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Abstract. Let X be a compact connected Riemann surface of genus g > 2, and let Mpy
be the rank one Deligne-Hitchin moduli space associated to X. It is known that Mpy is the
twistor space for the hyper-Kéhler structure on the moduli space of rank one holomorphic
connections on X. We investigate the group Aut(Mpg) of all holomorphic automorphisms
of Mpp. The connected component of Aut(Mpy) containing the identity automorphism
is computed. There is a natural element of H?(Mpy,Z). We also compute the subgroup
of Aut(Mpy) that fixes this second cohomology class. Since Mpy admits an ample rational
curve, the notion of algebraic dimension extends to it by a theorem of Verbitsky. We prove
that Mpg is Moishezon.
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1 Introduction

The moduli spaces of Higgs bundles on a compact Riemann surface arise in various contexts
and are extensively studied. One of the reasons for their usefulness is the nonabelian Hodge
correspondence which identifies the moduli space of semi-stable Higgs bundles of rank r and
degree zero on a compact Riemann surface X with the character variety

Hom(m (X), GL(r,C)) /PGL(r,C)

(see [4, 5, 8, 10]). This identification is a C'*° diffeomorphism between the open dense subset
consisting of stable Higgs bundles and the open dense subset consisting of irreducible repre-
sentations. However, this diffeomorphism is not holomorphic. In other words, there are two
different complex structures on a moduli space of Higgs bundles, one from being the moduli
space of Higgs bundles and the other given by the complex structure of the character variety
via the above mentioned identification. In fact, these two complex structures are a part of
a natural hyper-Kéhler structure on a moduli spaces of Higgs bundles over X [8]. It was noticed
by Deligne and Hitchin that the twistor space associated to this hyper-Kéhler manifold also has
an interpretation as a moduli space associated to X. These twistor spaces are known as the
Deligne-Hitchin moduli space; see [11, 12] for many properties of these spaces.

In a recent interesting paper [2], Baraglia computed the various automorphism groups asso-
ciated to a moduli space of Higgs bundles on X (like holomorphic automorphisms preserving
the holomorphic structure, holomorphic isometries, hypercomplex automorphisms, hyper-Kéahler
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automorphisms et cetera). In [2], the structure group is SL(r,C), hence the moduli space
parametrizes Higgs bundles of fixed determinant with the trace of the Higgs field being zero.
Inspired by [2], in [3] the case of C*-bundles was investigated, where C* is the multiplicative
group of nonzero complex numbers. More precisely, the automorphism groups of the moduli
spaces of rank one Higgs bundles, rank one holomorphic connections and C*-character varieties
were studied.

Our main aim here is to investigate the automorphisms of the rank one Deligne-Hitchin
moduli space. The Deligne—Hitchin moduli spaces are not algebraic varieties; they are complex
manifolds. However, they are built out of Hodge moduli spaces which are complex quasiprojec-
tive varieties. The rank one Hodge moduli space Myoq = M3 (1) parametrizes all rank one
A-connections on a compact Riemann surface X with A running over C. The rank one Deligne—
Hitchin moduli space Mpy = Mppu(X) is constructed by gluing M5 (1) and M3 (1) over
the inverse image of C* C C, where X is the Riemann surface conjugate to X.

It is natural to ask for the automorphism group of the rank one Deligne-Hitchin moduli
space as it is the only case missing for rank one, see [3]. In general, automorphisms of moduli
spaces associated to a Riemann surface play an important role in mirror symmetry and help
to improve our understanding of these objects. The rank one case serves as a motivating and
more simple example, where we can gain intuition for what should be expected in general. On
the other hand, this task is also interesting for itself as we cannot use an algebraic structure of
the moduli space, and algebraicity was at the heart of the proofs in [3]. As a nice additional
observation we would like to mention that the automorphisms of the Deligne-Hitchin moduli
space are algebraic when restricted to some of its subspaces, i.e., to the Dolbeault, the de Rham
and the Hodge moduli space. Finally, and most importantly, we hope that our techniques can be
generalized to study automorphism groups of the Deligne-Hitchin moduli space for higher rank.
This is of particular interest as certain sections thereof correspond to solutions to important
geometric PDE’s such as harmonic maps including Hitchin’s self-duality equations, and certain
automorphisms might give rise to transformations between some classes of PDE’s.

We now describe the results proved here. Let Aut(Mypq) be the group of all algebraic
automorphisms of Mijeq, and let Aut(Mpoq)o be the connected component of it containing the
identity automorphism. The holomorphic cotangent bundle of X will be denoted by Kx.

Theorem 1.1. The group Aut(Mpoq)o fits in a short exact sequence of groups
00—V —L> Aut(MHod)o i) PiCO(X) x C* — O,

where V is the space of all algebraic maps from C to the affine space HO(X, Kx).

Define 'y := Aut(X) if X is hyperelliptic, and 'y = Aut(X) @ (Z/2Z) if X is non-
hyperelliptic. This group I'x has a natural action on Mypq via holomorphic automorphisms;
see Section 2.2. Let

fX = Aut(Mpyoq)o x I'x
be the corresponding semi-direct product (see (2.13)). There is a natural cohomology class

NS H2(MH0d7 Z)a

and the action of T'x on Myjoq fixes 6.

Proposition 1.2. Assume that genus(X) > 1. The group Ty coincides with the subgroup of
Aut(Migoq) that fizes 6.
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Let Mpn = Mpu(X) be the rank one Deligne-Hitchin moduli space for a compact Riemann
surface X. Let Aut(Mpg) be the group of all holomorphic automorphisms of Mpy, and let
Aut(Mpm)o C Aut(Mpg) be the connected component of it containing the identity map. The
moduli space of rank one connections on X will be denoted by Myr(X); it is an algebraic group.

Theorem 1.3. There is an isomorphism
Aut(Mpr)o = Mar(X) x ((H*(X,Kx) x H(X,Kx)) x C*).

The group structure of Mgr(X) x ((H(X,Kx) x H(X,Kx)) x C*) in Theorem 1.3 is
described in Theorem 3.7.
The above group I'x acts on Mpg. Let

fDH,X = Aut(Mpp)o ¥ I'x

be the corresponding semi-direct product. There is a natural cohomology class
Ox € H*(Mpn,Z),

and the action of l:DH7X on Mpy fixes Ox.

Theorem 1.4. Assume that genus(X) > 1. The group IN“DH,X cotncides with the subgroup
of Aut(Mpy) that fizes Ox.

Although Mpy is noncompact, being a twistor space it contains ample rational curves.

Verbitsky has shown that in such a context the notion of algebraic dimension continues to
hold [13].
We prove the following:

Proposition 1.5. The algebraic dimension of Mpu(X) coincides with dim Mpy(X) =1+2-

genus(X), or in other words, Mpu(X) is Moishezon!.

2 Automorphisms of the rank one Hodge moduli space

2.1 Connected component of the automorphism group

Let X be an irreducible smooth complex projective curve of genus g, with g > 1. The holomor-
phic cotangent bundle of X will be denoted by Kx.

Definition 2.1. For any A € C, a rank one A-connection on X is a pair of the form (L, D),
where L is a holomorphic line bundle on X and

D: L —-L®Kx
is a holomorphic differential operator of order no more than one such that
D(fos) = foD(s) + A~ s ® (dfo)

for every locally defined holomorphic section s of L and every locally defined holomorphic
function fy on X.

'"Here we are using the terminology of [13]; one of the referees pointed out that a more correct terminology
would be Moishezon—Verbitsky manifold.
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So, if (L, D) is a A-connection with A # 0, then D/\ is a holomorphic connection on L;
a 0-connection D on L is an element of H%(X, Kx) because such a D is Ox-linear. Note that
for a A-connection (L, D), with A # 0 we have degree(L) = 0 because L admits a holomorphic
connection. Also, note that any holomorphic connection on a Riemann surface is automatically
flat.

If (L, D) is a 0-connection we will always impose the condition that degree(L) = 0.

Let

Miuod = M)H(od(l)

be the Hodge moduli space of rank one A-connections. So, the points of My,q parametrize
triples of the form (A, L, D), where A € C, L is a holomorphic line bundle on X of degree zero
and D is a A-connection on L.

Define an algebraic morphism

f+ Mpoa — C, (M L,D) — . (2.1)
For any A € C, let
=1\ € Muea

be the fiber over X\. By definition, the fiber f¥ is the moduli space of Higgs line bundles of
degree zero Pic®(X) x HO(X,Kx) on X, and the fiber f! is the moduli space of rank one
holomorphic connections on X. The latter space is also called the de Rham moduli space.
For A # 0, the fiber f* is canonically identified with f' by the map (L, D) > (L, D/\).
We note that f! is biholomorphic to the Betti moduli space Hom(m(X),C*) = (C*)%9 by
sending a holomorphic connection to its monodromy representation, and hence f! does not admit
a compact submanifold of positive dimension. Since Pic®(X) x H(X, Kx) has the projective
variety Pic’(X) of positive dimension as a subvariety, it follows that f° is not biholomorphic
to fL.

The group of all algebraic automorphisms of the quasiprojective variety Myoq will be denoted
by Aut(./\/lHOd). Let

Aut(Muyoq)o C Aut(Mpyeq)
be the connected component containing the identity automorphism and let
V := Morphisms (C, HY(X, KX))

be the infinite dimensional complex vector space parametrizing all algebraic maps from C to
the affine space H(X, Kx). Then we have the following theorem.

Theorem 2.2. The group Aut(Mpyoq)o fits in a short exact sequence of groups
0 — V -5 Aut(Mioa)o —= Pic®(X) x C* — 0,

Proof. Let
T: Mpoda — Muod

be any algebraic automorphism that lies in Aut(Mpoq)o. It is known that the fiber f! does not
admit any nonconstant algebraic function [3, Proposition 2.2]. Since f* is isomorphic to f* for
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every A € C*, it follows that f* does not admit any nonconstant algebraic function if A € C*.
Hence the composition

T
i i Migoq 2+ € (2.2)

is a constant function for all A € C*. Note that the point f o T'(f*) lies in C* because f is
not isomorphic to f*. Since this also holds for 77!, it follows that the composition in (2.2) is
a constant function for each A € C. This implies that there is an algebraic automorphism

7: C—C
such that
foT =mof.

Since f9 is not isomorphic to any f*, A € C*, it follows that 79(0) = 0. Therefore, 7y coincides
with the multiplication of C by a fixed nonzero number; let

TeC* (2:3)

be such that 79(z) = 7 z for all z € C.

The group of all automorphisms of the variety Pic?(X) will be denoted by Aut(Pic’(X))
(since the variety Pic’(X) is projective, any holomorphic automorphism of it is algebraic). The
connected component of Aut(Pic’(X)) containing the identity automorphism will be denoted
by Aut(Pic’(X))o. The automorphisms of Pic’(X) given by translations of the group Pic®(X)
lie in Aut(Pic®(X))o. In fact, this way Pic®(X) gets identified with Aut(Pic(X))o; note that the
Lie algebra H°(Pic’(X), T Pic’(X)) of Aut(Pic®(X))o coincides with the Lie algebra of Pic®(X)
by evaluating sections of T'Pic’(X) at the identity element.

For any A € C, let ¢* be the morphism defined by

o P —Pi’(X), (L,D)+— L. (2.4)

The fibers of ¢* are isomorphic to H(X, K x), because the space of all holomorphic connections
on a line bundle L € Pic®(X) is an affine space for the vector space H(X, Kx), and H(X, Kx)
is the space of all Higgs fields on any line bundle. There is no nonconstant algebraic map from
an affine space to an abelian variety. Hence, there is no nonconstant algebraic map from a fiber
of ¢* to Pic?(X). Consequently, we get a map

®: C— Aut (Pic"(X)),
which is uniquely determined by the condition that the following diagram is commutative

T ox
_f> fT)\

f)\
Jﬁb/\ lqu)\
Picd(x) 2 pid(x)

for all A € C, where 7 is the complex number in (2.3). Note that since T € Aut(Mpoq)o, it
follows that the image of ® lies in Aut (PicO(X))O = Pic’(X) C Aut (Pic’(X)). Thus, ® is
a constant map, again because there is no nonconstant algebraic map from C to Pic®(X ). Let

® = &(C) € Pic’(X) (2.5)

be the image of the map ®.
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Let
h: Aut(Myoq)o — PiCO(X) x C*

be the map defined by T +— (&J, 7'). It is straight-forward to check that h is a group homomor-
phism.

We will now show that h is surjective. For this, first note that the multiplicative action of C*
on C has a natural lift to an action of C* on Myuq. Indeed, any ¢ € C* acts on Myyq as

(ML,D) — (¢c- A\, L,c- D).

For all these automorphisms of Mpeq given by the action of C*, the corresponding elements
of Pic?(X) (see (2.5)) coincide with the identity element. Therefore, to prove that h is surjective,
it suffices to show that the composition of h with the projection Pic?(X) x C* — Pic?(X) is
surjective. Take any Lg € Pic® (X) and fix a holomorphic connection Dy on Ly. Define

B: MHod — MHod, (ML,D) — (A, L ® Lo, (D®1dg,) + (A -1dg, ® Dy)).

It is straight-forward to check that § € Aut(Mpeq); its inverse is the corresponding map for
(L§, D§). Since the moduli space of rank one connections on X is connected, it follows that
B € Aut(Mipoq)o; note that 5 for the trivial connection (Ox,d) is the identity map of Miyq.
The element in Pic’(X) corresponding to 3 (see (2.5)) is clearly Lg. Therefore, the composition
of h with the projection Pic?(X) x C* — Pic’(X) and hence h itself are surjective.

Next, we need to define V — Aut(Mpoq)o. To do so, consider for v € V the automorphism

Lyt MHOd — MHOd7 (A7L7D) — ()\7L7D +U(A)) (26>

Clearly, we have 1, € Aut(Mpyoq)o, and also ¢, € kernel(h). Therefore, there is an injective
homomorphism

t: V. — kernel(h) C Aut(Mpoq)o, V> Ly

We will prove that image(t) = kernel(h).
In order to prove that image(t) = kernel(h), take any 7' € Aut(Myq)o such that

T € kernel(h).

We have T(f*) = f* for all A € C* because the constant in (2.3) for 7 is 1. Since the element
in (2.5) corresponding to T is the trivial line bundle, we get a morphism

or: fA— HY(X,Kx), 2+ T(2) — z

note that since the fibers of ¢* (constructed in (2.4)) are affine spaces for H°(X, Ky), and
NT(2)) = ¢*(2) for all z € f*, we have T'(2) — z € HY(X, Kx). As there are no nonconstant
algebraic functions on f* [3, Proposition 2.2], it follows that the above function dy is a constant
one.

All automorphism of the affine space H°(X, Kx) are of the form u — A(u) + ug, where
A€ GL(HY(X,Kx)) and ug € H(X, Kx). Considering the restrictions of T’ to open subsets of
the form h=!(V x U), where U is an analytic neighborhood of 0 € C and V is an analytic open
subset of Pic?(X), it now follows that the above map

A +— image(dy) € H(X, Kx)

extends across 0 € C as a holomorphic map from C to H°(X, Kx). In other words, there is
a unique element v € V such that v(A) = image(dy) for all A € C*. Clearly, we have ¢, = T,
where 1, is constructed in (2.6). This implies that image(:) = kernel(h). This completes the
proof of the theorem. |
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2.2 Automorphisms preserving a cohomology class

In this subsection we assume that g = genus(X) > 1.
Since any holomorphic line bundle of degree zero on the compact Riemann surface X admits
a unique flat connection with unitary monodromy, the Picard group PicO(X ) is identified with

Hom(71(X),U(1)) = Hom(H1(X,Z),U(1)).

There is a natural symplectic form

0 (2.7)

on the character variety Hom (71 (X), U(1)) [1, 6]. The cohomology class defined by g is integral.
Let

0o € H*(Pic’(X),Z)

be the cohomology class given by 0 in (2.7). This 6y is a principal polarization on Pic®(X).
More precisely, it is the class of a theta divisor on Pic’(X). Consider the projection

¢: Mioq — Pic?(X), (\,L,D) — L; (2.8)
so, the restriction of ¢ to f* is the map ¢* in (2.4). Define the cohomology class
0 := ¢*0y = [¢*0] € H*(Mzoa, Z). (2.9)

The moduli space f! of holomorphic rank one connections (see (2.2)) has a natural holomor-
phic symplectic form 6. The restriction of 65 to the moduli space of holomorphic connections
Hom(m (X), U(1)) with unitary monodromy coincides with the above symplectic form 6. On
the other hand f! has a deformation retraction onto Hom(m(X), U(1)); for example such a de-
formation retraction is given by a deformation retraction of C* to U(1). Therefore, we conclude
that the cohomology class of 6, coincides with the restriction of 6 to f!.

Let

Aut? (Mieq) € Aut(Mpq) (2.10)

be the subgroup consisting of all algebraic automorphisms of Mioq that fixes the cohomology
class 6 in (2.9).

Let Aut(X) denote the group of all holomorphic automorphisms of X. We have a homomor-
phism

p: Aut(X) @ (Z/2Z) — Aut (Pic’(X)), u(t,0)(L) = t*L, u(t,1)(L) = t*L*.

We note that the restriction sy (x) is injective (recall that g > 2), and p is injective if and only
if X is non-hyperelliptic. If X is hyperelliptic, then the hyperelliptic involution acts on Pic?(X)
as L — L*. Define

I'x = image(u). (2.11)

So, I'x = Aut(X) if X is hyperelliptic, and I'y = Aut(X) & (Z/2Z) if X is non-hyperelliptic.
We also have a homomorphism

o Aut(X) @ (Z/2Z) — Aut(Mpoq) (2.12)
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defined by u(t,0)(A\, L, D) = (A t*L,t*D) and p(t,1)(\, L, D) = (A, t*L*,t*D*). Note that if
A =0, then D* = —D € H°X,Kyx). The homomorphism i in (2.12) factors through the
quotient I'y of Aut(X) & (Z/2Z) in (2.11).

Consider the action of I'y on Aut(Myq) given by the composition of i with the adjoint
action of Aut(Mipq) on itself. This action preserves the connected component Aut(Migoq)o-
Define the semi-direct product

fX = AUt(MHod)O x 'y (2.13)

for the above action of I'xy on Aut(Mpoq)o-

Consider the action of I'x on Mip,q given by 1 in (2.12). This action clearly fixes the co-
homology class 6 in (2.9). The action of Aut(Mipgoq)o on Migeq fixes 6 because Aut(Migoqd)o is
connected. Also, Aut(Migeq)o is a normal subgroup of Aut(Mygeq). Therefore, we get a homo-
morphism

p: Tx — Aut? (Mupoq), (2.14)

where Aut?(Mpoq) and Ty are constructed in (2.10) and (2.13) respectively.
Proposition 2.3. The homomorphism p in (2.14) is an isomorphism.

Proof. We will first prove that p is injective. For this note that ¢ in (2.8) induces an isomor-
phism of first cohomologies with coefficients in C. Indeed, the fibers of ¢ are diffeomorphic to

C x H%(X, Kx), hence ¢ induces an isomorphism H'!( Pic’(X), C) 7, H'(Mpyog, C). Take any
~ € kernel(p) C T'x.

Let 7/ € T'x be the image of v by the natural projection of I'y to I'y. Let v/ € I'x be the image
of 7' by the natural inclusion I'x < I'y. So, v and ~” differ by an element of Aut(Mioq)o.
Since 7 acts trivially on H'(Miq,C) (as it acts trivially on Myq), and Aut(Mipeq)o acts
trivially on H!(Mpoq, C) as it is connected, we conclude that 4" acts trivially on H'(Migeq, C).
This implies that 4/ acts trivially on H'(Pic’(X),C) = H'(Mpyoq,C). But, as noted earlier,
this implies that v = 1. Hence, v € Aut(Migoq)o. Now we conclude that v = 1 because p(7) is
the trivial automorphism of Myq. Hence p is injective.
Let T € Aut?(Mpoq). The image

T({0} x Pic’(X) x {0}) € Mrod
is of the form
{0} x Pic®(X) x {w}

for some w € H°(X;Kx), as can be deduced analogously to the proof of Theorem 2.2. By
applying a suitable automorphism Ty € Aut(Miyeq)o we get

To o T({0} x Pic’(X) x {0}) = {0} x Pic’(X) x {0}.

The group of automorphisms of the abelian variety PicO(X ) that fix the principal polarization
is generated by I'y and the translations of Pic’(X) (see [14, p. 35, Hauptsatz]). Because of the
discussion in the beginning of Section 2.2 it follows that we can apply an automorphism 77 € I'x
such that

TiodyoT

is the identity whence restricted to {0} x Pic®(X) x {0}. Clearly, this implies first that T3 o TpoT
restricted to f° is homotopic to the identity and finally that Ty o T o T' is homotopic to the
identity, which finishes the proof. |
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3 Holomorphic automorphisms of the Deligne—Hitchin
moduli space

3.1 Connected component of the holomorphic automorphism group

The smooth locus of the moduli space of flat connections on a compact Riemann surface is
equipped with a natural hyper-Kéhler structure; see [8] for the case of SL(2,C)-connections,
and [7] for a detailed treatment of the case of flat line bundles.

A hyper-Kéhler manifold is a Riemannian manifold (M, g) which is Kéhler for three complex
structures I, J and K satisfying the quaternionic relations

1J=—-JI =K.

The interplay between the Riemannian, symplectic and complex geometric aspects of hyper-
Kahler manifolds makes them fascinating mathematical objects. A hyper-K&hler manifold M
admits a twistor space which contains all of the information about M in a complex geomet-
ric fashion: The compatible complex structures on M are parametrized by CP! = §2 =
{(z1,22,23) € R?| 2} + 23 + 2} =1} via

(w1, 2, 23) —> I(az =x1] + 22J + 23K,

,1,%2,%3)

where I, J, K are the three original complex structures on M. The twistor space Z is a com-
plex manifold with a holomorphic surjective submersion to CP! such that the fiber over every
z € CP! is identified with (M, I.). The twistor lines are the “constant” sections of the above
fibration Z = M x CP' — CP'. These sections are holomorphic and the normal bundle of
a twistor line is isomorphic to O¢p1(1)®? — CP!, where d = % dimg M. This normal bundle is
equipped with additional structures which provide all of the information needed to reconstruct
the hyper-Kéhler structure on M; see [9] for details.

For a complex reductive group G¢, the hyper-Kahler structure on the moduli space of flat
G c-connections on a compact Riemann surface X is given by non-abelian Hodge theory. The
complex structure J is induced by the complex Lie group G¢ through the identification of the
moduli space with the Betti moduli space Hom(mi(X), Gc)/Ge. Via the solutions of Hitchin’s
self-duality equation, the moduli space of stable G¢-Higgs bundles, i.e., the Dolbeault moduli
space, gets identified with the moduli space of irreducible flat connections, yielding the complex
structure I. The reverse map Mgr —> Mp, arises from Donaldson’s twisted harmonic maps
construction [5] for the case of G¢ = SL(2, C), see [4] for the general case. It was first shown by
Hitchin in the case of SL(2, C) that I, J and K := IJ give rise to a hyper-Kéhler structure for the
natural Riemannian metric. In the abelian case of G¢ = C* the theory simplifies considerably
boiling down to the classical abelian Hodge theory [7].

It was first noticed by Deligne that the twistor space of the moduli space of flat connections
on a Riemann surface X has a convenient description by gluing the Hodge moduli spaces for X
and X via the Riemann-Hilbert isomorphism; see [11, 12] for details. We recall below this
construction for the rank one case (the case of our interests).

Take a point (A, L, D) € Mpea(X) = M5 4(1) with A # 0 and consider the flat connec-
tion D/X on L. Let

p: m(X)— HY(X,Z) — C*

be the monodromy representation for D/). After identifying H'(X,Z) with H'(X,Z) by the
identity map of the underlying C*° manifolds, the homomorphism p gives a holomorphic rank
one 1-connection (1, E, D) on X. Consider the morphism f in (2.1). Let

frt Mioa(X) = MEq(1) — C
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be the morphism obtained by substituting X in place of X in (2.1). Define a holomorphic map

p: [THC) — f£N(CY),  (ML,D)— (VL E,D/A) (3.1)

of the restrictions of the fiber bundles Myoq(X) and Myoq(X) to C* C C. This ¢ is clearly
a biholomorphism.

Definition 3.1. The rank one Deligne—Hitchin moduli space
Mpn = Mpu(X)

is
Mpu(X) = Mod(X) Up Mpod(X).

We note that the map f| f-1(c~) coincides with the composition
R (en I e (o JEE Y RN o)
Therefore, f and the composition
Mioa(X) 25 € 25" cp' {0)
patch together to produce a morphism
f: Mpy — CPL. (32)

For any A € CP!, the fiber f~1(\) will be denoted by f*. The fiber f* is the moduli space of
Higgs line bundles of degree zero on X. This f is the twistor fibration mentioned earlier.

Definition 3.2. The degree of a smooth map i: ¥ — Mpg(X) from a compact oriented
surface ¥ is the degree of the composition f oi: ¥ — CP!, where f is the projection in (3.2).

Lemma 3.3. Let ¥ be a compact Riemann surface of genus gs; and i: ¥ — Mppu(X) be
a holomorphic immersion. Then the degree of the corresponding holomorphic normal bundle

N = (*T Mp)/TE
18

deg(N) = (2gx + 2) deg(i) — deg(T'E) = (2¢x + 2) deg(i) + 295 — 2,
where gx is the genus of X.

Proof. As in the computation in [9, pp. 555-556] it can be shown that the tangent bundle of
the complex manifold Mpy is holomorphically isomorphic to the pull-back

£ (Ocpi(2) & (Ocp: (1)%29%)),

where the first summand is the tangent bundle of CP! and the direct sum Ogp1(1)®29% corre-
sponds to the hyper-Kéhler structure on Mgg. Now the lemma follows immediately from the
fact that degree(i* f*Ocp1(1)) = degree(i). [

We will compute Aut(Mpy)p by proving a series of lemmas.
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Lemma 3.4. Let a, 3,w,n € H°(X, Kx) be holomorphic 1-forms. There exists a holomorphic
section s: CP! — Mpu defined by

s(A) =X\, 0 +w+ A7, A0 + @) + B8] € Muoa(X) C Mpy
for A € C c CP'. Conversely, every section of f: Mpuy — CP' is of this form.

Proof. The first part of the lemma is easily verified. In order to prove the converse direction we
start with a lift of the family of holomorphic structures on C ¢ CP!': As C is simply connected,
there exists a map

A'—)@l(/\)EHD(X,Kx), AeC
such that
$os(A)=[0+w1(N\)]

for all A € C, where ¢ is the projection in (2.8) and [—] denotes gauge equivalence class. Let
B € H°(X, Kx) be the (well-defined) Higgs field of s(0). A lift of s is then given by

5\ = (A0 +w1(A), B+ A0+ a1(N))
for some holomorphic map
ar: C— QUO(X),

The image of o is contained in H(X, Kx) € Q9 (X) because the A-connections are integrable.
Thus, A — s(A), A € C*, produces the following family of flat connections on X:

VA=d+ A8+ () +ai()).

We can repeat this over CP!\ {0} for the Riemann surface X. Indeed, there exists a lift 5 of
the form

5(p) = (1, 0+ (), (D + Wa(p)) +7)

with p = % The corresponding flat connections are denoted by v By the gluing condition in
Definition 3.1 there exists a gauge transformation g(\): X — C* for every A € C* such that

VA g(h) = VA

this gauge transformation is unique up to a constant scalar. Since the connection 1-forms of vA
and V* are both harmonic 1-forms, their difference

VA=V =x(\)

is a lattice point
X(A) € A= {X c QN(X,C)|dxy =dx*x =0; / X € 2nv/—1Z for all closed curves 7}.(3.3)
v

As the connection 1-forms depend continuously on A, it follows that x is independent of A. By
construction, the connection 1-form of A — V> has a first order pole at A = oo whose residue
is 7. This implies that w;(A) must be a polynomial of degree at most one and that aq (M) is
a constant o. |
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Lemma 3.5. Let T: Mpy — Mppu be a holomorphic automorphism. Then T maps fibers
of f to fibers of f. Moreover, it covers the automorphism A\ — TA or A\ — % of CP! for some
T € C*; if the latter case occurs, then the Jacobian of X is isomorphic to the Jacobian of X.

Proof. We first prove that two points in the same fiber pi,ps € f = f~1()\g) are mapped
by T into a single fiber f. To this end, we claim that any two points p;, po in different fibers
can be joined by a holomorphic section CP! — Mppy of the map f. This can be proved quite
easily by linear interpolation with sections of the form given in Lemma 3.4.

If two points x1, xo of one fiber of f are mapped by T into two different fibers of f, we
consider a holomorphic section s of f passing through T'(z1) and T(z2). Then A — T~1(s()\))
is a holomorphic immersion of CP! to Mpy, and the degree of its normal bundle is the same
as the degree of the normal bundle of the section s. From Lemma 3.3 we obtain

(29x +2) deg(i) — 2 = 2¢gx,

which yields deg(i) = 1. On the other hand, its degree is at least two because it passes through
two points x1, xo lying in one fiber. In view of this contradiction we conclude that 7" maps
fibers of f to fibers of f.

Therefore, there is a unique holomorphic map

7. CP' — CP!

such that foT =T"of. As in the proof of Theorem 2.2, T' must satisfy 7'({0,00}) = {0, 00}, and
hence 7" is of the form A — 7X or A — T for some 7 € C*. If T'(0) = oo the rank one Higgs
moduli spaces for X and X are holomorphically isomorphic. Since there is no nonconstant
holomorphic map from an abelian variety to an affine space, any biholomorphism between
the rank one Higgs moduli spaces for X and X produces a biholomorphism between PicO(X )
and Pic’(X). [

Let T: Mpn — Mpp be a holomorphic automorphism that maps each fiber of f to itself,
meaning T(f*) = f* for all A € CP'. Consider the projection

mo: f0=Pic®(X) x H(X,Kx) — H°(X,Kx). (3.4)

Then, the automorphism 7T restricted to fO maps fibers of my to fibers of my since Pic(X) does
not have any nonconstant holomorphic map to H°(X, Kx). A corresponding statement is true
for the fiber f*°. Thus, the assumptions in the following lemma are natural.

Lemma 3.6. Let T: Mpyg — Mpy be a holomorphic automorphism such that T(f*) = f
for all X\ € CP'. Assume that T restricted to Pic%(X) x {0} C fO is the identity map, and T
restricted to Pic®(X) x {0} C f*° is the identity map. Then, there exists an integral harmonic
1-form v € A = HY(X,Z) C Harm(X; C) such that T is given by

T((\,E,D))=(\E,D+\),
where v ="+ 4" is the decomposition into (1,0) and (0,1) components.
Proof. Consider the “constant” section of f

5(A) = [\, 0, ),

where d = 0 4 0 is the decomposition into types. From Lemma 3.4 and the assumption that T
restricted to Pic’(X) x {0} C f9 is the identity map it follows that 7 o s must be of the form

Tos(A)=(\D++1 A0 +)) (3.5)
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for some 1,72 € A. By applying the gauge exp (— i ’yl), the identity in (3.5) is equivalent to
Tos(\) = (A8, A0+
for y =7 —m.
Since T is continuous it follows that for every constant section of f defined by sp(\) =
(A, L, AD), where D is a holomorphic connection on L, the equality
Tosp(A) = (\LAD+4"))
holds. It should be mentioned that this is equivalent to
Tos(\)=(\L®L(@A-+"),\D).

Note that for any A € C\ {0} and for every point p = (A, E,D) € f*, there exists a constant
section which goes through p. This completes the proof. |

Let
s: CP'— Mpu,  Ar—= N0+ T+ N, A(0 + ) + f]
be a section of f, where a, 3,1,w € H(X, Kx); define
To: Mpw — Mpu, [\ E,Dl— NE®@ L +@+ ), D@ \0+a)+B)], (3.6)

where the tensor product of two A-connections D, D on two holomorphic line bundles F, E
respectively is the A-connection

D@ D(e®¢é) =D(e)®e+e® D(e)

on E® E. This Ty is clearly a holomorphic automorphism of Mpy.
Let

Aut(Mpn)o C Aut(Mpp)

be the connected component, containing the identity element, of the group of holomorphic
automorphisms of Mpy. Using Lemmas 3.5 and 3.6 we can give the following description of

Aut(Mpm)o.
Theorem 3.7. There is an isomorphism
Aut(Mpn)o = Map(X) x ((H*(X,Kx) x H'(X,Kx)) x C¥)
with the group structure of the right-hand side given by
(Vl,al,ﬁl,n) . (VQ,ag,ﬁz,Tg) = (Vl ®@ V2, a; + Tioe, My + T—llﬁQ,nTg). (3.7)

The group Mar(X) acts via the automorphisms Ty in (3.6), H(X, Kx)x HO(X, Kx) acts using
addition of forms to connections and Higgs bundles, and C* acts via multiplication.

Proof. Using Lemma 3.5 and the lift of the C* action on CP' we can restrict to automorphisms
T € Aut(Mpm)o such that

r(r) - 1
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for all A € CP!. We claim that there exists a section s: CP' — Mpgy of f such that T, o T is
of the form given in Lemma 3.6, where T is constructed in (3.6).

Recall that T acts fiberwise on the fibers of 73 in (3.4). An automorphism of Pic(X) which
is homotopic to the identity map is a translation by an element of Pic’(X). Hence, there exists
a,w € H(X, Kx) such that

T(0,L,0) = (0,L® L(0+w), )

for all (0, L,0) € m, }(0) C f°. The same argument yields that there are 3,7 € H°(X, Kx) such
that the automorphism T, for the section s defined by

s(A) = (A, 0 =@ — N, A0 = B) — ),

has the desired properties.

Moreover, by applying the arguments in the proof of Lemma 3.6, we see that a section s of f
such that T o T is of the form given in Lemma 3.6 is unique up to tensoring with a constant
section of the form A — (X, 0, \(0 + 7)) for some v € H'(X,Z) C Harm(X, C).

Altogether, we obtain that any element in Aut(Mp)o is of the form (V, o, 7, 7) € Myr(X) X
((H(X,Kx) x HO(X,Kx)) x C*) for the actions of the components Mqr(X), H*(X, Kx),
HY(X,Kx) and C* on Mpy as described above. The group structure of Aut(Mppy)g is easily
verified to be as in (3.7). [

3.2 Automorphisms of Mpy preserving a cohomology class

In this subsection we assume that g = genus(X) > 1.

Till now we have restricted to automorphism of Mpy lying in Aut(Mpg)g. In this subsection
we define a natural cohomology class on Mpy and compute all automorphisms which preserve
this particular class.

Any holomorphic automorphism t: X — X induces an automorphism 73 : Mpy — Mppy
via pull-back; note that ¢ is also a holomorphic automorphism of X. More precisely, for A € C*

and (\, L, D) € f*, define
Ty(\,L,D) = (\ t*L,t*D). (3.8)

It is straight-forward to check that (3.8) extends holomorphically to f and f* giving rise to
a holomorphic automorphism of Mpy; the inverse of T} is Ty-1. Similarly, if

st X — X
is a holomorphic isomorphism, then define
Ts: Mpoa(X) — Mpoa(X), (M L,D) — (\,s*L,s*D).
But Myoq(X) is identified with Mpy \ f° (this follows immediately from (3.1)). Therefore,

T, gives a biholomorphism of Miypq(X) with Mpy \ f°. This biholomorphism extends f*,

and hence Ty is a holomorphic automorphism of Mpy over the involution A — % of CP.

Explicitly, for A # 0, co it is given by
Ts(\, L, D) = ¢ (), s*L,s*D)).

These examples can be generalized as follows. Consider A in (3.3); let A” be its image in
HO(X,Kx) C Harm'(X;C). Then

Pic’(X) = HO(X, Kx)/\",
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and every 7" € A” determines a unique v € A such that v = (y — ") +” is the decomposition
into (1,0) and (0,1) parts. As v € A is imaginary we get that v/ = (y —~") = —3". Hence, any
holomorphic automorphism

t: Pic®(X) — Pic’(X)
with ¢(0) = 0 gives rise to a map

t=tot: HY(X,Kx)® HY(X,Kx) — H°(X,Kx)® HY(X,Kx)
satisfying

t(A) = A.
Explicitly, 7 is given by

Ha®n) = t@) @ t(n)

for a,n € H°(X, Kx). Decompose d = 0 + 0. For any A € C*, every element p € f* is of the
form

p=(\0+w,\0+a))
for some a,w € HY(X, Kx). We then define
TNO+w, A0+ a))=(\,0+tw), A0+ t(a))). (3.9)

Again, (3.9) yields a well-defined automorphism of Mpp which covers the identity on CP!.
Finally if s: Pic’(X) — Pic?(X) is an isomorphism satisfying s(0) = 0 € Pic?(X), we can
construct an off-diagonal isomorphism

5= <(S) 8) : HO(X,K)()@HO(X,K)() —)HO(X,K)()@HO(X,KX)

with

S(A) = A.
Thus, the formula

TN +TANO+ ) = (N, 0+ s(@), A0 +3())) € Mpu(X) = Mpu(X) (3.10)
defines an automorphism of Mpp(X) covering A — A71.

Proposition 3.8. The components of the space of automorphisms of Mpu are given by the
space of holomorphic isomorphisms t: Pic®(X) — Pic()iX) with t(0) = 0 together with the
space of holomorphic isomorphisms s: Pic?(X) — Pic®(X) with s(0) = 0.

Proof. Let T: Mpg — Mpnu be a holomorphic automorphism which maps the fiber f9 to
itself. After composing with a suitable element of Aut(Mpp)o, compare with Section 3.1 and in
particular with the proof of Theorem 3.7, we may assume that 7 maps {0} x Pic®(X) x {0} c f°
to itself and {oo} x Pic?(X) x {0} C £ to itself such that T(0,9,0) = (0,9, 0) and T(c0,d,0) =
(00,0,0) (where d = 0+ 0 as before). We need to show that T is, up to another automorphism
in the identity component, of the form (3.9). In view of Lemma 3.6 it remains to prove that the
restrictions t1: Pic’(X) — Pic?(X) and t5: Pic’(X) — Pic?(X) fit together, i.e.,

%\1 =1tPt (3.11)
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on H'(X,Kx) @ HY(X,Kx). This follows from an argument similar to one in the proof of
Lemma 3.6: First note that constant sections

A — (N, 0+w, A0+ a))
are mapped to constant sections of the form
A (A, 0+ t1(@), A + ta(a))

for affine linear lifts t;: HO(X, Kx) — HO(X,Kx) and t3: H(X,Kx) — H°(X,Kx) of
t1: Pic%(X) — Pic®(X) and ty: Pic®(X) — Pic’(X). Actually, after applying automor-
phisms of the form given in Lemma 3.6, we can assume that both lifts are linear. If we apply
the above considerations to @ = 4" and a = o/ where v = v/ ++” € A we get that t1(7”) € A”,
ta(v') € A’ and

t2(7) +t1(7") € A

as we have the constant section which goes through the trivial gauge class at A = 1. Hence,
(3.11) holds and if Pic’(X) and Pic®(X) are not isomorphic the proposition follows from Lem-
ma 3.5.

If Pic’(X) and Pic’(X) are isomorphic, the proposition follows from the first part of the
proof together with the observation that (3.10) gives an automorphism of Mpy. |

Remark 3.9. We note that Aut(Mpg)p is a normal subgroup of Aut(Mpy), and the quotient
group Aut(Mpp)/ Aut(Mpr)o is identified with the connected components of Aut(Mpy). In
particular, the connected components of Aut(Mpy) is also a group. Proposition 3.8 describes
the connected components, while Theorem 3.7 describes Aut(Mpp)o. However, these two results
do not determine the group structure of Aut(Mppy).

The complex manifold Mpy = Mpp(X) has a natural integer cohomology class 0y €
H?(Mpp,Z) which can be constructed as follows: Consider the map ¢ in (2.8). Identify
Pic’(X) with the character variety Hom(m(X),U(1)) as before, and consider ¢ as a map to
Hom(7;(X),U(1)). Let

bt Migoa(X) — Hom(m (X), U(1)) = Hom(m (X), U(1))

be the map obtained by substituting X in place of X in the construction of ¢. The two
maps ¢ and ¢ coincide over the intersection Mpoq(X) N Mpoa(X) = f~1(C*) € Mpu(X).
Consequently, we get a map

¢pu.x: Mpn(X) — Hom(7(X), U(1)).
Now define
Ox := dbu,xbo € H*(Mpu(X),Z),

where 0 is the integral cohomology class in (2.9).

The symplectic form 6 on the Hom(71(X), U(1)) (see (2.9)) depends on the orientation of X,
i.e., if the orientation of the topological surface underlying X is changed, then the corresponding
symplectic form is —f. Therefore, with respect to the isomorphism Mpy(X) — Mpu(X), we
have

Ox = —bx,



On the Automorphisms of a Rank One Deligne-Hitchin Moduli Space 17

where 6 € H*(Mpu(X),Z) is obtained by substituting X in place of X in the construction
of Ox. Let

Aut(Mpg (X)) ¢ Aut(Mpu(X)) (3.12)

be the subgroup that fixes the cohomology class 0x.
For any holomorphic automorphism ¢ € Aut(Pic’(X)), the corresponding automorphism T}
of Mpu(X) fixes the cohomology class €x if and only if

tel'x

(defined in (2.11)); see the proof of Proposition 2.3.
As in Section 2.2 we have an action of I'x on Aut(Mpy) which preserves the identity com-
ponent Aut(Mpp)o C Aut(Mpyp). Consider the corresponding semi-direct product

fDH,X = Aut(MDH)O xI'x.
Then, we obtain the following:

Theorem 3.10. The natural homomorphism
fDH,X — Aut(MDH(X))QX,
where Aut(Mpy(X))?% is defined in (3.12), is an isomorphism.

Proof. Any holomorphic automorphism of Mpy(X) takes the union fOU f* to itself. Indeed,
this follows from the following two facts:

e all compact complex submanifolds of Mpp(X) of dimension at least two are contained in
fOuU f°°, and
e the union f° U f* is covered by compact complex submanifolds of dimension g > 2.

We next observe that any automorphism & € Aut(Mpp(X))?% preserves fO and £ indivi-
dually. To see this, let

é—/: fO — foo
be a biholomorphism. Since the maximal dimensional compact complex submanifolds of f°
(respectively, f* are isomorphic to Pic?(X) (respectively, Pic’(X)), we conclude that & pro-

duces a holomorphic isomorphism of lico(X ) with Pic®(X). But the cohomology class of ]
in (2.7) gives a negative class on Pic?(X) after identifying Pic’(X) with Hom(m(X),U(1)) =

Hom(H;(X,Z),U(1)). On the other hand, the class 6y € H?(Pic’(X),Z) given by 6 is ample.
A holomorphic isomorphism between complex projective manifolds can’t take an ample class to
a negative class. Hence any automorphism ¢ € Aut(Mpg(X))?% takes fO (respectively, f>)
to fO (respectively, f>).

Now the proof is analogous to the proof of Proposition 2.3. |

4 Algebraic dimension of the Deligne—Hitchin moduli space

Lemma 4.1. Consider the constant “trivial” section
s: CP' — Mppu(X), A (X, 0, 70)

of f (see (3.2)). There exists an analytic open neighborhood U C Mpu(X) containing s(CP')
and an analytic open neighborhood V of the zero section of

Ocpi(1)%2 —; CP!

such that U and V are biholomorphic.
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Proof. Identify CP' with lines in C? by sending any A € C ¢ CP! to the line generated by
(A, 1) € C? while the point co = CP! \ C is sent to the line in C? generated by (1,0). The
fiber of the line bundle O¢p1 (1) over any point z € CP! is the dual line (¢2)*, where ¢* C C? is
the line corresponding to z. Hence Oc¢pi(1) has a canonical trivialization over C (respectively,
CP!\ {0}) given by A — {c- (A, 1) — ¢} (respectively, A — {c- (1,1/A) — c}).

Let wy,...,w, be a basis of HY(X, Kx), where g = genus(X), and let @y, ...,w, be the
corresponding conjugate basis of HO(X, Kx). Now let

d: Cx (CQQ — MDH(X),
g g
(/\,Xl,.. . ,Xg,al,...,ag) — ()\,8— inwi,)\a—i—Zaiwi)
i=1 i=1
be the map. This map ® extends to a holomorphic map

C x C% C Opp1(1)® 25 Mpy(X);

recall that the trivial line bundle C x C — C is identified with the restriction of O¢p1(1) to
C c CP!. This holomorphic map ® is a biholomorphism from an analytic neighborhood of the
zero section of O¢p1(1)¥29 —s CP! to a neighborhood of s(CP?). [

The algebraic dimension of a compact connected complex manifold Y is the transcendence
degree of the field of global meromorphic functions on Y over the field C. The algebraic
dimension is bounded above by the complex dimension. If the algebraic dimension of Y coincides
with the complex dimension of Y, then Y is called Moishezon.

The definition of algebraic dimension does not make sense in general if Y is not compact.
For example the transcendence degree, over the field C, of the field of global meromorphic
functions on the open unit disk is infinite. However, a theorem of Verbitsky says that the notion
of algebraic dimension continues to remain valid, and it is bounded above by the complex
dimension, if Y contains an ample rational curve [13, p. 329, Theorem 1.4]. In particular, the
notion of algebraic dimension extends to the twistor spaces.

Proposition 4.2. The algebraic dimension of Mpu(X) coincides with dim Mpyu(X), in other
words, Mpu(X) is Moishezon.

Proof. Consider the compactification P(Ocp1(1)%29@® Ocp1) of Ocp1(1)%%. Since it is a com-
plex projective manifold, it is Moishezon. Now from [13, p. 337, Theorem 3.4] we know that any
analytic neighborhood of the zero section of O¢p1(1)%29 is Moishezon, because the zero section
is an ample rational curve. Therefore, from Lemma 4.1 and [13, p. 337, Theorem 3.4] it follows

that Mpu(X) is Moishezon. [

Acknowledgements

We thank the referees for their detailed and helpful comments. The work begun during a research
stay of the second author at the Tata Institute of Fundamental Research and he would like to
thank the institute for its hospitality. SH is partially supported by DFG HE 6818/1-2. The first
author is partially supported by a J.C. Bose Fellowship.

References

[1] Atiyah M.F., Bott R., The Yang—Mills equations over Riemann surfaces, Philos. Trans. Roy. Soc. London
Ser. A 308 (1983), 523-615.


https://doi.org/10.1098/rsta.1983.0017
https://doi.org/10.1098/rsta.1983.0017

On the Automorphisms of a Rank One Deligne-Hitchin Moduli Space 19

=

=N

=)

Baraglia D., Classification of the automorphism and isometry groups of Higgs bundle moduli spaces, Proc.
Lond. Math. Soc. 112 (2016), 827-854, arXiv:1411.2228.

Baraglia D., Biswas 1., Schaposnik L.P., Automorphisms of C* moduli spaces associated to a Riemann
surface, SIGMA 12 (2016), 007, 14 pages, arXiv:1508.06587.

Corlette K., Flat G-bundles with canonical metrics, J. Differential Geom. 28 (1988), 361-382.

Donaldson S.K., Twisted harmonic maps and the self-duality equations, Proc. London Math. Soc. 55 (1987),
127-131.

Goldman W.M., The symplectic nature of fundamental groups of surfaces, Adv. Math. 54 (1984), 200-225.

Goldman W.M., Xia E.Z., Rank one Higgs bundles and representations of fundamental groups of Riemann
surfaces, Mem. Amer. Math. Soc. 193 (2008), viii+69 pages, math.DG/0402429.

Hitchin N.J., The self-duality equations on a Riemann surface, Proc. London Math. Soc. 55 (1987), 59-126.

Hitchin N.J., Karlhede A., Lindstrém U., Ro¢ek M., Hyperkédhler metrics and supersymmetry, Comm. Maith.
Phys. 108 (1987), 535-589.

Simpson C., Constructing variations of Hodge structure using Yang—Mills theory and applications to uni-
formization, J. Amer. Math. Soc. 1 (1988), 867-918.

Simpson C., The Hodge filtration on nonabelian cohomology, in Algebraic Geometry — Santa Cruz 1995,
Proc. Sympos. Pure Math., Vol. 62, Amer. Math. Soc., Providence, RI, 1997, 217-281, alg-geom/9604005.

Simpson C., A weight two phenomenon for the moduli of rank one local systems on open varieties, in From
Hodge Theory to Integrability and TQFT tt*-Geometry, Proc. Sympos. Pure Math., Vol. 78, Amer. Math.
Soc., Providence, RI, 2008, 175-214, arXiv:0710.2800.

Verbitsky M., Holography principle for twistor spaces, Pure Appl. Math. Q. 10 (2014), 325-354,
arXiv:1211.5765.

Weil A., Zum Beweis des Torellischen Satzes, Nachr. Akad. Wiss. Géttingen. Math.-Phys. Kl. Ila. 1957
(1957), 33-53.


https://doi.org/10.1112/plms/pdw014
https://doi.org/10.1112/plms/pdw014
https://arxiv.org/abs/1411.2228
https://doi.org/10.3842/SIGMA.2016.007
https://arxiv.org/abs/1508.06587
https://doi.org/10.4310/jdg/1214442469
https://doi.org/10.1112/plms/s3-55.1.127
https://doi.org/10.1016/0001-8708(84)90040-9
https://doi.org/10.1090/memo/0904
https://arxiv.org/abs/math.DG/0402429
https://doi.org/10.1112/plms/s3-55.1.59
https://doi.org/10.1007/BF01214418
https://doi.org/10.1007/BF01214418
https://doi.org/10.2307/1990994
https://doi.org/10.1090/pspum/062.2/1492538
https://arxiv.org/abs/alg-geom/9604005
https://doi.org/10.1090/pspum/078/2483751
https://arxiv.org/abs/0710.2800
https://doi.org/10.4310/PAMQ.2014.v10.n2.a6
https://arxiv.org/abs/1211.5765

	1 Introduction
	2 Automorphisms of the rank one Hodge moduli space
	2.1 Connected component of the automorphism group
	2.2 Automorphisms preserving a cohomology class

	3 Holomorphic automorphisms of the Deligne–Hitchin moduli space
	3.1 Connected component of the holomorphic automorphism group
	3.2 Automorphisms of MDH preserving a cohomology class

	4 Algebraic dimension of the Deligne–Hitchin moduli space
	References

