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Abstract. The paper presents two results. First it is shown how the discrete potential mo-
dified KdV equation and its Lax pairs in matrix form arise from the Hirota—Miwa equation by
a 2-periodic reduction. Then Darboux transformations and binary Darboux transformations
are derived for the discrete potential modified KdV equation and it is shown how these may
be used to construct exact solutions.
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1 Introduction

The discrete version of the potential modified KdV equation that we want to investigate in this
paper is the nonlinear partial difference equation

Q(v,v1,v2,v12; a1, a2) = a1(vvy — v1v12) = az2(vv1 — v2v12). (1.1)
The notation we adopted here and later is as follows, with forward shift operators 7T5,,, T},,:

v :=wv(ny,ng), vy =Ty, (v) = v(ng + 1, ng),

vy := Ty, (v) = v(ni,ng + 1), v1g := Ty, Ty (v) = v(ng + 1,ng + 1),
and a1, as denote lattice parameters associated with the directions ni, ne respectively. Equa-
tion (1.1) was derived in [14] from the Cauchy matrix approach, and was originally found
in [16, 20] through the direct linearization approach. Up to a gauge transformation v — ™72y

and changing the lattice parameters as their reciprocals, equation (1.1) is equivalent to the
equation H35—¢ in the Adler-Bobenko—-Suris (ABS) classification [1],

H3s = ay(vor + vav12) — az(vvs + v1v12) = 6(a3 — af). (1.2)

There are several papers dedicated to closed-form N-soliton solutions of the ‘ABS list’ [5, 6, 8, 14].
So, in [14], based on a Cauchy matrix structure, the closed-form N-soliton solution of equa-
tion (1.1) was derived, in [8], following Hirota’s method, the authors derive bilinear difference
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equations of equation (1.2) and its N-soliton solutions in terms of Casoratian determinants,
and in [5], by the discrete inverse scattering transform, the authors point out that the soliton
solutions of equation (1.2) derived from the Cauchy matrix approach are exactly the solutions
obtained from reflectionless potentials.

The Hirota—Miwa equation [9, 13] is the three-dimensional discrete integrable system

(a1 — ag)T127m3 + (a2 — a3)me3m + (ag — a1)Ti372 = 0, (1.3)

where lattice parameters ay, are constants, k = 1,2, 3, and for 7 = 7(ny, n2, n3) each subscript i
denotes a forward shift in the corresponding discrete variable n;. It was discovered by Hirota [9]
as a fully discrete analogue of the two-dimensional Toda equation and later Miwa [13] showed
that it was intimately related to the KP (Kadomtsev—Petviashvili) hierarchy. In paper [10],
Hirota gives the discretization of the potential modified KdV equation, which can be transformed
into the form (1.1), and shows that it is a 4-reduction of the Hirota—Miwa equation (which Hirota
named as the discrete analogue of a generalized Toda equation).

In this paper, we discuss in detail the Darboux and binary Darboux transformations and how
these may be used to obtain exact solutions of the discrete potential modified Korteweg—de Vries
(d-p-mKdV) equation (1.1). In contrast to the approaches presented in [4, 14, 16], we get (1.1)
and its Lax pairs by reducing the Hirota-Miwa equation (1.3) and its Lax pairs. In fact, the
2-periodic reduction method studied here has already been investigated in [2] where authors
present a multidimensionally consistent hierarchy of discrete systems whose first member is
the equation (1.1). Otherwise, this was refined and extended to the non-commutative case
in [7]. In [2, 3, 4, 7, 17], as we see that the integrability is understood in the sense of the
multidimensional consistency property, which gives a Lax pair directly. We here, through a 2-
periodic reduction of the linear systems of the Hirota—Miwa equation (1.3), obtain the Lax
pairs of the equation (1.1) which allows the application of the classical Darboux transforma-
tions [11, 12]. However, up to gauge transformations, these Lax pairs are coincident with the
ones given by the multidimensional consistency property [4]. This paper is part of the work
which will explore the equations in the ABS list, their Lax pairs and Darboux transformations
as reductions of the Hirota—Miwa equation.

The outline of this paper is as follows. In Section 2, we recall important results on Darboux
transformations and binary Darboux transformations of the Hirota—Miwa equation. In particu-
lar, in a departure from the results in [18, 19, 21], we write the linear system of Hirota—Miwa

3
equation in a different form, by the gauge transformation ¢ — [] a; "¢, which is suitable for

making the reduction. In Section 3, we show that how the d—[z)—randV equation and its Lax
pairs in matrix form arise from the Hirota—Miwa equation by a 2-periodic reduction. Then its
Darboux transformations and binary Darboux transformations are derived and it is shown how
these may be used to construct exact solutions.

2 Hirota—Miwa equation

The Hirota-Miwa equation (1.3) arises as the compatibility conditions of the linear system
¢i — ¢5 = (@i —ajue,  1<i<j<3, (2.1)

where for ¢ = ¢(n1,ng,n3) each subscript ¢ denotes a forward shift in the corresponding discrete
variable n;, for example, ¢1 =T, (¢) = ¢(n1 +1,n2,n3). This linear system (2.1) is compatible
if and only if

(a1 — az)u'® + (ag — a3)u® + (a3 — a1)u'® =0, (2.2a)
(u”)kulk = (ulk) u, (2.2b)

J
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Note that when one uses the formula v = 7;;7/7;7;, (2.2a) gives (1.3) and (2.2b) is satisfied
identically. A second way is to suppose u” = (v; — v; + (a; — a;))/(a; — a;). This ansatz
solves (2.2a) exactly and (2.2b) becomes the discrete potential KP (d-p-KP) equation [15].

In this paper, in particular we deal with the Hirota-Miwa equation (1.3) together with its
linear system in the form (2.1). Using the reversal-invariance property of the Hirota—Miwa
equation, i.e., it is invariant with respect to the reversal of all lattice directions n; — —n;, we
have the linear system in formal adjoint form [18]

TTjT . .
Sy 1<i<j<3. (2.3)

7777

vy — 5 = (a; — ay)

The subscript i denotes a backward shift with respect to n;, for example, 17 = Tn_ll(d)) =
¢(n1 - 17”27”3)‘

2.1 Darboux and binary Darboux transformations

The basic Darboux transformation for the Hirota—Miwa equation is stated in the following
proposition.

Proposition 2.1. Let 0 be a non-zero solution of the linear system (2.1) for some 7. Then the
transformation
C.. (0,
DTY: qb%m(e ¢), T — 0T,
leaves (2.1) invariant, where C\,(0,¢) = 0¢; —0;¢, i = 1,2, 3, using the subscript [i] to designate
that the forward shifts of the determinant C’m (0, ¢) is with respect to the variable n;.

Next we write down the closed form expression for the result of IV applications of the above
Darboux transformation, which give solutions in Casoratian determinant form. To do this
we need to define the Casoratian of N solutions. Let 8 = (6'(n1,n2,n3),0%(n1,n2,n3),...,
0N (n1,n2,n3))T be an N-vector solution of (2.1). The Casoratian determinant (with forward-
shifts) can be written as

(0, 6%,....0N) =

0,7, (6), 77 (9)....T""'(0)], 1<i<3,
which may also be unambiguously defined in the following notation as

C,(0,6%...,6Y) =6(0),6(1),6(2),...,6(N —1)|, 1<i<3,

where (k) denotes the N-vector (6'(n1,n2,n3),6(n1,n2, n3), .. .,HN(nl,ng,ng))T subject to
the k£ times shift Tffv on n; which gives n; - n; +k, 0 < k< N —1,and ¢ = 1,2 or 3, the same
value being taken for ¢ in each column in the determinant. Then we have the following.

Proposition 2.2. Let 01,62, ... 0N be non-zero, independent solutions of the linear system (2.1)
for some T, such that C’m (61, 6%, ..., GN) % 0. Then the N-fold Darboux transformation

C, (6",62,...,6Y )

o — :
C,, (61,62,...,6V)

T—C, (0%, 6%...,0M)T,

leaves (2.1) invariant.

Now we can apply the reflections n; — —n;, ¢ = 1,2, 3, to the above results to deduce adjoint
Darboux transformation for the second linear system (2.3).
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Proposition 2.3. Let p be a non-zero solution of the linear system (2.3) for some 7. Then the
transformation

Cey(p )
DT?: ) — 0 ARES , T = pT,
p
leaves (2.3) invariant, where C’m(p,w) = p—pp, i =1,2,3, using the subscript [i] to designate
that the backward shifts of the determinant C[?] (p, ) is with respect to the variable n;.

The N-fold adjoint Darboux transformation is expressed in terms of the Casoratian
Cﬁ] (pla PZ, T 7pN) = |p(0)’ p(il)a p(72)7 s p(fN + 1)|7 1<:1<3,

where p = (p', p%, ... ,pN)T and p(—k) =T *(p) = Plo i x> 0 <k <N—1, the same i = 1,2
or 3 be taken in all columns.
Proposition 2.4. Let p', p?,...,p" be N non-zero independent solutions of the linear sys-

tem (2.3) for some T, such that C[ﬂ (pl,pQ,...,pN) % 0. Then the N-fold adjoint Darbouz
transformation

Ci‘ (p17p2,-..,pN71/])
[4] o
C[g](Pl,p2,...,pN) ’ T%C[;](P7P,...,p

P —

leaves (2.3) invariant.

To construct a binary Darboux transformation, we introduce the potential w = w(¢, ),
defined by the relations

Azw(qﬁ?w) = ¢¢17 = 17 27 37 (24)

where A; = T,,, — 1 is the forward-difference operator in discrete variable n;. If ¢ and v satisfy
the linear systems (2.1) and (2.3) for some 7, respectively, then (2.4) are compatible in the sense
as Aj(pj) = Aj(dy), for i < j. So the potential w is well-defined.

The following proposition gives the binary Darboux transformation of the Hirota—Miwa equa-
tion (1.3).

Proposition 2.5. For some 7, let 0 and ¢ be two non-zero solutions of the linear system (2.1),
p and ¢ be two non-zero solutions of the linear system (2.3), then

BDTY*: b — ¢ —0w(8, p)~tw(e, p), T —w(d,p)r,
aBDT: ) — o — pw(B, p) " w(0, ), T — w0, p)T,
leave (2.1) and (2.3) respectively invariant.
The N-fold iteration of these binary Darboux transformations are given below.

Proposition 2.6. Let 0 = (91, . ,HN)T and p = (pl, .. ,pN)T satisfy linear systems (2.1)
and (2.3) for some T respectively. Then

9,p") 6 -

HEZ) Yo,
T

e B [P S MO

leave (2.1) and (2.3) respectively invariant.

Here w(H,p ) = (w(ﬁ(i),p(j))) =1, N w(HT,p) = w(O,pT)T are N x N matriz, w(gb,pT) =

(w (gb,p(j)))j:l _y and w(OT,zp) 7:7(w(6?(i), w))i:l _y are N-row vectors.

The proofs of those above propositions are straightforward computation, so we do not give
the details. The reader is also referred to the papers [18, 19].
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2.2 Explicit solutions obtained by Darboux transformations

Here we present explicit examples of the classes of solutions that may be obtained by means of
the Darboux transformations derived above. We choose the seed solution of the Hirota—Miwa
equation (1.3) as 7 = 79 = 1. With this choice, the first linear system (2.1) reads

¢i — ¢ = (ai — a;)9, 1<i<yj<3,
and the basic eigenfunctions, depending on a single parameter p are found to be

3

¢(n1,n9,m3;p) = [ [ (@i + p)™. (2.5)
i=1

In a similar way the basic eigenfunctions of the adjoint linear system (2.3), depending on a single

parameter g, are

3

Y(n1,n9,n3;9) = [ [ (@i + )™ (2.6)

=1

For these eigenfunctions above we may integrate (2.4) and obtain the potential

() = — ]3[<“"+p>m+c. (2.7)

P—qi5 \aitq

Given the above expression it is straightforward to write down the following explicit solution for
the Hirota-Miwa equation (1.3)

7(n1,n2,n3) = C, (6%,6%,...,6N) 7, (2.8)

where ¢ = agb(ni,ng, n3; pi) + 0(n1, no, n3; p)) where 6(ni,n2, n3;py) and 6(ny, no, n3; p).) are
given by (2.5) and py, p}, pr # P}, and oy, are arbitrary constants;

T(n17n27n3) = C[g] (p17p27 s 7pN)TO7

where p* = Brp(n1,n2,n3;qx) + p(n1, no, n3; q),) where p(ni,no, n3; ;) and p(n1,n2,n3; q),) are
given by (2.6) and g, g}, qx # q;, and [, are arbitrary constants;

T(n1,n2,n3) = det(wk,l)m, k,l=1,2,..., N,

where wy,; is given by (2.7) with and p = pg, ¢ = ¢ and ¢ = cy.

3 Discrete potential modified KdV equation

3.1 From Hirota—Miwa equation to d-p-mKdV equation:
2-periodic reductions

Here, we explain the way to obtain the d-p-mKdV equation (1.1) from the Hirota—Miwa equa-
tion (1.3) through a 2-periodic reduction technique.

For the Hirota—Miwa equation (1.3), from (2.8), it is easy to get its one soliton solution in
discrete exponential function form

3 ni
T(nl,ng,ng):1+aH<al+p> . (3.1)

par N
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Introduce f(n1,n2,n3) and f(n1,ne,n3) and impose a 2-periodic property on the 7 function (3.1)
as below

T=[=To(f), [=Tu(f). (3.2)
Note here that the reduction condition (3.2) gives ag = 0, p’ = —p, and
F=13(N, f=Tu(). (3.3)

Moreover (3.2) and (3.3) indicate the symmetric property between f and f, with respect to ns.
By applying the reduction condition (3.2) to the Hirota—Miwa equation (1.3), together with
parameter reduction asz = 0, we get

(a1 — ag) fiaf = arfofy — azf1fo, (3.4a)
(a1 — a2) frof = arfaf1 — asf fo.
There are two ways to obtain the equation (3.4b), one way is applying the symmetric property
between f and f to the equation (3.4a), the another one is taking the shift operator 7,,, on the

Hirota-Miwa equation (1.3), and using the reduction condition (3.3).
Define two functions (potentials)

_ fof

v(ny,ng,n3) = ;, u(ny, ng,ng) = il (3.5)
By substituting (3.5) into (3.4), we get

(a1 — a2)vu = ajv; — agve, (3.6a)

(a1 — a2)viou = ajvy — agvy. (3.6b)
Eliminating w in (3.6) gives

Q(v,v1,v9,v12; a1, a2) = vi2(a1v1 — agve) — v(ajve — agvy) = 0, (3.7)

which is the d-p-mKdV equation (1.1) and is exactly same as the one first given by Nijhoff,
cf. [14], through the Cauchy matrix approach. Moreover, the relation (3.6) serves as the discrete
Miura transformation between the d-KdV equation

1 1 al — ay

U U2 - al + as (w12 =),

in potential u (or more specifically, say uz [21]) and the d-p-mKdV equation (3.7) in potential v.
Another interesting result is that with the periodic property of f and f, we have the following
formulae on the potentials u and v as follows

Ty (1) = wvigvoy tog !, T33 (u) = wu, Tps(v) =071, Tgs (v) =wv.

So the potentials v and v also satisfy the 2-periodic property in the virtual variable ng. We
observe that if v is a solution of the d-p-mKdV equation then, as in the continuous case, —v is
a solution, but in the discrete case, v~! is a yet another solution.

Under the reduction condition (3.2), from the 7 function (3.1), we easily get the exact solution

of (3.4)
(5)
ay—p ’

=
ay —p '

f(ny,ng,ng) =14 a(—1)"

f(ni,ng,ng) =1—a(—1)"

<. .
I v |l I\
= —
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which directly gives the one soliton solution of the d-p-mKdV equation

2 ait n;
1-— Oé(—l)n:a il:ll (ﬁ)

v(ny,ng) =

1 n3 2 ai+p ni’
+a(-1) -H1 =
1=

|l

Note here that in the equation (3.7), there is no shift depends on the discrete variable ng. So
treating the ngs as a virtual variable for the d-p-mKdV equation is allowable.

Next, we show the way of discovering the linear system in matrix form of the d-p-mKdV
equation (3.7) from the linear system of the Hirota—Miwa equation (2.1) through the 2-periodic
reduction technique.

Introduce eigenfunctions ¢(n1, n2,n3) and ¢(n1,n2,n3) and impose a 2-periodic condition on
the eigenfunction ¢(nq,ng,ng) in the linear system (2.1) as below

¢=ATTR(0), 6 =A""Tu(9), (3.8)
where the parameter A serves as the spectral parameter. From (3.8), we have
P=ATT (), ¢ = AT (9). (3.9)

So (3.8) and (3.9) mean the symmetric property between ¢ and ¢, with respect to ns.
By applying the reduction conditions (3.2) and (3.8), together with ag = 0, to the linear
system (2.1), we get

¢1— d2 = (a1 — a2)%¢7 (3.10a)
—_ faof

—Ap = ax =0, 3.10b

P2 — A = a2 faf ( )

Y —aﬂ}i; . (3.10c)

Then by using the symmetric property (3.3) and (3.9) respectively between f and f, ¢ and ¢,
we get

61— ¢y = (a1 — a2)[12—f$> (3.11a)
f1f2
- fof =
— AP = a2 =9, 3.11b

o ¢ = az f2f¢ ( )

Ap— 61 = —ay Q{;qﬁ- (3.11c)
Substituting (3.5) into (3.10) and (3.11) gives

¢1 — ¢2 = (a1 — az)ud, (3.12a)

$2 — AP = aguav~ ' ¢, (3.12b)

AP — g1 = —arv1v ', (3.12¢)
and

61— ¢y = (a1 — az)uvigvvy vy g, (3.13a)

by — Ao = agvy v, (3.13b)

A — by = —arv; tve. (3.13¢)
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Through the discrete Miura transformation (3.6), the equations (3.12a) and (3.13a) can be
derived by (3.12b) and (3.12¢), (3.13b) and (3.13c), respectively.

Defining a vector eigenfunction ® = (¢, ¢)”, which satisfies the condition (3.8), then (3.12c)
and (3.13c), (3.12b) and (3.13b), can be respectively written in matrix form as below

&, = LP, (3.14a)
)= MO, (3.14D)

where

-1 -1
7 — (@vwv )\_1 ’ M = vy /\_1 .
A aivy v A agvy v

One then finds that

0 1,1
0= P19 — P91 = (LM — ML L)® = AQ(v, v1,v2, V125 41, A2) <v—lvl U10v2 > .
12

So the compatibility condition of the above linear system (3.14) in eigenfunction ® is that v
obeys the d-p-mKdV equation (3.7).

3.2 Darboux and binary Darboux transformations

In this section, we will see that through the reduction conditions (3.2) and (3.8), it is easy to
investigate the Darboux and binary Darboux transformations of d-p-mKdV equation.

Let v be a solution of the d-p-mKdV equation (3.7) and ® = (¢,$)’ be a vector solution
of its Lax pair (3.14). The fundamental Darboux transformation of the d-p-mKdV equation is
given as below.

Proposition 3.1. Suppose (0,0)", which holds the 2-periodic property 6 = u_2T33 @), 0 =
,u_1T713 (0), is a vector solution of the linear system (3.14) by taking A = u for some v, then

C[g] (9, Qb) — 0[3] (ga g) T, 2 (0) 2 g

DT g = 6 — v U= v (3.15)

leaves (3.14) invariant. Otherwise,

We remark that may also write the gauge transformation of ® = (¢, ) in (3.15) in matrix
form as follows

Do, @ (MO0 A e
A —ubd

But for later convenience of the construction of the binary Darboux transformation, we here
write in scalar form shown in (3.15).

Next we write down the closed form expression for the result of IV applications of the above
Darboux transformation, which give solutions in Casoratian determinant form.
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Proposition 3.2. Let (Hl,él)T, (92,52)T,...,(9N,§N)T, satisfying 0% = )\I;QTfS (6%), 7" —
A,;lTnS (0%), be N non-zero independent vector solutions of the linear system (3.14) by taking
A=A, k=1,2,..., N, for some v, such that C[3] (01,02, .. .,GN) #0. Then

_ Oy (067 0N ) _ = C,(8.9,....8".9)
so=g I =l 3.16a
Cy (01,62,...,0V) . @70 (3.162)
T, (C. (04,62, ...,0M)) N c, @ .7,
~_ "™ [3] ) ’ 3 . 2 (3] s , ,
s Cy, (01,02, ,0N) ”_H i v, (3.16b)

leaves (3.14) invariant. Otherwise, E = )\_1Tn3 (9), ¢ = )\_1Tn3 ().

The d-p-mKdV equation (3.7) is invariant with respect to the reversal of all lattice directions
n; — —n;, ¢ = 1,2. But its linear system (3.14) does not have such invariance and so the
reflections n; — —n;, ¢ = 1,2, acting on (3.14) give a second linear system on the vector
eigenfunction ¥ = (1, %), which also satisfy 2-periodic reduction condition

v=ATT 2 (), 9= AT, (3.17)
as follows

v =UY, (3.18a)

¥, =V, (3.18b)
where

U= Gl'UT’Ufl )\_1 s V = a2’l}§vil )\_1 .
A ayvy v A agus v

One then finds that

0 P
0= \I’ﬁ — ‘I’ﬁ = <U§V — ‘/TU)‘I’ = )\Q(’U, U1, V3, V13; al,ag) (’U_l'l)_l 10 2 > v,
12
Now we apply the reflections n; — —n;, ¢ = 1,2, in order to deduce Darboux transformation

for the second linear system as below.

Proposition 3.3. Suppose (p,p)’, which holds the 2-periodic property p = /fQT;f(p), p =
/flTT:: (p), is a vector solution of the linear system (3.18) by taking A = pu for some v, then

C[§] (p ’ ¢) — C[g]

77 T—l _
N T Y w0 P

, V= ———v =

)

|
>
N
L
S
N~—

leaves (3.18) invariant. Otherwise,
p " p p " p

Next we write down the closed form expression for the result of IV applications of the above
Darboux transformation, which give solutions in Casoratian determinant form.
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Proposition 3.4. Let (pl,ﬁl)T, (p2,ﬁ2)T,...,(pN,ﬁN)T, satisfying p* = )\,;2TT;2(pk), A

/\ng_l(pk), be N non-zero independent vector solutions of the linear system (3.18) by taking
ng
A=, k=1,2,..., N, for some v, such that C'[E](pl,pQ, oo, pN) £ 0. Then

_ C. N, -~ N, Y
Y=Y = 3('0 P’ P Nw) B = Bl (plp2 pr),

Cg(p P2, pN) Cf(p P2 pY)

o TCal ) SNl
vV —> U= v,
C 107/)27"'7 U (p,p,,ﬁN))

leaves (3.18) invariant. Otherwise, i = )\_1Tn_31 (@Z), @Z = >\_1Tn_31 (i)

To construct a binary Darboux transformation, we introduce the potentials w = w(¢, 1) and
w = w(¢,), defined by the relations

Az(w(e, ) = ¢T,, (¥), (3.19a)
Az(w(, ) = ¢T,,, (). (3.19b)

If (¢, ¢) and (3,) satisfy the linear systems (3.14) and (3.18) for some v, respectively. Other-
wise, together with the reductions (3.8) and (3.17), we have the reduction condition for (w,w)”
as follows

T, (@(6,6) =w@ D), T2 (w(6v) = w(d,b),
T, @@ ) =w(éy), T2 @) =w@D)
Especially,
T, (w(6,p) = A" w(9,p), 2 (W(8,p) = N %w(6, p),
T, @@5) = (), T2 () = \ou (3, )
T, (@0,0) = A w@ ), T2 (@(0,1)) = X 2w(0,6),
T w@9) = A w®9), T2 (@0,) = A 2w(@,9);
T, @(0.0) =w@7), T2 (@(0,0) = w(0,p).
Tn3 (w(@, p)) =w(b,p), 33 (w(@, p)) = w(é, p);
and
2
7 0k, ) = (55 ) @) T w0 ) = (35) et
k _ A k _, k kE _
7 0 ) = (55 )@t ) T @) = (35) @)

The following proposition gives the binary Darboux transformation of the d-p-mKdV equation.

Proposition 3.5. For some v, let (6,0)7 and (¢,¢)T be two non-zero vector solutions of the
linear system (3.14), respectively corresponding to spectrum parameters p and X; (p,p)’ and
(1, )T be two non-zero vector solutions of the linear system (3.18), respectively corresponding
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to spectrum parameters p and A, then

BDT: ¢ — ¢—0w(b,p) 'w(¢,p), = ¢ —0w(0,p) 'w(e,p),
T, (w.p)  w@p)

wl,p) T, (wl

aBDT: ¢ — o — pw(6, p) tw(8,
T,,(w,p)  w

w(O.0) T, (@(@p)

v, (3.20)

(3.21)

¢ —0w(®,p) " 'w(@,p) = AT, (6 — 0w(B, p) " w (e, p)),
¢ — 0w (8, p) " 'w(¢,p) = AT, (¢ — 0w(0,P) 'w (@, D)),
¥ —pw(0,) " w(0,9) = XTI (1 — pw(9, p) " 'w(6,1)),
b= pw(0,p) " w(0,9) = AT (Y — pw (0, p) " w(G, ).

The N-fold iteration of these binary Darboux transformations are given below.
Proposition 3.6. Let (01,0')", (62,6°)",...,(6Y,0™)" and (0,2, (0% 7%) ", (o™, V)"
be N independent vector solutions, holding 6% = )\,;Zng(Hk), 7" = )\/,;1Tn3 (0%, and p* =
AL 2T2(pk), P+ = )\EITJ;(,O’“), by taking A = A\, k = 1,2,..., N, satisfy linear systems (3.14)

ng

and (3.18) for some v respectively. Then

sos) ) 4
n a ¢ - = w d)’b ¢
sog=tor) o g 5 lbr) 4
(8, p7)] |« (8,77)]
@) e@sn)]
(8,07 7. (w(0.27))]
and
7 B
‘w(OT,p) W(9Tap) p
~ W(OT,¢) T,ZJ —_ = W(E )E) a
pog= T L g g BT A
[« (67, p)]| w(@".p)]
AT T i
[ (67, p)| 7, (@(@",5))]
leave (3. 14) and (3.18) respectively mvarzant where 8 = (67, ) and p=(p,..., pN)T.

Otherwise, 6 = A\7'T, (), = A~'T,,,(9), & = AT (D), J e ().

3.3 Explicit solutions obtained by Darboux transformations

Here we present explicit examples of the classes of solutions that may be obtained by means
of the Darboux transformations derived above. We choose the seed solution of the d-p-mKdV
equation (3.7) as v = vg = 1. With this choice, the first linear system (3.14) reads

¢1 = a1¢ + A, 1 = a1+ A,

$o = azd + A, Gy = a2 + A9,
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and the eigenfunctions are found to be

2

2
d(n1,n2,nz; A) =A™ H(ai + )M 4 (=) H(ai — )", (3.22a)
i=1 1=
- 2 21
$(n1,ng,ng; A) = A" [ [(ai + A)™ = (=3)™ [ [ (@ = V)™, (3.22D)
=1 =1

which hold ¢ = )\_QTn3 (@), ¢ = A‘lTnS ().
In a similar way the eigenfunctions of the second linear system (3.18) are

2 2
p(na,ng,ngi A) = A" [ J(ai + X)) 7" + (=37 [ (@i = 0™, (3.23a)
B 7,;1 Z;l
P(n1,ng,ngi A) = A7 [ J(ai + M) = (=37 [ (@i = 0™, (3.23D)
=1 =1

which hold 1 = A~2T—1(), ¥

7L3 =
For these eigenfunctions (3.22) and (3.23) above we may integrate (3.19) and obtain the

—~

potentials
(68 = 5 [(—1)”3£[1 (22)" - (—1>—”3£[1 (& i)] , (3.210)
w(¢,¥) = % [(—D’“i{l <Z f i)n - (—1)”3115[1 (Z J_r i)n] : (3.24b)

which hold w(¢,) = T2 (w($, ), w(e,¥) =T, (w($,)).

7L3
Otherwise, for A = A\g, v = vg = 1, the first linear system (3.14) has eigenfunctions

2 2
0% (n1,n2,m3; A\g) = AP H(ai + )" 4 (=)™ H(ai — )™, (3.25a)
i=1 =1
k 2 2
0 (nl,ng,ng; )\k) = )\ZB H(CLZ + Ak)nz - (—/\k)n3 H(CLZ — )\k)ni, (3.25b)
=1 =1

which hold 0% = A 2T2 (%), 8" = AT, (6").
Similarly, for A = A\;, v = vy = 1, the second linear system (3.18) has eigenfunctions

2 2
pl(ni,na,ng; N) = A\ H(ai +N) T (=) H(ai —N) ", (3.26a)
=1 =1
2 2
7 (n1,ng,ngs M) = A7 [ J(ai + 2) 7™ = (=)™ [ J (@i = M) ™™, (3.26b)
=1 =1

which hold p! = X 2T 2(p'), 7' = AT 1 (o).
For these eigenfunctions (3.25) and (3.26) above we may integrate (3.19) and obtain the
potential, for A\x # A,

B )\ ns )\ —1
o) = () [(;; 1)
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hy -1 2 a; — Ak i Ak -1 2 a; + Ak i
—(ZF 4 —1)"s —+1 1"
<)\l+> ( ) }_le<ai+)\l + )\l+ ( ) H a; — N\
Ak 2 fa - A\
— 2k 1
<>\l ) H(ai_/\l
=1
eV A e+ A\
L
[(z > iHl<az'+/\l>
)\k -t a-—)\k i )\k -1
=41 —1)"s : —{=+1 —1)"s
+<>\l+> =) 1;[<@i+>\z> (Az ) =) :

, (3.27a)

+

which hold
)\k —k /\k 2
T, (w(0%,0')) = <)\l> w(@.7), T (") = </\l) w(®*,p').

For A\ = )\, these eigenfunctions are (3.24) taking A = A\, = A;.
Given the above expression it is straightforward to write down the following explicit solution
for the d-p-mKdV equation (3.7)

T, (C, (61,6%,...,6Y))

n3
., (61,62, 6N)

U(nlanZ) = Vo,

[
(3]
where 6% = 0%(n1,na,n3; \¢) is given by (3.25) and )\, are arbitrary constants;

Cy (0", 0% pN)

v(ni,ng) =

where p* = p¥(n1,n2,n3; \) is given by (3.26) and )\, are arbitrary constants;

T,, (det(wy,1))

= kl=1,2,....N
det(WkJ) b) 9y~ b b

?}(nl, na, 7’L3) =
where wy, is given by (3.27) with wy; = w(6¥, pl).

4 Conclusions

In this paper, we presents two main results. In the first we show how the d-p-mKdV equation
and its Lax pairs in matrix form arise from the Hirota—Miwa equation by 2-periodic reduction.
The second is that Darboux transformations and binary Darboux transformations are derived for
the d-p-mKdV equation and we show how these may be used to construct exact solutions. In this
paper, we have revisited the Darboux and binary transformations of the Hirota—Miwa equation

3
but in a departure from the results in [18, 19, 21], by the gauge transformation ¢ — [] a; "¢,
i=1
we write the linear system of Hirota—Miwa equation in a way which is suitable for obtaining the
Lax pair of the d-pmKdV equation naturally by a 2-periodic reduction. Up to gauge transfor-

mations, these Lax pairs, which allow the application of the classical Darboux transformations,
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are coincident with the ones given by the multidimensional consistency property [4]. Hieta-
rinta and Zhang [8] derived the N-soliton solutions to the d-p-mKdV equation using Hirota’s
direct method and the authors mention that the bilinear equations they get are similar to the
Hirota—Miwa equation (1.3). The results in this paper, in which similar results are obtained by
reduction of the Hirota—Miwa equation, give an explanation of the observations in [8].

A Some proofs

This section contains proofs of some of the propositions in the main text. For the d-p-mKdV
equation, one each of the N-fold basic Darboux transformations and binary Darboux transfor-
mations is proved. The omitted proofs are very similar.

A.1 Proof of Proposition 3.2

Let
F:=C,(0",6%...,6%) =16(0),6(1),...,6(N —1)],
G:=C, (01,6%,...,0Y,¢) = 16'(0),6'(1),....0' ()],
F:=C,(0.0°...,8") =0(0),8(1),....6(N —1)],
G:=C,(0.0°,....0",¢) = 0'(0),8'(1),....8' (V)]

— _ —_ —t 1 — N —
where 6 = (61,62,...,6N), 8" = (61,62,...,6Y,¢), 0 ,9 6,0 =(0"0"...,8".9).
Moreover, by the reduction conditions ¢ = A\71T, L), 0= 9" = A;lTnS (6%), and 0" =
A T (9) we easily get the relation % =\ 1T (%), % =\"1T (%) To verify that (3.14)
is invariant under (3.16) we must show that, for k = 1,2,

GiT,, (F) = axvev™'T, (Fo)G+T,, (G)Fy,

n3
énTn;g (F) a,{v;lan3 (Fo)G + T,, (G)Fy,

which is equivalent to, under the backward shift operator T;’lTn_l,

n3

T‘l(G)FE: axovg ' FT, Y(G) + G.T, H(F), (A.1a)
(é)f axv _IUKFT (G.)+ G. T ( F). (A.1b)

From (3.14), we can deduce the following formulae which are the basic properties we use in
proving

Ox(l) = 0(1— 1)+ Y (—ax)'0(1 — 2 — i) + (—ax)'0x(0),

=0
-2
0T=(1)=0T(1—1)+ > (—ar)™07(1—2—1i) + (—ar)'07x(0)
1=0
-2
0:()=0(1— 1)+ (—Bx)"™0(—2—1)+ (—B)'0.(0),
=0

() =0 (L= 1) + Y (=510 (1 =2~ i) + (=52)'0'x(0).
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where az = a,wvil and = = a,v~ vz are scalars, k = 1,2. Then, for (A.1a), it follows that

TT; =107(-1),07(0),0%(1),....07(N —1)|,
= \0£ ),0(0),0(1),...,0(N —2)|,
O‘“Tr;l(G = —|6%(0),67(~1),0%(0),...,6T(N - 2)|,
=16(0),0(1),6(2),...,6(N — 1),
‘GT ,07(0), 07( ),...,0%(N — )}

T—l(F) = \0(—1), 6(0),0(1),...,6(N —2)|.

n3
Substituting into the left-hand side of (A.la), and using the Laplace theorem, we get

6l00) ot(-1) 6f©0) --- of(N-2) o0 ... 0 ot (N —1)

LHSZOE(O) 6(-1) 0 - 0 6(0) --- O(N-—2) O(N-1)

= 0.
In a similar way, we can prove that (A.1b) is also satisfied.

A.2 Proof of Proposition 3.6

The proof is by induction. Let (91,51)T = (0[0],0]0])7, (92,92)T, el (GN,éN)T and (pl,ﬁl)T =
(p[0], BIO) T, (p?, ﬁQ)T,. , (PN, PN )T be vector eigenfunctions of ‘seed’ linear system (3.14) and
(3.18) respectively for the ‘seed’ potential v = v[0] and let (¢,¢) = (¢[0],8[0]), (¥,v) =
(4[0],[0]) denote arbitrary eigenfunctions.

The Nth iteration of binary Darboux transformations is via the formulae, N =1,2,...,

GIN] = GIN — 1] — 0[N — (BN — 1], p[N — 1)) Yw(6[N — 1], pIN — 1]), (A.22)
BIN] = BIN — 1] = BN — 1w(@[N — 11,5IN — 1)~ w(@N — 1],p[N — 1]), (A.2b)
YIN] = GIN — 1] = pIN — ([N — 1], p[N — 1]) (0[N — 1], 4[N — 1], (A.2¢)
BIN) = BIN — 1] - pIN — 1w(@IN — 11,7V — 1)) "w(@N - 1], 5[N — 1)), (A.20)
Ty (W(OIN — 1, pN 1))
W= e -ty Y
Wl -pN-1) (A.20)
Ty (w(BN — 11, 7IN — 1]))
and
OIN] = 6N, puor: BINT=BINIL_y o (A.3a)
NI =N, s PIN] = BN (A.3b)

For N = 1, the iterated binary Darboux transformation is the basic form given by (3.20)
and (3.21).
Suppose for N = k, the Proposition 3.6 is right, i.e., we have

d)[lf] ‘ EH p ‘ ‘w 0 , P )‘7 ¢[k] = ’Zgg:g;; Z‘ }w(a,ﬁT)rl’ (A.4a)
o

mk'ﬁﬂw e T B s M TR OV 8

olk] = 7., (w(©O%.p)  |w(@ .p)|

W) T, w(@ p)]
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_ T, («(0.0"))] |« (6.77)]

w@.p")] |1, (w(0.57))

where the column vectors are as below

v, (A4c)

0=(0"06%....0MN",  8=(66...,6",
p=(40% .o B= (L)

and the k x k matrices and 1 x k£ row vectors are as follows

o B e B A

w0ty = | ) AT SO et )=o)
w(ek’pl) w(ak’pQ) w(ek’pk>
w@ﬁl) w@,ﬁz) w@ﬁ’“)

w@,ﬁT): w(ﬁ:,pl) W(G:MOQ) w(ﬁ:,pk) ’ w(ﬁT,b):w(é’ﬁT)T’
w(@ 7)) w(@ %) - w(@ )

w(é,p") = (w(@p') w(@r?) w(: %)),

w(@:p") = (@(@7') w(67%) - w(7"),

w(0",9) = (w(0'v) w(6* ) w(6*,v)),

w(@".9) = (w(@.9) «@.9) w(@",9))

w T w _
(oIt vli) = |29 2d 480 oo, o) (A5a)
— = w(0,p") w8,y _
(@l T = 25 0] 0D @) (A5b)

The proof of (A.5) is as follows. By the definition of w and @ in (3.19), and together with (A.4a)
and (A.4b), we have
Aa(w(@lk], wIk) = GMIT,, (WIK) = As(w(6,9)) = T, (w (67, 4)w(8",p) ) As(w(¢, p)
— As(w (67, v))w (07, p) " 'w(e, p)
T, (0(07,0)w (67, p) ) A3 (w0 (67 ) (67, p) (6 )
= As(w(@w) —w(8",9)w(8",p) 'w(9,p))

1 (e e OV )7

which means (A.5a) is right. Similarly, we can get (A.5b) is right as well.
Note here that we use the difference operator property for matrices as follows

A, (CAT'B) = T,(CA A, (B) — A, (C)A™'B — C, AP AL (A)AT! B,

where A, = T, — 1 is the difference operator, A = Anxn, B = Byx1 and C = Cixy are
arbitrary function matrix, column vector and row vector of independent discrete variable n
respectively.
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Next, let us prove the (k + 1)-th step is also right. By the iterated formulae (A.2a), we have

olk + 1] = ¢[k] — O[k]w (0[], plk]) " w(@[k], plk]). (A.6)
Substitute (A.2a), (A.3a), (A.3b) and (A.5a) into (A.6), we have

w T -1 w T —1
gk +1] = 'MEZ: ZTg Z‘ w(@,p")|" ~ 'w(g(ke-i-’lpip)T) 9131 |w(6,p")]
w T w E+1y |1
X (9(k0+’1p )T) (e(qu,lpp—il_ﬁ)l) |w (6, p")]
w k _
“[Cer 3 EZ’pM) o
~ (|w(8,p w (6, pFtt) w(8, pT) 0
~(E00) AL [ LGR o

w(@p) o(0.054)
oo™ (o)

w(6, p") w(8, pr+ 0
— w(9k+1,pT) w 9k+1’pk+1) 0k+1

w(g, p") w(e, pFth) ¢

Note here that we use the Jacobi identity.
Similarly, we can have

w(@,p)  w(@p)  p
W(OT,karl w 9k+17pk+1 pk+1

w(O,y)  w(@ Y)W
Then from (A.2e

)
_ Ty (wW(O[K], plk])) . w(0, w(8, k;+1)
vk +1] = k], plk]) v[k] = Ty, <‘w)(9k+f’ pT) w(6FF1, i)
(0’ T) w(oapk_H
W(0k+17pT) w(0k+1’pk+1)

[

w 0k+1’pT) (gk—{-l pk+1)

0.))

-1

w(0.p")  w(6,p")
w 9k+17pT) W(0k+l,pk+1)

w(HT,p) w(6F+1 )
w(67, k—i—l) w(BF+1 p )

Yl +1] =

, for the potential U, we get

w(o.0")] )

(0.6 [T (667 ) (0. 57|

w(07pT) w(onok—l-l) -1
w(9k+1’pT) w(ek—i-l?pk—i-l) v.

w(B, T) w(O,pkH)
w(ek—&—l’pT) w(9k+1,pk+1)

The proofs of the remaining parts are very similar, we omit them here.
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