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Abstract. We introduce seven families of stochastic systems of interacting particles in one-
dimension corresponding to the seven families of irreducible reduced affine root systems.
We prove that they are determinantal in the sense that all spatio-temporal correlation func-
tions are given by determinants controlled by a single function called the spatio-temporal
correlation kernel. For the four families Ay_1, By, Cny and Dy, we identify the systems
of stochastic differential equations solved by these determinantal processes, which will be
regarded as the elliptic extensions of the Dyson model. Here we use the notion of mar-
tingales in probability theory and the elliptic determinant evaluations of the Macdonald
denominators of irreducible reduced affine root systems given by Rosengren and Schlosser.
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1 Introduction and main results

Stochastic analysis on interacting particle systems is important to provide useful models describ-
ing equilibrium and non-equilibrium phenomena studied in statistical physics [15]. Determinan-
tal process is a stochastic system of interacting particles which is integrable in the sense that all
spatio-temporal correlation functions are given by determinants controlled by a single function
called the spatio-temporal correlation kernel [4, 20]. Since the generating functions of correlation
functions are generally given by the Laplace transforms of probability densities, the stochastic
integrability of determinantal processes is proved by showing that the Laplace transform of any
multi-time joint probability density is expressed by the spatio-temporal Fredholm determinant
associated with the correlation kernel. The purpose of this paper is to present new kinds of
determinantal processes in which the interactions between particles are described by the loga-
rithmic derivatives of Jacobi’s theta functions. A classical example of determinantal processes
is Dyson’s Brownian motion model with parameter 8 = 2, which is a dynamical version of the
eigenvalue statistics of random matrices in the Gaussian unitary ensemble (GUE), and we call it
simply the Dyson model [6, 15, 38]. We will extend the Dyson model to the elliptic-function-level
in this paper. We use the notion of martingales in probability theory [14, 15] and the elliptic de-
terminantal evaluations of the Macdonald denominators of seven families of irreducible reduced
affine root systems given by Rosengren and Schlosser [34] (see also [26, 42]).

Among the seven families of irreducible reduced affine root systems, R = Ax_1, By, BX;, Cn,
CY;, BCn, and Dy, we reported the results only for the system R = Ay_1 in the previous papers
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[16, 17] as follows. Assume 0 < t, < 00, 0 <7 < 00, 0 < N < 00, and let

1
A (te — ty2) = 7310g191(v;7) . te0,t), (1.1)
2mr Qv v=x/2nr, T=IiN (t+—t)/2mr?

where 61 (v; 7) denotes one of the Jacobi theta functions. See Appendix A for the Jacobi theta
functions and related functions. For N € {2,3,...}, we define the Weyl chamber

Wy = {X: ($1,(L’2,...,CIIN) ERNZ 1 <Xy < - <$N}.
We introduced a one-parameter (5 > 0) family of systems of stochastic differential equations
(SDEs) for t € [0,t,) [17]

t N
(An—1) XV7U() = wy+ W) + g / A2 (t* — 5 ) XN (s) — HN> ds
0 =1

t
—|—§ Z /OA?\?r(t*—s,XfN_l(s)—X:N_l(s))ds,

1<k<N,
k2
j=1,...,N, inR, (1.2)
for u = (u1,...,un) € Wy, where Wj(t),t >0, j=1,...,N are independent one-dimensional

standard Brownian motions, and

mr(N —1), if N is even,
K =
YT mr(N = 2), if N is odd.

We called this family of N-particle systems on R, XAN-1(¢) = (XfN’l(t),...,X]’éN’l(t)),
t € [0,t4), the elliptic Dyson model of type A with parameter 5. By (A.9) in Appendix A.2,
(1.2) gives

AN-1 AN—1
An_ g, = X;N() . .
ax;" 1(t)~de(t)—|—§ J t*_ft dt, j=1,2,....,N, int1Tt,,
with
™25 —1), if N is even,
Ava _ N i=1,2,...,N
v; —\ 27r . 1 £ N is odd g=L2 ...V,
W(] —-1), i 1s odd,
which give equidistant-spacing configurations vAN-1 = (va o ,v]’?,N ~'). This implies that

the elliptic Dyson model of type A is realized as a system of interacting Brownian bridges (see, for
instance, [5, Part I, Section IV.4.22]) pinned at the configuration vA~-1 at time t, [17]. When the
system of SDEs is temporally homogeneous, it is well known that the corresponding Kolmogorov
(Fokker—Planck) equation for transition probability density can be transformed into a Calogero—
Moser—Sutherland quantum system (see, for instance, [8, Chapter 11]). The present system
of interacting Brownian bridges is temporally inhomogeneous, however, and the Kolmogorov
equation is mapped into a Schrodinger-type equation with time-dependent Hamiltonian and
the time-dependent ground energy [17]. The obtained quantum system is elliptic, but different
from the elliptic Calogero—Moser—Sutherland model extensively studied as a quantum integrable
system [7, 25, 31, 39, 40]. We found at the same time that the interaction among particles
vanishes when the parameter is chosen to be a special value (f = 2 in our case) as found in



Elliptic Determinantal Processes and Elliptic Dyson Models 3

the usual Calogero-Moser—Sutherland models. We applied the determinantal-martingale-me-
thod [14] and proved that the elliptic Dyson model of type A with § = 2 is an integrable
stochastic process in a sense that it is determinantal for a set of observables [16, 17].

In the present paper, we report the results for other six systems, R = By, BX,Cn, CY,
BCy,Dy. Here we first construct the six families of determinantal processes (Theorem 1.1).
Then for the three families By, Cy and Dy, we clarify the systems of SDEs (with parameter
[ = 2) which are solved by our new determinantal processes (Theorem 1.2).

For N € {2,3,...}, 0 <7 < 00, define

WS\?’M) = {x:(xl,acg,...,x]v) eRYM:0<m<ma<--<zpn <7rr}.
Let u = (uy,ug,...,un) € W%’mﬂ), and
B iNE(t, —t)
= —— 7 1.
Py = A0, (1.3
where the numbers N'? are given by
(N, R=Ay_,
9N -1, R=By,
2N R = BY,,CY,
NE = ’ NN (1.4)
9N +1), R=Cly,
2N +1, R = BCy,
9(N —1), R=Dy.
For t € [0,t,) put
N
DR(t.x) = cg(Tz(t)) H ﬂl cl Rae/2mr; 02 RrB(t) )
o (77(0)) 5 (clug/2mr; T E(0))
" H ﬁl((xk xj)/2mr; Ti(t) ) 1( xp +x5) /27, TR(t))
L<jh<N V1 ((ug — uj)/2mr; 78(0)) D1 ((ug + wj) /2775 7F(0))
fOFR:BN,BN,CN,CN, (15)
DBCN (1, ) co N (TBON (1)) T V1 (we/2mr; TEON (1)) O (e /mr; 27PN (1))
X) =
u ’ C(?CN (rBC~(0)) ;5 th (we/27mr; TBON(0)) 9o (ue/7r; 27BCN(0))
191( T — CCJ)/QTI"I”;TBCN t ) 1( xp + x5)/27r; TBCN(t))
< 1 BC BC , (1.6)
I<i<k<N 191( up — uj)/2mr; TBEN(0) ) 1( u + uj) /27T N(()))
t
D ) = A7)
co ¥ (7P~ (0))
y H o ((xk xj)/2mr; D~ (t)) 191((561€ +z;) /27, DN~ (t)) (L.7)
L<i<heN V1 ((uk — uy)/27r; 7PN (0)) 91 ((wr + uj) /27r; 7PN (0)) '
where
c'(r) =n(r) "N for R = By,Ch,

(r)~NV=D%p(27) (V=1

B\/
co N (1) =1
(r) = ()~ W=Dy (7 /2)" V=D,

Vv
6" (7)
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N (r) =n(r) N2, (1.8)
and

By = c?v 1, CIBV = clcN =2,

By v =1, Do SV o) (1.9)

Here 7(7) denotes the Dedekind modular function (see, for instance, [32, Section 23.15])
_ 7—m/12 H 2m—m 7 S > 0. (1.10)

We call (1.5)—(1.7) the determinantal martingale-functions [14] (see Sections 2.2 and 2.5).

In the interval [0, 7r], we consider the N-particle system of one-dimensional standard Brow-
nian motions B(t) = (By(t),..., Bn(t)), t > 0 started at u = (uq,...,uy) € Wg\?’w) with either
an absorbing or reflecting boundary condition at the endpoints of the interval, 0 and 7r. The
transition probability density of each particle is generally denoted by pl%™. The boundary con-
ditions at 0 and 77 are indicated by b and ¥, respectively, and the transition probability density
with the specified boundary conditions b, b’ is written as pl[)?l;ﬁ. In this paper the absorbing
(resp. reflecting) boundary condition is abbreviated as ‘a’ (resp. ‘r’). By the reflection princi-
ple of Brownian motion (see, for instance, [5, Appendixes 1.5 and 1.6]), if both boundaries are
absorbing, the transition probability density is given by

[0,77]

p Tt ylx) = Z {ppm(t,y + 2mrk|z) — peMm(t,y + 277k — 2) }, (1.11)

k=—o00

and if both are reflecting, it is given by

7)1, y|z) = Z {ppm(t,y + 2mrk|z) + peMm(t,y + 27rk| — 2) }, (1.12)

k=—o00

Pry

for z,y € [0,7r], t > 0, where ppm(t,y|x) denotes the transition probability density of the
one-dimensional standard Brownian motion

()22t
€ £>0

peM(t ylT) = Vort ’ (1.13)
oz —y), t=0.

We write the probability law of such a system of boundary-conditioned Brownian motions in
[0,7r7] [0,77]
[0,77] as Py ' In Py, put

Teollision = inf {t > 0: Bj(t) = By(t) for any j # k}, (1.14)

i.e., the first collision-time of the N-particle system of Brownian motions in the interval [0, 77].
Let 1(w) be the indicator function of a condition w; 1(w) = 1 if w is satisfied, and 1(w) =
otherwise. Then we define

0,7mr
PE| . = 1(Teoision > DEEBOPY™| ., te[0,t.), (1.15)

where D are given by (1.5)—(1.7) and F; denotes the filtration associated with the Brownian
motion (see Section 2.1). That is, the Radon-Nikodym derivative of PE with respect to the
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Wiener measure L™ of Brownian motion is given by 1(Teolision > t)DE(t,B(t)) at each time
€ [0,t.). Therefore, a stochastic process with N particles governed by IP’E is well-defined as
a realization of non-intersecting paths which are absolutely continuous to the N-particle paths
of independent Brownian motions in [0, 7r].
For y € R, d,(-) denotes the delta measure such that 6,({z}) =1if v = y and §,({z}) =0
otherwise. The first theorem of this paper is the following.

Theorem 1.1. Assume that 0 < t, < oo, 0 < r < co. For each N € {2,3,...}, R = B,

BY;,Cn,CY;, BCN,Dyn, u = (u1,...,un) € Wg\?’w), P2 defined by (1.15) gives a probability

measure and defines a measure-valued stochastic process
N
=R
= W)= . %) 1.1
(") Zléx;a(t>( ), tel0t) (1.16)
J:

The process ((ER(t))te[o,t*yPE) 1s determinantal with the spatio-temporal correlation kernel

K2 (s, z:t,y) Zp[o e , T|ug) uu](t y) — 1(s > t)pOm (s — t, zy), (1.17)

(s,x), (t,y) € [0,ts) x [0,7r], where

[ee]
ME, (t,2) = / &8, (a+ iT)peu(t, T/0)dF (1.18)

with the sets of entire functions (the elliptic Lagrange interpolation functions)

01 (cftz/2mr; B (0))

R _
(I)u,uj (2) = 0 (C{%Uj/QTW' CgTR(O))
[ LG v 2 0) (et ) 2erie(0)
LI<I<N, 01 ((uj — ug) /23 7R(0)) 01 ((uj + ug) /23 TR(0))
U#£]
for R = By, BY,Cn,CY;, (1.19)
9B () — DA/ TPON(©0) Vo (z/mri2rPON (0))

V1 (u; /2 TBEN(0)) Yo (uj/mr; 205N (0))
H 01 ((z — ug) /2mr; TBON(0)) 91 ((2 + ue) /275 7BON (0))
ooy U1 ((uj — ug)/2mr; TBON(0)) 91 ((uj + ug) /2775 7BON (0))
t#j
D [\ D1 ((z — ug)/27r; PN (0)) 91 ((2 + we) /273 7PN (0))
(I)u’uj( )= H 191((uj —uy)/2mr; TON (O)) % ((uj + ug) /27 7'DN(O))7

(1.20)

(1.21)

1<¢<N,
U#£]

j=1,2,...,N. Here 7E(t) are given by (1.3) with (1.4), and cft, & for R = By, BY;,,Cn,CY;
are giwen by (1.9).

The second theorem of this paper is the following.

Theorem 1.2. Let N € {2,3,...}, 0 < t, < 00, 0 <7 < 00. Assume u = (uy,...,un) €
Wg\?’ﬂ). In the interval [0,7r], for ((EBN (t))te[()t ),]P’EN) we put an absorbing boundary con-

dition at 0 and a reflecting boundary condition at wr, for ((ECN (t))te[Ot ),]P’SN) we put an
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absorbing boundary condition both at 0 and wr, and for ((EDN (t))tE[Ot we put a re-

N
flecting boundary condition both at O and mr, respectively. If we set ZE(t) = Z , then

XB(t) = (X{i(t),...,XE(t)), R= Bn,Cn, Dy, solve the following systems of SDES
(By) XPV(t) =uj+ W;(t) + / ASR (8 — 5, X7V (s))ds

+ > /{Ag;vl — 5, XPN(s) — X[V (s))

1<k<N,
k#j
+ AR (t = 5, XPV(s) + XN (s)) }ds,  j=1,2,...,N,
in [0, 7r] with a reflecting boundary condition at mr, (1.22)

(Cx) X% (1) = uy + W;(1) + / A3 (b — 5,2XC () ds

b5 [ (5 X ) = X0 9)

1<k<N,
k#j
+AZTE L (t = s, XTV(s) + XN () }ds,  j=1,2,...,N,
in [0, 7], (1.23)
(Dy) XPX®) =+ W0+ 3 / (A (b — 5, XD () = XPV(s))
1<k<N,
k#j

+ Ag?j\} 1)(15* - s,XJDN(s) + X,?N(s))}ds, j=12,...,N,
in [0, 7r] with a reflecting boundary condition both at 0 and wr, (1.24)

where Wj(t), t > 0, j = 1,2,..., N are independent one-dimensional standard Brownian mo-
tions.

We call the systems (1.22)—(1.24) the elliptic Dyson models of types B, C, D, respectively.
By (A.9) in Appendix A.2, we see that in ¢ T ¢,

R Uﬁ - XJR(t) .
de (t)Nde(t)—i-ﬁdt, j=1,2,...,N, R=ByN,CyN,Dn
. —
with
25 —1 j —1
By J Cn J Dn J .
viN = r vV = r v N = r =1,2,...,N.
i ToN—1 Y TNy % TN-AT TS
The above implies that the elliptic Dyson models of types B, C, and D are realized as the
systems of interacting Brownian bridges pinned at the configurations v = (vf, ey vﬁ,), R =
Bn,Cpn, Dy, at time t,. Note that U{BN > 0, vﬁN = 7r; vlcN > 0, U]?,N < 7 U{DN = 0,
ﬁN = 71, corresponding to the situation such that the absorbing boundary condition is imposed

at 0 for By, and at 0 and 7r for Cp, while the reflecting boundary condition is imposed at
other endpoints of the interval [0, 7r].
We see

lim A3F"(t, —t,x) = 1 cot (ﬁ) ,

tx—>00 or
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by (1.1) and (A.4). Hence in the limit ¢, — oo, the systems of SDEs (1.2) with f = 2, and of
(1.22)—(1.24) become the following temporally homogeneous systems of SDEs for ¢ € [0, 00):

1t 1 &
(An_1) XfN’l(t) =uj + Wj(t) — 27“/0 tan <%2X5N1(8)> ds
/=1

An_ An_
1 t XV (s) = XV N(s)
+2— Z /Ocot< o ds,

1<k<N,
k#j
j=1,2,...,N, inR, (1.25)
By
B _ I XM (s)
5 3 [ {e (XfN<s>—X£N<s>)
" 1<ken, 2r
k#j
XBv(s)+ XBn (s
+cot< J (>2 e 8) ds, j=1,2,...,N,
r
in [0, 7] with a reflecting boundary condition at 7r, (1.26)
1 [t XN (s
(Cn) X]-CN(t) =uj + W;(t) + / cot (JU) ds
T Jo T
Z /{cot(XJCN )_X’?N(S)>
" 1<ken, 2r
k#j
XON(s) + XN (s
+cot< J ()2r e (o) ds, j=1,2,...,N, in[0,7r], (1.27)
XPr(s) = xPrs
(Dx) XD () =u + Wi+ = 3 /{t( ) X ”)
" 1<ken, "
k#j

XN (s) 4 xPns
+Cot< J ()2 e (8) ds, j=1,2,...,N,
T

in [0, 7] with a reflecting boundary condition both at 0 and 7r, (1.28)

respectively. We will call the above systems (1.25)—(1.28) the trigonometric Dyson models of
types A, B, C and D, respectively.
Moreover, for

1 T 1 1 T
lim —Cot< )—7, lim —tan( ) =0,
r—oo 21 2r T r—oo 2r 2r

the 7 — oo limit of the systems (1.25)—(1.28) are given as follows, for ¢ € [0, 00)

(ANfl) X;“Nfl( ) =u; + W Z / AN 1 ds,

An_
1<k<N, - Xk M (s)

j=1,2,...,N, inR, (1.29)
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(Cn) XJ-CN (t) = u; + Wj(t) +/0 X'.C]lv(s)ds

1
> /{XCN XCN()+XfN(s)+XfN(s)}dS’

1<k<N,
k#j

j=12,....N, in [0,00), (1.30)
(Dn) X7V(t) = uj + Wi(1)

1
+ Z / {XDN XDN( ) XjDN(S) n X,?N(S) } ds, (1.31)

1<k<N,
k#j

j=1,2,...,N, in [0,00) with a reflecting boundary condition at 0.

That is, the system (1.25) is reduced to (1.29), (1.26) and (1.27) are degenerated to (1.30),
and (1.28) to (1.31). The system (1.29) is the original Dyson model (Dyson’s Brownian motion
model with parameter § = 2) [6, 15]. The SDEs (1.30) and (1.31) are known as the system
of noncolliding absorbing Brownian motions (or the Dyson model of type C) and the system
of noncolliding reflecting Brownian motions (or the Dyson model of type D), respectively. See
[2, 18, 19, 23, 24, 28, 41].

The correlation kernel for a determinantal process is in general a function of two points on the
spatio-temporal plane, say, (s,z) and (t,y). In the present formula (1.17) in Theorem 1.1, the
dependence of the correlation kernel KE on one spatio-temporal point (s, x) is explicitly given by
the transition probability density pl%™! of a single Brownian motion in an interval [0, 7] with
given boundary conditions. The dependence of KE‘ on another spatio-temporal point (¢,y) is
described by the following two procedures. The information of interaction among particles and
initial configuration is expressed by a set of entire functions {®f ) (Z)}] s (1.19)—(1.21), which
are static functions without time-variable t. Then evolution in time t is given by the integral
transformation (1.18) specified by the transition probability density ppy with time duration ¢
of a single Brownian motion. One of the benefits of such separation of static information
and dynamics in the formula is that we can trace a relazation process to equilibrium, which is
a typical non-equilibrium phenomenon, for any initial configuration in W(O ) [14]. In order
to demonstrate this fact, in Section 5 we will take the temporally homogeneous limit ¢, — o0
to make the systems have equilibrium processes and study the relaxation to equilibria for the
trigonometric Dysom models of types C and D. Another possible benefit of the present formula
for spatio-temporal correlation kernels is that the infinite particle systems will be studied if we
can control the set of entire functions {éﬁ,uj (z)};v:1 in the infinite-particle limit N — oo. For
the original Dyson model [22] and other related systems [21, 23], we have applied the Hadamard
theorem on the Weierstrass canonical product-formulas of entire functions [27] to analyze the
infinite particle systems. In the present case with (1.19)—(1.21), we have to treat the rations of
infinite products of the Jacobi theta functions in this limit N — co. Asymptotic analysis with
N — oo will be an interesting future problem.

The paper is organized as follows. In Section 2 we explain the relationship between determi-
nantal martingales and determinantal processes used in this paper, and determinantal equalities
(Lemma 2.4) obtained from the elliptic determinant evaluations of the Macdonald denomina-
tors given by Rosengren and Schlosser [34]. There we explain how to derive the determinan-
tal martingale-functions (1.5)—(1.7), which define the interacting systems of Brownian motions
by (1.15). Proofs of Theorems 1.1 and 1.2 are given in Sections 3 and 4, respectively. We study
the temporally homogeneous limit ¢, — 0o in Section 5, and relaxation processes to equilibria
are clarified for the trigonometric Dyson models of types C and D. Concluding remarks and
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open problems are given in Section 6. Notations and formulas of the Jacobi theta functions and
related functions are listed in Appendix A.

2 Determinantal martingales and determinantal equalities

2.1 Notion of martingale

Martingales are the stochastic processes preserving their mean values and thus they represent
fluctuations. A typical example of martingale is the one-dimensional standard Brownian motion
as explained below. Let B(t), t > 0 denote the position of the standard Brownian motion in R
starting from the origin 0 at time ¢ = 0. The transition probability density from the position
z € R to y € R in time duration ¢ > 0 is given by (1.13). Let B(R) be the Borel set on R. Then
for an arbitrary time sequence 0 = tg < t; < -+ < tpy < oo, M € N={1,2,...}, and for any
Ap € BR), m=1,2,..., M,

P[B(tm) € Apm, m = ., M|
M

_ dx<1>.../ it (tn — b1, 2™ =)

/A | B 1 )

with 1,‘(2) = 0. The collection of all paths is denoted by (2 and there is a subset Q C Q such
that P[] = 1 and for any realization of path w € Q, B(t) = B(t,w), t > 0 is a real continuous
function of t. In other words, B(t), t > 0 has a continuous path almost surely (a.s. for short).
For each t € [0,00), we write the smallest o-field (completely additive class of events) generated
by the Brownian motion up to time t as F; = o(B(s): 0 < s < t). We have a nondecreasing
family {F;: ¢t > 0} such that Fs € F; for 0 < s < ¢t < oo, which we call a filtration, and
put F = U, Ft- The triplet (Q, F,P) is called the probability space for the one-dimensional
standard Brownian motion, and P is especially called the Wiener measure. The expectation with
respect to the probability law P is written as E. When we see ppm (¢, y|z) as a function of y, it
is nothing but the probability density of the normal distribution with mean x and variance t,
and hence it is easy to verify that

E[B(t)|Fs] = /OO xppm(t — s, x|B(s))dx = B(s) as. 0<s<t< oo,

—00

which means that B(t), ¢ > 0 is a martingale. We see, however, B(t)",
not martingales, since the generating function of E[B(t)"|Fs], n € Ny
t < 0o, with parameter o € C is calculated as

— " n N oo o=(@=B(s)*/2(t-s)
> EB®)"|F] = E[e*?|F] :/ ‘ &

aB(s)+(t—s)a?/2 7& eaB(s) a.8.

t>0,n€{23,...}are
E{ ,1,2,...},0<8§

Now we assume that E(t), t > 0 is a one-dimensional standard Brownian motion which is
independent of B(t), t > 0, and its probability space is denoted by (Q, F, P). Then we introduce
a complex-valued martingale called the compler Brownian motion

Z(t) = B(t)+iB(t), t>0,

with i = /—1. The probability space of Z(t), t > 0 is given by the product space (22, F,P) ®
(€, F,P) and we write the expectation as E = E ® E. For the complex Brownian motion, by
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the independence of its real and imaginary parts, we see that

Z_% %E[Z(t)”]fs ® F] = B[e®?0|F, @ F,] = E[e®BO|F] x BE[¢*B0)|F,]
_ _aB(s —s)a? iaB(s)—(t—s)a? _aZs_Ooan n
_ 0B H(t-5)a?/2 o giaB(s)~(t-s)a?/2 _ ()_;”’Z(S)

as. 0<s<t<oo, acC,

which implies that for any n € Ny, Z(¢)", ¢ > 0 is a martingale. This observation will be
generalized as the following stronger statement; if F' is an entire and non-constant function,
then F(Z(t)), t > 0 is a time change of a complex Brownian motion (see, for instance, [33,
Theorem 2.5 in Section V.2]). Hence F(Z(t)), t > 0 is a martingale:

E[F(Z(t))|Fs @ Fs) = F(Z(s)) as. 0<s<t<oo.

If we take the expectation E with respect to $Z(-) = B(-) of the both sides of the above equality,
we have

E[E[F(Z(t)|Fs] =E[F(Z(s))] as. 0<s<t<oo.

In this way we can obtain a martingale F(t, B(t)) = E[F(Z(t))], t > 0 with respect to the
filtration F; of the one-dimensional Brownian motion. The present argument implies that if
we have proper entire functions, then we will obtain useful martingales describing intrinsic
fluctuations involved in interacting particle systems.

2.2 Basic equalities and determinantal martingales

Let f;, 7 € I, be an infinite series of linearly independent entire functions, where the index set
lisZ=4{...,—1,0,1,2,...} or N. For N € {2,3...}, we assume

u = (uj,ug,...,uy) € Wy. (2.1)
We then define a set of NV distinct entire and non-constant functions of z € C by

det  [fo(tm + (2 = Um)dmj)]

1<€m<N .
Dy, (2) = = ™) ., j=1,2,...,N. (2.2)
1<bmen E™
By definition, it is easy to verify that
Do, (ur) = Gk, jke{l,2,...,N}. (2.3)

It should be noted that given (2.1), ®u 4, (2), j € {1,2,..., N} satisfying (2.3) can be regarded
as the Lagrange interpolation functions [10, 11, 12]. We can prove the following lemmas.

Lemma 2.1. Let N € {2,3,...}. The functions (2.2) have the following expansions

N
Cuu,(2) =Y buu (W) fi(2),  je{1l,2,...,N}, (24)
k=1

and the coefficients ¢u ., (k), j,k € {1,2,..., N} satisfy the relations

N det [ fint(jmm)sn (Un)]
ij(w)gﬁw(k):lﬁm’”éﬁet Gl € RE{L2NE o (29)
(=1 1<mmn<N maT



Elliptic Determinantal Processes and Elliptic Dyson Models 11

In particular, if j is an element of {1,2,...,N},

N
> filue)pu, (k) = 85k, Gk €{1,2,...,N}. (2.6)
/=1

Proof. Consider an N x N matrix

fu = (fe(um))1<,m<n,

and write its determinant as |fy| # 0. The minor determinant |fu(k, )| is defined as the deter-
minant of the (N —1) x (N — 1) matrix, fu(k, j), which is obtained from f,, by deleting the k-th
row and the j-th column, k,j € {1,2,..., N}. Then the determinant in the numerator of (2.2)
is expanded along the j-th column and we obtain (2.4) with

Buu, () = <—1>J‘+’“'f“|(f’|j)'. (27)

Hence

N 1 N
Zf (we) Puu, (K ?Z K—Hg‘f k, 0)] f;(ue),
(=1 /=1

which proves (2.5), for the summation in the r.h.s. is the expansion of  det [fi 4 (j—m)s,., (un)]
1<mn<N m

along the k-th row. It is immediate to conclude (2.6) from (2.5), if both of j and k are elements
of {1,2,...,N}. |

Then we obtain the following equalities.

Lemma 2.2.

(i) Forz € C,
N
> Filu)Puu,(2) = fi(2),  je{1,2,...,N} (2.8)
=1
(ii) Forz = (z1,22,...,2n) € CN, the equality
det [f;(zx)]
1<j,k<N N
det [Py, == = (21,29,... 2.
I P B0 = o Ty 2T G av) €C (29)
1<j, k<N

holds.

Proof. (i) Multiply the both sides of (2.6) by fi(z) and take summation over k € {1,2,..., N}.
Then use (2.4) to obtain (2.8). (ii) Consider N equations by putting z = z;, j € {1,2,..., N}
n (2.8). Then calculate the determinant |f,| to prove the determinantal equality (2.9). [

We consider N pairs of independent copies (By(t), Bi(t)), k = 1,2,..., N, of (B(t), B(t)),
t > 0, and define N independent complex Brownian motions

Zi(t) = up + Bp(t) +iB(t), t>0, k=1,2..., N, (2.10)

each of which starts from uy € R. The probability law and expectation of them are given
by Py ® P and E, ® E, respectively. Then for each complex Brownian motion Zj(t), ¢ > 0,
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k=1,2,...,N, we have N distinct time-changes of complex Brownian motions, ®y ., (Z(t)),
t>0,j=12,...,N, started from the real values, 0 or 1; @y, (Z1(0)) = Puu,(ur) = Jjk,
4,k =1,2,..., N. Therefore, we can conclude that, if we take expectation E, we will obtain N

distinct martingales

My, (t, By(t)) = E[®u, (Bi(t) + iBy(t))]

~

det [fz(tfsmj, U, + (Bk(t) - um)émj)]
_ 1<tm<N ,  t>0, j=12,...,N,

1§2§th [Fe(0. )]

for each one-dimensional Brownian motion Bg(t), t >0, k =1,2,..., N, where

fult,2) = B[ fule + iB(1))] = / fole + iB)pea(t, Fl0)dF,  Le L.
By this definition, ﬁ((), x) = fo(x), £ € I. Then we define a multivariate function of ¢ > 0 and
X = (r1,22,...,25) € RY by

Dy(t,x) = 1<§i%t<N[Mu7uj (t,zr)], (2.11)

which gives a martingale as a functional of ¢ > 0 and B(t) = (Biy(t), Ba2(t),...,Bn(t)), t >0,
Eu[Du(t,B(t))|Fs] = Du(s,B(s)), 0<s<t<oo.

By the multi-linearity of determinant and (2.9), we see

det [J/”; (t, wk)]

= = _ 1<jksN
Du(t.x) = B[ det | [, (m +iBy(1))] ] = =25 T (2.12)
1<j,k<N

We call Dy(t,B(t)), t > 0, the determinantal martingale [14].

2.3 Auxiliary measure and spatio-temporal Fredholm determinant

Now we introduce an auxiliary measure P, which is complex-valued in general, but is absolutely
continuous to the Wiener measure Py as

Pu| 7, = Du(t, B(t))Pul 5, t>0. (2.13)

(Note that this is generally different from P given by (1.15), since the condition 1(Tronision > t)
is omitted, and hence it is not the measure representing any noncolliding particles.) Here we
consider the corresponding auxiliary system of N particles on R governed by Py

X(t) = (Xi(t),..., Xn(t)), t>0,

starting from (2.1) and each particle of which has a continuous path a.s. We consider the
unlabeled configuration of X(t) as

[11)

N
()= 0g.p()  t=0. (2.14)
j=1

Consider an arbitrary number M € N and an arbitrary set of strictly increasing times t =
{t1,ta,...,tp}, 0=ty < t; <--- <ty < oo. Let C.(R) be the set of all continuous real-valued
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functions with compact supports on R. For g = (¢, Gt1s-- -5 9ty) € Ce(R)M, we consider the
following functional of g

exp{Z/gtm )E( tm,da:)}], (2.15)

which is the Laplace transform of the multi-time distribution function @u on a set of times t
with the functions g. If we put

H/:‘u[t7 g] U

Xt = eIt — ]-a
then (2.15) can be written as
Luft.g] = B | T] T+ xen (Ki(t))} | (216)
m=1j=1

Explicit expression of (2.16) is given by the following multiple integrals

ﬂu[t,g]:/ dxm.../ axM) Dy (a7, xM1)
RN RN

M N
% T T ot (i — s 2™ 1) {04 x, (7)1,
m=1j=1
ere 20 — . i — () — (g™ (m) ) — 1T g™ =
where z;7 = w;, j = 1,2,...,N, x = (xl e Ty ), and dx —jl;[ld:rj ,m =

1,2,..., M.
The following was proved as Theorem 1.3 in [14].

Proposition 2.3. Put
(s,2;t,y) ZpBM s, xluj) My, (t,y) — 1(s > t)pem(s — t, z(y),

s,t > 0, x,y € R. Then the following equality holds for an arbitrary number M € N, an
arbitrary set of strictly increasing times t = {t1,ta,...,tar}, 0=tg < t1 < --- < tpyr < 00, and
g = (gtlagtla . 7gt]y[) S CC(R)M

Lult, g] = Det [040(z — y) + Kuls, ;£ 9)x: (v)],

s,t
z,yeR

where the r.h.s. denotes the spatio-temporal Fredholm determinant with the kernel ]IA{U defined by

Det [ud (e —y) + Kuls,7:t.y)xe(v)] (2.17)
x:yeﬂé
i (m) (n)
— > m) . n
= Z / deN HXtm - 1<4<Nde1t<k<N [Ku(tm,a:j sty
o<hmen, ! I ¥ s <l

i<m<Mm ™t

where dXN H da: , m=1,2,...,M, and the term with N, =0, 1 < Vm < M in the

r.h.s. should be mterpreted as 1.
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This proposition is general and it proves that the auxiliary system (2.14) is determinantal.
The measure (2.13) which governs this particle system is, however, complex-valued in general,
and hence the system is unphysical. The problem is to clarify the proper conditions which
should be added to (2.13) to construct a non-negative-definite real measure, i.e., the probability
measure, which defines a physical system of interacting particles. As a matter of course, this
problem depends on the choice of an infinite set of linearly independent entire functions f;,
jel

2.4 Elliptic determinant evaluations of the Macdonald denominators

Here we report the results when we choose the entire functions f;, j € Z as follows

. . AN_1 1 - (=1
fjANfl (Z;T) — 6zJAN 1(])2/7*791 <JAN1 (])T + N27TT z n (4 ) ;NANIT) 7

fR(Z;T) _ elJR(J)Z/Tﬂl <JR(])T+ N z

J 27r
o e—iJR(j)z/r,lgl (JR(j)T _
NR
2rr 2'
NEZ
27r
NPvz 1 Dy
o §7N T)
NDN

2rr

fJR(z; T) = ei‘]R(j)z/rﬁl (JR(j)T +

. 1
— e )2y, <JR(j)T - - Q;NRT> for R = Cn,Cx;, BCy,

ijN (z;7) = eiJDN(j)Z/rﬁl (JDN ()T +

. . 1
e IIN Gy, (JDN ()T - + 2;NDNT> , (2.18)

2€C,jeZ, with NeN,0<r <oo,and 7 € C with 0 < 37 < o0, where

j_17 R:AN—laBNvB]\\/faDN7
JHG) =< 4, R=Cy,BCy, (2.19)
j—1/2, R=CY,

and N'f are given by (1.4). These functions (2.18) were used to express the determinant evalua-
tions by Rosengren and Schlosser [34] for the Macdonald denominators Wr(z) for seven families
of irreducible reduced affine root systems R = Ay_1, By, By;,Cn,Cy, BCn, Dy. Note that, if
r €R, 7 €iR, and 0 < I7 < 00, then fF(z;7) € R for R = By, BY;, Dy and f%(z;7) € iR for
R=Cn,CY,BCy.

Assume that, for u = (uj,ug,...,un) € Wy, 1<d2t<N[fj(uk)} is factorized in the form
<jk<
N
et [fi(ur)] = kokisym(u) [Tr) T Feluruy), (2:20)
SHE= =1 1<j<k<N

where kg is a constant, k; is a single variable function, ko is an antisymmetric function of two vari-
ables, ka(u,v) = —ka(v,u), and kgym (u) is a symmetric function of u which cannot be factorized

N
as [[ ki(up). For u = (uq,...,uj—1,uj,uj41,...,un) € Wy, we replace the j-th component u;
(=1
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by a variable z and write the obtained vector as u'?) (2) = (u1,...,uj—1,2,Uj41,...,un). Under
the assumption (2.20), ®y 4, (2) defined by (2.2) is also factorized as

Do (2) = oy (09 (2)) 1(2) Folzw) o N (2.21)
7 ksym(u) k‘l (u]) 1<I<N, kz(Uj,Ug)’ T ’
Kz
Then the determinantal equality (2.9) becomes
det ksym (09 (21)) ki (21) 11 ka (21, we)
1<5,k<N ksym(u) /ﬁ(u]') 1<IZN kQ(U]‘,U,@)
U#]
N
Fsym (2) 11 k1(z) 11 ka (2, 25) N
— 2EE)  zecN,  ueWy. (2.22)
buyen() Ak ()| AL o)

In [34] Rosengren and Schlosser gave the elliptic determinant evaluations of the Macdonald
denominators of seven families of irreducible reduced affine root systems, Ax_1, By, By, Cn,
CY, BCy and Dy. From their determinantal equalities [34, Proposition 6.1], it is easy to
verify that our seven choices of f;, j € Z given by (2.18) allow the factorization (2.20) for their
determinants. As functions of 7, we write

oo

g(r)=e™,  qo(r) =] Q@ -a)™). (2.23)

n=1

Lemma 2.4. For the seven choices of fJR(-;T), JjEZ, 3T >0, given by (2.18), the equality

N
det [fFu; )] =k (DkE (i) [ kf(wes ) [ %8 (uno g5 7). (2.24)
=1

1<5,k<N ;
1<j<k<N

holds with the following factors,

0 (1) =i q

k™ (7) = 2q(r) NN D Ago (r) =NV,

by ¥ (7) = 2q(7) 7V gy ()~ g 2r) D,

Ko™ (7) = i Na(r) NV go(r) NV,

koczvv 7) = i~ Ng(r)"NCN=D/8 g (7)=(N=12 g 19y =(N=1),

KEO () = i Ng(r) VD gy () NV go 27) N,

kg)N (r) = 4q(7_)fN(Nfl)/4qo(7_)fN(N72)7 (2.25)
N
> uj — KN

kR (u;T)=1 for R= By, BY,Cn,CY, BCy, Dy,

Sym

kN ) = RON (u37) = 1,

kBN (u;T) =0 (%;T) , kf]vv( T) =1 (— 27)
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cvY u T
V) =0 (55)

_;7)191 <u2—|—’u;7_> forR:BN,BX,,C'N,CX,,BCN,DN. (2.26)
r mr

2.5 Determinantal martingale-functions
Since fJR(z; T), j € Z given by (2.18) are entire and non-constant functions of z € C,
FR(t,a;7) = E[ff(z +iB(t);7)], te[0,00), jEL, (2.27)

give the single-variable martingale-functions such that, if J/“?(t, B(t);7),t >0, j € Z are finite,
then they give martingales with respect to the filtration J; of one-dimensional Brownian mo-
tion B(t), t > 0,

E[ff(t, B(t);T)IFs] = ff(s,B(s)i7), 0<s<t<oo as jeL

We have found that ER(t, x;T)’s are expressed using fJR(t, x;-) by shifting

with (1.4) and multiplying time-dependent factors. With 0 < ¢, < oo, we put (1.3).

Lemma 2.5. For fJR, J € Z given by (2.18), we obtain the following infinite series of linearly
independent martingale-functions

ER (t,:c; TR(O)) = eJR(j)Qt/ZTQfJR(m; TR(t)), t€[0,t.), jEZ, (2.28)
where JE(5), j € Z are given by (2.19).

Proof. By (2.18), it is enough to calculate

E
2rr

. . .S R ] B
TR @HBO)/r g, ( JR(jyr ¢ N EFIBO) NRt)] (2.29)

with a constant o. By the definition (A.1) of 91, this is equal to
eztiJR(j)acZ- Z(_1)neNRTﬂ'i(n—1/2)2+(JR(j)T:tNRw/Qwr+a)7ri(2n—1)
neZ

x B[eF RGN @n-1)/2)B0)/r]

Since
E[eﬂF{JR(J‘)+NR(2n—1)/2}§(t)/r] — TG AN (2n-1)/2)2t /207

_ eJR(j)2t/2T2 eNR(—iNRt/Qﬂr2)7ri(n—1/2)2+JR(j)(—i./\/'Rt/27r7“2)7ri(2n—1)

we can see that (2.29) is equal to

AR R AR
QJR(j)Qt/QTQeiiJR(j)m/rﬁl (JR(j) (7’ ZN t> + N €T —’—O[,NR <T ZN t>> '

272 2mr 272

Therefore, if we set 7 = iNTit, /2mr?, (2.28) are obtained. [ |
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We call the multivariate function Dy(¢,x) of x € RY defined by (2.11) the determinantal
martingale-function, since if it is finite, it gives the determinantal martingale when we put the
N-dimensional Brownian motion B(¢), ¢ > 0 into x. The following is proved.

Proposition 2.6. For fJR, j € Z given by (2.18), the determinantal martingale-functions are
factorized as follows

D1 ) = B Ko7 0) o o T80) - W (aan @)

o cg (r7(0)) Kl (3 77(0)) e:1 k{ (ue; 77(0)) 1<j<k<N kg (ug, uy; 7H(0))”
where

CS‘N*(T) — p(r)-(N-D(N-2)/2 (2.31)

and for R = By, BY;,Cn,CY;, BCn, Dy, c§(r) are given by (1.8). For R = By, BY;,Cn,CY,
BCy, Dy, (2.30) are written as (1.5)—(1.7) with (1.8) and (1.9).

Proof. By the second equality of (2.12) and Lemma 2.5,
det [QJR(j)Qt/QTQfR(QUk;TR(tm (t/2r2) f: JR(j)2 det [f]R@MTR(t))]
=1

1<5,k<N 1<5,k<N
Lf (s TH(0))] Lf ] (ug; 7E(0))]

DIt x) =
u(t:%) det
1<j, k<N 1<j,k<N

where the multi-linearity of determinant was used in the second equality. Then applying
Lemma 2.4, we obtain (2.30) with

N
(rR(t) _ (W2 IR KRR (1)

B(rR(0)) ~ € kH(rR(0))

By (2.25) and the summation formulas
N N
Y i=N(N+1)/2, > 7=NN+1)(2N+1)/6,
j=1 j=1

we obtain the expressions (1.8) using the Dedekind modular function (1.10), since n(7) =
e™™/2q0(7) with (2.23). Thus we can derive readily the expressions (1.5)-(1.7) with (1. )
and (1.9) from (2.30).

3 Proof of Theorem 1.1

Assume ¢ € [0,t,). By (A.3), we see that if 0 < o < 277, 0 < kff(z;7%(t)) < oo for R =
By,CY,BCN; if 0 <2 <mr, 0 < k{%(l‘;TR(t)) < oo for R = BY;,Cy; and k:lDN = 1. We also
see that if

|z1| <22 < - <aNn_1 <N A (21T —2N), (3.1)

then 0 < [  kf(zy,zj;77(t)) < co. The inequality |z1| < o means that xo is greater
1<j<k<N

than both of 1 and its reflection at 0, and xy_1 < zn§ A (277 — ) means that x_1 is smaller

(0,77)

than both of zy and its reflection at 7. The above observation implies that if u € Wy, then

N
0 < JTEFBe;rR®) TI ks (Br(t), Bi(t); 77(t)) < o0,
=1 1<j<k<N

for 0 <t < Teolisions a.s. in PE?’M].
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Due to the Karlin-McGregor-Lindstrom—Gessel-Viennot (KMLGV) formula [9, 13, 29] for
non-intersecting paths, the transition probability density of the N particle system in [0, 7r]
governed by the probability law P2 defined by (1.15) is given by

A (rR) T k(e R () k5 (yns yys 7 (2)
et yl) = GO [P A e O) - Bl 0)
i (rh(s)) Pl (z¢;75(s)) |<i<E<N kit (@, 25578 (s))
[0,7r) (4 (0,77)
x1<32:c<N [Pt = 5, ynlan)], 0<s<t<ty, xyeWy . (32)

Since we consider the measure-valued stochastic process (1.16), the configuration is unlabeled
and hence all the observables at each time should be symmetric functions of particle positions.
For an arbitrary number M € N and an arbitrary strictly increasing series of times 0 = tg < t1 <

C <ty <ty let g, (x), m=1,2,..., M, be symmetric functions of x € Wg\(])’w). Then (1.15)
and (3.2) give

ER gtm ] 0 [aome] [H 9t Tcollision > tM)DE(tv B(tM))
m=1
_ (M) [o,m} _ (m)),.(m—1) (m)
- /W(o / D | I T I
M) (M
(I)DL (T (0) =1 (“‘f TR ) 1<j<k<N ket (ur, ug; 7(0))
By definition of determinant, the above is equal to
DY /(O ).../(0 )
01ESN UMESN w Wi’
N
X H {Sgn Hp[owr] (t —tm— 1’x((m)(n |xUT(n;” 11))(n))gtm( (m))
n=1
N m
i (") 7T R (™3 7 (tn)
e (TH(tm—1)) (5 k("5 7R (1))
(m) (m)
o ey g )
m—1 m—1 ’
1<j<k<N ké% (xf,(m—l))(k)a mg(m—B) ) ; TR(tmfl))
where Sy denotes the collection of all permutations of N indices {1,2,...,N}, o™ =gy0090

< 00m, m>1, 00 =id, and CL‘( ) — uj, j =1,...,N. Here we used the fact that g, (x)’s and

N
[T kf(z¢;-) are symmetric functions of x. By the definition of Wg\?’w) and the fact that
/=1
H k3 (T (k)s To(j) ) = sgn(0) H kgt (g, x5 ), o € Sy,
1<j<k<N 1<j<k<N
this is equal to

M
/[om}N dx(l).../[om]Ndx(M H {H ow] m—tm—1,T m)|xm D)gtm(x(m))}

m=1
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M), R R((M) (M),
;7 (tar) kg (o xy s T (ta)
) 1 kit (uk,ug';TR(O))M

=1 1<j<k<N
Therefore, we obtain the equality
M M
et | TT o 05t = 577 | TL o (800 08 B0 . o
m=1 m=1

that is, the noncolliding condition, T¢opision > tar, can be omitted in (3.3). The expression (3.4)
M
is interpreted as the expectation of the product of symmetric functions [] g4, (-) with respect

m=1
to the signed measure

PE|,. = DE(t,B(1))Py™ te0,t,), (3.5)

-

which is a modification of (2.13) obtained by replacing Py by PL"™ and Dy by DF. Then
we can apply Proposition 2.3, where we replace pgy by pl®™ and use the proper martingale
functions given by (1.18) with (1.19)—(1.21). Thus the proof is completed.

4 Proof of Theorem 1.2

Theorem 1.2 is concluded from the following key lemma.

Lemma 4.1. The transition probability densities pB~, p“N and pPN given by (3.2) for R =
By, Cy, and Dy solve the following backward Kolmogorov equations

opPN (¢, yls, x)

OB (t,y]s,%x) 1 o= 02BN (¢, y]s,x)
=) ZA (s

2 oN—1(tx — 8, 75)
ds = 83:]. = Ox;
pPN (t,yls, x)
+ Z (ASRF_y (b — 8,5 — @) + ASR_1 (b — 5, 2 +$k))T, (4.1)
1<j,k<N, J
j#k
GpCN(t,yls,x) 1 N 32pCN(t,y|s,x) 5 N g2 5 8pCN(t,y|s,X)
e TaX T am TR AR )T
j=1 J j=1 J
N (t,yls, x
+ Z A27T]7\‘[+1 371‘]' — xk) + A%?]Q_"_l)(t* - S,I'j —|— '/L‘k)) p (8$Y| )7 (42)
1<j,k<N, J
%k
N
PN (tyls,x) Ly 0°pPN (t, yls,x)
ds 2 4 0x?
7j=1 J
opPnN (t,y|s, x
b (ATt sy )+ AT — s+ ) P EYEX) g
g
1<5,k<N,
ik
forx,y € WS\?’M), 0 < s <t <ty, under the conditions
N
1SigtlpBN(t,yls,X) = lgrtlpCN (t,yls,x) = 1SigtlpDN (t.yls,x) = [ [ 6(z; — v))- (4.4)



20 M. Katori

Proof. For given t € (0,t,) and y € W(O ) put

u(s,x) = w(s,x)q"™(t — s, y|x), 0<s<t, X € Wg\? ) (4.5)
with the KMLGV determinant

Ot = s ylx) = det [pOT(E — s, ylan)], (4.6)

1<j k<N

where w(s,x) is a Ch2-function which will be specified later, and pl®™] = pg)a{w] given by (1.11)
for R = Cy, plo™] = pﬁ%’”"] given by (1.12) for R = Dy. Since pl®™] is the transition probability
density of a boundary-conditioned Brownian motion, it solves the diffusion equation

Ot — s yle) 1Ot — s, y|2)
0s 2 Ox?

with liglp[o’”] (t — s,ylzr) = 0(z —y). The KMLGV determinant (4.6) is the summation of
S

[0,77] >

products of p s, and hence

Dq(t — s,y[x) 1= 0%q(t — s,y[x)
B ) e L L)
2

Js axz
j=1 J

is satisfied. It is easy to verify that
hmq (t—s,yx) = H o(x (4.7)

Therefore, the following equation holds

N
o 1 2 ow(s,x) oql0™(t — 5, y|x)
_ 077 )
_q[ }(t—s7y‘x) — +§Z— w(S,X)+Z a$j a:L'j .

= Ox;j = 0x; Ox;
the above equation is written as
0 1L & 1 X w(s,x) 0
Z — pu(s,x)

ds = 2 st dzs  w(s,x)

0 1ex 92 1 al w(s,x)\>
0,77y v .= v N )
Ty (4 55D G (s a2 o )| s
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Now we put

w(s,x) = wh(s, x) (4.9)
-1
N iy R T —Tj R T+ g
_J R 12¢, . :
=< g%(s) H191 (27Tr 0T (s)) H I1 < S (5)) % ( grr 0T (s)>
=1 1<j<k<N

for R = BN,CN, and

w(s,x) = wP¥(s,x)
-1

=1 T o (B ) o (B0 ) (4.10)

- 2rr
1<j<k<N

for R = Dy, where ¢gf'(s), R = By,Cx, Dy, are C'-functions of s, which will be determined
later, and C?N =1, C?N = 2. We define af* =1 for R = By and Cy, and of = 0 for R = Dy.
We put C?N =1 for convention. By (1.1) with (A.7), we see that

1 owh(s

,X) R R 52 R
Twh(s,x) oz, 4 Ai(t: = s.eiy)

+ Y (AR — s,y — @) + ATR(L — s, 25 + 23)),  (411)
1<k<N,
k#j

j=1,2,...,N, and if we multiply (4.11) by 9p’i(t,y|s,x)/0z; and take summation over j =
1,2,...,N for R = Byn,Cp, Dy, they give the drift terms in (4.1)—(4.3). Therefore, if we can
choose ¢g%(s) so that the equation

N N 2
0 1 2 R 1 owr (s, x)
—+ = — — : = 4.12
s 2 Z 93 w(s;x) whi(s,x) E:l < oz > 0 (4.12)

Jj=

holds, then the r.h.s. of (4.8) vanishes and we can conclude that u(s,x) given in the form (4.5)
with (4.9) and (4.10) solve the Kolmogorov equations (4.1)—(4.3).
From (4.9) and (4.10) with (1.3), we find that

1 awR(ij) - 1 ng( )+ RZNR N ﬁl(c{?xj/QWT;TR(S))
wk(s,x) Os — gl(s) ds 27TT2] ﬁl(c{{xj/Zﬂr;TR(s))

1iNE (g — 2x)/2mr; 78(s)) 91 () + ae) /27 77 (s))
2am? 2 { 91 (a — ) 2 7R(s)) 0 (s + ) 2 7R(9)) }

1<j,k<N,
J#k

where 0, (v; 7) = 891 (v; 7) /7. If we use the equation (A.2), then the above is written as

1 ow’t(s, x) B 1 dg®i(s) R NE N 19’1’(0{%33]»/27rr;7'3(s))
wh(s,x)  Os gfi(s) ds 8212 = (cftaj/2mr; 7R(s))
N 1 NE Z T((2; — ag)/2nr;78(s)) 9 ((xj + an)/2mr; 78 (s))
2 8m2r2 1 ((:c] — x) /27 TR(S)) N ((x] + xy)/27r; TR(S)) ’
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where 9 (v;7) = 8?91 (v; 7)/Ov?. From (4.11), we find that

0?wl(s,x) R(

= —w
2
8xj

’u)RSX 2
n Z 27rr — s,z )+A27rr( ijj—i-xk))}—i— 1 )(a 8:(6; )> s

wh(s,x
1<k<N,
ez

s x)ai{a 1 AQT”"( s,cf”a;j)
J

and hence

N N
1 O*wh(s, x) ow® 1 g

with

By definition (1.1),

0Aj2\7/r§ (t* — s, c{iw) _ ck o (cf”a:/27rr; TR(s))
Oz (2mr)2 9y (c{zx/Qwr; TR(S))

(A% (1, — 5, ) (4.13)

Hence

Z O (cfxj/2mr; TH(s))
B 27TT 2 U1 (R /2mr; TR (s))

N 1 Z 19’1’((:L‘j — )/ 2mr; TR(S)) N 19’1’((:Bj + xp) /277 TR(S))
(27r)? el & (5 — an)/2mr;7H(s)) U1 (25 + an)/27r; TH(s))
£k
+ 2ol Z A2’TT —s,c :c]) (A27”"( — s, x5 —x) + AQW( — 5,2+ x1))
1<j,k<N,
ik
+ ) (ARt — s, 3 — o) + AN (. — 5,35 + @)
1<,k L<N,
Rk
X (Ai%(t* —s,x; —xp) + A%T( — s,z + l’g)),

where we have used the fact

Z A27rr )A27rr( — 5,2+ $k) -0
1<5,k<N,
JF#k
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concluded from (A.7). Then (4.12) holds, if

1 dgfi(s)  pNE-— (Cf)2 i\[: O (cfta;/2mr; T (s

- + a )
gfi(s) ds 8m2r2 V1 (cfa;/2mr; 7R(s)
+ NR —2 Z 19/1,(( )/27TT T S ) 19/1/( CC] + Tk /277'7" TR(S))
167272 L<TReN, 01 (5 —xk)/27rr 75(s)) 191( xj + xp)/2mr; TR(s))
J#k
—allef Z AR (b — s, cf') (ARTR (s — s, — o) + ARFR (b — 5,25 + 1))
1<j,k<N,
j#k
1 mr T
-5 Z (AR (te — 8,35 — ak) + ANTR (t — 8,2 + a))
1<j,k,(<N,
JFkFALE]
x (A% (te — s,2j — x0) + AXTh(te — 5,2 + 24)) = 0. (4.14)

Now we use the following expressions for AJQ\’;}; and its spatial derivative [16, 17]

RnNR( —s)x

AR (te — s, ef'w) = Qunr (te — s, cfw) — f T,
QA% (t, — s,c{%;r 77 r(te —8)
N ( B ) = —C{{KJNR (t* - s,cfac) - C{%NT' (4.15)
Here 77/1\/12 (t« — s) is given by (A.10) and we put
CNR(t* -5 x) = C($|2w17 20‘)3)‘UJ1:7TT,UJ3:iNR(t*—S)/2T7
o (te — 5,2) = (@201, 203) |, o inr (o) 2 (4.16)

where the Weierstrass p function and zeta function ¢ are defined by (A.14) in Appendix A.5.
Applying (4.15) to (4.13) gives

1 19,1/(0{%.%/271'7‘;7'1%(8)) _ R RUNR( $)x ’
(277)2 9y (B /2mr; TH(s)) = |Swnlt = sieie) — e B

1

R nNR(t* s)

-  (Ls — S, -
pNR( «— 8,01 x) .

(4.17)

Using (4.15) and (4.17), the Lh.s. of (4.14) can be written using (&, par and 77/1\/R' Moreover,
from the functional equation (A.15) given in Appendix A.5, we can derive the following equalities

E (Cvr(te — s,z — k) + Qur(ts — s, 25 + x1))
1<,k <N,
Rk

X (Cpr(ts — 5,25 — x0) + Qur(te — 5,25 + 24))
= (N -2) Z (Cur(ts — 5,25 — 1) + (e (te — 5,25 +xk)2)

1<j,k<N,
i#k

—(N=2) Y (pnrlte—s,zj —xp) + pyn(ts — 5,25 + ), (4.18)
1<j,k<N,
J#k
Z Cvr(te — s, 25) (Cvr(te — s, 25 — xk) + Qur(ts — s, 25 + xf))
1<j,k<N,
J#k
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1
1 Z (CNR(t* — ST — xp)? + Cvr(te —s,25 + wk)Q)
1<]7k<N7
Jj#k
1
2 > (owrlte — 5,5 — ) + pprelte — 5,25 + 23))
1<j,k<N,
J#k
N N
FOV 1) D Cnlt = 02 = (¥ =D et —5,35) (4.19)
j=1 =1
and
Z Cvr(te — 8, 225) (Cur(te — 8,25 — x) + (ur(ts — 8,25 + x1))
1<j,E<N,
i
1
T2 Y (Gurlts = s,z — @)’ + Qunlts — 5,25 +2x)?)
1<j,E<N,
J#k
1
—5 > (owmlte = 5,25 — 2p) + pur(t — 5,25 + 2x))
1<j,k<N,
R
N N
N-1 N -1
t— ZCNR(t* — 5,21;)% — — Z onr(te — s, 2x5). (4.20)
J=1 Jj=1

Since nyr(tx — s, —x) = —nprr(ts — s, 2), we have

> (Curlte = 5,25 — ap) + Qur(te — 5,25 + 2){ (@
1<j.kL<N,
iFkA ]
> {lvr(te — 5,25 — i) (25 — z1) + Gyt
1<j k<N,
i#k
and
> Al — ) (@ — @) + (25 + 2 (2 + 20}
1<j,k,0<N,
Tk
Z { —l’k 33J+:L‘k)2}:4(N—
1<j,k<N,
i#k

i — k) + (25 +20)}

—s,xj+ap)(x; +xp)}, (4.21)

a3 (4.22)

<
Il
i

>

Using the above formulas and the values of N given by (1.4), we can show that (4.14) is

reduced to the following simple equations

ds 2mr ’
1
dlog gV (s) _ _N(N?- 1)772(N+1)(t* —5)
ds r ’
1
dlogg™(s) _ iy gy gy 20l 79

ds

r

(4.23)
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They give the conditions for gf(s) so that (4.12) holds. Since (A.11) gives for R = By, Cn, Dy

dlogn(rP¥(s)) _ (2N 1)77%N—1(t* —s)
ds 27r

dlogn (TN (s)) _ (V4 1)77%(]\/“)(75* —s)
ds r ’

dlog n(TDN(s)) _ (V- 1)77%(]\/_1)@* —5)
ds r ’

)

g5 (s) = Py (rB (5)) VY
gCN (S) — CCN??(TCN (8)) —N(N-1)

gPN (s) = PN (PN (5)) N

)

)

with constants ¢, R = By,Cn, Dy. By (4.7), the conditions (4.4) determine the constants.
In conclusion, under the condition (4.4),

By s x) = U(TBN(t)) VWD N ﬁl(yg/Zﬂr;TBN(t))

(t,yls,x) = (n(TBN(s))> 1_[10“1(3:g/27r7";TBN(3))

(e = ) /27 75V () O1 (g +93) /2773758 () o
) )

x a" (= 5, y[x)
1§j1<_£§N ﬂl((xk —xj)/2mr; BN (8)) 9y ((azk +xj)/27rr;7'BN(s))

~+
=

solves (4.1),

N9 (ye /7 TON(8))
1_[1 V1 (zg/mr; TON (5))

3 V1 ((ye + y5) /273 7O (1)) gl It = s, y1x)

H 191 (yk—yj)/Zm’;T

X
1<j<k<N

solves (4.2), and

Dy S, X) = U(TDN (t)) e
p (t,}’\ ’ )_ (n(TDN(S))
ﬁl((yk —yj)/2mr; DN (t)) ﬁl((yk +y;)/2nr; T N(t)) 07 (4 vix
" 1§j1<_£§N O (21, — x5)/2mr; 7PN (5)) 91 (g + 25) /2707 TDN(S))qrr =y
solves (4.3). The proof is thus completed. [

Now we prove Theorem 1.2.

Proof. It is obvious that the backward Kolmogorov equations (4.1)—(4.3) correspond to the sys-
tems of SDEs (1.22)—(1.24), respectively [15, 33]. Due to the behavior (A.8) of A3F", we can show
that [15, 33] particles in [0, 7r] following (1.22) do not arrive at 0, and those following (1.23)
do not arrive at 0 nor mr with probability one, and thus we do not need to impose any boundary
condition at these endpoints of [0,7r] for these systems of SDEs. Hence the proof is com-
pleted. |
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5 Relaxation to equilibrium processes
in trigonometric Dyson models of types C and D

As a corollary of Theorems 1.1 and 1.2, we obtain the following trigonometric determinantal

processes by taking the temporally homogeneous limit ¢, — co.

Corollary 5.1. Assume that u € W) Then the trigonometric Dyson models of types C
and D given by (1.27) and (1.28), respectively, are determinantal with the spatio-temporal cor-

relation kernels
KON (s,2;t,y) Zp[o’”” (s, lug) MEY (t,y) — 1(s > )pl™ (s — ¢, z|y),
KPN(s,2;t,y) = Zpom] (s, z|u;) M (t y) — 1(s > t)ploml (s — t, zy),

(s,x),(t,y) € [0,00) x [0, 7r], where

ME, (t,z) =E[®}, (z+iB(t))], R=Cy,Dy

with
BN (2) = sin(z/r) sin((z — ug)/2r) sin((z + ug)/2r)
u,u; sin(u;/r) 1IEN, sin((u; — ug)/2r) sin((u; + ug)/2r)’
t#j
<Dy oy sin((z —wug)/2r) sin((z + ug)/2r) B
ui () = ISIZ;IN’ sn((w; —ug)/2r) sin((u, +ug)j2r). 0 BB
{#j

We find that in the limit ¢, — oo, the equality (2.24) with R = Cn and Dy gives

N
det [J (ug)] = (~)NOVD/22NND TTogin (24)

1<j,k<N = -
o Uk —ug ) U Uy
X H sin ( o > sin ( o > ,
1<j<k<N
f — Uj + u;
det [fPV = (—1)NOV-1)/29(N-1)? (= (gt
1§j,2§N [fj (uk)] (=1) 1<]1<_£<N S 2r S 2r

with

Fromm(®). Prooam(US), e

r

By Lemma 2.1, we see that (5.2) can be expanded as

of Z%ug (2) R =Cy, Dy,

and

N
> e, (k) =6k, jke{1,2,... N}

(=1

(5.4)
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We note that the transition probability densities (1.11) and (1.12) are written as (A.12)
and (A.13), respectively. Hence we have

1 -n re F 2 - r £
P yle) = — e N () N (@) = 3 e P () Y (),
/=1

nez
pé%mkt,yrx):;(l ) +2Z U PN () 5P <>> (56)

Now we show relaxation processes to equilibria, which are typical non-equilibrium phenomena.

Proposition 5.2. For any initial configuration u € W) the trigonometric Dyson models

of types C and D exhibit relazation to the equilibrium processes. The equilibrium processes are
determinantal with the correlation kernels

K%N(t - S,Jﬁ',y)

(1 Z e (t=8)/2r% iy (nx) sin <@) , ift > s,
or r r
n: |n|<N
_J sin{ 2N + 1)(y —)/2r}  sin{(2N +1)(y +x)/2r} ift=s (5.7)
27r sin{(y — x)/2r} sin{(y + x)/2r} ’ ’ )
1 ne n
= n?(t—s)/2r? o (Y ;
p— Z 51n(r>s1n(T>, if t <s,
n: \n|2N+1
and
KgqN (t -5, y)
(L Z e (t=9)/2r% (g (%) cos <%> , ift > s,
r r r
n: [n|<N-1
1 [sin{(2N —1)(y —x)/2r} sin{(2N —1)(y +z)/2r} :
27r [ sin{(y — z)/2r} * sin{(y + z)/2r} » ft=s (58)
1 2 2 nT n
o n?(t—s)/2r L 72/ .
o Z e COS(T)COS(T), ift <s,
\ n: |n|>N
respectively.

Proof. Here we prove the convergence of correlation kernels. It implies the convergence of the
generating functions of spatio-temporal correlation functions (i.e., the Laplace transformations
of multi-time joint probability densities). Hence the convergence of process is concluded in the
sense of finite-dimensional distributions [22]. Assume u € W) and let

go (s, w3t,y) = Zp[o“rsx!uyMcN( y),

gt (s, 3 t,y) ZPO’””] s,xluy) MEN (ty),  (s,2), (t,y) € [0,00) x [0,77].

It is easy to verify that

E[fO¥ (z +iB(t))] = 12" fO¥ (x),
E[f0Y (x+iB(t)] = k-2 0N () ke,
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and thus

N
MY (ty) =Y @S (k)2 FON (y),
k=1

N
MY (ty) = o0 (k)ek- D22 f0N ) - jef1,2,... N}
k=1

Then we have

gf(s,x; t, y) = ggl(t - S, $7y) + rﬁ(s,x;t,y), R = CYNvDN

with
N
2 o s )
B (1 = s,wy) = — 3TN (@) v (y)
=1
— 1 2(t—s)/2r? nr ny
o |z: Sm(r)sm(r)’
2 N 2 2 s 2 2 2
I'SN(S,ﬁ;t, y) — ; Zek (t—s)/2r kaN(y) Z ef(f —k?)s/2r fgCN(!T)
k=1 {=N+1
N
><j{jf' (u) g, (k), (5.9)
and
N
1 (., e }
gl (t—s,my) = — ( DY (@) f (y) 2y e 2f£N<x>ffN<y>>
=2
1 2 2 nT n
_ = n?(t—s)/2r fhied ny
v Z e cos<r)cos(r),
n:n|<N-1
5 N
riN (s, w3 t,y) = er’f D2 (t=s)/20% FDN (1))
k=1
N
IR e () 22 TP ) () (5.10)
(=N+1 =1

where (5.5) and (5.6) were used. For any fixed s,t € [0, 00), it is obvious that

lim rZ(s+T,2;t + T,y) = 0, R =Cy, Dy,
T—o0

uniformly on any subset of (z,y) € (0, 77)2, since the summations of k are taken for 1 < k < N,
while those of ¢ are taken for £ > N + 1 in (5.9) and (5.10). Hence

lim KGN (s + T, 25t + T, y) = g5 (t — s,2,y) — 1(s > )pli™ (s — t, 2ly),

T—o0

lim KEV(s+ T, 2t 4+ T,y) = ge[()]N(t— s,z,y) — 1(s > t)pl™(s — t, z|y),

T—o0

in the same sense. It is easy to confirm that the limit kernels are represented by (5.7) and (5.8), if
we use (5.6). The limit kernels (5.7) and (5.8) depend on time difference ¢t —s, which implies that
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the determinantal processes defined by them are temporally homogeneous. The determinantal
processes with the spatio-temporal correlation kernels (5.7) and (5.8) are equilibrium processes,
which are reversible with respect to the determinantal point processes with the spatial correlation
kernels

R o) e [ 2RO 0=l N 1)y 22
@ = 5 [T sin{(y—a)/2r) sn{y+a)z} |
DN () — 1 sin{(2N — 1)(y — x)/2r} sin{(2N —1)(y+=x)/2r}
Ko @ 0) =50, [ sin{(y — 2)/2r} sin{(y +)/2r} ] ’ (5:11)

(z,y) € [0,7r]?, respectively. The convergence of processes is irreversible. Thus all statements
of the present proposition have been proved. |

We note that
ﬁglN( ) = th Zsm (nw)

1 nx
~DN _
Peq* () = ;ggK N(z,y) = M{H? >~ cos (T)}
and hence
| aan = [ o @ = N,

as required.

6 Concluding remarks and open problems

In the previous paper [16, 17] and in this paper (Theorem 1.1), we have introduced seven families
N
of interacting particle systems Z%(¢) = Y & xR tE [0,%,) governed by the probability laws P
j=1

associated with the irreducible reduced affine root systems denoted by R = An_1, By, B, Cn,
CY,, BC N, Dy. When we proved that they are determinantal processes, we showed that without

change of expectations of symmetric functions of {X jR()} PR can be replaced by the signed

Jj=1
measures PY. Define F* = o(E%(s): 0 < s < t), t € [0,£,). As the simplest corollary of this

fact, we can conclude that at any time 0 < ¢ < ¢4,
EE[I(%R@) S ftR)] =1 for R= AN_l,BN,BX;,CN,C]\\/[,BCN,DN.

This is nothing but a rather trivial statement such that the processes (gR(t)) refo,,) 1€ well-

normalized, but it provides nontrivial multiple-integral equalities including parameters ¢ € [0, t,)
and u = (uq,...,uy). For example, for R = Dy, we will have

Ty — Uy it Ty + Uy it
d ;——= 9 ; 6.1
/[OW XH { < 27r ’27r7°2>+ 3( 27r ’2717’2)} (6.1)
9
¥

£) [P\
o>>‘< > ’

1((zg + ) /27 DN
1((ug +wj)/2mr; 7PN

H 01 ((x — ) /27 7PN (1))

L (= ) 25 7OV (0))

X

(
(

where 7(7) is the Dedekind modular function (1.10) and 7°¥ (t) = i(N — 1)(t, —t)/7r?.
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In the previous papers [16, 17] and in Theorem 1.2 we have identified the systems of SDEs
which are solved by the four families of determinantal processes, ((EAN *1(t)) re0rt ),IP’{?N ’1),

uec W(O 2mr) , and ((ER(t))te[o,t*)’Pﬁ)’ ue WE\(; ™) with R = By,Cn and Dy. The systems of
SDEs for other cases R = BY;,CY\;,, BCn are not yet clarified. The exceptional cases of reduced
irreducible affine root systems and the non-reduced irreducible affine root systems [30] will be
studied from the view point of the present stochastic analysis.

The classical Dyson models of type A in R given by (1.29) and of types C and D in [0, c0)
given by (1.30) and (1.31) are realized as the eigenvalue processes of Hermitian-matrix-valued
Brownian motions with specified symmetry [6, 18]. It will be an interesting problem to construct
the matrix-valued Brownian motions such that the eigenvalue processes of them provide the
elliptic Dyson models; (1.2) with f = 2 and (1.22)—(1.24).

As shown in Section 4, the factors represented by the Dedekind modular function (1.10) in
the determinantal martingale-functions (1.5)—(1.7) are essential in the proof of Theorem 1.2.
We have noted that N given by (1.4) is identified with the quantity g given for the reduced
irreducible affine root systems in [30, Appendix 1]. Interpretation of the formulas (1.8) from
the view point of representation theory is desired.

As mentioned after Theorem 1.2 in Section 1, if we take the temporally homogeneous limit
t, — oo, the elliptic Dyson models of types A, B, C, and D become the corresponding trigono-
metric Dyson models, and in the further limit r — oo, they are reduced to the Dyson models in R,
in [0,00) with an absorbing boundary condition at the origin, and in [0, 00) with a reflecting

[0,77] [0,77]

boundary condition at the origin, respectively. In the limit r — oo, paa ° and piy given

by (1.11) and (1.12) become

PO (t,y|z) = pem(t, ylz) — peml(t, y| — ),

P> (¢, ylz) = pem(t yle) + pem(t, y| — ),

and in the double limit ¢, — oo, r — oo, @Sﬁj(z) and @Eﬁj (z) given by (1.19)—(1.21) become
B LT, e ) anTe)

with
0= [ 5%

1<0<n, % T uf
t#j

Then the spatio-temporal correlation kernels (1.17) are reduced to the following

B(t -
K&V (5,21, ) Zp[ooo (s, z|u;)E yij()cbﬁ?,ﬁf) (y+iB(t))
j

— 1(8 > t)plh (s — t,zly),

K2V (s, 2:t,y) Zp[o ) (s L x|ug) [ ) (y+zB( N —1(s > P9 (s — t, zy),

(s,z),(t,y) € [0,00) x [0,00). Consider the D-dimensional Bessel processes BES(”) in [0, 00),
whose transition probability densities pBES(D) are expressed using the modified Bessel func-
tion I,,(z) with v = (D — 2)/2 [15, 33]. In particular, we find that

BES(M ( Lo,oo)(

y
t,ylz) = p&%“(t,y\x), p t,ylz) = pl0 (¢, ylo),
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z,y € (0,00), t > 0. If we put

®) +1B =
KBES™ (5,2, y) ZpBES S, x|uj) M@Rﬁj) (y+1iB(t))

Yy
—1<s>t>pBES<”< —t,zly), (6.2)
(1) ) o0 .=
KBS ( Z BESY (s, 2luy)E[@4y (y + iB(t))]
—1(s > PP (s — t,2ly), (6.3)

the following equalities are established
KO (s,2it,y) = TKOS Y (s.mity), KDY (s,a3ty) = KIS (s, 23t,), (6.4)

(s,x),(t,y) € [0,00) x [0,00). The functions (6.2) and (6.3) are the spatio-temporal correlation
kernels of the N-particle systems of BES®) and BES™ with noncolliding condition (see [14,
Section 7]). It is easy to verify that the spatio-temporal Fredholm determinant (2.17) is invariant
under the transformation of kernel

a(t,y) -
Ku(s, z;t,
a(s.7) (s, @;t,y)

with an arbitrary continuous function a. Then (6.4) implies that the elliptic Dyson models of
types C and D given by Theorem 1.2 are deduced to the noncolliding BES®) and BES™) in the
double limit ¢, — 0o, r — oo, respectively. In other words, the present elliptic Dyson models of
types C and D can be regarded as the elliptic extensions of the noncolliding BES®) and BES(,
respectively. Trigonometric and elliptic extensions of noncolliding BES(®) with general D > 1
[14, 23] will be studied. Moreover, infinite-particle limits of the elliptic determinantal processes
should be studied [16, 17, 22].

Connection between the present elliptic determinantal processes and probabilistic discrete
models with elliptic weights [1, 3, 35, 36, 37] will be also an interesting future problem.

Ku(s, z;t,y) —

A The Jacobi theta functions and related functions

A.1 Notations and formulas of the Jacobi theta functions

Let

where v, 7 € C and 37 > 0. The Jacobi theta functions are defined as follows [32, 43]

Bo(v; 7) = —ie™ TNy, (v + % 7') = Z(—l) =1+ 22 )" e’ cos(2nmv),

neL

191(,0;7_) :Z-Z(_ n (n—1/2)? 2n 1 _ Z n leTwi(n—1/2)2 sin{(2n— 1)7_”]}’

neL =
o

Va(v; 1) = (v ) Zq" 1/2)? 2n—1 _ Z Tri(n—1/2) cos{(2n — 1)mv},

nel n=1
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T T L+7 = T
Vs(v;7) = T/, <v + 5 ;T> = EEZ ¢ =1+2 g 16 in? cos(2nmv).  (A.1)
n n=

(Note that the present functions ¥, (v;7), p = 1,2,3 are denoted by 9,(7v,q), and ¥o(v;T) by
Yy4(mv, q) in [43].) For S1 > 0, 9,(v;7), p = 0,1,2,3 are holomorphic for |v| < oo and satisfy
the partial differential equation

yu(v;T) 1 0*,(v;T)

=——1 17 A2
or i Ov? (A.2)
They have the quasi-periodicity; for instance, ©; satisfies
(v +1;7) = =91 (v; 1), D1(v+7;7) = —e TG, (7).
By the definition (A.1), when 37 > 0,
D1(0;7) =91(1;7) =0, dh(z;7) >0, z€(0,1),
Yo(x;7) >0, z € R. (A.3)
We see the asymptotics
Jo(v; ) ~ 1, V1 (v;7) ~ 27 sin (7o), Do (v;7) ~ 27/ cos(mv),
U3(v;1) ~ 1 in 97— 400 (ie., g=€T —0). (A.4)

The following functional equalities are known as Jacobi’s imaginary transformations [32, 43]

) ) 1
Do (v; 1) = ™47 12T Ty, (v; —) ,
T T
) ) 1
191(1);7_) — 637”/47_71/2677”1)2/7—191 <U; _) ,
T T
) . 1
U3(v;7) = 6”1/47_1/26_’””2/7793 (U; —> . (A.5)
T T

A.2 Basic properties of A3F"(t, —t,x)

For 0 <t, <o00,0 <7 <o00,0<N < oo, the function A%}”(t* —t,z) is defined by (1.1), which
is written as
1 9 (x/2mriN (8 — t)/27r?)

A27r’r‘ . — - = ), A
3 (t, — t, ) 27 0 (22 Nl — 1)/2777) te0,t.) (A.6)

where 9] (v; 7) = 091 (v;7)/Ov. As a function of z € R, A3F"(t, —t,z) is odd,

AFF (te — t,—z) = — AT (te — t,2), (A7)
and periodic with period 277

AFF" (b — t, x4 2mar) = AFF (te — t, 2), m € Z.

It has only simple poles at z = 2mzr, m € Z, and simple zeroes at z = (2m + 1)7r, m € Z.
Independently of the values of ¢ € [0,¢,) and 0 < N < oo, A3F"(t, — t,z) behaves as

1
-, as x | 0,
x
1
2mr —x

AT (e — t, ) ~ (A.8)

, asx T 2mr.
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Using Jacobi’s imaginary transformation (A.5), we can show by (A.4) that

Xr —T7r

- ifz>0,
AZT (t, — t, 1) ~ A{E(ﬁr ;rt) s as t T t,. (A.9)
_Ni(t*—t)’ rx<<u,

A.3 Dedekind modular function
The Dedekind modular function n(7) is defined by (1.10), that is,

_ T7rz/12 H 2n77rz ’ S > 0.

For t € [0,t4), 0 < N < 0o, define

1 72 (1 = ng®
it =)=~ 5-2> T (A.10)
1 n=1 q wi=mr, gme—N (tx—t)/2r2
Then the following equality is established [16, 17]
dlogn(r™(t)) _ NR”JI\/’R(t* — 1) (A.11)

dt a 2mr

A.4 Transition probability densities of Brownian motions in an interval

Using the definitions of the Jacobi theta functions (A.1) and Jacobi’s imaginary transforma-

tions (A.5), we can obtain the following expressions for the transition probability densities

P (¢, ylz) and plo™ (¢, y|z) defined by (1.11) and (1.12)
r 2mir?

1y —x
Pt p12) = posa(t i)t (MU 2T ) < ol = )i

1 y—x it y+ax it
= b (L2 ) g (L2
27y 2mr  2mr2 2mr  2mr2

= % Z e*"2t/27"2 sin (%) sin (?) , (A.12)

ne’l

i(y + x)r 2mir?
t 7t

and

i(y —x)r 2mir?
P2t p1e) = posa(t i)t (M52 el = )0

1 y—x it y+ax it
= — 19: P S, 19 g -
2777‘{ 3( 27r 7271'7‘2)+ 3( 2mr 271'7‘2)}
1
= Z e 2 cog (E) cos (@) , (A.13)
o r T
nez

for z,y € [0,7r], t > 0. It should be noted that f”pg ] (t,ylu)dy = 1, Vt > 0, u € [0, 7],
while

i(y + )r 2mir?
t 7t

4
pourvival () = / Pt ylu)dy ~ Ze U2 sin <E> — 0 as t — oo, u € (0,7r).
0 ™ T

When both boundaries at 0 and 77 are absorbing, pS"vival(¢) gives the probability for a Brownian
motion to survive up to time ¢ in the interval (0, 77), when it starts from u € (0,7r). In other
words, with probability 1 — psurv“’al( t), the Brownian motion was absorbed before time ¢ and has
been fixed at one of the boundaries.
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A.5 Weierstrass g function and zeta function ¢

The Weierstrass p function and zeta function ¢ are defined by

1 1 1
p(z[2wr, 2w3) = — + > {(Z—an)Q B anQ] ’
(m,n)eZ2\{(0,0)} ’ ’

1 1 1 P
€(2|2(H1’2WS) - ; + Z |: — 8imyn + an * Qm n2:| ’ (A'14)
(m,n)eZ2\{(0,0)} ’ ' ;

where w; and w3 are fundamental periods with 7 = w3 /w; and €, », = 2mw; +2nws. Put (4.16),

then the following functional equation holds (see [43, Section 20.41] and [16, Lemma 2.1])
(Cvr(te — 8,2 +u) — Cyr(te — 8,2) — Curlte — s,u))?

= pnr(ts — 8,2 +u) + par(ts — 8, 2) + par(te — s, u). (A.15)
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