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Abstract. In this paper, we derive the exact formula of Klein’s fundamental 2-form of
second kind for the so-called Cy;, curves. The problem was initially solved by Klein in the
19th century for the hyper-elliptic curves, but little progress had been seen for its extension
for more than 100 years. Recently, it has been addressed by several authors, and was solved
for subclasses of the Cy; curves whereas they found a way to find its individual solution
numerically. The formula gives a standard cohomological basis for the curves, and has many
applications in algebraic geometry, physics, and applied mathematics, not just analyzing
sigma functions in a general way.
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1 Introduction

Since Abel, Jacobi, Poincaré, and Riemann established its framework, theories of Abelian and
modular functions associated with algebraic curves have been of crucial importance in algebraic
geometry, physics, and applied mathematics. Algebraic curves in this paper are intended as
compact Riemann surfaces.

The study of the hyper-elliptic curves goes back to the beginning of the 20th century, and
these appear in much detail in advanced text-books such as Baker [2] and Cassels and Flynn [9].
However, little has been considered for more general curves than the hyper-elliptic curves. In
this paper, we consider a class of curves (Cy; curves) in the form

> gy’ =0, (1.1)

Z‘?j

where (i, 7) range over ai + by < ab, 0 <1i < b, 0 < j < a for some mutually prime integers a, b,
and ¢; j are constants such that (1.1) implies Y ic; ;27 y? # 0 or 3 je; jaiyd =t # 0.
1,] 2Y)

This paper studies cohomologies of Cj;, curves in terms of which the Klein—Weierstrass con-
struction of multivariate Abelian and sigma functions is made possible. It does not seek further
theories but focuses on the description of cohomologies of these curves.

According to the Riemann—Roch theorem, the entire holomorphic differentials make a vector
space over C of dimension g. For example, we can take them as

'~ Ldx

5 (1.2)
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y? = Z et (1.3)

with Ci,0 = Ci, Ci,1 =0,79=0,...,2g+ 1.
We consider a 2-form ((z,y), (z,w)) — R((x,y), (z,w))dzdz over C x C that has a (double)
pole only at (z,w) = (z,y) and is normalized:

lim  R((z,), (zw)(z — 2)? = 1.
(z;w)—=(z,y)

Such a 2-form can be written as

g (x ri(z, w
R((a,9), (5:0) 2= S 0((@,9), () 4 Y LT il ), (1.4
i=1

using differentials {dr;}_; of the second kind that have poles only at infinity and a meromorphic
function Q((z,y), (z,w)). If we further require symmetry:

R((l‘, y)7 (Z,’LU)) = R((Z, w)> (x,y)),

then such an {dr;} is unique modulo operation of Sp(2g,7Z) and the space generated by {du;}
(see [5] for hyper-elliptic curves and [8, 11] for general curves). We call such a normalized
symmetric R((z,y), (z,w))dzdz Klein’s fundamental 2-form of second kind [14, 15].

For example, for the hyper-elliptic curve (1.3), such a 2-form can be obtained using the
canonical meromorphic differentials {dr;}Y_,

2g9—1 k
N
d?"i(z,w) = ]; Ck+1+i(k +1-— Z)%dz (15)
and 1-form
Yyt w
Q((xvy)v(sz)) T 2(1,_ Z)ydx

It is known that the normalized symmetric bilinear R((x,y),(z,w)) can be expressed us-
ing (1.4) for Cyp [17] and telescopic curves [1] although Q((x,y), (z,w)) needs more extensions.
However, for the canonical meromorphic differentials {dr;}?_;, no exact formula has been given.
For example, C34 and Cs5 curves and Cy5 curves were studied in [6] and [12], respectively. Re-
cently, the reference [7] addressed C3 441 curves with genus g. These results dealt with a specific
class of curves and failed to obtain the formula for general Cy; curves with arbitrary mutually
prime a, b. As a result, still many researchers are either numerically calculating or algorithmi-
cally computing {dr;}Y_; given {¢; ;j} and {du;}{_;. This paper extends (1.5) and obtains the
general formula in a closed form for the Cg, curves. It contains all the existing results and has
many applications including algebraic expression of sigma functions [17], defining equations of
the Jacobian varieties, etc. [5, 10].

This paper is organized as follows: Section 2 sets up the holomorphic differentials {du;}7_;
and gives background of this paper. Section 3 states and proves the main result (formula) and
gives two typical examples both of which extend the previous cases. In the last section, we raise
an open problem.
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2 Background

Let a, b be mutually prime positive integers, and C' the curve defined by

F(z,y) = Zci,jmiyj =0
1,

with a unique point O at which the zero orders of x and y are a and b, respectively, where (i, )
range over

D :={(i,j)|ai+bj <ab,0<i<b,0<j<a}l,

and ¢; j are constants such that either > ic; j2' 1y # 0 or Y je; ja’y?~! # 0 for each (z,y) on
2% 12
the curve.
We consider the set of 1-forms [17]

oF

duij = 5p—
Oy (.%', y)

dzx,

where (i, j) range over
J(a,b) :={(i,7) |4, >0, ai + bj < ab— a — b}.

We know by the general theory that for g variable points (z1,41),. .., (z4,y4) on C, the sum
of integrals from O to those g points

(4,y:)
u = (Ui j) @ j)e(ap) = Z /O du;
)

(4,7)€J(a,b

fill the whole space CY, where the weights of the variables u; ; are ab —a(i + 1) — b(j + 1). If
we regard the weight of each coefficient ¢; j in (1.1) is ai + bi — ab, the weights assigned to the
differentials render F'(z,y) homogeneous.

Proposition 2.1. The set J(a,b) has

(a—1)(b—1)

#J(a,b) =g = 5

elements, and the zero orders of {du;;} are nonnegative and different.

Definition 2.2. The 2-form R((x,y), (z,w))dzdz on C x C'is called the fundamental 2-form of
the second kind if the following conditions are satisfied

1) it is symmetric: R((z,y), (z,w)) = R((z,w), (z,)).

2) it has its only pole along the diagonal of C' x C, and

3) in the vicinity of each point, it is expanded in power series as

Ity Bt

B((@.y), (2 w)dedz = 5= 75755

+0O(1)

as (z,w) — (z,y), where t,, and t,, are local coordinates of points (z,y) and (z,w),
respectively.
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We shall look for a realization of R((x,y), (2, w)) in the form

G((z,y), (2, w))

e) e) ’
(l‘ - 2)2875(x7y)£(27w)

R((x,9), (2,w)) =

where G((x,y), (z,w)) is a symmetric polynomial in its variables.

Example 2.3 (hyper-elliptic curves [3, 4]). For the hyper-elliptic curve (1.3), in which a = 2
and b = 2g + 1, where g is the genus of the curve C, then (1.1) expresses a hyper-elliptic curve,
the meromorphic function on C x C

Yyt w
- 2y(z—2)

and differentials (1.2), there exists {dr;}J_; such that (1.4) is symmetric. In fact,

Q(z,y), (z,w))

2g+1
- kepzFt 4+ 2
@ g oy = o= w7 25 e )
dz U2 N 2y(x — 2)? N dyw(z — 2)?
2g+1 2g+1 ,
x kepzF=t — Y (k — 2)cpz® + 2c0 + 2yw
_ k=1 k=1 (2.1)
dyw(z — 2)?
If we add
g 2g+1
(z — 2)? Z gkl Z cn(h — 2k) MRt
k=1 h=2k+1

to the numerator of (2.1), we obtain

G((z,y), (z,w)) =2 Z cp2xF/2 02 4 Z ck(x%z% + xkglz%) + 2co + 2yw,

k: even k: odd
where
i/2
—(k=2)2F + k¥ e+ (2 — 2)? Z(k — 2h)FTh gkt
h=1
Lk/2]
= —(k—20) 2 (k= 20+ 2)2F el 4 (2 — 2)? Z (k — 2h) P h=1gh=1
h=l

for I = 1,2,...,]i/2] has been applied (|k/2] = k/2 and (k — 1)/2 when k is even and odd,
respectively), which means that by choosing

dri( ) 2§51 (h — 2i)zh=i—1

—(z,w) = —_—

dz "’ , 2w ’
h=2i+1

we obtain

R((Q?, y): (sz)) = R((’Zv w)? (x,y))

and

=1.

: , G((z,y), (z,w))
lim  R((z,y),(z,w))(z —2)> = lim
(zw)—=(,y) (@9). (= w)) ) (z,w)—=(x,y) dyw
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3 The fundamental 2-form of the second kind for the C,; curves

Hereafter, we denote F, := aF(Z w B, %7 H:= W H, aH ,and H,, := ‘gg

We find symmetric R((z, y) (z,w)) for the meromorphic function

(), (2, w)) == (:CH)F

To this end, if we note ‘C%’ = I{fz we have

dQ  (H.+ Hy,%)(x—2)+H (H.F,— H,F.)(x — 2) +HFy

i = 3.1
dz (x — 2)%F, (x — 2)2FyFy (3:-1)
) =1 )
Let g; := > cij?'s g5 = 52, and h; == Y w'y/™17" for j = 0,...,a. Then, one
it 0<aitbj<ab i=0
checks
) a a a 8h
Fy=Y jwlg,  H=> hjgj, H.=)» hjg;, Hy= 8715%‘ (3:2)
i— j=0 j=0 Jj=0
Let

Oh;

I(i,j) == (—w 875 + jw wj) 9i9;(x — 2) + (jw! " h; — jhi_1w') gig;

a
for i,7 =0,...,a. Then, from (3.2) and that the arithmetic is modulo F'(z,w) = Z =

we have
a
ZZIH = —w'giHy + higiFy a gzzw” (z - 2)
=0 j=0 =0
a
+Z higi Fw wigiZjhjflgj ;
=0

which coincides with the numerator of (3.1).
We seek { d;J }(i.j)e(a,p) Such that the 2-form

dQ Z,W dul . de‘ .
R((z,y), (z,w)) := # + Z T;TZ’J
(.)€ (ab)

is symmetric, in other words, its numerator
a a
ZZI(U7U) + (:I" - 2)2 Z ui,j(xay)ri,j(zaw)
u=0v=0 (i,5)€J (a,b)
is symmetric, where

drij _ rij(z,w)

dz F,
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is the differential of the second kind given the differentials of the first kind

duij  uij(x,y)

dx F,

with u; ;(z,y) = z'y’.
Let mod(a, B) := a — |a/B] * 8, and mod(a, B) := mod(a, §) - mod(a, B) #0, for positive
a mod(a, 5) =0
integers «, (3, and [y] and |v| are the smallest integer no less than v and the largest integer
no more than v, respectively for positive real 7. For example, mod(3,2) = mod(3,2) = 2,
2 = mod(4,2) # mod(4,2) = 0, etc.
Then, the following property plays an important role in the derivation of the main theorem:

Proposition 3.1. If m < n, then
I(m,n)+I(n,m) = mwm_lyn_lgmg;(x —2z)+ mw™ Yy g 0n

n—1, m—1 1/ n—1, m—1

+mw" Y g gn (T — 2) + mw" YT gmgn

n—1
= > [ = K)gmgn + (k = m)ggn} (@ — 2) + (0~ m)gmgn]
k=m+1
wk——li_ym—&-n—k—l. (3'3)

Theorem 3.2. R((z,y), (z,w)) is symmetric when

ri (2, w) ZZZCTUCSJ_H’U, (s —i—1)2"T~ =2put (3.4)

uj r S

+ Z Z Z Crjr1Csw(d + 1) (r — i — 1)z 20t (3.5)

j+H1<v s

+Z Z chr,ucs,v{(i+1>(1}*u)—(j+1—u)5

u<ljj+2<v r s
— (v —j — D)r}erTsmim2yutv=i=2, (3.6)

where (r,s) range over s > i+2 in D for the first term, over r > i+2 in D for the second term,
and over (j+1—u)s+(v—j—1r<(i+1)(v—u) andr+s>i+2in D for the last term.
G((z.y),(z,w)) with

(z— )2MM

Oz

The symmetric value is given by R((x,y), (z,w)) =

G((x,), ( ZG +ZZ{G12 +G8Y +aP)},

u=0u<v

uv .—uZZcrucsvxr Syt~ lwvh (3.7)
3 ::uZZcrucsvazszry” Lyu=t, (3.8)
T

and

(k—u)s+(v—Fk)r

G5 Z ZZcrucsv{mod{ —u)s+ (v—k )rv—u}z{ v—u |
k=u+1 r s

L(k u)r+(v k)s L(k—u)s+(v—k)'rJ

X x V4 mod{(k — uw)r + (v — k)s,v — u}z v

(k—w)r+(v— k)s _ L
x gl v }wk Lyutvo=k=1 (3.9)
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Proof. First of all, we prove
U Z Z Cr,ucs,v{t(12) (z,2) + (z — Z)ZA(12) (z, z)}wU71y’U71 = G'(ul,?))

for 0 < u <w < a, where
t0D(, 2) = 2" V(@ — 2) + 27T

and
A2y Zkzr+k 1s—k—1

In fact, we see

#(12) (z,2)+ (z — z)QA(IQ) (z,2)

s—
_ —(S _ l)zr+5_l+la}l_1 + (5 I+ 1)zr+s—l$l + (l‘ _ 2)2 Z k‘zH_k_le_k_l

forl=1,...,s. In particular,

> Y ueruce A (@, 2)y !

T S
= Y @D ueneagials —i— DI
(i,7)€J(a,b) TS

where (r,s) range over s > i+ 1 in D. Thus, from the first and second terms in (3.3), we
obtain (3.4) and (3.7).
Similarly,

U Z Z cr,ucs,v{t(34) (z,2) + (z — 2) 2ABY (z, z)}wv—lyu—l = Gi(i?:g)
for 0 <u<wv<a,

t(34)(33, 2) = r2" T (g — 2) + 27T, A(34 (z,2) Zkz“k Lyr=h—1,

and

Z Z ucnucsmA(M) (z, 2)y* L™t

T S

_ i, . r+s—i—2, v—1
= E x'y! g E UCr j41Csp(r —1—1)2 w’,
T S

(4,5)€J(a,b)

where (r,s) range over r > i+ 1 in D. Thus, from the third and fourth terms in (3.3), we
obtain (3.5) and (3.8).
On the other hand, we claim

tl(c5)(l', Z) + (fL' — Z)QAI(CS)(I" z) = —{(p + 1)(1} — ’LL) — (’U — k)s _ (k, _ u)r}zr+s—pxp
—{(v=Fk)s+ (k—u)r —plv— u)}zTﬂLS*P*lxle (3.10)
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for 0 < u <wv < a, where

tI(CS)(mv Z) = {S(U — k‘) + T‘(k} — u)}zr+s—1(g; _ Z) + (’U _ u)zr—I—s’
AP (z,2) = (x — 2)? ST —k)s+ (k- u)r — (v —w)h}z"t o lgh L
h=1

where p is a unique integer such that
p(v—u) < (v—Fk)s+ (k—u)r <(p+1)(v—u). (3.11)
In fact, we see

9 (2, 2) + (& — 2)2°AP (2, 2) = —{s(v — k) + 1k — u) — I(v — u) 2751
+ {s(v—k) +r(k—u) — (1 —1)(v—u)}"T"!

P
+ (z — 2)? Z{(v —k)s+ (k—u)r — (v —u)h}z"Ts—h=1gh=1
h=l
forl=1,2,...,p+ 1.
Similarly, we obtain

() @)+ (@ —2)2A8) (@2) = —{(g+ 1w —u) — (0= k)r — (k —u)s}z" >0
—{(v = E)r + (k —u)s — qv — u) 2" 570 gt (3.12)

for 0 < u <w < a, where

1), _p(@2) = {r@w— k) + s(k = w)} 2 (@ - 2) + (v — w)2"*,
p
AP (@2) = (@ =22 Y {0 — k) + (k—w)s — (v — )k} gh=L
h=1

where ¢ is a unique integer such that
qv—u) < (v—Fk)r+(k—u)s < (¢g+1)(v—u). (3.13)

From (3.11) and (3.13), we have two possibilities: p+¢=r+sand p+¢+1=r+s. For
the former case, (3.10) and (3.12) are —(v — u)z%P and —(v — u)zPx?, respectively; and for the
latter case, (3.10) and (3.12) are

—{(v—k)s + (k —uw)r — q(v —u)}22 2P + {(v — k)s + (k — u)r — p(v — u)} 292t

and
—{(v = k) + (k —u)s — p(v —u)}2PTa? + {(v — k)r + (k — u)s — q(v — u) }2P2It,
respectively.
Since
p:{(v—k)zi—gf—u)w’ q:{(v—k)zi—ik—u)sJ’

(v—FK)s+ (k—u)r —p(v—u) =mod{(v—k)s+ (k—u)r,v—u},
(v—k)r+ (k—u)s — q(v —u) =mod{(v —k)r + (k —u)s,v — u},
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we have (3.9), which means we obtain (3.6) as well

-1
S e A(5)a:z utv—k—1, k-1
Do 2D crucsny) (@, 2)y

k=u+1 7 s

= Z BT Z Zucmﬂcs’v{(i +)(v—u)—(G+1—u)s

(i,7)€J (a,b)
_ (U _ ] _ 1)T}Zr+s—i—2wv—1’

where we have chosen for each (i,7) € J(a,b),i =h—1and j =u+v—k—1,sothat 1 <i+1<p
and u+1<wu+v—j—1<wv—1. Hence, (u,v) and (s,7) need to satisfy

u < g, J+2<v, (i+1)(v—u)>(v—=Fk)s+ (k—u)r,
respectively. This completes the proof. |
Corollary 3.3.

lim  R((z,w), (z,y))(z — 2)? = 1.

(z:w)=(2,y)

Proof. Let f, := > crux”. Then, G(ulf)), G&%g), and GS)Q), converge to ufyfu, ufufv,
0<ar+bu<ab,r>0

and —(v — u)(v — u — 1)y*Tv=2 respectively. Thus, G((z,y), (z,w)) converges to

a

Z : 2u 2+Zz2ufufvyu+v 2 ZZ U_u U_u_l)fufvqurv 2

u=0 u=0u<v u=0u<v
a
SRS % NIRRT
u=0u<v
=3 LS S b o — 0 2w} g
u=0 v=0
a a a 2
= Z Zuvfufvyu+v_2 = Zufuyu ! Z’vay e {Z Ufuyu_l} = FZ?’
u=0v=0 u=1 u=1
where
a a a a
j{:j{:ujhjby“+”_2::jzzy“_2j£:jby”::0
u=0 v=0 u=1 v=0

and
a a
j{:j{:vfﬁf yu+v 2 Ez:zzjlﬂfﬁf yu+v 2 EEZEEIIPijLy“+”_2::U
u=0 v=0 u=0 v=0 u=0 v=0

have been applied. On the other hand, the denominator of R((z,w), (z,y))(z — 2)? converges
to Fy2 as well. This completes the proof. |

Example 3.4 (generalized hyper-elliptic curves). For the curve F(x,y) = y? + yf1 + fo = 0,

(;(Crvy)>(zau0) =2yw + fiw+ g1y + fi01

r+1 r 1 ror
— g cT,o(z 2 +27 e T = g 2¢r02202,

r: odd r: even
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when
T’lozw chrlcslT—Z—l) r+s—i—2
r>i+2 >0
2i+2
+ 3 el —i—1)272 4 Y o2+ 2 )
r2>i+2 r=i+2

and converges to
202 + 2f1y + f2 +2(fiy +4°) = 2y + f1)? = F2

as (z,w) = (x,y).

Example 3.5 (cyclic curves, super-elliptic curves [13]). For the curve F(z,y) = y* + fo = 0,

G((z,y), ZCTOZ{mOd (a—k)r,a)z [le=kry o]

(a—k)r

+ mod(kr, a)z! Il Jh—lya—k-1

)

when
b
rij(z,w) = — § : crolar —a—r —ai —rj)2" " w2
r=i+2
and converges to
a—2 _ 12
—2foy" " = F,

as (z,w) = (x,y).

Example 3.6 (trigonal curves [6, 7]). For the curve F(x,y) = y* — q(x)y — p(z) with p(z) =

g+1 | 2952 ]
— > ¢ oz” and g(z) Z it
r=0

G((LIZ, y)7 (27 w)) = Z CT,le Z Cs,lzs + Z CT,leMQ + Z Cs,lzsy2 + 3y2w2
- Z cro{mod(2r, 3)212/312lr/3] 4 mod(r, 3)212r/31 £ /3] by
- Z ¢ro{mod(r, 3)2["3122r/3) - mod(2r, 3)2l7/31 £ [27/3] Jw

~ 3" e {mod(r,2)2"12 2 4 mod(r, 2) 217/ a7/ Ly

-
=Y e’y ezt + Y erw’ ) coiz®y + 3y'w?
s S r s

_ Z Cr70{3Z2r/3xr/3y+3Z2r/3xr/3w}
r=3m
I O e T e eI
r=3m+1
4 (r42)/3,.(2r=2)/3,, 4 22(7’*1)/3x(2r+1)/3w}
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_ Z CT7O{Z(2r+2)/3x(r72)/3y+2Z(2r71)/3x(r+1)/3y

r=3m-+2
49, (rt1)/3,(2r=1)/3, Z(T—Q)/3x(2r+2)/3w}
-9 Z Cr,lzr/2$r/2’u)y
r=21
— Z cr 1{2(7‘4-1)/21,(7"—1)/2 + Z(r—l)/2$(r+1)/2}wy7
r=20+1
when
riozw) = 3 N eneai(r—i - DT ST ey (r i - 1) 20
r>2i4+2 s r>242
[3(i+1)/2]
+ ) eoBi+3—2r)
r=1i1+2
and
3i+3 ‘ 2i+2 '
7“1',1(2, ’IU) = Z Cr,0(3i +3 - r)zr—z—Q + Z Cr,l(Qi 49— T)ZT_Z_QU),
r=it2 r=i+2

In this sense, Theorem 3.2 contains the same formula [7, p. 203] as a special case that was
described as

rio(z,w) = —w?d, DI q(z) + w22 DB/2420(220.p(2) — 3(i + 1)p(2)}
#2022 {200 - (1 alo)? |
and

ria(z,w) = w2 DITH20.q(2) — 2(i + 1)q(2)} + 22 2DIH20.p(2) = 3(i + )p(2)},

n n
where D,p(z) denotes > ppz"~* for polynomial p(z) = 3 pp2*.
k=s k=0

All of these applications of the general formula coincide with the known results [6, 7].

4 Open problem

Let F be a function field over C, and O any place of degree one. We define the set

Li={f € F|ordg(f) > 0, Q £ O} U{0}
of functions with poles only at O and the monoid M := {—ordo(f)|f € L}. We choose

generators ai,...,a;, of M and functions zi,...,z, € L such that —ordo(z;) = a;, ¢ =
1,...,m, where ai,...,a,, are assumed to be mutually prime. For the homomorphism from
the polynomial ring C[X7,..., X,,] to the ring C[z1,...,z,] generated by z1,..., %y, we can
regard a set of generators of the kernel as the defining equations of the curve C' (Miura [16]).
The kernel contains m variables and at least m — 1 equations. Let d; be the GCM of a,...,aq;.
The sequence aq, ..., a, is referred to as telescopic if

a; ai ;-1

d; © <di1’.”’dil>
for i = 2,...,m. Suzuki [18] proved that the number of equations is m — 1 if and only if the

sequence can be telescopic by permutating the order of the sequence.
This paper considered only the case m = 2. Our future work contains solving the problem
for telescopic and general Miura curves.
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A Proof of Proposition 2.1

For the first part, without loss of generality, we assume a < b. For each 0 < i <b— 1, let f(7)
be the number of integers j’s such that

j<a—1-23i+1).

b
Since
JO+ -2 =la-1-3|+1+0=a-1=f@)+/b-i-2)
fori=0,...,b—2,and f(b— 1) =0, where |z] is the largest integer no more than z, we have
b—1 b—2
L1 . . (a—1)(b—1)
== - S P 2 .
> 10 =3 LU0+ 1020} + 501 e
. a—1)(b—1
which means #J(a,b) = %
For the latter part, since
od
ordp(dr; j) = ordp ade =—(ai+bj)+ab—a—-b>0
> kyklfy,
k=1

for (i,7) € J(a,b), each dr; j is holomorphic. On the other hand, since ordp(dr; ;) # ordo(dry ;)
for (i,7) # (¢/,;'), the generators {dr; ;} consisting of g differentials are linearly independent
and cover the vector space.

B Proof of Proposition 3.1

From
i Oh; _jwj—lyi—l
ow oy
J—1 i—1
_ _kaz+k 1 J 1— k—i—ijHk 1yz 1-k Z(i_k)wJ#kflyifkfl _jwjflyifl
k=1 k=0 k=1
i+j—1 i+j—1
__Z _ klz—i—jkl Z klz—i—]kl
= Z +
k=i+1 k=j+1
> (k—dwk Tty R > 4,
k=j+1
= 0’ Z:]7
J o
= B (it L i,
k=i+1
and
joy whthy TR >,
k=j+1
jwl~ by = ju'hy = jul Y = S0, i=j

J
: k—1,itj—1—k ; — :
—j > whTlytTER <1,
k=i+1
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we have

I(i,j)—{jwj Ly lglgi(@ — 2) + jw 'y gigs )

Z gi{(k —i)gi(x — z) + jgiywFty L > i,

k=j+1
=40, =7,
j—1
— 2 gi{(k—i)gi(z — 2) + jgiywh Yy TR <G — 1L
k=i+1
=1

Since m < n, we have I(m,n) with i =n and j = m for i > 5+ 1 and I(m,n) with i = m and
j=mnfori<j—1,sothat (3.3) is obtained.
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