in
particular that for finite dimensional V and W the natural vector space topology on
V ® W coincides with the (completed) 7- and e-topology.

The projective tensor product, the injective tensor product, and their completed versions
are in fact functors, so it is clear what is meant by f ®. g, f®xg, and so on, where f and g
denote continuous linear maps.

Theorem A.3. Let (V;);en and (W;)ien be two families of finite dimensional real vector spaces.
Denote by V' and W their respective product (within the category of locally convez topological
vector spaces), i.e., let

V::Hv;- and W::HWi.
i€EN ieN

Then V., W, and the completed projective tensor product V@,W are nuclear Fréchet spaces.
Moreover, one has the canonical isomorphism

vew= [ View. (A1)
(k,l)ENXN
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Proof. Since each of the vector spaces V; and W; is a nuclear Fréchet space, and countable
products of nuclear Fréchet are again nuclear Fréchet spaces by [47], the spaces V and W
are nuclear Fréchet. Moreover, the same argument shows that V&,W is nuclear Fréchet, if
equation (A.1) holds true. So let us show equation (A.1). To this end recall first [10, Section 3.7]
that there is a canonical injection

Lt VW — H Vi@ Wj,
(i,j)ENXN
(vi)ien ® (wj)jen — (Vi ® Wj) (i j)eNxN-

Choose norms p;: V; — R and ¢;: W; — R. The product topology on H(i,j)eNxN Vi ® W; then
is defined by the sequence of seminorms

reg: [ VieW; — R, (zi))aensn — 0k Or @) (210)-
(4,7)ENXN

The product topology on V' is generated by the seminorms ka: V = R, (Ui)z‘eN — pr(vk), the
topology on W by the seminorms qlW: W — R, (wi)ieN — qi(w;). Hence, the m-topology on

V ® W is generated by the seminorms pZ Rr qlW. But since these are cross seminorms, one
obtains for (v;)iey € V and (w;)eny € W the equality

PE ®x @ ((vi)ien ® (wi)ien) = Py ((vi)ien)q)” ((wi)ien) = pr(vi)q(wr)
= P Or q(vr @ wy) = Tk,z((’Uz‘ ® wj)(i,j)ENxN)-
This entails pZ R qlW = 7y 0L, or in other words that the m-topology on V ® W coincides
with the pull-back of the product topology on H(i,j)eNxNVQ ® W; by the embedding . The

claim now follows, if we can yet show that the image of ¢ is dense in its range. To prove this let
z = (2ij)(i,j)enxn be an element of the product H(m)eNxN Vi @ W;. Choose representations

ni,;j

Zij = E Vi g1 @ Wil where v € Vi, wiji €V
=1

Put v; j; = 0 and w; j; = 0, if | > n; ;. Let LZV: Vi = V the embedding of the i-th factor in V,
i.e., the map which associates to v; € V; the family (vj);en, where v; := 0, if j # 4. Likewise,
denote by YV : W; — W the embedding of the i-th factor in W. Then define for n € N

Zn 1= Z Z Ly(vi,j,l) & Ly/(wi7j7l),
1,7<n leN

and note that by construction the sum on the right side is finite. The sequence (zy,)nen then is
a family in V ®, W. By construction, it is clear that lim ¢(z;,) = 2. The proof is finished. W
n—o0

Theorem A.4. Assume that V and W are projective limits of projective systems of finite dimen-
sional real vector spaces (Vi, Aij) and (W;, pij), respectively. Denote by

Air ' V—V, respectively by Wiz W — Wi,

the corresponding canonical maps. The completed m-tensor product V@,W together with the
family of canonical maps

ANi®rpii: VW — V; @ W;

then is a projective limit of the projective system (V; @ Wi, Aij ® pi;) within the category of locally
convex topological vector spaces. Moreover, both V' and W are nuclear, hence V@, W = VR.W.
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Proof. First observe that (Vi Q@ Wi, \ij ® uij) is a projective systems of finite dimensional real
vector spaces, indeed. Next recall that projective limits of nuclear Fréchet spaces are nuclear
by [47]. This proves the second claim. It remains to show the first one. To this end put 170 =W,
Wo := W)y, and denote for every ¢ € N* by ‘Z be the kernel of the map \;_1; and by WZ the kernel
of w;—1;. Moreover, choose for every ¢ € N* a splitting f;: V;_1 — V; of \;_1;, and a splitting
gi: Wi_1 — W; of ui—1;. Put

‘N/::H‘Nfi and W:HWZ
€N ieN

Let TrZV: V- XN/, be the projection onto the i-th factor of 17, and 7TJVNV: W — Wj the projection
on the j-th factor of w.

Now we inductively construct XZ V - Vi and pi;: W - W;. First, put Xo = 7T8/ and
o = 7rgV . Next, assume that we have constructed Ag,...,\; and po,...,q; such that for
i<k<j

)\i = )‘zk ] )\k and ;llz = Wik © ljk (AQ)

Then we define XjJrl: V- Vi1 and fij4q: W — W1 by

Nj1(0) =7} () + fiad(v)  and i (w) =7 (w) + g (w),

where v € ‘7, and w € W. By assumption on f;41 and gj+1 one concludes that

Aj=Njpjo i and i = prj 0 i,

which entails that equation (A.2) holds true for i < k < j 4+ 1. We now claim that 1% together
with the family (\;) is a projective limit of (V;, Aij), and likewise for W. We only need to prove
the claim for V. Let Z be a locally convex topological vector space, and v;: Z — V; a family of
continuous linear maps such that v; = \;; ov; for ¢ < 5. Put for every z € Z

(2) == 1p(2) and vi(z) == vi(2) — fi(vi—1(2))) for e N*.
Then 7;(z) € V; for all i € N, and
viZ —V, Z — (ﬂi(z))ieN
is well-defined, linear, and continuous. Moreover, it follows by induction on 7 € N that
NV = ;.

For ¢ = 0 this is clear, so assume that we have shown this for some ¢ € N. Then, for z € Z,

Nip1v(2) = vig1(2) = fir(vi(2)) + firthi(v(2)) = viga(2),

which finishes the inductive argument. Assume that v': Z — V is another continuous linear
map such that \;v/ = y; for all i € N. First, this entails that

71'(‘)/1/ =V =1y = 1.

Assume that 7)1/ = ; for some i € N. Then

vV o _x / o ~
TV = ANip1V — firi AV = vig1 — fiv1Vi = Vig1.
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Hence, one obtains, for all i € N,

which proves V' =v.S Visa projective limit of (VZ, Aij), and W a projective limit of (Wj, f15).

Moreover, Vis _canonically isomorphic to V', and W to W. The theorem is now proved, if we
can show that V ®,; W together with the family of canonical maps )\Z®7r,u, 1% Rr W =V, @ W;
is a projective limit of the projective system (V; ® Wj, A\ijj ® pi;). But this is clear, since by the
preceding theorem,

Ve, we [ VieWw,2lim [[ VieW,

(4,5)ENxN keN (et
and, for k € N,
H ‘Z®ngH‘Z®HWj§Vk®Wk_ -
(4,7)ENXN i<k ]Sk
i,j<k
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