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1 Introduction

Symmetric spaces are extremely useful geometric objects on smooth manifolds. There are also
many generalizations of symmetric spaces appearing in several areas of differential geometry
and the theory of Lie groups and algebras. We are interested in generalizations of symmetric
spaces in the setting of parabolic geometries, see [4, Section 3.1]. We consider regular normal
parabolic geometries (G — M, w) of type (G, P) on smooth connected manifolds M. We assume
that G is a Lie group with a |k|-graded simple Lie algebra g = @f:, 9; and P is the parabolic
subgroup of G with the Lie algebra p = @fzogi such that the Klein geometry (G, P) is effective.
We fix the reductive Levi decomposition P = G % exp(p.), where py := @legi and G is the
Lie group of grading preserving elements of P. We write g_ := @;;_kgi.

Regular normal parabolic geometries provide a solution to the equivalence problem for a wide
class of geometric structures. In the first step, so called prolongation, one constructs the P-
bundle G over M and the Cartan connection w, which is a P-equivariant g-valued absolute
parallelism on G that reproduces the generators of fundamental vector fields of the P-action.
The precise process of the prolongation is not directly related to the results presented in this
article and will not be reviewed. In the second step, one computes the harmonic curvature xg
which is the basic invariant of all normal parabolic geometries that (in principle) solves the
equivalence problem for normal parabolic geometries. We recall that «p is the projection of the
curvature [w, w] + dw of the Cartan connection w viewed as a function k: G — A%(g/p)* ® g into
the cohomology space H?(g_,g) of cochains on g_ with values in g.

A (local) automorphism of (G — M,w) is a (local) P-bundle morphism ¢ on G such that
¢*w = w holds. We denote by ¢ the underlying (local) diffeomorphism of ¢ on M. We say
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that a (local) diffeomorphism f on M preserves the parabolic geometry (G — M,w) if f = ¢
for some (local) automorphism ¢ of (G — M, w). Local automorphisms of parabolic geometries
are uniquely determined by the underlying diffeomorphisms under our assumption of effectivity
of the Klein geometry (G, P). We are interested in a class of (local) diffeomorphisms f on M
for which we know a priori the (local) P-bundle morphisms ¢ on G covering (local) diffeomor-
phisms f and we ask when they preserve the parabolic geometry, see Definition 1.1. Let us
explain that these diffeomorphisms are closely related to geodesic symmetries.

We recall that a normal coordinate system of a linear connection V on M given by the frame u
of T, M is given by projections of flows FltB(X) of the standard horizontal vector fields B(X) for
X € R” on the first-order frame bundle starting at u, see [16, Section II1.8]. Indeed, the projec-
tion of FléB (X) (u) onto M is the geodesic of V going through x in the direction with coordinates X
in the frame u. A geodesic symmetry of V at the point x is the unique diffeomorphism with
coordinates —idg» in all normal coordinate system given by any frame u of T, M.

The pair (M,V) is an affine locally symmetric space if each geodesic symmetry of V is
an affine transformation. In [14] or [1] the authors studied the theory of symmetric spaces,
where the geodesic symmetries preserve a geometric structure such as Riemannian metric or
quaternionic Kéahler structure. The first author classified in [9] all parabolic geometries preserved
by all geodesic symmetries on semisimple symmetric spaces. Typical examples of such parabolic
geometries are provided by the projective class of V of the affine (locally) symmetric space
(M, V) or the conformal class of the metric on the Riemannian symmetric space or the (para)-
quaternionic geometry given by the (para)-quaternionic Kahler symmetric space.

A normal coordinate system on the parabolic geometry (p: G — M,w) given by u € G is

given by projections poFlf_l(X) (u) of flows of the constant vector fields w™!(X) for coordinates
X € g_. If we consider (local) diffeomorphisms f on M that are linear in some normal coordinate
system of (G — M,w), then we know a priori the (local) P-bundle morphisms ¢ on G covering
(local) diffeomorphisms f and we ask when they preserve the parabolic geometry. The action
of Gy on G induces a linear change of the normal coordinates, but the change of coordinates
induced by the action of exp(p; ) is highly non-linear. Nevertheless, we can consider the class of
(local) automorphisms of parabolic geometries with the property that their underlying (local)
diffeomorphisms on M, analogously to geodesic symmetries, have the same coordinates in all
normal coordinate systems in which the coordinates are linear.

Definition 1.1. For s in the center Z(Gp) of Gy and u € G, let s, be the (local) P-bundle
morphism of G induced by the formula

su(FY X (@)) i= FIY O (ys) = F1 A ()
for all X in a maximal possible neighbourhood of 0 in g_ preserved by Ad(s).
1. The (local) P-bundle morphism s, is a (local) s-symmetry of the parabolic geometry
(G — M,w) at x = p(u) if sfw = w.

2. We write s,, for the underlying (local) diffeomorphism on M of the P-bundle morphism s,,
which has coordinates Ad(s) € Gl(g—) in the normal coordinate system given by w.

3. All (local) s-symmetries at all x € M for all s € Z(Gy) together are called (local) genera-
lized symmetries of parabolic geometries.

4. The parabolic geometry is (locally) s-symmetric if there is a (local) s-symmetry at each
point of M.

Remark 1.2. We always assume that s is not the identity element e in Z(Gp), because idg is
the unique e-symmetry of each parabolic geometry, and therefore, the results presented in this
article are trivial for e-symmetries.
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Firstly, let us focus on the automorphisms ¢ of parabolic geometries such that ¢ has coordi-
nates —idg_ in the normal coordinate system given by v € G. If such an automorphism exists,
then there is m € Z(Gp) such that Ad(m) = —idy_. Therefore we will always speak about
(local) m-symmetries in this case.

The bundle morphisms m,, (and thus diffeomorphisms m,,) are generally different for diffe-
rent u from the fiber G, over z and each of them can be a (local) m-symmetry. In particular,
there can be infinitely many (local) m-symmetries at z. In fact, this is the case of all mo-
dels G/P of AHS-structures, where the bundle maps m,, are m-symmetries for all u € G. On
the other hand, the second author proved in [23, Theorem 2.5] that projective, conformal and
(para)-quaternionic geometries are the only types of parabolic geometries allowing m-symmetries
at a point x with a non-zero Weyl (harmonic) curvature. Moreover, there is at most one m-
symmetry at the point « with a non-zero Weyl curvature.

The second author showed in [23, Theorem 3.2] that if a geodesic symmetry at x for some
linear connection on M is an automorphism of (G — M,w), then the geodesic symmetry has
coordinates —idy_ in the normal coordinate system given by some u € G,. We prove in this
article that there is the following characterization of non-flat parabolic geometries which are
preserved by all geodesic symmetries on affine (locally) symmetric spaces.

Theorem 1.3. Suppose there is a parabolic geometry on a smooth connected manifold M with
a non-zero harmonic curvature at one point. Then the following claims are equivalent:

1. The parabolic geometry is (locally) m-symmetric, i.e., at each point x of M, there is
a (local) automorphism of the parabolic geometry such that the underlying (local) diffeo-
morphism on M has coordinates —idg_ in the normal coordinate system for some u € G,.

2. The parabolic geometry is preserved by each geodesic symmetry on an affine (locally) sym-
metric space (M, V).

In particular, if one of the above claims is satisfied, then the parabolic geometry is (locally)
homogeneous, the affine (locally) symmetric space (M,V) from Claim (2) is unique and V is
a distinguished (Weyl) connection of the parabolic geometry.

Remark 1.4. Let us emphasize that (local) m-symmetries can appear only on |1|-graded
parabolic geometries and only the projective, conformal and (para)-quaternionic geometries
(and their complexifications) can satisfy the assumptions and conditions of Theorem 1.3.

The global version of this statement was proved in [21] for projective geometries and in [24,
Corollary 4.5] for conformal and (para)-quaternionic geometries under the additional assumption
of homogeneity or under the assumption that m-symmetries depend smoothly on the point z.
In [11, Theorem 1], we proved the global version of Theorem 1.3 for conformal geometries. In
this article, we obtain Theorem 1.3 as a special case of Theorem 1.8.

There are many other interesting types of parabolic geometries, e.g., parabolic contact ge-
ometries, where there is no element m € P such that Ad(m) = —idg_. Thus they cannot be
preserved by geodesic symmetries of any affine (locally) symmetric space. On the other hand,
there are generalizations of symmetric spaces appearing in the literature that are nearly related
to contact geometries. In [2] and [15] the authors study sub-Riemannian and CR geometries
preserved by so-called geodesic reflexions on reflexion spaces, see [19]. A geodesic reflexion on
a reflexion space is given by an endomorphism s € GI(R") such that s> = idg» in a normal
coordinate system of an admissible linear connection on the reflexion space, see [19].

We studied in [7, 10] parabolic geometries on reflexion spaces preserved by geodesic reflexions.
We proved that a geodesic reflexion at x preserving a parabolic geometry (G — M, w) is given
by an endomorphism Ad(s) € Gl(g_) for some s € G such that s* = id in a normal coordinate
system of the parabolic geometry given by some v € G,. However, if s € Gy is not contained
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in Z(Go), then we cannot expect the uniqueness of the automorphisms ¢ such that ¢ has
coordinates Ad(s) € Gl(g—) in the normal coordinate system given by some u € G,. Indeed,
if there is an other automorphism v such that ¢ has coordinates Ad(go) € Gl(g—) for some
go € Gy in the normal coordinate system given by u € G, then ¥y ~! is in general a different
automorphism such that @i ~! has coordinates Ad(s) € Gl(g_) in the normal coordinate
system given by ugy € G,. On the other hand, the second author proved in [25, Section 5]
that on some parabolic contact geometries, there is at most one s-symmetry at a point x with
a non-zero harmonic curvature for s € Z(Gp) such that Ad(s)|;_, = —id. We prove in this
article that this holds for all parabolic contact geometries.

We classified in [13] all elements s € Z(Gp) that can appear as coordinates of underlying
diffeomorphisms of automorphisms of parabolic geometries in a normal coordinate system at
a point with a non-zero harmonic curvature. For example, we have found out that for complex
|1|-graded parabolic geometries with a harmonic curvature of homogeneity 3, we have to consider
elements s € Z(Gp) such that s = id. Moreover, we constructed in [12, Proposition 6.1] and
[13, Proposition 7.2] examples of such parabolic geometries on Zs-symmetric spaces, which are
generalizations of symmetric spaces that are studied in [17].

In fact, there are many known examples of (locally) s-symmetric parabolic geometries. Each
locally flat parabolic geometry is locally s-symmetric for each s € Z(Gp). We classified in [13]
the elements s € Z(Gp) for which all locally s-symmetric parabolic geometries are flat. Further,
we showed in [12, Proposition 6.1] that all submaximally symmetric parabolic geometries con-
structed in [18, Section 4.1] are locally s-symmetric parabolic geometries for elements s € Z(G)
that do not impose flatness. Let us emphasize that some of these examples carry more than
one s-symmetry at each point and explicit examples can be found in [12, Section 6]. This shows
that the results we obtain in this article do not hold for all types of parabolic geometries. There
are also further examples of (locally) s-symmetric parabolic geometries in [2, 6, 9, 11, 21].

Let us now summarize our main results for (local) s-symmetries and (locally) s-symmetric
parabolic geometries we obtain in this article. The first main result states that there is a large
class of types of parabolic geometries whose algebraic structure enforces uniqueness of (local)
s-symmetries at points with a non-zero harmonic curvature. We characterize these types in
a way that is related to the theory of prolongations of annihilators of the harmonic curvature
and the prolongation rigidity from [18, Section 3.4] as follows.

Definition 1.5. Let u be a component of the harmonic curvature (irreducible as a Gp-submodule
of H?(g_,g)) of regular normal parabolic geometries of type (G, P).

1. For ¢ € p, let us denote by
ann(¢) :={A € go: A.¢ =0}
the annihilator of ¢ in gg. We define the ith prolongation of the annihilator of ¢ as
pr(¢); ={Z € g;: ad(X1) ---ad(X;)(Z) € ann(¢) for all X;,...,X; € g_1}.

2. For s € Z(Gy), we say that the triple (g, p, 1) is prolongation rigid outside of the 1-eigen-
space of s if for all weights ¢ € u, all prolongations of the annihilator of ¢ in gg are
contained in the 1-eigenspace of s.

We will see that there are triples (g,p, ) that are prolongation rigid outside of the 1-
eigenspace of s only for some s € Z(Gy). In particular, such triples (g, p, ) are not prolongation
rigid. Indeed, a triple (g, p, ) is prolongation rigid if and only if it is prolongation rigid outside
of the 1-eigenspace of s for all s € Z(Gy).

In Section 3.2, we show how to classify all triples (g, p, 1) that are prolongation rigid outside
of the 1-eigenspace of s for some s € Z(Gy) using the results in [18]. The following Theorem
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shows that for our purposes, it is enough to carry out the classification only for the components u
that are contained in the 1-eigenspace of s.

Theorem 1.6. Consider a triple (g,p, 1).

If s € Z(Go) is such that u is not contained in the 1-eigenspace of s, then there is no (local)
s-symmetry of a parabolic geometry of type (G, P) at each point x with a non-zero component
of the harmonic curvature in p.

If s € Z(Gy) is such that (g,p, 1) is prolongation rigid outside of the 1-eigenspace of s, then
there is at most one (local) s-symmetry of a parabolic geometry of type (G, P) at the point x
with a non-zero component of the harmonic curvature in p.

We proved Theorem 1.6 in [13, Theorem 1.3] under the assumption that the parabolic geom-
etry is homogeneous, but we can also easily construct non-homogeneous (locally) s-symmetric
parabolic geometries of type (G, Q) for certain triples (g, q, 1) that are prolongation rigid outside
of the l-eigenspace of s. It suffices to consider correspondence spaces for parabolic subgroups
@ C P C G over (locally) s-symmetric parabolic geometries of type (G, P) for (g,p, ) that is
prolongation rigid outside of the 1-eigenspace of s, see [13, Proposition 6.1]. We prove Theo-
rem 1.6 in Section 3.1.

Let us now focus on (locally) s-symmetric parabolic geometries. We say that a map S that
picks a (local) s-symmetry at each point of M is a system of (local) s-symmetries. In general,
systems of (local) s-symmetries are neither smooth nor unique. The conditions in Theorem 1.6
can be used to prove the uniqueness of a system of (local) s-symmetries.

Our second main result concerns the conditions for the smoothness of a system of (local) s-
symmetries. We consider the following generalization of affine locally symmetric spaces. There
is a class of Weyl connections on each parabolic geometry playing a significant role in the theory
of parabolic geometries, see [4, Chapter 5] and Section 2.1. Each Weyl connection is given by
a reduction of G to Gy, i.e., by a smooth Gy-equivariant section ¢ of the projection from G
to Go := G/ exp(p+). The sections o are called Weyl structures and we denote by V7 the Weyl
connection given by the Weyl structure o. Each point of o(Gy), defines a different frame of T,, M.
However, the (local) diffeomorphism with coordinates Ad(s) € Gl(g—) in a normal coordinate
system of a Weyl connection V7 given by a frame o(ug) € 0(Gp), is independent of the actual
choice of ug € (Go)a, see Section 3.2. We denote such a (local) diffeomorphism by sZ.

If we choose a class of Weyl connections satisfying 71,57 = T, xsg/ for all Weyl connec-
tions V7, V' in the class and all z € M, then the tangent bundle TM has a common de-
composition into smooth subbundles according to the eigenvalues of 1,52 for all V in the class.
We can further consider a subclass [V] of such a class of Weyl connections that restrict to the
same partial connection on all smooth subbundles of T'M for all eigenvalues of T,s7 different
from 1. Such a subclass [V] is equivalently characterized by the condition that the 1-forms Y
measuring the ‘differences’ (see the formula (2.2)) between arbitrary two connections in [V]
satisfy (s2)*Y(x) = Y(x) for all z € M and some (and thus all) Weyl connections V7 € [V].
In general, (local) diffeomorphisms s are different for different Weyl connections V7 € [V].
Therefore we can consider smooth maps S assigning some of these diffeomorphisms to each
x € M. Equivalently we can directly assign to each x € M the Weyl structure o defining s7.

Definition 1.7. Let [V] be a maximal subclass of the class of Weyl connections satisfying that

e T,s57 =T,s7 holds for all Weyl connections V7,V € [V] and all z € M,

e all connections in [V] restrict to the same partial connection on all smooth subbundles
of T'M for all eigenvalues of T}, s different from 1.

Let S be a smooth map assigning to each x € M the (local) diffeomorphism sZ for some Weyl
connection V7 (depending on z) in [V].
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1. The class [V] is called S-invariant if S(x)*V? € [V] and S(z)*V?(x) = V7(x) hold for
some (and thus each) Weyl connection V7 € [V] and all € M.

2. Weyl connections V in the S-invariant class [V] are called almost S-invariant Weyl con-
nection.

3. The almost S-invariant Weyl connection V is called invariant at x € M if S(z)*V = V.

4. The almost S-invariant Weyl connection V is called S-invariant if S(x)*V = V holds for
all z € M.

We show in Section 4.1 that if there is an almost S-invariant Weyl connection, then each S(x)
preserves (G — M,w), i.e., S defines a smooth system S of (local) s-symmetries such that S(x)
are the underlying (local) diffeomorphisms of S(z) for all . Thus the notation S is consistent
with Definition 1.1.

If there is a smooth system S of (local) s-symmetries of (G — M,w), then we need the
prolongation rigidity outside of the 1-eigenspace of s to show the existence of an S-invariant
class of Weyl connections, see Section 4.2. For all |1|-graded parabolic geometries and s such

that Ad(s) = —idy_, i.e., s = m, we obtain affine (locally) symmetric spaces, because the
class [V] consists of a single connection. For all parabolic contact geometries and s such that
Ad(s)|g_, = —id we obtain reflexion spaces, but the S-invariant class [V] is not the class of

admissible connections from [19].
For triples (g, p, ) that are prolongation rigid outside of the 1-eigenspace of s, we get the
following existence result, which in particular implies Theorem 1.3.

Theorem 1.8. Suppose s € Z(Gy) is such that (g,p, ) is prolongation rigid outside of the
1-eigenspace of s. Suppose that the parabolic geometry (G — M,w) of type (G, P) has every-
where non-zero component of the harmonic curvature in . Then the following conditions are
equivalent:

1. The parabolic geometry is (locally) s-symmetric.
2. There is a smooth system S of (local) s-symmetries.

3. There is an S-invariant class [V] of Weyl connections.

Moreover, the smooth system S is unique and S consists of the underlying diffeomorphisms
of S on M. The equality S(z) o S(y) = S(S(z)(y)) o S(x) holds whenever the compositions are

defined. If Ad(s) € Gl(g—) has no eigenvalue 1, then [V] consists of a single S-invariant Weyl
connection, which is locally affinely homogeneous.

We prove the claims of Theorem 1.8 except the last one in Section 4. The last claim does not
hold without additional assumptions on the 1-eigenspace. We prove the last claim in Section 5,
where we study additional properties that follow from assumptions on the position and shape
of the 1-eigenspace of s in g_.

Outline of the article. We recall basic facts and formulas for Weyl connections in Section 2.
In particular, we characterize automorphisms of parabolic geometries with their actions on Weyl
structures. We recall the relation between normal coordinates and normal Weyl structures.

In Section 3, we prove Theorem 1.6 and we provide the characterization of the triples (g, p, )
that are prolongation rigid outside of the 1-eigenspace of s.

In Section 4, we prove Theorem 1.8. We also obtain further properties of (locally) s-symmetric
parabolic geometries of type (G, P) that have everywhere non-zero component of the harmonic
curvature in p for the triples (g, p, ) that are prolongation rigid outside of the 1-eigenspace of s.

In Section 5, we classify all triples (g,p, ) that are prolongation rigid outside of the 1-
eigenspace of s such that p is in the 1-eigenspace of s. The classification is separated in the
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tables according to the common properties of the triples (g,p, ) and elements s € Z(Gy).
The notation for the tables and details on the classification can be found in Section 5.1. We
show in Section 5.2 that there are triples (g, p, 1) for which the S-invariant class [V] of Weyl
connections consists of a single S-invariant Weyl connection. In particular, such an S-invariant
Weyl connection is always (locally) affinely homogeneous. In Sections 5.3 and 5.5, we show that
there are triples (g,p, u) for which the (locally) s-symmetric parabolic geometries are locally
correspondence spaces over some other s-symmetric parabolic geometries. In Section 5.4, we
prove that there are triples (g,p, ) for which the condition of (local) homogeneity is satisfied
for more complicated S-invariant class [V] of Weyl connections.

In the Appendix A we recall from [12] the construction of (locally) homogeneous s-symmetric
parabolic geometries that we need in Section 5.

2 Automorphisms of parabolic geometries

In this Section, we introduce necessary techniques and establish notation from the theory of
parabolic geometries that we will use in the article, see [4, Section 5.1]. We focus here on
actions of automorphisms on Weyl structures and connections.

2.1 Weyl structures and connections

Consider a parabolic geometry (G — M,w) of type (G, P). Many geometric objects on M can
be identified with sections of natural bundles V associated to the P-bundle G for representa-
tions V' of P. We can equivalently view the sections of V as P-equivariant functions G — V. In
other words, the points of G are (higher-order) frames and the P-equivariant functions are the
coordinate functions. A crucial tool that allows us to reduce the number and order of the frames
are Weyl structures. A (local) Weyl structure is a (local) Go-equivariant section o: Gp — G of
the projection 7: G — G, where Gy := G/ exp(p+) and po: Go — M is a Go-bundle over M.

Definition 2.1. Assume o: Gy — G is a Weyl structure. Then for a section 7 of a natural
bundle V, we denote by (7), the Gp-equivariant function Gy — V satisfying

(7—)0 i=too,
where t: G — V is the P-equivariant function corresponding to 7.

In particular, vector fields £ and 1-forms T on M are sections of bundles G xp g/p and
G X p p4, respectively, and there are corresponding Gp-equivariant functions (§),: Go — g— and

(V) : Go — P

Weyl structures always exist on parabolic geometries and for each two Weyl structures o
and &, there exist a 1-form T and Gg-equivariant functions Y;: Go — g; for i = 1,...,k such
that

6 =ocexp(T), =cexp(Yy)---exp(Tg).

The Gp-equivariant function (Y),: Go — py is related to the functions T; via the Baker—
Campbell-Hausdorff (BCH)-formula.

We can decompose the pullback oc*w: TGy — g into Go-equivariant 1-forms wf: TGy — g;
according to the grading g; of g. These forms clearly depend on the choice of the Weyl structu-
re 0. For a Weyl structure 6 = o exp(Y),, there is the following formula describing the change
of the forms

o ex -1 ‘ ] i
W P — Z ( Z‘l) (ad(Yg)™ o ---0ad(T1)") o Wy, (2.1)
lil+g=t
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where we write ! = i1! - - - g, |i| = i1+2i2+ - -+kip and (—1)F = (—1)1+ % for the multi-index
i = (i1,..., 1) with i1,...,i5 > 0.

The sum w? of the forms wy for ¢ < 0 is called the soldering form given by the Weyl structu-
re 0. Suppose (§)y = & + -+ + &_1 holds for the vector field £ on M and for Gy-equivariant
functions &;: Go — @i If (§)gexp(r), = é,k + -4+ 5_1 holds for Gg-equivariant functions

& : Go — g; and the Weyl structure o exp(Y),, then

7
§ = Z (z'1> ad(Tg)™ o ---oad(Y1)™.&;,
[il+j=l
where . is the algebraic action of the values of functions Gy — p on the values of the functions
Go — 9.
The form wg is a principal connection form on Gg. Suppose that the finite-dimensional
representation of P on V is completely reducible as a representation of Gg. Then

1) the form w§ induces a linear connection V on the space of P-equivariant functions G — V/,
2) for each P-equivariant function 7: G — V, the connection V7 preserves the decomposition

of (1), into Gy-equivariant components.

The induced connections Von V are called Weyl connections. The Weyl connection V7 P(T)o
on V is related to the Weyl connection V7 on V by

7

(VEoPrry = (VEr)e + . ( Z,,l) (ad(Yk)™ o --- 0 ad(T1) (£)).(T)s, (2.2)
lil-+5=0

where 7 is a section of V and . is the algebraic action of the values of functions Gy — gg on the

values of the function (7),: Go — V.

The soldering form w? together with the principal connection form wf form the Cartan
connection w? @ w§ on Gg of a reductive type. In fact, we can view the first-order frame bund-
le P1M as the bundle G xaq Gl(g/p) for the adjoint action Ad of P on g/p. Moreover, each
Weyl structure o provides a reduction ¢ : Go — P'M over Ad: Gy — Gl(g/p) such that

*xn_ .0 * _
10 =w? and LYo = W

hold for the natural soldering form 6 on P'M and the principal connection form v, on P'M
of the Weyl connection V7. This allows us to describe explicitly geodesics of Weyl connections.
The geodesic of the Weyl connection V7 on T'M through z in the direction {(z) € T, M is the
curve

(wZ@wg) " (€(x))o (uo) (uo)

pooFly (2.3)

for arbitrary ug € Go in the fiber over x. Indeed, since (w? @ wg) 1 ((£(z))s) is contained in
the kernel of the connection form wg = t%v, and Tpy o (w? @ W) ((£(7))s)(x) = &(x), the
claimed curve is the projection of a flow of a standard horizontal vector field of v, and therefore
a geodesic of V7.

2.2 The characterization of automorphisms

Let ¢: G — G be a (local) automorphism of the parabolic geometry and denote by ¢ : Go — Go
the underlying (local) Gp-bundle morphism. Then for each Weyl structure o, there is a 1-
form T?% on M such that

(o (uo)) = o(po(uo)) exp((T7¥)s(uo)) (2.4)
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holds for all ug € Gy. Consequently, the pullback of a Weyl structure is again a Weyl structure,
ie.,

©ro = gp_l oo opg=ocexp(—(T7%)y).
Lemma 2.2. Let ¢: G — G be a (local) automorphism. Then

(Yo exP(Mase) = O(—(Y)e © 90, C((T7¥)5, (1)) (25)

oexp(T)s
holds for the Weyl structure o exp(Y),, where C' represents the BCH-formula.

Proof. We get immediately from the formula (2.4) that

p(a(u0)) exp((T)o(uo)) = a(po(uo)) exp((T)e (o (uo))) exp (Y7 *PH9) | (uo))

holds for all ug € G. This implies
exp ((T79PMr2) ) = exp(=(T)y 0 90) exp((Y7¥)5) exp((T)o),
which gives the formula. |
Therefore if f = ¢ for a (local) automorphism ¢ of the parabolic geometry, then
FAYT = Yo ep(—(X79)o)

holds for each Weyl connection V7.

There is a unique lift P1f of each (local) diffeomorphism f on M to the (local) Gl(g/p)-
bundle morphism on P'M such that (P'f)* = 0 holds. If f*V? = V° is satisfied for some
Weyl connections V7 and V7', then (P'f)*y5 = 7, holds. However, this does not imply
that such f preserves the parabolic geometry. The (local) diffeomorphisms f that preserve the
parabolic geometry also satisfy that

P f(10(G0)) = to(Go)

holds for reductions ¢, (Go) and t,/(Go) of PM and it turns out that this is the crucial property
that distinguishes the diffeomorphisms preserving the parabolic geometry among all diffeomor-
phisms preserving the set of all Weyl connections.

Proposition 2.3. Let f be a (local) diffeomorphism on M such that for some Weyl structures o
and o’ of the parabolic geometry (G — M, w)

o [*V? =V holds, and
e PLf maps a point of 1,/(Go) into the image 15(Go).
Then f preserves the parabolic geometry.

Proof. The assumptions imply that ¢g := (5! o PLf o1 is a well-defined (local) Go-bundle
morphism ¢g: Gog — Go satisfying ¢pjwg = wf " and pow? = w? . The associated graded map
(O_ky...,0-1): TGy = g_ ® -+ @ g_1 corresponding to w? is independent of the choice of the
Weyl structure according to the formula (2.1). In fact, the tuple (po: Go — M, (0_k,...,0_1))
is a regular infinitesimal flag structure with a (local) automorphism g, see [4, Section 3.1.6—
3.1.8]. Therefore the claim of theorem follows from [4, Theorem 3.1.14] except for projective and
contact projective geometries. In the case of projective geometries, the claim trivially follows
from the assumption f*V? = V. In the case of contact projective geometries, ©o is a (local)
automorphism of the regular infinitesimal flag structure if and only if f is a contactomorphism
and the claim again follows from f*V? = V', see [4, Section 4.2] for details. |
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2.3 Normal Weyl structures and generalized geodesics

There is a distinguished class of local Weyl structures, so-called normal Weyl structures at
x = p(u), each of which is determined by a choice of u € G. More precisely, we consider local
Weyl structures v,, given by

v (P O w))) 1= P17 X ()

for X in some neighbourhood of 0 in g_. The Weyl structures v, for all u € G, exhaust all
normal Weyl structures at z, see [4, Section 5.1.12]. These Weyl structures are distinguished by
the fact that

p(FIY O w)) = FIY™ () (2.6)

holds for all (local) automorphisms ¢ of the parabolic geometry and all X in some neighbourhood
of 0 in g. This particularly means that

P = V()

holds for all (local) automorphisms ¢ of parabolic geometries.
The curves of the form

poFIY M (y)

for X € g_ and u € G are called generalized geodesics. They always provide the normal
coordinate system given by u. The crucial observation is that the set of generalized geodesics
going through z coincides with the set of geodesics of normal Weyl connections V¥« for all u.
Therefore there is the following description of automorphisms of parabolic geometries.

Proposition 2.4. Let ¢ be a (local) P-bundle morphism on G and let f = ¢ be its underlying
(local) diffeomorphism of M. If ¢ is a (local) automorphism of the parabolic geometry, then the
equality f*VVe = V"¢~ holds for all w € G and f maps the set of generalized geodesics going
through x onto the set of generalized geodesics going through f(z).

Moreover, if f has coordinates Ad(go) € Gl(g—) for go € Go in the normal coordinate system
given by u € G, then ¢ is a (local) automorphism of the parabolic geometry if and only if
frVPe =V holds.

Proof. Since f*V? = V¥ holds for all Weyl structures ¢ and all (local) automorphisms ¢
of the parabolic geometry, the first claim follows from the formula (2.3). If f has coordinates
Ad(go) € Gl(g—) in the normal coordinate system given by u € G, then the second assumption
of Proposition 2.3 is satisfied. Then the second claim is a consequence of the first claim and

Proposition 2.3, because V"* = V' 95" holds. [ |

3 The uniqueness of s-symmetries and the prolongation rigidity

In this section, we prove Theorem 1.6. We also characterize all triples (g, p, u) that are prolon-
gation rigid outside of the 1-eigenspace of s.

3.1 Consequences of the existence of more s-symmetries at one point

Let us recall that if V' is an irreducible Gp-module, then the element s € Z(Gy) acts on V' by
a single eigenvalue. In particular, we can decompose each completely reducible Gp-module V
into Gg-submodules

Vi(a) :={X e V:s(X)=aX}
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according to the eigenvalues of the action of s € Z(Gy). In particular, we will often consider the
1-eigenspaces g° (1), gf(1) and p3 (1) in g—, g; and p,, respectively.
The following proposition is a crucial technical result for the proof of Theorem 1.6.

Proposition 3.1. Let s, be a (local) s-symmetry at x for some u € G,. Then for each Weyl
structure o, there is a 1-form Y75 on M satisfying

1) sio = oexp(—(Y7%),),

2) (Yo%), (m(u)) = C(—Ad(s)"Y(Y),Y) for some Y € pi, where C represents the BCH-
formula on the nilpotent Lie algebra p, and

3) if (Y% o(n(u)) = Z; + -+ + Zy, holds for Z; € g;, then the component of Z; contained
in g; (1) is trivial, where i is the smallest index j such that (Y7%),(m(u)) has a non-zero
component in g;.

Moreover, if s, is a (local) s-symmetry at x for some v € G,, then s, = s, if and only if
Y75 (x) = Y% (x) holds.

Proof. The normal Weyl structure v, always satisfies v, (m(u)) = u and therefore the set of
all Weyl structures o satisfying o(m(u)) = wu is non-empty. Let s, be a (local) s-symmetry
at = and consider arbitrary Weyl structure o satisfying o(7(u)) = u. Then (Y%%),(mw(u)) =0
holds and the Lemma 2.2 implies that (Y?®*), has the claimed properties (1) and (2) for
arbitrary Weyl structure. The claimed property (3) holds, because the BCH-formula implies
that C(—Ad(s)"1(Y),Y); = —Ad(s)"1(Y;) + Y; = Z; holds.

If s, is a (local) s-symmetry at x for some v € G, then s, = s, if and only if us =
Su(u) = sy(u) holds. Thus we need to show that if Y% (x) = T (x) holds, then s, = s,. We
can assume o(m(u)) = u for the Weyl structure o, because the equality Y% (z) = Y% (x)
is preserved if we change the Weyl structure o. Suppose g9 € Gg and Y € p, are such
that v = ugpexp(Y) holds. If 6 is a Weyl structure such that &(m(u)) = ugoexp(Y), then
Yosu(z) = 0, Yo% (x) = 0 and (Y9, (m(u)) = C(—Ad(s)"*(Ad(go)(Y)),Ad(go)(Y)) hold.
Since C(—Ad(s)"1(Ad(g0)(Y)),Ad(go)(Y)) = 0 if and only if Ad(s)(Y) = Y, the element s
commutes with ggexp(Y') and s, = s, holds. [ |

The harmonic curvature kg is preserved by each (local) automorphism of the parabolic
geometry. Since sy is a section of an associated vector bundle to G for a representation of P
which is trivial on exp(py), the function (kpg), does not depend on the choice of the Weyl
structure o and we will write xp(u) instead of (kp)s(7(u)). Consequently, kg (p(u)) = 0 if and
only if kg (u) = 0.

If s, is a (local) s-symmetry at p(u), then sikg = kg. Thus s.kp(u) = kg(u) trivially
follows, where we denote by . the tensorial action of gg on kp. This proves the first claim of
Theorem 1.6.

The second claim of Theorem 1.6 is a consequence of the following proposition and Defini-
tion 1.5 of the prolongation rigidity.

Proposition 3.2. Assume there are (local) s-symmetries s, and s, at x for some u,v € G,.
Suppose that (Y75 ), (m(u)) = 0 and (Y% (w(u)) = Z;+ - - -+ Zy, hold for some Weyl structu-
re 0. Then Z; € pr(kp(u));-

Proof. We show that ad(X1) - --ad(X;)(Z;).£m(u) = 0 holds for all Xi,...,X; € g_1. Consider
an arbitrary Weyl structure o and consider the iterated covariant derivative (V")é1 vy for vector

fields €', ..., &7 such that

(), =1 Go—g1 (§),(x(w) = X"
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hold for some X® € g* 1( ) for some ap for all 1 < b < j. We assume j < 7 unless we state
otherwise.
We compute

(§ZVU)21’7£]HH<U) - §Z(VU)‘Z§U)*£I7"'7(§u)*£j (§U)*HH(U) - (VU)‘Z§u)*£17"'7(§u)*£jHH(U).

Since we assume X € g* (= 1 ) we get

((82)€") 4 expresny, (1) = ((84)4€") (m(w)) = (€7) ,(w(u)s)
— Ad(s)7Y (1), (r(w) = apX".
Thus

(§Zva)§1,m,§j kg (u) = ai - (va)gl, Ll K (u). (3.1)

If (Yo%) s(m(u)) = Z; + -+ + Zi holds for the Weyl structure o, then the formula (2.2)
together with Proposition 3.1 imply

(Vg (w) = VP () = Yk (u) + ad(Z) (XP) b ().

In particular, if ¢ > 1, then

(52 V) (u) = Vg gy () = i (w).

If we apply the above formulas onto the first connection in (§;VU)§1 L (u), then we obtain

(52(V )W )er i (u) = VE (V)L ik (u).

In the next step, the same formulas for the second connection lead to the formula

(saVVh om(u) = (V)2 (i VL2 ronr ()
—ad(X2)(T7)e (X)) (597 ().

Thus before we consider the next step, we need to characterize the components of (ngT" ) (e (w))
ingi@®---@®g; for j <i. Firstly, let us view (Y%%), as a section of the adjoint tractor bundle
G xp g. Observe that the covariant derivative ng coincides with the fundamental derivative on
the components in g_®go®g:1®- - -Bg; according to the formula from [4, Proposition 5.1.10]. We
know that (Y?%), has its values in p; and the components of (ng”f""s”)a(ﬂ(u)) ingi®---Dgj
for j < i are tensorial both in £° and Y%%:. Then, using the formula from [4, Corollary 1.5.8]
and the P-equivariancy of w, we get the following equality on the restriction to g1 @ --- @ g; for
7 <1

(VETT) g auy = @@ (1)) ([w™(€"),w™H(Z0)]) = —ad(X")(Z).

Therefore
j 2
(saV s rn(u) = (Va5 VG2 k).
If we iterate the computation of ( ng"’S”)J(W(U)) for j < i, then we obtain by the same
arguments

(Vi T iy = (~17ad(X7) - ad(X1) (2)

o(r(u)
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for the component in g1 @ --- @ g;—;. Thus for j < i, we obtain
(29 et () = (V% gron(u) = ad(X) (V)| et (T754)o) e ()
— (VY rn(w)
and for j =i, we obtain
(58 eirr(u) = (V) ornr(u) + (—1)'ad (X7) - ad (X") (Z0) s (1), (3:2)
If we compare the formulas (3.1) and (3.2) for (gZVU)élwﬂ ki (u), we obtain

(—1)(ay---aj — 1)(v0)gl,__7§j ri(u) = ad(X7) - ad(X')(Z).km(w) (3.3)

for all j <.
If the Weyl structure o satisfies (T%%),(mw(u)) = 0, then we simultaneously have

(ar---a; = 1)V, ghm(u) =0

for all 7 < ¢ if we follow the proof for s, instead of s,. Thus if a;---a; — 1 # 0, then
ad(X?)---ad(X1)(Z;).kg(u) = 0. But since Z; has a trivial component in gf(1), we know
that ad(X?)---ad(X')(Z;) # 0 implies a; ---aj; — 1 # 0 and the claim of the proposition holds
due to the linearity. |

If we follow the computations from the proof of Proposition 3.2 for a Weyl structure o
satisfying Y7« (x) = 0, then most of the assumptions on the vector fields £ are vacuous and
(suV7)ern(u) = Vikp(u) holds for arbitrary vector field . Therefore we obtain the following
corollary using the formula (3.1) for ¢ from particular eigenspaces of Ts,,.

Corollary 3.3. Let s, be a (local) s-symmetry at x = p(u) on a parabolic geometry and assume
Yo% (z) = 0. Then we get

Viku(z) = V¢, kn(z),

where Egix € TpM is the component of & € T, M such that (&ix)e(m(u)) € g% (1). In particular,
if g°(1) =0, then VgK,H(:E) =0 holds for all £ € T, M.

Remark 3.4. The authors showed in [22] and [5] that there are projective and conformal
geometries satisfying V7kpy(z) = 0 for all x € M for a suitable Weyl connection V7, but
(M,V?) are not an affine locally symmetric spaces. Therefore Theorem 1.3 implies that the
condition V?kpy = 0 is necessarily satisfied on (locally) m-symmetric parabolic geometries,
but is not sufficient to distinguish the (locally) m-symmetric parabolic geometries among the
geometries satisfying Vokg = 0.

3.2 The characterization of triples that are prolongation rigid
outside of the 1-eigenspace of s

We can estimate the dimension of pr(kg(u)); in the following way: The result of [18, Proposi-
tion 3.1.1] states that the dimension of ann(kg(u)) is bounded by the dimension of the annihi-
lator ap := Ny, ann(¢p) of all minus lowest weights ¢g in (the complexification of) all irreducible
go-modules in which xy(u) has a non-zero component. Moreover, the dimension of pr(kg(u));
is bounded by the dimension of the prolongation a; := Mg, pr(¢o); of ag. The main result of
[18, Theorem 3.3.3 and Recipe 7| states that there is a semisimple Lie subalgebra g of g and
a parabolic subalgebra p of g such that a; = g; for ¢ > 0.

Let us prove that these estimates are compatible with the decomposition of g; into gg-
submodules, which allows us to characterize the triples (g,p,u) that are prolongation rigid
outside of the 1-eigenspace of s.
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Proposition 3.5. Suppose Z € pr(ku(u)); decomposes as Z = Zg + Zy, for Zg, Zy in different
go-submodules of g;. Then Z, € pr(kp(u)); and Zy € pr(kmg(u));.

Therefore the triple (g,p, p) is prolongation rigid outside of the 1-eigenspace of s if and only
if a; corresponding to p is a subspace of g3 (1) for all i.

Proof. Let (ai,...,a;) be an ordering of simple positive roots of g such that the root space gq,
satisfies go, € g1. Then we can uniquely assign a j-tuple (a1,...,a;) to each irreducible go-
component of g;, where ay is the height of all root spaces in the gg-component with respect to ay.
This defines a multigrading of g and the Lie bracket in g is multigraded.

Let us decompose the element Z € pr(kg(u)); as the sum of the elements Z(by,...b;) over all
possible j-tuples with respect to this multigrading. Similarly, let us decompose the module ®‘g_;
as the sum of modules ®N(a,,....a;) Over all possible j-tuples with respect to this multigrading.

The multigrading of gg is of the form (0,...,0), and therefore,

ad (X)(2) = > ad' (X(ay,_ap) (3 Zos, ) = D2 (X(ay, - 0)(Z, 1)
holds for all X =3 X4, .a;) € Wy, .a;)- Thus we get that

ad’ (X(—bl,...,—bj)) (Z(bh.”’bj)) € ann(kg(u))

holds for all X = X4, . 4,) € Ny, —b,)- Thus Zp, b,y € pr(ku(u)); follows from the
linearity for all components Z, 5.y of Z.

The first claim implies that the proof of [18, Proposition 3.1.1] can be carried separately for
each component of pr(kg(u)); in go-submodule in g; and thus the second claim follows from [18,
Theorem 3.3.3]. |

One can find in [13, Appendix C] tables containing the classification of the triples (g, p, )
such that p is contained in the 1-eigenspace of s for some s € Z(Gg) (different from identity),
the classification of the modules a; and the classification of the 1-eigenspaces of s in py. This
allows us to classify all triples (g,p, ) that are prolongation rigid outside of the 1-eigenspace
of s such that p is contained in the 1-eigenspace of s.

We would like to present the classification together with additional properties of the corre-
sponding (locally) s-symmetric parabolic geometries. Therefore we postpone the classification
to Section 5.1 and continue by looking on geometric properties of generic (locally) s-symmetric
parabolic geometries.

4 Geometric properties of parabolic geometries of general types

We present here geometric properties that are common for (locally) s-symmetric parabolic ge-
ometries for triples (g,p, ) that are prolongation rigid outside of the 1l-eigenspace of s. In
particular, we prove Theorem 1.8. In order to prove that Claim (3) implies Claim (2), we dis-
cuss in Section 4.1 when a geodesic transformation s7 of a Weyl connection V7 preserves the
parabolic geometry. Claim (1) follows trivially from Claim (2) and we discuss the remaining
implication in Section 4.2.

4.1 Automorphisms and normal coordinate systems of Weyl connections

Let us describe the (local) diffeomorphisms s7 in detail. We know from the formula (2.3) that
the (local) diffeomorphism s? of M defined by the formula

p w? Bw?) L (E(2)) e (u w? Bw) LAd(s 7))o (w

52 (po oFlg ) (€(@)o( 0)(U0)) = po oF1§ 5) (s)(€(2))o( 0)(U0)

w? w2 E(2)) o (w
ZPUOFlg Z& 0) (5( )) ( O)(’LLOS) (41)
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for some ug € (Gp), does not depend on the choice of ug € (Gp),. So sZ is the unique (local)
diffeomorphism with coordinates Ad(s) € Gl(g-) for s € Z(Gy) in the normal coordinate system
for the Weyl connection V7 given by some ug € Gp.

We also know from Proposition 2.4 that for a normal Weyl structure v, for v € G,, the
equality

holds. Thus s preserves the parabolic geometry (and therefore s, is a (local) automorphism
of the parabolic geometry) if and only if (s¥*)*V¥* = V¥» holds.

The situation is different for a general Weyl structure o and the following proposition gives
a sufficient condition for s7 to be a (local) s-symmetry.

Proposition 4.1. Assume the (local) diffeomorphism sg satisfies

o (52)*v7 = v for some 1-form Y on M, and

e T(x)=0.
Then S4(uy) 15 @ (local) s-symmetry at x for all ug in the fiber over x such that T7*7(w0) = -1,
and Sy(yy) = Sz, L€, S preserves the parabolic geometry.

Proof. Suppose (s7)*V? = V7 *P(T)e holds for T such that T(z) = 0. Then the inclusions ¢,
and Ly exp(r), of Go into P1M coincide in the fiber over x by the assumption Y () = 0. Thus the
formula (4.1) implies that P's7 maps the frames 1, (ug) = ¢4 exp(T), (o) in the fiber over z onto
frames 1 (U0S) = Ly exp(T), (408). Therefore the conditions of Proposition 2.3 are satisfied and
s7 preserves the parabolic geometry. Since Y(z) = 0, it follows from Proposition 3.1 that the
covering of s§ maps o (ug) onto o (ug)s and thus coincides with s,(,,) due to the formula (2.6). B

In particular, if there is an S-invariant class of Weyl connections, then all (local) diffeomor-
phisms S(z) for all x € M satisfy the conditions of Proposition 4.1 and therefore Claim (3) of
Theorem 1.8 implies Claim (2) of Theorem 1.8.

A consequence of Propositions 4.1 and 3.1 is that the condition Y% (p(u)) = 0 is necessary
for the equality s, = sg(u) to hold for s-symmetry s, at p(u). On the other hand, it is clear that
the condition Y?**(p(u)) = 0 is far from being sufficient. There is the following consequence of
the fact that the affine maps are determined by the image of a single point in ,(Gy) C P'M.

Corollary 4.2. Let s, be a (local) s-symmetry at x and assume Y7% = 0 holds for some Weyl
structure o. Then s, = sJ.

4.2 The prolongation rigidity for s-symmetric parabolic geometries

Let (g,p, ) be prolongation rigid outside of the 1l-eigenspace of s. Let U C M be the open
subset of M consisting of points x such that kp(x) has a non-zero component in the go-module
given by p. If the parabolic geometry is (locally) s-symmetric, then there is a unique (local) s-
symmetry s, at each point of U, i.e., there is the unique system S of (local) s-symmetries on U.
This means that if there is an almost S-invariant Weyl connection on U, then the system S
coincides (due to uniqueness) with the system of (local) diffeomorphisms s,. We call a Weyl
structure o (almost) S-invariant (at x) if V7 is (almost) S-invariant Weyl connection (at x).
The uniqueness of s-symmetries on U has the following consequences in the case U = M.

Proposition 4.3. Assume (g,p, ) is prolongation rigid outside of the 1-eigenspace of s and
ki (x) has a non-zero component in the go-module given by p at all z € M. Let S be the unique
system of (local) s-symmetries on the (locally) s-symmetric parabolic geometry (G — M,w) of
type (G, P). Then:
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. There exists an almost S-invariant Weyl structure o and the map S is smooth.

. If o is an almost S-invariant Weyl structure, then oexp(Y), is an almost S-invariant

Weyl structure if and only if (T)s has its values in p% (1).

. For each x € M, there is a local almost S-invariant Weyl structure o, which is invariant

at x, and S(x) = sg holds.

. The equality S(po(uo)) = So(uy) holds for each almost S-invariant Weyl structure o for all

up € go.

. The equality S(x)oS(y)oS(x)~! = S(S(z)(y)) holds for x,y € M, where the compositions

are defined.

. For each eigenvalue a, the union of the a-eigenspaces Ty M*(a) of T, S(x) in T, M over all

x € M defines a distribution TM?(a) on M that is preserved by all (local) s-symmetries
for each a.

. The equality TM*(a) = Tpo o (w? +w§) (g% (a)) holds for each almost S-invariant Weyl

structure o.

. The decomposition TM = ©&,TM?*(a) is preserved by all almost S-invariant Weyl connec-

tions V°.

. All almost S-invariant Weyl connections restrict to the same partial linear conmection

on TM corresponding to the distribution ®q1TM*(a).

We show that Claim (1) of Theorem 1.8 implies Claim (3) of Theorem 1.8 and simultaneously

obtain all the claims of the proposition.

Proof. Let us pick an arbitrary Weyl structure & and consider the Gg-equivariant function
(9)s: Go — {C(—=Ad(s)"1(Y),Y),Y € p,} defined by

S(po(u0))*6(uo) = &(uo) exp(—(5)s(uo))

for all ug € Gg. We show that (S)s is smooth.

We decompose

(8)s =Y 7ila) +---+ ) ()

a

according to the grading and the eigenvalues a of Ad(s). It follows from Claim (3) of Proposi-
tion 3.1 that 7;(1) = 0. Thus the formula (3.3) from the proof of Proposition 3.2 that holds
under our assumptions at each point of M implies that each 7;(a) is smooth.

The formula (2.5) from the Lemma 2.2 gives

()6 exp(r), = C(=Ad(s) (16, C((S)s, ()5)).

If we take T = r7;(a) for arbitrary r € R, then

C(=Ad(s) ™ (r7:()), ()5, 77:(0))) () = C (=L 7:(a), C(ri(a). 773(a)) ) (a)

_ r(l1—a)+ an(a)

a

holds for the component of the BCH-formula in g;(a), while the components of the BCH-formula
in g;(b) for the other eigenvalues b # a of Ad(s) remain 7;(b). Consequently, if we take

T; = Z " i 173(&)



Local Generalized Symmetries and Locally Symmetric Parabolic Geometries 17

and consider the Weyl structure & exp(Y;) instead of &, then we get
O’eXp Z 7—2-4-1 s Z %k(a)
a

By induction, we obtain in finitely many steps a Weyl structure o such that (S), = 0 holds.
Since (S)y = 0 and all the changes we made are smooth, the function (S)s; and the Weyl
structure o = dexp(Y;)---exp(Yx) are smooth. Let [V?] be the class consisting of all Weyl
connections for Weyl structures o constructed for all Weyl structures 6. We complete the proof
by showing that [V?] is an S-invariant class of Weyl connections and thus Claim (1) holds.

It is clear from the construction of ¢ that if we start with 6 exp(Y), for (1), with values
in p3 (1), then we get o exp(Y),. Thus the class [V?] satisfies Claim (2) and Claims (6), (7), (8)
and (9) are then consequences of Claim (2) and the formulas for the change of Weyl structures
and connections. In particular, the class [V7] is a maximal subclass of the class of Weyl connec-
tions that satisfy T,s7 = Tys9 for all Weyl connections V7, V7 € [V°] and all 2 € M, and that
all connections in [V?] restrict to the same partial connection on all smooth subbundles of 7'M
for all eigenvalues of T,s7 different from 1.

If 6 = v, is the normal Weyl structure for u € G, satisfying S(z)(u) = us, then

o oxp (—(T75) ) = v exp(S(a) Ti) - exp(S () Tr)
— oexp(—Tx) - exp(C(T;, S(x) T1)) - exp(S(z) Ty).
Since the component of C(—7Y;,S(x)*Y;) contained in g; has a trivial component in p? (1)
and (T75(®)), has its values in p3 (1), the equality Y; = S(z)*Y; holds. Thus we get 0 =

C (=", 8(z)*Y;). Therefore o exp(—(T%%#),) = & follows by induction, and thus S(z)*c = o.
Corollary 4.2 and the last claim of Proposition 3.1 implies that

S(x) = 5, = sy o PTV PO =5 )

holds for all x € M, all u € G, satisfying S(x)(u) = us and arbitrary ¢ such that V7 € [V?]. In
particular, S and S are smooth, because ¢ is smooth. Therefore Claims (3) and (4) hold.
Since

S(z) 0 S(y) o S(2) ™ (S(x) (o (uo))) = S(x)(0(uo))s
holds for ug in the fiber over x, the comp051t10n S ( Yo S(y) o S(x)~! is an s-symmetry at the
point S(z)(y). The equality S(x)oS(y)oS(z)~t = S(S(x)(y)) then follows from the uniqueness

of s-symmetries. Therefore Claim (5) holds.
In particular, S(z) o S(y)(y) = S(S(x)(y)) o S(x)(y) holds. This implies that

o’ (vo) exp ((Y759) ,(ws)) = (S(x) 0 S(y))*0’ (v0) = (S(S(x)(y)) © S(2)) "0’ (v0)
= o' (vo) exp((T75%) 51 (v9))
holds for vy in the fiber over y for arbitrary ¢’ such that V7 & [V?]. Thus
Ad(s) (Y75 (vg) = (T75)) (y)

holds and thus [V7] is an S-invariant class of Weyl connections. |

5 Geometric properties of parabolic geometries
of distinguished types and classification

In this section, we study properties of (locally) s-symmetric parabolic geometries of particular
types (G, P) for triples (g,p, ) that are prolongation rigid outside of the 1-eigenspace of s for u
in the 1-eigenspace of s. The properties follow from the position and shape of g° (1) inside of g_.
We classify all triples (g, p, 1) where g° (1) has such a position and shape for generic s.



18 J. Gregorovi¢ and L. Zalabova

5.1 Classification results and notation

Let us use the characterization from Section 3.2 for the classification of the triples (g, p, 1) that
are prolongation rigid outside of the 1-eigenspace of s € Z(Gp) such that p is in the 1-eigenspace
of s. We separate the classification into the series of Tables 1-13. The main reason for such a
separation is that parabolic geometries from different tables have different geometric properties
and we divide the tables according to these properties.

Theorem 5.1. Let (g,p, 1) be a triple obtained from one of Tables 1-13 in the following way:

e The Lie algebra g is a simple Lie algebra of the (complex) rank n that is at least Ay, By,
Cy, D5 or some explicit Lie algebra of lower rank from the column g.

e The parabolic subalgebra p is the parabolic algebra from [4, Section 3.2.9] for the set ¥ in
the column X.

o The component of the harmonic curvature p is specified by an ordered pair of simple roots
of g from the column u that provides the highest weight of 1 by the affine action of corre-
sponding elements of the Weyl group, see [4, Theorem 3.3.5].

e The component p is contained in the 1-eigenspace of s for the elements s € Z(Gg) that
have the eigenvalues j;, from the columns j;, on the irreducible go-components that are
determined by the i, th element of the set 3.

Then (g,p, p) is prolongation rigid outside of the 1-eigenspace of s if the eigenvalues j;, of s
satisfy the condition in the column PR.

Tables 1-13 contain the complete classification of triples (g,p, p) that are prolongation rigid
outside of the 1-eigenspace of s for p in the 1-eigenspace of s (except the cases that are conjugated
by an outer automorphism of g to one of the listed entries).

The remaining notation we will use in the tables is the following:

We characterize the real form of g by a number ¢ and a field {R, C, H}.

The set > characterizes the set of crossed nodes in the Dynkin or Satake diagram that
provides the parabolic subalgebra p. We use the ordering of nodes which is consistent with [4,
Appendix B] and we will not add the conjugated crossed nodes to ¥ in the case of complex Lie
algebras, su(q,n+1—¢q) and s0(3,5). We distinguish the complex conjugated simple roots by ’.

If the column for the eigenvalue j;, is blank, then the value of j;, is generic. If the eigenvalue
Ji, ¢ R and In(j;,) = ri, +i¢;,, then either r;, =0 or ¢;, = 0 and we specify only the non-zero
one in the table.

If the column PR is missing or the condition is blank, then the triple (g,p,u) is either
prolongation rigid or the condition that p is contained in the 1-eigenspace of s is sufficient for a;
corresponding to p to be a subspace of g; (1) for all i.

The classification tables are presented in the following subsections and the triples (g, p, 1)
are obtained from the tables according to Theorem 5.1.

5.2 Parabolic geometries with g° (1) =0

Table 1 contains all triples (g, p, 1) with the property that if s € Z(Gy) is such that (g, p, ) is pro-
longation rigid outside of the 1-eigenspace of s, then g° (1) = 0. In particular, all AHS-structures
that have a component of the harmonic curvature in the l-eigenspaces of some s € Z(Gy) are
prolongation rigid outside of the 1-eigenspace of s and thus are contained in this table.

Example 5.2. Before we formulate the general result, let us demonstrate how the results for
(locally) symmetric conformal geometries that we presented in [11] can be obtained from Table 1
and Theorem 5.3:
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Table 1. Theorem 5.3
g ‘ by ‘ ji1 ‘ o

S(6,0) T [ o] (enan)
1(3,C) 1 [ V1] (or,a0)
sl(4,{R,C}) {1} V1] (a1,)
sl(4,C) {1} | é1 | (oq,00)
[(47 (C) {1} \?)ﬁ (041/, aQ’)
(n+ L {R,C}) ) VI (ena)
5[(n+ 1,@) {1} o1 (041,041/)
sl(n +1,{R,C,H}) {2} V1 (v, 1)

slin+1,C) {r} V1| (o, api)

s0(1,5),50(2,4),50(3,3),50(6,C),
s0(1,6), s0(2,5), 50(3,4), 50(7,C) , {1} | V1] (a1,09)
50(1,7), s0(2,6), s0(3,5), s0(4,4), s0(8,C)

50(67(:)7 (7 ) (8? ) {1} \S/I (al’an’)
50(7, C) {3} \3/1 (ag, ag)
so(q,n — q), s0(n,C) {1} V1 (a1, a2)
s0(n,C) {1} V1| (o, aw)

50(2n,C) {n} V1| (o s o)

so(2n +1,C) {n} V1| (o, cp_1r)
»(4,0) [ V1] (ana)
ﬁp(47 (C) {1} \3/I (041/, a2’)
5]3(47 C) {2} \?ﬂ (a2’7 Oq/)
sp(6,C) {2} V1| (oo, az)
sp(6,C) {3} | V1| (oz,0y)

sp(2n,C) {n—1} | V1| (ap_1rs )

5p(2n,C) ) | V1] (@wran )
¢6(C) {1} | V1] (ar,a9)
e7(C) {1} [ V1] (ar,09)

There are rows with g = so(¢,n — ¢) and ¥ = {1} in Table 1 and the triples (so(gq,n — q),

P{1}> H(a1,a0)) are prolongation rigid outside of the 1-eigenspace of s for n > 5 and ¢ > 0. We

read of the corresponding line that the eigenvalue j;,

= /1. Thus s = m and the m-symmetries

in question are the symmetries of conformal geometries presented in [11]. We get immediately
from Theorem 5.3 that Theorem 1.3 holds for conformal geometries.

In the following theorem, we summarize geometric properties of geometries from Table 1 and
prove the last claim of Theorem 1.8.

Theorem 5.3. Assume (g,p, ) is prolongation rigid outside of the 1-eigenspace of s for s €

Z(Go) such that g° (1) = 0 holds.

If the harmonic curvature kg of the (locally) s-symmetric

parabolic geometry (G — M,w) of type (G, P) has a non-zero component in p at some x, then:

1. The parabolic geometry is (locally) homogeneous, kg(x) # 0 at all x € M and there is
a unique smooth system of (local) s-symmetries S on M.

2. There is a unique distinguished Weyl structure o which is uniquely characterized by one

of the following equivalent

(a) The equalities VoT?

properties:

=0, 5.(T7),

=(T%)s, VIR =0 and s.(R?),

the torsion and the curvature of the Weyl connection V°.

= (RU)U

hold for
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(b) The Weyl connection V° is S-invariant.

(¢) All (local) automorphisms of the parabolic geometry cover affine transformations
of V7.

(d) All (local) diffeomorphisms s3 are affine transformations of V.

(e) All (local) P-bundle morphisms s4(,,) are (local) s-symmetries.

3. The pseudo-group generated by all local s-symmetries is transitive on M and its connected
component of identity is generated by the flows of the Lie algebra [, which is the vector
subspace of g_ Dgo, generated by g_ by the bracket (T +R%), on N’g* @1 and the natural
bracket on the rest of |.

4. The equalities

S(2) = 85(u) = 52
hold for the Weyl structure o from Claim (2). In particular,

e the maps S(x) can be extended to a larger neighbourhood of x as long as the corre-
sponding geodesic transformations of V° are defined,

e S(x)oS(y)oS(x) 1 (2) = S(S(x)(y))(2) holds for (x,y,z) in some neighbourhood of
the diagonal in M x M x M, and

e for each eigenvalue a, the distribution TM*(a) is preserved by all (local) automor-
phisms of the parabolic geometry.

Proof. Let U C M be the set of points = such that kg (x) has a non-zero component in u.
Then there is a unique system of (local) s-symmetries on U due to the prolongation rigidity of
the triple (g, p, ) outside of the 1-eigenspace of s. It suffices to prove the theorem under the
assumption U = M, because if we prove Claim (3) on U, then the equality U = M follows from
the (local) homogeneity, i.e., Claim (1) follows from Claim (3). Then Claim (4) follows from
Claim (2) due to Claims (5) and (7) of Proposition 4.3.

Therefore, it suffices to prove Claims (2) and (3) under the assumption U = M to complete
the proof. If g° (1) = 0, then p% (1) = 0 and Proposition 4.3 implies that there is a unique
S-invariant Weyl structure o. It follows from Propositions 3.1 and 4.1 that the Weyl structure o
satisfies (2b) if and only if it satisfies (2e). Further, Proposition 4.1 and Corollary 4.2 imply
that the Weyl structure o satisfies (2¢) if and only if it satisfies (2d).

We show now that (2b) implies (2a). The torsion and the curvature of S-invariant Weyl
connection V¢ are S-invariant. In particular,

5:(T7)o(u0) = (S(po(u0)) T (po(u0)))o (uo) = (T7)o (uo)

and

8.(R%)s(uo) = (S(po(uo))* R’ (po(uo)))e(uo) = (R”)s(uo)

hold for all ug € Gy for the natural action . of Gy on the values of (77), and (R?),. Since the
same arguments can be applied on V7T and V7R, it follows that (V§T7), = s.(V{17)s =
a(VET?)s and (VIR?)o = 5.(V{R7), = a(VgR7)o hold for any vector field £ on M such that
(6)o(uo) € g5 (a™t) for all ug € Gg. Thus (2b) implies (2a), because g° (1) = 0.

Claim (2a) implies that V7 is a locally affinely homogeneous connection. Therefore, ac-
cording to [7, Section 1.5], the affine geometry (M, V?) can be encoded as a locally homoge-
neous Cartan geometry of type (g_ x Gl(g_),Gl(g_)) on the first-order frame bundle P'M.
Moreover, the assumptions of [12, Lemma 2.2] are satisfied, because (T + R7),(ts(ug)) is
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the bracket of the infinitesimal affine transformation at ¢ (ug) € to(Go) C P*M. Thus there
is a (local) affine transformation A of V7 such that (A),(ug) = s. Therefore Claim (2d)
follows from Claim (2a) and Proposition 4.1 due to the uniqueness of s-symmetries. In par-
ticular, if we consider a (local) one-parameter subgroup exp(t{) for an infinitesimal affine
transformation &, then exp(t)S(z)exp(—t§) is the (local) s-symmetry at exp(t§)(x) and the
map %|t=0 exp(t€)S(z) exp(—t&)S(z)~! maps ¢ into . If (P1€),(up) = X, then the element
X — Ad(s)(X) is contained in [. Thus g— C [ as a vector subspace. Thus the flows of the
Lie algebra [ generate a sub-pseudo-group, which is the connected component of identity of the
pseudo-group generated by local s-symmetries. Since Ad(s) preserves [, Claim (3) follows.

We can use the results from [13, Theorem 1.3] due to the local homogeneity and (2c) follows
from (2a). Clearly (2c) implies (2d), which completes the proof. |

5.3 Parabolic geometries with distinguished parabolic subalgebras g°® (1) + p

There are triples (g, p, ) that are prolongation rigid outside of the 1-eigenspace of s which admit
1-eigenspace in g_ for some s such that q := g° (1) 4+ p is a parabolic subalgebra of g such that
the harmonic curvature in p vanishes on insertions of elements of q/p at all points of M. These
are listed in Tables 2, 3 and 4 due to [13, Propositions 6.2 and A.2].

Example 5.4. To demonstrate our results, let us look in Table 2 on the row g = sl(n + 1,R)
and ¥ = {1,2} which corresponds to generalized path-geometries (for systems of second-order
ODEs), see [4, Sections 4.4.3-4.4.5]. These parabolic geometries generally have two harmonic
curvatures, one torsion £, o,) and one curvature £y, q,). However, they fall in Table 2 only
when the torsion K(q, o,) vanishes and the harmonic curvature consists only of the curvatu-
€ K(ag,aq) COITESponding to fi(qy.q,)- There are many s € Z(Go) that act trivially on ji(g,.a,),
but the triple (sl(n + 1,IR), ps1,9}, fh(as,ay)) is Prolongation rigid outside of the 1-eigenspace of s
only for s € Z(Go) with eigenvalues j1 = 1, jo = —1. In such case, q = pyg) is the parabolic
subalgebra of g corresponding to ¥ = {2}.

The torsion-freeness of generalized path-geometries implies that the space of local solutions
of the corresponding ODEs carries a Grassmanian structure, which is a parabolic geometry
on the local leaf space of type (G, Q) from Theorem 5.5. Therefore if (G — M,w) is a (lo-
cally) s-symmetric torsion-free generalized path-geometry with a non-zero harmonic curvature,
then we conclude from Theorem 5.5 that the space of local solutions IV is a locally symmet-
ric space (N,S), while M together with the system of (local) s-symmetries S is a reflexion
space (M, S) over (N,S), see [8]. Let us emphasize that due to dimensional reasons and the
formula [4, Theorem 5.2.9], the pseudo-group generated by all local s-symmetries is locally tran-
sitive at € M if and only if the Rho-tensor P?(n(x)) of the S-invariant Weyl structure o on N
does not vanish on T),,) V.

We summarize geometric properties of geometries from Tables 2, 3 and 4 in the following
theorem.

Theorem 5.5. Assume (g,p, ) is prolongation rigid outside of the 1-eigenspace of s for s €
Z(Gy) such that q = g° (1) + p is a parabolic subalgebra of g and q/p inserts trivially into the
harmonic curvature kg of the (locally) s-symmetric parabolic geometry (G — M,w) of type
(G, P). If kg has a non-zero component in j at some x, then:

1. The inequality ki # 0 holds in an open dense subset of M, and there is a unique smooth
system of (local) s-symmetries S on M.

2. There are

e a parabolic subgroup @ of G with the Lie algebra q such that P C @,
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Table 2. Theorem 5.5, part with |X| = 2.

g | = o ja [ Gu [ n | PR |
5[(3,@) {1,2} 27’1 (al,ay)
5[(37(:) {172} _%QSQ (041”052’) rg =0, ¢2 =27
5[(37(:) {172} _%¢l (052’,051’) r1 =0, ¢1 =27
sl(4,{R,C}) {1,2} ]52 (a2, 1) J2 = —1
5[(47R) {132} ]% (042,043)
s((4,C) {1,2} 2r (o, 07)
5[(4,@) {1,2} —%(bz (041/,052/) r9 = 0, ¢2 2
5[(4,@) {1,2} —%¢1 (Oég/,Oéll) 71 0, ¢1 2
5[(47R) {173} j% (a17a2)
5[(4,@) {1,3} 2r] (al,ay)
sl(n +1,{R,C}) {1,2} o 2 (2, 1) jo=—1
sl(n+1,C) {1,2} 2rq (a1, 0q7)
sl(n + 1, R) {1,3} 32 (a1, a9)
sl(n+1,C) {1,p} 2rq (a1, ar) r1=0
2<p<n
5[(n+17{R7C}) {LP} ]% (041,042) n=-1
3<p<n
slin+1,R) {1,n} Ji (a1, a9)
sl(n+1,C) {1,n} 2rq (a1, ar)
5[(77‘ + LR) {273} j22 (042,041)
5[(n +1, {Rv CvH}) {27p} ]22 (042,041) J2=-1
3<p<n
sl(n + 1, {R, H}) {2,n} Js (a2, 0q)
sl(n+1,C) {p,p+1} —20p | (i1, ap) | 1p =0, ¢p =27
50(2,5),50(3,4),50(7,C),
50(2,6),50(3,5), {1,2} V1 (a1, a2) jo=1
50(4,4),50(8,C)
s50(4,4) {1,4} 32 (a1, az)
s0(q,n — q),s0(n,C) {1,2} V1 (a1, a9) jo=1
s0(n,n),s0(2n,C) {1,n} 32 (a1, ) j1=-1
Table 3. Theorem 5.5, part with |X| = 3.
sl(4,R) {1,2,3} J173 | (a2, 1) =1
sl(n + 1,R) {1,2,3} j173 | (a2, 1) =1
slin+1,{R,C}) | {1,2,p} g173 | (a2, 00) | 1 =1, jo=—1
3<p<n
sl(n+1,R) {1,2,n} J173 | (a2, 1) ji=1
50(4,4) {1,2,4} 77 | (a1, a0) jo=1
so(n,n), s0(4n,C) | {1,2,n} 72 | (a,a0) [ j1=—1,7a=1

e a neighbourhood U, of each x € M with the local leaf space n: U, — N for the
foliation given by the integrable distribution Tpow ™ (q), and

o a (locally) s-symmetric parabolic geometry (G' — N,w') of type (G, Q) satisfying the
assumptions of Theorem 5.3,
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Table 4. Theorem 5.5, part with |Z| = 4.

’ g ‘ by \ eigenvalues \ I \ PR
siin+1L,R) [ {1,2,3,p} [ jp=51idds | (a2, 1) j1=1,7s=j3
3<p<n
5[(’[2 + 1> {va}) {1727]97 q} jq = ]1]22]1;1 (OZQ,OQ) jl = 17 j2 = _17 jp =1
3<p,g<n
5[(TL+1,R) {1,2,]),71} ]n:]1322.71;1 (a27a1) jl - 17 jp: 1
3<p<n

such that (Glu, — Uy, wly,) is isomorphic to an open subset of (G' — G'/P,w") for each x.
In particular, there is a unique s-symmetry S(n(y)) on (G' — N,w') at each n(y) € N
such that no S(y) = S(n(y)) on holds for all y € U, in the fiber over n(y).

3. The connected component of identity of the pseudo-group generated by all local s-symmet-
ries is generated by the flows of the Lie algebra I, which is the vector subspace of q°P,
generated by q3° by the bracket (T7(n(x)) + R%(n(z)))e on A*(q)* @ [ and the natural
bracket on the rest of | for the S-invariant Weyl structure o on (G' — N,w'), where q°P is
the opposite parabolic subalgebra of g to q.

The pseudo-group generated by all local s-symmetries is locally transitive at x if and only
if q/p C 1/(INp), i.e., if and only if (R°(n(x)))s spans the whole q/p.

4. There is a bijection between

e the almost S-invariant Weyl structures on U, and

e the reductions of the image in G' of the (unique) S-invariant Weyl structure o on N
(that exists due to Theorem 5.3) to exp(g® (1)) x Gy C Qo.

A reduction corresponds to an S-invariant Weyl structure on U, if and only if it is a holon-
omy reduction of V.

5. In particular,

e the maps S(x) can be extended to a larger neighbourhood of x as long as the corre-
sponding geodesic transformations of V° on N are defined,

e S(x)oS(y)oS(x) 1 (2) = S(S(x)(y))(2) holds for (x,y,z) in some neighbourhood of
the diagonal in M x M x M,

e the distribution TM?(1) is the vertical distribution of the local leaf space n: Uy — N,

e for each eigenvalue a, Tn(T,M?*(a)) is the a-eigenspace of T, S(n(x)) in TN,
and

e for each eigenvalue a, the distribution TM*(a) is preserved by all (local) automor-
phisms of the parabolic geometry.

Proof. Claim (1) is a direct consequence of Claims (2) and (3), because kg # 0 holds for the
harmonic curvature of (G" — N,w’) and thus kg = 0 can hold only in the subset of the fiber
corresponding to a (Zariski) closed subset of ). Claim (2) follows from [3, Theorem 3.3] and
the fact that (q5°)°(1) = 0. Then Claim (3) is a clear consequence of Theorem 5.3. Claim (4)
follows from the comparison of images in G’ of the S-invariant Weyl structure on N and the
almost S-invariant Weyl structures on U,, because they intersect precisely in a reduction to
exp(g® (1)) ¥ Gg C Qop, i.e., in a subbundle with the structure group exp(g® (1)) x Go. Claim (5)
is a consequence of Claim (4) of Theorem 5.3 and Claim (2). [
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5.4 Parabolic geometries with g°,(1) =0

There are triples (g, p, ) that are prolongation rigid outside of the 1-eigenspace of s which admit
a l-eigenspace in g_ for some s such that g° (1) = 0 holds, but which do not generically satisfy
g° (1) = 0. These are contained in Tables 5 and 6.

Table 5. Theorem 5.7, part with |X| = 1.

g BEFAE
su(l,2) {1} | V1| (a1, a0)
5“(173)’ 511(2,2) {1} o1 (alaa3)
su(1,3), su(2,2) {1} | V1| (a1,0a9)
su(g,n+1—gq) {1} | &1 | (a1, 00)
su(g,n+1—q) {1} | V1| (a1, 09)
su(qg,n+1—q) {2 | V1| (a2,01)
50(3, 5) {3} \3/1 (ag, ag)
sp(4,C) {1} | ¢1 | (a1,01)
5p(6,{R,C}) {1} \/I (alan)
sp(6,C) {1} | ¢1 | (a1,0))
ﬁp(172)75p(67 {R, C}) {2} \/I (042,041)
5p(2n7 {Ra C}) {1} \/I (Oq, a2)
sp(2n, C) {1} | ¢1 | (a1,0))
5p(‘]7n — Q)75P(2n7{R7C}) {2} \/I (OQ:al)
9:({2,C}) {1} | V1| (o1, 02)

Table 6. Theorem 5.7, part with |X| = 2.
| g | ¥ ] Jis | i | 1|

sI(3,{R,C}) | {1,2} V1 VT | (a1, )
s((3,C) (1,2} 1 YT | (ar, )
5[(47 {R7(C}) {173} .71_1 (alﬂa?’)
sl(n+1,{R,C}) | {1,n} gt (e, an)
50(2,3),50(5,C) | {1,2} V1 VT2 | (a1, )
50(57(:) {132} ]? =1or ]I: 1 ]% (041,042)
50(3,4) {1,3} 73 (as,as)

Example 5.6. We see that partially integrable almost CR-structures of hypersurface type are
contained in Table 5, i.e., g = su(¢g,n+1—4¢q), ¢ >0, n > 1 and ¥ = {1}. With the exception
of the case n = 2, there are two possible components of the harmonic curvature such that
the triple (su(g,n + 1 — q),pq1y, i) is prolongation rigid outside of the 1-eigenspace of s for
s € Z(Gp) with the specified eigenvalue. Moreover, g (1) = g_o holds in all the cases when
(su(g,n+1—q),pq1y, p) is prolongation rigid outside of the 1-eigenspace of s. Let us emphasize
that the possibility s* = id is available for both components of the harmonic curvature. Since
g° (1) = g—2, we need some additional assumptions in Theorem 5.7 to show that (M,S) is
(locally, under these assumptions) either a (locally) homogeneous one-dimensional fiber bundle
over (reduced) Sl-space, or a Zg-space or a symmetric space (due to [13, Proposition 7.3],
see also [20]) that carries some S-invariant Weyl connection on T'M. In particular, all such
parabolic geometries can be classified using [7, Theorem 5.1.4] and Theorem 5.7, if one knows
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the classification of S'-spaces, Zs-spaces and symmetric spaces. Let us emphasize that a part
of the classification is done in [6].

As mentioned in the example, we need an additional assumption on where the local s-
symmetries are defined for parabolic geometries in question.

Theorem 5.7. Let (g,p,p) be prolongation rigid outside of the 1-eigenspace of s for s € Z(Gy)
such that g° (1) = 0 holds. Assume that for the (locally) s-symmetric parabolic geometry (G —
M,w) of type (G, P), the open subset U of M containing the points at which kg has a non-
zero component in u is non-trivial, and the maps S(x)(y) and S(z) o S(y)~'(2) are defined
on neighbourhoods of diagonals in U x U and U x U x U for the unique system S of (local)
s-symmetries on U. Then:

1. The parabolic geometry is (locally) homogeneous and U = M, i.e., kg(x) #0 at allx € M
and there is a unique smooth system of (local) s-symmetries S on M.

2. There is a class of distinguished Weyl structures characterized by one of the following
equivalent properties for each Weyl structure o in the class:

(a) The equalities V°T? =0, s.(T%)s = (1), V'R° =0 and s.(R?)s = (R?), hold for
the torsion and the curvature of the Weyl connection V.

(b) The Weyl connection V7 is S-invariant.

(¢) All (local) automorphisms of the parabolic geometry cover affine transformations
of V°.

(d) All (local) diffeomorphisms sS are affine transformations of V7.

Two Weyl structures o and o exp(Y), from the class differ by a Go-equivariant function
(T)o: Go — p5.(1) which is invariant with respect to all (local) automorphisms of the
parabolic geometry and is provided by an invariant element of p5 (1).

3. The pseudo-group generated by all local s-symmetries is transitive on M and its connected
component of identity is generated by the flows of the Lie algebra [, which is the vector
subspace of g_ D go, generated by g_ by the bracket (T +R%), on N’g* @1 and the natural
bracket on the rest of |.

4. The equalities

(&) = Soug) = 8

(wo
hold for any Weyl structure o from (2). In particular,

e the maps S(x) can be extended to a larger neighbourhood of x as long as the corre-
sponding geodesic transformations of V are defined,

e for each eigenvalue a, the distribution TM*(a) is preserved by all (local) automor-
phisms of the parabolic geometry.

5. The distribution TM?#(1) is integrable and for each x € M, the leaf F, of the foliation F
of TM*(1) through x is a totally geodesic submanifold for arbitrary Weyl structure.

Let n: U, — N be a sufficiently small local leaf space of TM?*(1).

(a) There is a unique local diffeomorphism S(n(y)) of the local leaf space N at each
n(y) € N such that S(n(y)) on =mno S(x) holds for all y € U, and

(b) for each eigenvalue a, Tyn(T,M?(a)) is the a-eigenspace of T, S(n(z)) in Ty N
for ally € Uy.
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Proof. The proof is similar to the proof of Theorem 5.3. However, we need a different method
to prove the local homogeneity in Claim (3), because the existence of some S-invariant Weyl
structure does not follow from Proposition 4.3 anymore. Therefore we need an additional as-
sumption on the system S on U in order to apply the following lemma. Nevertheless, the fact
from Proposition 4.3 that S(x) = s,(y,) holds for any almost S-invariant Weyl structure o
implies that the system .S is smooth on U.

Lemma 5.8. Suppose the smooth system of (local) s-symmetries S on M satisfies that the
maps S(x)(y) and S(x) o S(y)~1(z) are defined on neighbourhoods of diagonals in M x M and
M x M x M.

o Ifc(t) is a curve in M such that c(0) = z and & := %|,—oc(t), then the vector field

d

Le(y) i= | Ste(t) o S()71(w)

is defined for y in some neighbourhood of x in M.
o Then L¢(y) is an infinitesimal automorphism of the parabolic geometry.
o If ¢ is contained in the a-eigenspace of T, S(x), then L¢(x) = (1 —a)§.

e The map & — L¢ for & € T, M is a linear map onto the Lie algebra of local infinitesimal
automorphisms of the parabolic geometry. Its kernel consists of the 1-eigenspace of TS(x)
in T, M, and it is injective on the sum of the remaining eigenspaces in T, M.

Proof of Lemma 5.8. Since S(c(0))oS(z)~! =idg, there is a natural lift of L¢(y) onto the P-
invariant vector field % |;—0S(c(t))oS(x) ™ (u) for u € G in the fiber over y. Since S(c(t))oS(z)™?
is an automorphism, the vector field is P-invariant and %h:o(S(C(t)) o S(z)™1)*w = 0. Thus
L¢(y) is an infinitesimal automorphism.

Since S(c(t))(c(t)) = c(t), we conclude that Le¢(z) + (S(2))«(§) = & Thus Le(z) = € —
(S(x))«(§) and the claim follows due to the linearity of T,.S(z). [ |

Let us continue in the proof of Theorem 5.7. Since the map £ — L¢ from Lemma 5.8 is injec-
tive on the bracket generating distribution given by g_; due to the assumption g®,(1) = 0, the
local homogeneity follows from the regularity of the parabolic geometry. This implies Claim (1).
Then Claim (4) follows again from Claim (2).

Since we are on a (locally) homogeneous (locally) s-symmetric parabolic geometry, the
parabolic geometry can be described as in Theorem A.l. It follows from [13, Theorem 1.3]
that there is a K-invariant Weyl connection V on the K-homogeneous parabolic geometry de-
scribed Theorem A.1 such that all local automorphisms of the parabolic geometry are affine
transformations of V. Therefore it follows from the last claim of Theorem A.1 that the pullback
of V to M does not depend on the local isomorphism with the K-homogeneous parabolic geo-
metry. Therefore we obtain a Weyl structure o that satisfies (2¢), which implies the remaining
parts (2a), (2b) and (2d). It is clear that the K-invariant Weyl connection V from [13, Theo-
rem 1.3] is not unique and the difference between two such Weyl structures is the claimed T
provided by a K-invariant element of p (1).

Proposition 4.1 implies that the Weyl structure o satisfies (2b) if and only if it satisfies (2d).
Again, results in [13, Theorem 1.3] imply that (2b) implies (2¢) and the same arguments as in
the proof of Theorem 5.3 show that (2b) implies (2a) and (2a) implies (2d).

To prove Claim (5), we use the fact that s.(77(x)), = (T9(z)), holds for the torsion of
the S-invariant Weyl connection V7. Thus T'M*(1) is involutive, because each (almost) S-
invariant Weyl connection V7 preserves TM#*(1). Moreover, the formula for the difference
between V7 and arbitrary Weyl connection implies that the difference in the parallel transport
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is an element of TM#(1) at each point of F,. Thus F, is a totally geodesic submanifold for any
Weyl connection.

We know that S(z) = s7 and this implies S(z)|z, = s%|7, = idg,. If v = Fl(f_l(X) (u) for
X € g°(1), then S(z)v = vs holds and y = po Flf_l(X)(u) € Fz, because F, is a totally
geodesic submanifold. Thus S(z) is covered by the s-symmetry at y and S(x) = S(y) holds in
some neighbourhood of x due to the uniqueness of s-symmetries. Consequently, Claim (5a) holds

on a sufficiently small local leaf space and Claim (5b) is a clear consequence of Claim (4). W

5.5 Parabolic geometries with g°,(1) + p
in a distinguished parabolic subalgebra

There are triples (g, p, 1) that are prolongation rigid outside of the 1-eigenspace of s that admit
a l-eigenspace in g_ for some s such that g* (1) +p C q C g° (1) + p holds for some parabolic
subalgebra q of g such that the harmonic curvature vanishes on insertions of elements of q/p at
all points of M. These are listed in Tables 7, 8 and 9, due to [13, Propositions 6.2 and A.2].

Table 7. Theorem 5.10, part with |X| = 2.

o | > [dufdo]l n | PR |
sl(4,C) {1,2} s (az,a3)
sl(4,C) {1,3} 32 (a1, a9)
511(2,2) {1,2} 2r1 (al,ag) r1 =20
sl(n+1,C) {1,3} 32 (a1, as)
sl(n +1,C) {2,3} J5 (ag,aq)
sl(n+1,C) {1,n} I (a1, a2)
5[(n+ LC) {2777‘} ]22 (042,041)
su(n,n) {1,n} 2r1 | (a1, 09p-1) | 71 =0
50(7 (C) {1,3} jg (ag,ag)
50(8’((:) {173} ]12 (O‘laOZZ)
5p(4,C) {1,2} 2r1 | (a,a1) | 11=0
5]3(6, {R7(C}) {1>2} ]52 (aQaal) Jo=—1
sp(6, {va}) {1?2} ]% (a1, 2)
5]3(6, {R7C}) {173} ]% (a1, )
5]3(6, (C) {1, 3} 2r1 (041, 041/) r =0
5]3(6, {R7C}) {273} ]22 (052,051)
5p(2n7 {Rv C}) {172} ]2_2 (052,051) j2 =-1
5p(2n, {Rv C}) {1)71} 312 (alaOQ) J1 = —1
5p(%v%)’5p(2nv{R7C}) {2,”} ]22 (aQaal) J2=-—1
5p(2na {Ra (C}) {172} ]12 (alaOQ)
sp(2n,C) {1,n} 2r1 | (a1,a17) r1 =0

Example 5.9. Let us focus on Lagrangean complex contact geometries, i.e., g = sl(n + 1,C)
and ¥ = {1,n}. If we consider the triple (s{(n + 1,C),p1 n}s fi(as,a0)) from Table 7 that is
prolongation rigid outside of the 1-eigenspace of s, then different situations arise depending on
the choice of s € Z(Gyp). If j; = —1, then q = g® (1) + p is a parabolic subalgebra satisfying
the assumptions of Theorem 5.5. If j; = /1, then g° (1) = g_» and we need the assumptions of
Theorem 5.7 to state the results. We can apply Theorem 5.3 for the other values j;.

In general, q can be a proper subspace of g° (1) + p and we can (locally) apply the general
result for parabolic geometries from [3] to obtain the following theorem.
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Table 8. Theorem 5.10, part with |X| = 3.

sl(4,C) {1,2,3} g1js | (a2, 0q) j1=1
sl(n + 1,@) {1, 2, 3} jljg (ag, 011) J1 =
sl(n+1,C) {1,2,n} J1js | (a2, 0q) =1
siin+1,{R,C}) | {1,p,n}, p>2 J1n (a1, ap) g1 =it
50(8,@) {1,2,4} j% (Oq,()zg) jg =1
sp(6,{R,C}) {1,2,3} J1js | (ag,aq) j1=1
5p(2’l’L, {R,(C}) {172’}7}7 p<mn \/]133 (O‘2aa1) J1 = 17 j2 = _1a Jp = 1
sp(2n, {R,C}) {1,2,n} J1js | (a2, aq) j1=1, jo=—1

Table 9. Theorem 5.10, part with |X| = 4.
’ g ‘ by \ eigenvalues \ I \ PR
5[(n+17(c) {17273JQ}7 g<n ]q:ﬁ]%Jp—l (OéQ,Oél) jl :17.713:.722
5[(n+17(c) {1,2,]?,71}, 3 <p ]n :,71]22];1 (042,041) jl - 17jp:

Theorem 5.10. Assume (g,p, p) is prolongation rigid outside of the 1-eigenspace of s for s €
Z(Go) such that q is a mazimal parabolic subalgebra of g such that g ;(1)+p C q C g° (1)+p and
q/p inserts trivially into the harmonic curvature of the (locally) s-symmetric parabolic geometry
(G — M,w) of type (G, P). Assume the open subset U of M containing all points at which kg
has a non-zero component in y is non-trivial, and the maps S(z)(y) and S(x) o S(y)~*(z) are
defined on neighbourhoods of diagonals in U x U and U x U x U for the unique system S of
(local) s-symmetries on U. Then:

1. The set U is an open dense subset of M and there is a unique smooth system of (local)
s-symmetries S on M.

2. There are

e a parabolic subgroup Q of G with the Lie algebra q such that P C Q,

e a neighbourhood U, of each x € M with a local leaf space n: U, — N for the foliation
given by the integrable distribution Tp o w~'(q), and

e a (locally) s-symmetric parabolic geometry (G' — N,w') of type (G, Q) satisfying the
assumptions of Theorem 5.7,

such that (Glu, — Uy,wly,) is isomorphic to an open subset of (G' — G'/P,w") for each x.
In particular, there is a unique s-symmetry S(n(y)) of (G — N,w’) at each n(y) € N such
that n o S(y) = S(n(y)) on holds for all y € Uy, in the fiber over n(y).

3. The connected component of identity of the pseudo-group generated by all local s-symmet-
ries is generated by the flows of the Lie algebra |, which is the vector subspace of q°P,
generated by q5° by the bracket (T7(n(z)) + R%(n(z)))s, on A*(qSF)* ® I and the natural
bracket on the rest of | for arbitrary S-invariant Weyl structure o on (G' — N,u').

The pseudo-group generated by all local s-symmetries is locally transitive at = if and only
if q/p C U/(INp), i.e., if and only if (R°(n(x))), spans the whole q/p.

4. There is a class of almost S-invariant Weyl structures on U, given by reductions of the
images in G' of the S-invariant Weyl structures on N (that exist due to Theorem 5.7) to
exp(g® (1)) X Gy C Q. A reduction corresponds to an S-invariant Weyl structure on U,
if and only if it is a holonomy reduction.
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5. We get that

e the maps S(x) can be extended to a larger neighbourhood of x as long as the corre-
sponding geodesic transformations of V° on N are defined,

e the space TM*(1) is integrable, it contains the vertical space of the local leaf space
n: Uz — N, and Tn(T,M?*(a)) is the a-eigenspace of Ty, S(n(x)) in TN,

o for each eigenvalue a, the distribution TM?(a) is preserved by all (local) automor-
phisms of the parabolic geometry, and

e all almost S-invariant Weyl connections from Claim (4) restrict to the same par-
tial linear connection on T'M corresponding to the distribution Gy X, q(jrp, which is
preserved by S(x) for all x € M.

Proof. Claim (1) is a direct consequence of Claims (2) and (3). Claim (2) follows from [3]
and the fact that (q7*)*(1) = 0 holds. Then Claim (3) is a clear consequence of Theorem 5.7.
Claim (4) follows from the comparison of images in G’ of the S-invariant Weyl structure on N and
the almost S-invariant Weyl structures on U,, because they intersect precisely in the reduction
to exp(g® (1)) x Gp C Qp. Claim (5) is a consequence of Claim (5) of Theorem 5.7 and the
properties of Weyl structures from Claim (4). [

5.6 Parabolic geometries with g°,(1) that inserts non-trivially
into the harmonic curvature

There are also some remaining parabolic geometries, which can have a part of g° (1) that inserts
non-trivially into the harmonic curvature. These are contained in Tables 10, 11 and 12.

Example 5.11. Let us continue in the discussion of generalized path geometries from Examp-
le 5.4. The case when the harmonic curvature K(q, o,) vanishes and the harmonic torsion (4, a,)
does not vanish can be found in Table 10. There are several possible situations depending on
the eigenvalues of s € Z(Gy).

If 73 = 1, then we are precisely in the situation which is not covered by any of the previous
theorems and we can apply only the results of Propositions 4.3 and 5.12.

If 4 = —1 and j2 = 1, then we can apply Theorem 5.5 and we are in the situation of
a generalized path geometry on the projectivized cotangent space of an affine locally symmetric
space.

If j1 = —1 and jo = —1, then g° (1) = g_2 and we need the assumptions of Theorem 5.7 to
show that we are in the situation of a generalized path geometry on a (locally) homogeneous
(n — 1)-dimensional fiber bundle over an affine locally symmetric space.

Finally, if j1 = —1 and j3 # /1, then we can apply Theorem 5.3.

The properties of these geometries are as follows.

Proposition 5.12. Assume (g,p, u) is prolongation rigid outside of the 1-eigenspace of s for
some s € Z(Go). Assume the harmonic curvature ki of a (locally) s-symmetric parabolic geo-
metry (G — M,w) of type (G, P) has a non-zero component in p at all z € M and S is the
unique system of (local) s-symmetries on M. Then the distribution TM?#(1) is integrable and for
each x € M, the leaf F, of the foliation F of TM?*(1) through x is a totally geodesic submanifold
for arbitrary Weyl connection.

Let n: Uy — N be a sufficiently small local leaf space of TM?*(1).

e There is a unique local diffeomorphism S(n(y)) of the local leaf space N at each n(y) € N
such that S(n(y)) on =no S(x) holds for all y € U, and

e for each eigenvalue a, Tyn(T,,M?*(a)) is the a-eigenspace of Ty, S(n(y)) for all y € U,.
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Table 10. Theorem 5.12, part with |X| = 2.

Proof. The proof is analogous to the proof of Claim (6) of Theorem 5.7, but, instead of an S-
invariant Weyl structure o, we need to consider some almost S-invariant Weyl structure invariant

g | 2 [ i [ g | H |
5[(3,@) {1,2} 2¢2 (041,042/)
sl(4,{R,C}) {1,2} V1 (o1, 2)
5[(4, (C) {1, 2} 2¢2 (Ozl, 042/)
5[(4,@) {1,3} 2¢3 (ozl,ozgf)
su(2,2) {1,2} 1 V1 (oo, 1)
su(2,2) {1,2} V1 (a1, a2)
sl(n+ 1,{R,C}) {1,2} V1 (1, a2)
sl(n+ 1,{R,C}) {I,p},2<p<n 1 (0, ap)
sl(n+1,C) {1,p} 20, (01, ap)
su(g,n —q+1) {1,2} —%qﬁl (v, )
50(3,4),50(7,C) {2,3} V1 (a3, )
50(2,5), s0(3,4), s0(7,C)
50(2,6), s0(3,5), {1,2} 1 (g, )
s0(4,4), so(7,C
50(3,5 {2,3} V1 (a3, a2)
s0(q,n — q), s0(n,C) {1,2} 1 (v, 1)
513(4, {Rv (C}> {1’ 2} % (O‘la 042)
5]3(4, ) {L 2} 20 (alv 042/)
5]3(4,@) {1,2} —%(bg (041/,042/)
ﬁp(G’ {Rv C}) {1,3} 1 (0417043)
5p(67 {Rv C}) {273} 1 (0427043)
5]3(6,@) {1,3} 2¢3 (041,043/)
5p(6,C) {2,3} —£03 (oo, az)
sp(2n,{R,C}) {1,n} 1 (a1, am)
sp(2n, {R,C}) {n—1,n} 1 (-1, )
sp(2n,C) {1,n} 20, (a1, apy)
sp(2n,C) {n—1,n} —2¢n (Qp—17, ipr)
92({2,C}) {1,2} V1 (a1, o2)
Table 11. Theorem 5.12, part with || = 3.
g ‘ by ‘ Jir ‘ Jia ‘ Jig ‘ K ‘ PR
5[(47 {R7(C}) {17273} .7% (a17a2)
sl(n + 1,{R,C}) {1,2,3} 72 | (a1, a2)
sl(in+1,{R,C}) | {1,2,p},3<p<n 32 | (a1,0a2) | j1=V1
slin+ 1,{R,C}) {1,2,n} 72 | (a1, a9)
sl(n +1,{R,C}) {1,2,n} J1n (a1, am)
50(3,4), 50(7,C) {1,2,3} s (a3, az)
Table 12. Theorem 5.12, part with |X| = 4.
| 9 | 2 [ gis [ o [Gis | giw | w | PR

[slin+ L{R,C}) [ {1,2,3,n} [ | |

|
| J173dy " | (az,1) [ 1 =1 |
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at x from Claim (3) of Proposition 4.3 for each z € M. [

5.7 Parabolic geometries that do not admit non-flat examples

There are triples (g, p, ) that are prolongation rigid outside of the 1-eigenspace of s for some
s € Z(Gp), but they admit only flat (locally) s-symmetric parabolic geometries due to the
structure of the harmonic curvature and [12, Lemma 2.2]. These are contained in Table 13.

Table 13. Flat geometries.

| g | & | Jix [jin | 1]
s((3,C) {1} V1 1 | (a1,02)
sI3,{R,C}) | {1,2} t#LR#1 3¢ | (a1, 09)
50(5,@) {1} \S/I 1 (al,ag)
50(2,3),50(5,C) | {1,2} [ # L7 # Ll #1 [ j3 [ (a1, 9)

5.8 Parabolic geometries with more non-zero components
of the harmonic curvature

Let us also look at the parabolic geometries that allow a harmonic curvature kg with several
non-zero components y; such that for each p; the triple (g, p, i1;) is not prolongation rigid outside
of the 1-eigenspace of s. In Table 14, we present the complete classification of all triples (g, p, ;)
that are not prolongation rigid outside of the 1-eigenspace of s for the same s € Z(Gy), but for
which a; in Proposition 3.5 is contained in the 1-eigenspaces of s when the harmonic curvature
has non-zero component in each u;. Geometric properties of the geometries from Table 14 can be
deduced from the previous sections depending on the position and shape of g® (1) inside of g_.

Table 14. More non-zero components of the harmonic curvature.

’ g ‘ b ‘ eigenvalues ‘ 7 ‘
sl(4,C) (1,2} =V ja=vI | (a2 as), (e, 01)
sl(n+1,C) In—-1} | j1=VLjp1= 9T | (a1, 02), (an_1,an)
sl(n+1,C) {2,n -1} jo= VT, jna VT | (az,01), (Cn_1, )
sl(4,C) {1,2,3} jo=V1js=1(V1)? | (a2,00), (a2, )
si(n +1,{R,C}) | {1,2,n —1,n} | ju_1 =175 sjn =717 | (a2,1), (an_1, )

5.9 Remaining parabolic geometries with p in the 1-eigenspace of s

For the sake of completeness, let us remark that there are triples (g, p, 1) that are not prolon-
gation rigid outside of the l-eigenspace of s for any s such that p is in the 1-eigenspace of s.
These are contained in Table 15.

Table 15. Remaining parabolic geometries with p in the 1-eigenspace of s.
| g | D ENFA

sl(n + 1,{R,C}) {p,p+1},n—1>p>1 1| (apy1,0p)
s0(q,n — q),s0(n,C) {2,3} 1 (a3, )
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A A construction of locally homogeneous locally s-symmetric
parabolic geometries

It is proved in [12, Section 2] how to algebraically construct and classify all homogeneous s-
symmetric parabolic geometries. Part of the classification is done in [6, 9] using the clas-
sification of semisimple symmetric spaces. There is the result from [7, Section 1.3] and [12,
Lemma 2.2] stating that for the construction and the classification of locally homogeneous lo-
cally s-symmetric parabolic geometries, it is sufficient to find the following data:

e an extension («,i) of the Klein geometry (K, H) to (G,P) such that the action of s
preserves a(€) C g, and s acts trivially on the tensor [-,-] —a([a™1(:),a"1(-)]) in A%g/p* ®g,
and

e the subset A of P consisting of elements g € P, which act as local automorphisms on the
parabolic geometry (K x; P — K/H,w,) of type (G, P) given by the extension («,1).

If U and V' are open subsets of K/H such that there are k € K, g € A and a maximal open
subset W of U such that kg(W) C V, then we can glue K x; Ply — U with K x; Ply — V
by identifying w € W C U with kg(w) € V, and glue the Cartan connection w,|y with the
pullback connection (kg)*wa|v = Wa/(kg)+(vy- Of course, we can without loss of generality assume
that U, V and W are simply connected, because we can always choose coverings of our manifolds
by open sets satisfying this condition. Therefore, we can also assume that the automorphism k is
given by the flow of a local infinitesimal automorphism of (K x; P — K/H,w,). Then we obtain
the following result as a consequence of the construction in [13, Section 3] and [7, Section 1.3].

Theorem A.1l. Let (G — M,w) be a locally homogeneous locally s-symmetric parabolic geo-
metry, let € be the Lie algebra of the local infinitesimal automorphisms and denote by o the
inclusion of € into g given by w(u) at some u € G. Then:

1) Ad(s)(¢) C ¢ is an automorphism of the Lie algebra €,

2) there exist (see [13, Section 3| for the explicit construction)

e a Klein geometry (K, H) such that ¢ is the Lie algebra of K,

e an extension (a,i) of (K, H) to (G, P),

e an open covering U, of M, and

e isomorphisms ¢q: Uy — K/H of parabolic geometries (Gly, — Us,w|y,) and (K x;
Pls. ) = ¢a(Ua)s walg,w.)) of type (G, P) such that ¢, o gbgl is the restriction of
the left action of some element of K for each a, b.
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