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Abstract. This is the first paper in a series of two papers. In this paper we construct
complexes of invariant differential operators which live on homogeneous spaces of |2|-graded
parabolic geometries of some particular type. We call them k-Dirac complexes. More ex-
plicitly, we will show that each k-Dirac complex arises as the direct image of a relative BGG
sequence and so this fits into the scheme of the Penrose transform. We will also prove that
each k-Dirac complex is formally exact, i.e., it induces a long exact sequence of infinite
(weighted) jets at any fixed point. In the second part of the series we use this information
to show that each k-Dirac complex is exact at the level of formal power series at any point
and that it descends to a resolution of the k-Dirac operator studied in Clifford analysis.
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1 Introduction

Let h be a non-degenerate, symmetric and C-bilinear form on C?™. The Grassmannian variety M
of totally isotropic k-dimensional subspaces in C?>™ is a homogeneous space of a |2|-graded
parabolic geometry. We assume throughout the paper that n := m —k > k > 2. We will
show that on M there is a complex of invariant differential operators which we call the k-Dirac
complex. The main result of this article is (see Theorem 7.14) that the complex is formally exact
(as explained above in the abstract) in the sense of [25].

This result is crucial for an application in [24] where it is shown that the complex is exact
with formal power series at any fixed point and that it descends (as outlined in the recent series
[5, 6, 7]) to a resolution of the k-Dirac operator studied in Clifford analysis (see [12, 20]). As
a potential application of the resolution, there is an open problem of characterizing the domains
of monogenicity, i.e., an open set U is a domain of monogenicity if there is no open set U’
with ¢4 C U’ such that each monogenic function' in I/ extends to a monogenic function in 2/’
Recall from [16, Section 4] that the Dolbeault resolution together with some L? estimates are
crucial in a proof of the statement that any pseudoconvex domain is a domain of holomorphy.

The k-Dirac complexes belong to the singular infinitesimal character and so the BGG ma-
chinery introduced in [9] is not available. However, we will show that each k-Dirac complex
arises as the direct image of a relative BGG sequence (see [10, 11] for a recent publication on
this topic) and so, this paper fits into the scheme of the Penrose transform (see [2, 26]). In
particular, we will work here only in the setting of complex parabolic geometries.

The machinery of the Penrose transform is a main tool used in [1]. The main result of that
article is a construction of families of locally exact complexes of invariant differential operators
on quaternionic manifolds. One of these quaternionic complexes can (see [3, 4, 13]) be identified

1A monogenic function is a null solution of the k-Dirac operator.
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with a resolution of the k- Cauchy—Fueter operator which has been intensively studied in Clifford
analysis (see again [12, 20]). In order to prove the local exactness of this quaternionic complex,
one uses that an almost quaternionic structure is a |1|-graded parabolic geometry and the theory
of constant coefficient operators from [19].

Unfortunately, the parabolic geometry on M is |2|-graded and so there is canonical a 2-step
filtration of the tangent bundle of M given by a bracket generating distribution. With such
a structure, it is more natural to work with weighted jets (see [18]) rather than usual jets and
we use this concept also here, i.e., we prove the formal exactness of the k-Dirac complexes with
respect to the weighted jets. Nevertheless, we will prove in [24] that the formal exactness of
the k-Dirac complex (or more precisely the exactness of (7.16) for each £ + j > 0) is enough to
conclude that it descends to a resolution of the k-Dirac operator.

We consider here only the even case C*™ as, due to the representation theory, the Penrose
transform does not work in odd dimension C?*™*! and it seems that this case has to be treated
by completely different methods. The assumption n > k is (see [12]) called the stable range.
This assumption is needed only in Proposition 5.7 where we compute direct images of sheaves
that appear in the relative BGG sequences. Hence, it is reasonable to expect that (see also [17])
the machinery of the Penrose transform provides formally exact complexes also in the unstable
range n < k.

For the application in [24], we need to show that the k-Dirac complexes constructed in this
paper give rise to complexes from [22] which live on the corresponding real parabolic geometries.
This turns out to be rather easy since any linear G-invariant operator is determined by a certain
P-equivariant homomorphism. As this correspondence works also in the smooth setting, passing
from the holomorphic setting to the smooth setting is rather elementary.

The abstract approach of the Penrose transform is not very helpful when one is interested
in local formulae of differential operators. Local formulae of the operators in the k-Dirac com-
plexes can be found in [22]. Notice that in this article we construct only one half of each
complex from [22]. This is due to the fact that the complex space of spinors decomposes into
two irreducible so(2n, C)-sub-representations. The other half of each k-Dirac complex can (see
Remark 5.8) be easily obtained by adapting results from this paper.

Finally, let us mention few more articles which deal with the k-Dirac complexes. The null
solutions of the first operator in the k-Dirac complex were studied in [21, 23]. The singular Hasse
graphs and the corresponding homomorphisms of generalized Verma modules were computed
in [14].

Notation

e M(n,k,C) matrices of size n x k with complex coefficients;
e M(n,C):= M(n,n,C);,
A(n,C) :={A € M(n,C)|AT = —A};

1,, identity n x n-matrix;

[v1,...,v] linear span of vectors vy, ..., vy.

2 Preliminaries

In Section 2 we will review some well known material. Namely, in Section 2.1 we will summa-
rize some theory of complex parabolic geometries. We will recall in Section 2.2 the concept of
weighted jets on filtered manifolds and in Section 2.3 the definition of the normal bundle asso-
ciated to analytic subvariety and the formal neighborhood. In Section 2.4 we will give a short
summary of the Penrose transform.
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See [8] for a thorough introduction into the theory of parabolic geometries. The concept
of weighted jets was originally introduced in the smooth setting by Tohru Morimoto, see for
example [18]. Sections 2.3 and 2.4 were taken mostly from [2, 26].

2.1 Review of parabolic geometries

Let g be a complex semi-simple Lie algebra, h be a Cartan subalgebra, /A be the associated set
of roots, AT be a set of positive roots and A? = {ay,...,a;,} be the associated set of (pairwise
distinct) simple roots. We will denote by g, the root space associated to a € A and we will write
a>0ifae AT and a < 0if —a € AT. Given a € A, there are unique integers \1,..., A,
such that o = \jag + -+ + A If S C AD then the integer hts(a) ;== 3 \; is called the

i EX
Y-height of a. We put g; := @D  go. Then there is an integer £ > 0 such that g # {0},
a: hts(a)=1
g¢ = {0} whenever |[¢| > k and
I9=0-kDgpt1 D g1 D G- (2.1)

The direct sum decomposition (2.1) is the |k|-grading on g associated to 3.

Since [ga, 98] C gatp for every o, 8 € A, it follows that [g;, g;] C git; for each i,j € Z. In
particular, it follows that gg is a subalgebra and it can be shown that it is always reductive,
ie., go = 98’ @ 3(g0) where g§° := [go, go] is semi-simple and 3(go) is the center (see [8, Corol-
lary 2.1.6]). Moreover, each subspace g; is go-invariant and the Killing form of g induces an
isomorphism g_; = g; of go-modules where * denotes the dual module. We put

0

o =g, 9 =g Bg1, pu:=g’ and pg=g"

Jj2i

Then py, is the parabolic subalgebra associated to the |k|-grading and py, = go @ p+ is known as
the Levi decomposition (see [2, Section 2.2]). This means that p is the nilradical® and that go
is a maximal reductive subalgebra called the Levi factor. It is clear that each subspace g’ is
px-invariant and that g_ is a nilpotent subalgebra. Moreover, it can be shown that, as a Lie
algebra, g_ is generated by g_i.

The algebra b := pao is called the standard Borel subalgebra. A subalgebra of g is called
standard parabolic if it contains b and in particular, py is such an algebra. More generally,
a subalgebra of g is called a Borel subalgebra and a parabolic subalgebra if it is conjugated to
the standard Borel subalgebra and to a standard parabolic subalgebra, respectively. We will for
brevity sometimes write p instead of py.

Let s; be the simple reflection associated to oy, i = 1,2,...,m, Wy be the Weyl group of g
and W), be the subgroup of Wy generated by {s;: a; ¢ ¥}. Then W, is isomorphic to the Weyl
group of gj® and the directed graph that encodes the Bruhat order on Wy contains a subgraph
called the Hasse diagram WP attached to p (see [2, Section 4.3]). The vertices of W* consist of
those w € Wy such that w.\ is p-dominant for any g-dominant weight A where the dot stands
for the affine action, namely, w.A = w(A + p) — p where p is the lowest form. It turns out that
each right coset of W}, in W contains a unique element from W¥ and it can be shown that this
is the element of minimal length (see [2, Lemma 4.3.3]). This identifies WP with W,\Wj.

We will need also the relative case. Assume that ¥’ ¢ AY and put ¢ := psy. Then q:=tNp =
pxusy s a standard parabolic subalgebra and [ := g&° N q is a parabolic subalgebra of g&° (see [2,
Section 2.4]). The definition of the Hasse diagram attached to p applies also to the pair (g§°, [),
namely an element w € W, (as [2, Section 4.4]) belongs to the relative Hasse diagram W, if it

2Recall that the nilradical is a maximal nilpotent ideal and that it is unique.
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is the element of minimal length in its right coset of Wy in W,. Hence, Wf is a subset of W
which can be naturally identified with W \W,.

There is (up to isomorphism) a unique connected and simply connected complex Lie group G
with Lie algebra g. Assume that ¥ = {a;,,...,a;; }. Let wi, ..., wy, be the fundamental weights
associated to the simple roots and V be an irreducible g-module with highest weight A :=
wi; + -+ + wj;. Since any g-representation integrates to G, V is also a G-module. The action
descends to the projective space P(V) and the stabilizer of the line spanned by a non-zero highest
weight vector v is the associated parabolic subgroup P. This is by definition a closed subgroup
of G and its Lie algebra is p. The homogeneous space G/P is biholomorphic to the G-orbit of
[v] € P(V) and since it is completely determined by 3, we denote it by crossing in the Dynkin
diagram of g the simple roots from . We will for brevity put M := G/P and denote by
p: G — M the canonical projection.

On G lives a tautological g-valued 1-form w which is known as the Maurer-Cartan form. This
form is P-equivariant in the sense that for each p € P: (r?)*w = Ad(p~!) o w where Ad is the
adjoint representation and rP is the principal action of p. If V is a subspace of g and g € G,
then wg_l (V) is a subspace of T,G and the disjoint union (J,cq w, 1(V) determines a distribution
on G which we for brevity denote by w™ (V). Since T'p = T'p o TrP, it follows that Tp(w=*(V))
is a well-defined distribution on M provided that V is P-invariant. In particular, this applies
to g' and we put F; := Tp(w!(g’)). Since ker(Tp) = w(p), it follows that the filtration
g k/p > 2gp D g®/p gives a filtration TM = F p D F 41 D --- D F_1 D Fy = {0}
of the tangent bundle TM where {0} is the zero section. The graded tangent bundle associated
to the filtration {F_;: i = k,...,0} is gr(TM) := @, _, gri(TM) where gri(TM) := F;/Fj,,.
Since M is the homogeneous model, we have the following:

e the filtration is compatible® with the Lie bracket of vector fields in the sense that the
commutator of a section of F; and a section of Fj is a section of Fj, ;,

e the Lie bracket descends to a vector bundle map L: A2gr(TM) — gr(TM), called the
Levi form, which is homogeneous of degree zero and

o (gr(T,M),L,), x € M is a nilpotent Lie algebra isomorphic to g_.

Hence, (gr(TM),L) is a locally trivial bundle of nilpotent Lie algebras with typical fiber g_
and it follows that F_; is a bracket generating distribution.

We denote by T*M = AYO9T*M the vector bundle dual to T'M,, i.e., the fiber over € M is the
space of C-linear maps T, M — C. The filtration of TM induces a filtration T*M = F; D F» D
-+ D Fyy1 = {0} where F; := F_LZ»_H is the annihilator of F_; 1. We put gr;(T*M) := F;/F;41,
i=1,2,...,k so that gr(T*M) = @le gri(T*M) is the associated graded vector bundle and
gri(T*M) is isomorphic to the dual of gr;(T'M).

2.2 Weighted differential operators

Let M be the homogeneous space with the regular filtration {F_;: j = 0,...,k} as in Section 2.1.
As M is a complex manifold, TMc¢ := TM ®C = T"°M @ T M where the first and the second
summand is the holomorphic and the anti-holomorphic part?, respectively. As each vector
bundle F_; is a holomorhic sub-bundle of TM, we have F_; ® C = Fi’]Q D FE’].I as above.

Let U be an open subset of M and X be a holomorphic vector field on ¢. The weighted order
wo(X) of X is the smallest integer j such that X € F(Fi’]0|u). A differential operator D acting
on the space O(U) of holomorphic functions on U is called a differential operator of weighted

3Filtrations which satisfy this property are called regular.
4The holomorphic and anti-holomorphic part is the —i and the -+i-eigenspace, respectively, for the canonical
almost complex structure on T'Mc.
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order at most r if for each x € U there is an open neighborhood U, of = with a local framing®
{X1,...,Xp} by holomorphic vector fields such that

Dy, = Z faXO . X5,

P
a€Ny

where Njj := {a = (a1,...,ap): a; €Z, a; >0, i =1,...,p}, fo € OU,) and for all a in the
sum with f, non-zero: i a;.wo(X;) <r. We write wo(D) <.
i=1

Let O, be the space of germs of holomorphic functions at z. We denote by . the space of
those germs f € O, such that Df(z) = 0 for every differential operator D which is defined on
an open neighborhood of = and to(D) < i. We put J%, := O, /Ti"t, denote by ji f € J& the class
of f and call it the i-th weighted jet of f. Then the disjoint union J* := UzepJ% is naturally
a holomorphic vector bundle over M, the canonical vector bundle map J¢ = 3! has constant
rank and thus, its kernel gt is again a holomorphic vector bundle with fiber g’ over z. Notice
that for each integer i > 0 there is a short exact sequence 0 — FH — FL — grit! — 0 of vector
spaces.

Assume that V' is a holomorphic vector bundle over M. We denote by V* the dual bundle,
by (—,—) the canonical pairing between V and V* and finally, by O(V), the space of germs
of holomorphic sections of V at z. We define F.V as the space of germs s € O(V), such
that (\,s) € § for each A € O(V*),. We put 3% := O(V),/TiHV, denote by jts € JLV the
equivalence class of s and call it the i-th weighted jet of s. Then the disjoint union J'V :=
Uszenr JL M is naturally a holomorphic vector bundle over M, the canonical bundle map J*V LN
31V has constant rank and thus, its kernel gt’V is again a holomorphic vector bundle and we
denote by g’V its fiber over z. As above, there is for each integer i > 0 a short exact sequence
0 — TV — FLV — gei'V — 0 and just as in the smooth case, there is a canonical linear
isomorphism gtl, ® V, — gL V.

Remark 2.1. If the filtration is trivial, i.e., F_1 = T'M, then the concept of weighted jets agrees
with that of usual jets. In this case we will use calligraphic letters instead of Gothic letters, i.e.,
we write F* and J* and gr' and jif instead of § and J° and gt’ and ji f, respectively. The
vector bundle ¢gr’ is canonically isomorphic to the i-th symmetric power S*T™* M.

Assume that there is a P-module V such that V is isomorphic to the G-homogeneous vector
bundle G xp V. Let e be the identity element of G. Then we call the point x := eP the origin
of M and we put

JV:=3V  and  g'V:=gd V. (2.2)
There are linear isomorphisms

g'V=gr, @V @ Shgr @ S2g @@ S*g @V, (2.3)
i142i9+-+kip=r

We will be interested in the sub-bundle Sgri(T*M)®V of gt'V. Notice that the fiber of this
sub-bundle over x € M is {ji f: f € O(V),, ji~'f = 0}, i.e., the vector space of all weighted
i-th jets of germs of holomorphic sections at x whose usual (i — 1)-th jet vanishes. The fiber of
this bundle over zg is isomorphic to S'g; ® V and we denote it for brevity by gr'V.

Suppose that W is another P-module and W := G xpW be the associated homogeneous vector
bundle. We say that the weighted order of a linear differential operator D: I'(V) — I'(W) is at
most 7 if for each x € M, s € O(V)z: jLs =0 = Ds(z) = 0. It is well known (see [18]) that D

5This means that the holomorphic vector fields X7, ..., X, trivialize THOM over Us,.
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induces for each i > 0 a vector bundle map gtV — gt""W where we agree that ge!W = 0 if
£ < 0. The restriction of this map to the fibers over the origin is a linear map

geD: ge'V — gt "W,

2.3 Ideal sheaf of an analytic subvariety

Let us first recall some basics from the theory of sheaves (see for example [26]). Suppose
that F and G are sheaves on topological spaces X and Y, respectively, and that ¢: X — Y is
a continuous map. We denote by F, the stalk of F at x € X and by F(U) or by I'(U, F) the
space of sections of F over an open set &. Then the pullback sheaf 171G is a sheaf on X and
the direct image ¢4 F is a sheaf on Y. The ¢-th direct image ({F is a sheaf on Y, it is defined as
the sheafification of the pre-sheaf V — HY(:~(V), F) where V is open in Y.

Suppose now that X and Y are complex manifolds with structure sheaves of holomorphic
functions Ox and Oy, respectively, that ¢ is holomorphic and that G is a sheaf of Oy-modules.
Then +~'G is in general not a sheaf of Ox-modules. To fix this problem, we use that : 1Oy is
naturally a sub-sheaf of Oy and define a new sheaf 1*G := Ox ®,-10,, ¢~ 'G. Then *G is by
construction a sheaf of Ox-modules.

Now we can continue with the definition of the ideal sheaf. Suppose that the holomorphic
map ¢ is an embedding. The restriction TY |y contains the tangent bundle TX of X. The
normal bundle Nx of X in Y is simply the quotient bundle, i.e., it fits into the short exact
sequence 0 - TX — TY|x — NX — 0 of holomorhic vector bundles. Dually, the co-normal
bundle N* fits into the short exact sequence 0 - N* — 7Y |x — T*X — 0.

The structure sheaf Oy contains a sub-sheaf called the ideal sheaf Zx. If V is an open subset
of Y, then Zx(V) = {f € Oy(V): f = 0 on VN X}. Notice that Zx(V) is an ideal in the
ring Oy (V) and hence, for each positive integer i there is the sheaf 7% whose space of sections
over V is (Zx(V))%. Then there are short exact sequences of sheaves

0—=Zx -0y = 1t:0x — 0
and
0— I - T — 1,O(S'N*) — 0,

where S*N* is the i-th symmetric power of N* and we agree that Z% = Oy. We put Fi :=
L_II}(. As ¢! is an exact functor, we get short exact sequences

0—>]:X_>L710y—>0)(—>0
and
0— Fit — Fi = O(S'N*) = 0

of sheaves on X. Here we use that the adjunction morphism (= '¢,F — F is an isomorphism
when F = Ox or O(S'N*).

Put (’)g? = Oy /T, The pair (X, (’)g?) is called the i-th formal neighborhood of X in Y.
Then L_l(’)g? = L_l(/)y/f(i+1) and since the support of (’)g? is contained in X, the sheaf L_l(’)g?
contains basically the same information as the sheaf Og?. These sheaves will be crucial in this
article.

Remark 2.2. The stalk of Fi at z € X is equal to {f € F,: jif = 0}. Hence, if X = z is
a point, the stalk of F& at x is {f € (Oy)z: j.f = 0}. Since any sheaf over a point is completely
determined by its stalk, there is no risk of confusion with the notation set in Remark 2.1.
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2.4 The Penrose transform

Let us first set notation. Suppose that A € h* is a g-integral and p-dominant weight. Then
there is (see [2, Remark 3.1.6]) an irreducible P-module Vy with lowest weight —A. We denote
by V) := G xp V} the induced vector bundle and by O,(\) the associated sheaf of holomorphic
sections.

Suppose that p, v are standard parabolic subalgebras. Then q := vt N p is also a standard
parabolic subalgebra and we denote by P and R and Q the associated parabolic subgroups with
Lie algebras p and t and g, respectively, as explained in Section 2.1. Then Q = RN P and there
is a double fibration diagram

where n and 7 are the canonical projections. The space G/R is called the twistor space T'S and
G/Q the correspondence space C'S. Such a diagram is a starting point for the Penrose transform.
Next we need to fix an t-dominant and integral weight A\ € h*. Then there is a relative BGG
sequence A*(\) which is an exact sequence of holomorphic sections of associated vector bundles
over C'S and linear G-invariant differential operators such that n71O.()) is the kernel sheaf of
the first operator in the sequence. In other words, there is a long exact sequence of sheaves

0= n 1O\ — A*(N).

The upshot of this is that although the pullback sheaf n71O,(\) is not a sheaf of holomorphic
sections of an associated vector bundle over C'S, it is naturally a sub-sheaf of O4(\) which is cut
out by an invariant differential equation. Moreover, the graph of the relative BGG sequence is
[2, Section 8.7] completely determined by the W{l-orbit of .

Then we push down the relative BGG sequence by the direct image functor 7,.. Computing
higher direct images of sheaves in the relative BGG sequence is completely algorithmic and
algebraic (see [2, Section 5.3]). On the other hand, there is no general algorithm which computes
direct images of differential operators and it seems that this has to be treated in each case
separately. Nevertheless, in this way one obtains a complex of operators on G/P.

3 Lie theory

In Section 3 we will provide an algebraic background which is needed in the construction of the
k-Dirac complexes via the Penrose transform. We will work with complex parabolic geometries
which are associated to gradings on the simple Lie algebra g = s0(2m, C). Section 3 is organized
as follows: in Section 3.1 we will set notation and study the gradings on g. In Section 3.2 we
will compute the relative Hasse diagram Wy

3.1 Lie algebra g and parabolic subalgebras

*

Let {e1,...,em, €5 1, €ms€],.--,€r} be the standard basis of C?™, § be the Kronecker delta
and h be the complex bilinear form that satisfies h(e;, €}) = 5, h(e;,ej) = h(ej,e}) = 0 for all
i,7 =1,...,m. A matrix belongs to the associated Lie algebra g := so(h) = so(2m,C) if and
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only if it is of the form

A Zy Zy W
X, B D -ZT
X, ¢ -pt -zT'|°
y —-xI —xI —a?

(3.1)

where A € M(k,C), B € M(n,C), C,D € A(n,C), X1,X5,2{,2¥ € M(n,k,C), WY €
A(k,C).

The subspace of diagonal matrices h is a Cartan subalgebra of g. We denote by ¢; the
linear form on b defined by ¢;: H = (hg;) — hj. Then {e1,...,€,} is a basis of h* and
N ={tete:i,5=1,...,m}. If we choose AT = {e; £¢;: 1 <i<j<m} as positive roots,

then the simple roots are o; :==¢; — €11, ¢ =1,...,m—1 and oy, := €1 + €. The associated

fundamental weights are w; = e1+---+¢,i=1,...,m—2, w1 = %(61 + -+ em_1—€n) and

wi = 5(e1+ - +em). The lowest form pisequalto 3 Y a=wi+ - +wy = (m—1,...,1,0).
aEAT

If A= Z Aie; where \; € C, then we will also write A = (A1,...,Ay,). The simple reflection

S; € VVg assomated to «; acts on h* by

Si(A) = ( A1y e oy M1y Nk 1, Ay At 2, -« o5 A i=1,....m—1 (3.2)
and

Sm(A) = (A, Am—2, = Amy —Am—1)-

We will be interested in the double fibration diagram

< \ (3.3)

where, going from left to right, the sets of simple roots are {ay,}, {ak, @} and {ax} and the
associated gradings are

t1 Do Dy, g-3Pq2®---®qs and gD - Dy,
respectively. With respect to the block decomposition from (3.1), we have®

q0 q1 L P

d-1 90 91 92

d—2 q9-1 90 o

d-3 gq9—2 g-1 9o

e ¢
To T 1 u gdo g1 g1 92
To tp 1 U g-1 9o go @1
tT_1 t—1 T Yo g-1 9o go 91
t-1 Y—1 T %o g2 9g-1 9-1 9o

SHere we mean qo is the subspace of block diagonal matrices, q; is the subspace of those block matrices where
only the matrices Z1, D are non-zero, etc.
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The associated standard parabolic subalgebras are
t =19 Dy, q=qo®q1 P g2 P q3 and p=9g0D gD Yo,
respectively, and we have the following isomorphisms
tg = M(m,C), qo = M (k,C) & M(n,C) and go = M(k,C) @ s0(2n,C).

We for brevity put

ck = le1, ..., exl, CH = [e1,-- - exl;
Cn = [ek+17...,em], Cn* = [ez—kl?"'?e:n]’
C.=C"gpC™ and cm:=CFaCn. (3.4)

Notice that the bilinear form h induces dualities between C* and C** and between C™ and C™*
which justifies the notation, that C™ is a maximal, totally isotropic and vp-invariant subspace,
that CF, C*, C" and C™ are qo-invariant, that C*¥, C?" and C** are go-invariant and finally,
that h|c2» is a non-degenerate, symmetric and go-invariant bilinear form. We will for brevity
write only h instead of h|ce2. as it will be always clear from the context what is meant.

Let us now consider the associated nilpotent subalgebras

t=rt_q, - =9-3@Dg-2®qg-1 and g- =g 2D g-1.

By the Jacobi identity, the Lie bracket is equivariant with respect to the adjoint action of the cor-
responding Levi factor and by the grading property following equation (2.1), it is homogeneous
of degree zero. Hence, we can consider the Lie bracket in each homogeneity separately.

The first algebra t_ is abelian and so there is nothing to add.

On the other hand, q_ is 3-graded and, as qo-modules, we have q_; =2 E®F, q_p = CH* @ C™,
q—3 = A2C** where we put E := C* ® C" and F := A2C™. Using these isomorphisms, the Lie
brackets in homogeneity —2 and —3 are the compositions of the canonical projections

A2q71 SEQF = ((Ck* ® Cn) ® AQ(cn* N (Ck* ® C — q_2 (35)
and
1-1®q92 > E®qy = (CH®C") ® (C* o C™) » A’CH =q_s,

respectively. Here we use the canonical pairing C" @ C™ — C. Notice that A’E @ A’F is
contained in the kernel of (3.5).

In order to understand the Lie bracket on g_, first notice that there are isomorphisms g_; =
Ck* ® C?" and g_o = A2C** ® C of irreducible go-modules where C is the trivial representation

of s0(2n,C). As g_ is 2-graded, the Lie bracket is non-zero only in homogeneity —2. It is given
by

A’gy = A*(CH* @ C*) = A’CM™ ® S2°C™" — A’C"™ ® C = g_s,
where in the last map we take the trace with respect to h.

In the table below we specify when A = (A1,...,\;) € h* is dominant for each parabolic
subalgebra p, q and v. We put No := NU {0}.
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Table 1. Dominant weights.

algebra dominant and integral weights
P Ai — Ait1 €No, i #k, 20 €Z, A—1 > | A
T Ai — >\i+1 € Ny
q Ai — Ait1 € Ng,i # k

3.2 Relative Hasse diagram W/

Let us first set notation. By a partition we will mean an element of NJFJr {(a1,...,ax): a; € Z,
n>a; >ag > - > ap > 0}. For two partitions a = (a1,...,a;) and ¢’ = (daf, ..., a},) we write
a<d if a; ga; foralli=1,...,kand a < a' ifa <da’ and a # d. If a < a’ does not hold, then

we write a < a’. We put

la| = a1 + -+ + ag, d(a) == max{i: a; > i}, (3.6)
k
= Z max{a; — 7,0} and r(a) :==d(a) + q(a).
=1

To the partition a we associate the Young diagram (or the Ferrers diagram) Y consisting
of k left-justified rows with a;-boxes in the i-th row Let b; be the number of boxes in the i-th
column of Y. Then we call b = (by,...,b,) € N—H— the partztzon conjugated to a and we say that
a is symmetric if a; = b;, i = 1,...,k and bgy1 = --- = b, = 0. As we assume n > k, the set
of symmetric partitions in Nii depends only on k, and thus, we denote it for simplicity by S*
and put S;? = {a € S*¥: r(a) = j}.

Example 3.1.

(1) The empty partition is by definition always symmetric.
(2) The Young diagram of a = (4,3,1,0,0) € N‘:’L’i is

g (3.7)

and we find that d(a) = 2, g(a) = 4 and r(a) = 6. The conjugated partition is b =
(3,2,2,1,0,0) with d(b) = 2, ¢(b) = 2 and r(b) = 4. The Young diagram of b is

.

We see that the partition is not symmetric.

Notice that d(a) and g(a) are equal to the number of boxes in the associated Young diagram
that are on and above the main diagonal, respectively and that a partition is symmetric if and
only if its Young diagram is symmetric with respect to the reflection along the main diagonal.

We can now continue by investigating the relative Hasse graph W¢. The group W, is generated
by s1,...,5m—1 while Wy is generated by elements si,...,8k—1,8k+1,---,5m—1. By (3.2), it
follows that W, is the permutation group Sy, on {1,...,m} and that Wy = S, x S, is the
stabilizer of {1,...,k}. Recall from Section 2.1 that in each left coset of Wy in W, there
is a unique element of minimal length and that we denote the set of all such distinguished
representatives by W{. Moreover, the Bruhat order on Wy descends to a partial order on W,
and on W; We will now show that there is an isomorphism Nii — W of partially ordered
sets.

Let a = (ay,...,ax) € N 71 and Y be the associated Young diagram. We will call the
box in the i-th row and the j-th column of Y an (i,j)-boxr and we write into this box the
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number {(i,5) := k — i+ j. Notice that 1 < f(é,5) < m. Then the set of boxes in Y is
indexed by E, := {(i,5): i =1,...,k, j=1,...,a;} and we order this set lexicographically, i.e.,
(i,7) < (¢/,7") if i <4 or i =4 and j < j'. Then

Wa 1= S3(w(1))S4(0(2)) - - - $4(¥(Jal)) € S (3.8)
where ¥: {1,2,...,]a|} = =, is the unique isomorphism of ordered sets. Let us now look at an
example.

Example 3.2. The Young diagram from (3.7) is filled as

k. k+1 kE+2 k+3
k—1 k. k+1
k—2
and so Wq ‘= SkSk+1Sk+2Sk+3Sk—1SkSk+1Sk—2-

We have the following preliminary observation.

Lemma 3.3. Let a = (ay,...,a) be as above and b = (by,...,b,) be the conjugated partition.
Then the permutation wg € Sy, from (3.8) satisfies

welk—i+1+a;)=k—i+1 and welk+j—bj)=k+j (3.9)
foreachi=1,....k and j=1,...,n.

Proof. Fix i = 1,...,k. If a; > 0, there is r; := k — i + 1 written in the (i,1)-box and
rii=k—1i+a; =7 +a; —1in the (i,a;)-box. We put r* —1 =1r; := k—i+1if a; = 0.
Similarly, if j = 1,...,n and b; > 0, then there is ¢; := k + j — 1 in the (1, j)-box and
¢ :=k+j—bj =cj—bj+1in the (bj,j)-box. We put ¢/ —1=rc¢; :=k+j—1if b; =0. Then
it is easy to check that w,(r® + 1) = r; and we(c¢?) = ¢; + 1 which completes the proof. [ |

Notice that the sets {k —i+1+4+a;:i=1,...,k} and {k+j —b;: j =1,...,n} are disjoint
and that their union is {1,2,...,m}. By (3.9), it follows that

wap:p+(—ak,...,—allbl,...,bn), (310)

where p = (m — 1,...,1,0) is the lowest form of g and for clarity, we separate the first k£ and
last n coefficients by |. Comparing this with Table 1, we see that w,p is g-dominant. As the
same holds for any t-dominant weight, it follows that w, € W\

Lemma 3.4. The map Nii — W3, a v+ w, is an isomorphism of partially ordered sets.

Proof. The map a + w, is by (3.10) clearly injective. To show surjectivity, fix w € W. Then

the sequence ci, ..., c, where ¢; = w™ (i), i = 1,...,k is increasing. By [8, Proposition 3.2.16],
the map w € W — w™lwy, is injective. It follows that w™lwy, is uniquely determined by the
sequence ci,...,c;. Then a := (a1,...,ax) € Nii where a; ;== cp_ip1+i1—k—1,i=1,... )k

and from (3.9), it follows that w, '(k—i+1) =k —i+1+4a; = c4_i11, i = 1,..., k. This shows
that w, 'w, = w™lwy, and thus, w = w,. Now it remains to show that the map is compatible
with the orders.

Assume that a = (a1,...,a), d’ = (d},...,a}) € Nii satisfy |a’| = |a| + 1 and a < a’. Then
there is a unique integer ¢ < k such that a = a; + 1 and so wy = WaSk—ita,- By (3.9), we have

!/

that WaOl—jyq, > 0 and thus by [8, Proposition 3.2.16], there is an arrow w, — wy in Wyl

On the other hand, suppose that a” = (af,...,a}) € Nii satisfies @’ ¢ a”. In order to
complete the proof, it is enough to show that there is no arrow w, — wys. By assumptions,
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there is j such that o < af,...,a}_; < @} ; and @} > aj. Without loss of generality we
may assume that i = j. Then w;,l(waakJrai,i) = Sk+a;—iOk+a;—i < 0. On the other hand
by (3.9), it follows that w;,,l (WaQkya;—i) > 0. We proved that ®,, ¢ @, , and thus by [8,

Proposition 3.2.17], there cannot be any arrow wy — wqr. |

We will later need the following two observations. A permutation w € S, is k-balanced, if
the following is true: if w(k — i) > k for some i =0,...,k — 1, then w(k+i+1) < k.

Lemma 3.5. The permutation w, associated to a € Nii is k-balanced if and only if a € S*.

Proof. Let b = (by,...,b,) be the partition conjugated to a = (ay,...,a). First notice that if
we(k — 1) = k+j > k, then by (3.9) we have i = b; — j.

If a € S*, then wo(k+i+1) =we(k —j+bj+1) =we(k—j+a;+1)=k—j+1<kand
so a is k-balanced.

Ifa & Sk then there is j such that a; = b1,...,a;1 = bj_1 and a; # b;. It follows that
bj > j and so i :=bj —j > 0. Then we(k — i) = wa(k —b; +j) = k+j > k. If a; > bj, then
we(k+i+1)=k+0b;j+1>k. Ifaj <bj, then we(k+i+1) =k+b; > k. |

Recall from [2] that given w € S,,, there exists a minimal integer ¢(w), called the length of w,
such that w can be expressed as a product of {(w) simple reflections si, ..., Sp. It is well known
that ¢(w) is equal to the number of pairs 1 < i < j < m such that w(i) > w(j).

Lemma 3.6. Let w, € Sy,. Then £(w,) = |al.

Proof. By the definition of wy, it follows that £(w,) < |a|. On the other hand, if a < d/, then
wq — W and thus also £(w,) < £(wy). By induction on |a|, we have that £(w,) > |al. [

4 Geometric structures attached to (3.3)

In Section 4 we will consider different geometric structures associated to (3.3). Namely, we
will consider in Section 4.1 the associated homogeneous spaces, in Section 4.2 the filtrations of
tangent bundles of these parabolic geometries and in Section 4.3 the projections n and 7.

4.1 Homogeneous spaces

A connected and simply connected Lie group G with Lie algebra g is isomorphic to Spin(2m, C).
Let R, Q and P be the parabolic subgroups of G with Lie algebras t, q and p that are associated
to {am}, {ak,am} and {ay}, respectively, as explained in Section 2.1. We for brevity put
TS :=G/R, CS := G/Q and M := G/P. Recall from Section 2.4 that we call T'S the twistor
space and C'S the correspondence space.

The twistor space T'S. Let us first recall (see [15, Section 6]) some well known facts about
spinors. Recall from (3.4) that W := C™ is a maximal totally isotropic subspace of C*™. We can
(via h) identify the dual space W* with the subspace [e],...,ek]. Put S := @, A"W*. There
is a canonical linear map C?>™ — End(S) which is determined by w -t = i, and w* -1 = w* A1
where w € W, w* € W*, ¢ € S and i,, stands for the contraction by w. If ) € S, then we put
Ty :={v € C?™: v -9 = 0}. If 9 # 0, then Ty is a totally isotropic subspace and we call v
a pure spinor if dim Ty = m (which is equivalent to saying that 77, is a maximal totally isotropic
subspace).

The standard linear isomorphism A2C?™ 22 g gives an injective linear map g — End(S). It is
straightforward to verify that the map is a homomorphism of Lie algebras where the commutator
in the associative algebra End(S) is the standard one. Hence, g is a Lie subalgebra of End(S)
and it turns out that S is no longer irreducible under g but it decomposes as Sy ® S_ where
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Sy == @, A*W* and S_ := P, A*T'W*. Then S and S_ are irreducible non-isomorphic
complex spinor representations of g with highest weights w,, and wy,_1, respectively. It is well
known that any pure spinor belongs to S; or to S_ (which explains why the Grassmannian of
maximal totally isotropic subspaces in C?™ has two connected components).

Now we can easily describe the twistor space. The spinor 1 € S, is annihilated by all positive
roots in g and hence, it is a highest weight vector. Recall from Section 2.1 that the line spanned
by 1 is invariant under R and since 77 = W, we find that R is the stabilizer of W inside G.
As G is connected, we conclude that TS is the connected component of W in the Grassmannian
of maximal totally isotropic subspaces in C?™.

The isotropic Grassmannian M. An irreducible g-module with highest weight wy is isomor-
phic to AFC?™. Then e; Aea A --- A ey, is clearly a highest weight vector and the corresponding
point in P(A*C?™) can be viewed as the totally isotropic subspace zg := C*. We see that M is
the Grassmannian of totally isotropic k-dimensional subspaces in C2>™. We denote by p: G — M
the canonical projection.

The correspondence space C'S. The correspondence space C'S is the generalized flag manifold
of nested subspaces {(z,2): z € T'S, v € M, = C z} and Q is the stabilizer of (W, zg). Let
q: G — CS be the canonical projection.

4.2 Filtrations of the tangent bundles of M and CS

Recall from Section 2.1 that the |2|-grading g = g_o®g_1®- - - D gz associated to {ay} determines
a 2-step filtration {0} = FM < FM < F* = TM of the tangent bundle of M where {0} is
the zero section. We put GZM = FZ-M / Fi]\_fl, it = —2,—1 so that the associated graded bundle
gr(TM) = GM, @ GM, is a locally trivial bundle of graded nilpotent Lie algebras with typical
fiber g_. Dually, there is a filtration 7*M = FM > FM > FM = {0} where FM = (FM )+,
We put GM := FM/FM, so that GM = (GM)*. There are linear isomorphisms

g; (GM)xO, i=-2,-1,1,2. (4.1)

()

Recall from Section 2.2 that gt} denotes the vector space of weighted r-jets of germs of
holomorhic functions at zo whose weighted (r—1)-jet vanishes. Then the isomorphisms from (2.3)
are

gos, g, gl =2 Sg g, gl 2 S%0 @1 ® g,

for small  and in general

gt;o = GB Sigl ® Sjgg. (4.2)
i+25=r

The |3|-grading g = @;_ 5 q; determined by {ay,a,,} induces a 3-step filtration TC'S =
FC > FC > FCF o FF¥ = {0}. We put G{® := FFS/FCS so that gr(TCS) = ®; G0
is a locally trivial vector bundle of graded nilpotent Lie algebras with typical fiber q_—. Dually,
we get a filtration T*CS = FF¥ > FYS © F{S 5 F{S = {0} where FF9 := (FC5)*. The
associated graded vector bundle is gr(T*CS) = @;_, GYS where we put G¢S := FC9/ FES.
Then as above, G¢'¥ = (GC¥)*.

The Q-invariant subspaces E @ q and F @ q give a finer filtration of the tangent bundle,
namely FY° = E¢S @ FYS. Since the Lie bracket A%?q_; — q_» vanishes on A’E @ A?F, it
follows that E¢ and FS are integrable distributions. This can be deduced also from the short
exact sequences

0 E%S 5108 5 1(T8) 50  and 00— FOS 5108 I TM — 0, (4.3)
i.e., B9 =ker(Tn) and F¢Y = ker(T7). Notice that (T'7)"}(FM) = F%.
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4.3 Projections T and n

Recall from (3.4) that C®* := [exi1,...,em, Chytr--sm) and C" = [epy1,...,en], ie., we
view C?" and C" as subspaces of C™. On C?" we consider the non-degenerate bilinear form h|c2n
which we for brevity denote by h. Then C" is a maximal totally isotropic subspace of C?".

The fibers of 7 and 7 are homogeneous spaces of parabolic geometries which (see [2]) can be
recovered from the Dynkin diagrams given in (3.3).

Lemma 4.1.

(a) The fibers of T are biholomorphic to the Grassmannian of k-dimensional subspaces in C"+<,

(b) The fibers of n are biholomorphic to the connected component GrZ(n,n) of C™ in the
Grassmannian of maximal totally isotropic subspaces in C*™.

Proof. As the fibers over distinct points are biholomorphic, it suffices to look at the fibers of 7
and 7 over W and xg, respectively.

(a) By definition, 7 1(W) is the set of k-dimensional totally isotropic subspaces in W. As W
is already totally isotropic, the first claim follows.

(b) Notice that x5 = zo ® C*". Then it is easy to see that y € Gr (n,n) — (zo ® y,20) €
77 (z0) is a biholomorphism. [

We will use the following notation. Assume that X € M(2m,k,C) and Y € M(2m,n,C)
have maximal rank. Then we denote by [X] the k-dimensional subspace of C?™ that is spanned
by the columns of the matrix and by [X|Y] the flag of nested subspaces [X] C [X] & [Y].

It is straightforward to verify that

(poexp): g- — M, (4.4)
0 0 0 0 1,

poop) |00 0o o| X,

PoexP)l x, o 0o o]~ X
Yy —xI' —x7T 0 Y — L(XT Xy + XTX))

We see that X' := p oexp(g_) is an open, dense and affine subset of M and that any (z,z) €
771(X) can be represented by

1k 0
X A
X5 B |’
Y -1 xtx+xIxy) | C

(4.5)

where A, B € M(n,C), C € M(k,n,C) are such that [A} € Gry (n,n) and C = —(X{ B+X71 A).

B

We immediately get the following observation.

Lemma 4.2. The set 7-1(X) is biholomorphic to X x 77 1(xg). The restriction of T to this set
1s then the projection onto the first factor.

The set 771(X) is not affine as different choices of A and B might lead to the same element
in 771(X). Let Y be the subset of 771(X) of those nested flags  C z which can be represented
by a matrix as above with A regular. In that case we may assume A = 1,, which uniquely
pins down B. It is straightforward to find that B = —BT and conversely, any skew-symmetric
n x n matrix determines a totally isotropic n-dimensional subspace in C?". We see that ) is an
open and affine set which is biholomorphic to g_ x A(n,C). In order to write down also 7 as
a canonical projection (C(T;)Jr”k — (C(T;), it will be convenient to choose a different coordinate
system on ).
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Lemma 4.3. Let Y be as above and put Z := n(Y). Then Y and Z are open affine sets and
there is a commutative diagram of holomorphic maps

Y —— A(m,C) x M(n, k,C)

lny ipm (4.6)
z A(m, C),

where pri is the canonical projection and the horizontal arrows are biholomorphisms.

Proof. Let (z,z) be the nested flag corresponding to (4.5) where A = 1,, so that B = —B”.
Put for brevity Y’ := Y — (X7 X, + X7 X;) and C := —X7 — X{ B. The map in the first row
in (4.6) is (z,z) — (W, Z) where

W W
W_<Wo —W1T>

and Z := X1, W, == Xo — BX;, Wy :==Y' —CX;, Wy := B. Then W = —W7 and the
map Y — A(m,C) x M(n,k,C) is clearly a biholomorphism. In order to have a geometric
interpretation of the map, consider the following. Using Gaussian elimination on the columns
of the matrix (4.5), we can eliminate the X;-block and get a new matrix

1; 0
0 | (1m
X, — BX; B _<W>'

Y' -CX; C

The columns of the matrix span the same totally isotropic subspace z as the original matrix.
Moreover, it is clear that z admits a unique basis of this form. From this we easily see that Z
is indeed an open affine subset of 7'S which is biholomorphic to A(m,C). In these coordinate
systems, the restriction of 7 is the projection onto the first factor. |

5 The Penrose transform for the k-Dirac complexes

In Section 5 we will consider the relative BGG sequence associated to a particular t-dominant
and integral weight as explained in Section 2.4. More explicitly, we will define in Section 5.1
for each p,q > 0 a sheaf of relative (p, q)-forms and we get a Dolbeault-like double complex.
Then we will show (see Section 5.2) that this double complex contains a relative holomorphic de
Rham complex. Then in Section 5.3 we will twist each sheaf of relative (p, ¢)-forms as well as the
holomorhic de Rham complex by a certain pullback sheaf. Using some elementary representation
theory, we will turn (see Section 5.4) the twisted relative de Rham complex into the relative
BGG sequence. In Section 5.5 we will compute direct images of sheaves in the relative BGG
sequence.

We will use the following notation. We denote by Oq and £ the structure sheaf and the sheaf
of smooth (p, ¢)-forms, respectively, over C'S. We denote the corresponding sheaves over T'S by
the subscript v. If W is a holomorphic vector bundle over C'S, then we denote by O4(W) the
sheaf of holomorphic sections of W and by £}Y(W) the sheaf of smooth (p, ¢)-forms with values
in W. We for brevity put &, := 20 and E29(U) := T'(U, EPY) where U is an open set and * = q
or t. Moreover, we put n*&P? := &, ®p-1g, EP? where we use that & is naturally a sub-sheaf
of &.



16 T. Salac¢

5.1 Double complex of relative forms

Recall from Lemma 4.3 that ) is biholomorphic to A(m,C) x M(n,k,C), that n()) = Z is
biholomorphic to A(m,C) and that the canonical map ) — Z is the projection onto the first
factor. In this way we can use matrix coefficients on M (n,k,C) as coordinates on the fibers
of n. We will write Z = (2qi) € M(n,k,C) and if I = ((aq,1),...,(ap,%p)) is a multi-index
where (oj,i;) € I(n,k) = {(a,i): « = 1,...,n, i = 1,...,k}, j = 1,...,p, then we put
dzr = d2(q,5,) N+ Ndz(qa,q,) and [I] = p.

We call

ELT = EPNN (O NEPT),  pg 20

the sheaf of relative (p + 1,q)-forms. By the G-action, it is clearly enough to understand the
space of sections of this sheaf over the open set Y from Section 4.3. Given w € £7?(Y), it is easy
to see that there is a unique (p, ¢)-form cohomologous to w which can be written in the form

Z/dZ[/\wI, (51>

where ¥/ denote that the summation is performed only over strictly increasing multi-indeces”
0,q
and each wy € £(Y).
As 71 is holomorphic, d and 0 commute with the pullback map n*. We see that 8(77*6}1 0 A
N &Y A Sfﬂ’q and A(n*&X0 A ey &Y A 55’(”1 and thus, 0 and 0 descend to
differential operators

Oy EPT P and  9: EPT - ERITL

respectively. From the definitions it easily follows that:
Op(w AW = (Oyw) Aw' + (—1)PT9w A Gy, (5.2)
onf= > of 20,

(ai)el(nk) O

Zai

where w € EPY(Y), W' € 55'”’(32) and f € £()). Recall from Section 4.2 that 9, , € T'(E'0]y)
and thus, 8, f(z), € Y depends only on the first weighted jet i1 f of f at x (see Section 2.2).

Recall from (4.3) that the distribution E¢? is equal to ker(Tn).
Proposition 5.1.

(i) The sheaf EY? is naturally isomorphic to the sheaf {,’g’q(ApECS*) of smooth (0, q)-forms
with values in the vector bundle APECS* and (E)*,0) is a resolution of Oq(APECS*) by
fine sheaves.

(i1) Oy is a linear G-invariant differential operator of weighted order one and the sequence of

sheaves (£51,0,), ¢ > 0 is exact.

(i4i) The data (EVY,(—1)PD,8,) define a double complex of fine sheaves with eract rows and
columns.

Proof. (i) By definition, the sequence of vector bundles 0 — E¢%% — T*CS — ECS* — 0 is
short exact. Hence, also the sequence 0 — E¢S+ A APT*CS — APTIT*CS — APTIECS* 0,
p > 1is short exact. In view of the isomorphism & tha o 55) Y(APHIT*CS), it is enough to show

"We order the set I(n, k) lexicographically, i.e., (a,) < (¢/,i') if a < o/ or a = ¢ and i < 7.
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that 7*&" A EP7 is isomorphic to EI(ECSE A APT*CS) = E,(ECS1) A £)9(APT*CS). Now
n &Y is a sub-sheaf of qu’o = &(T*CS) and since ker(Tn) = EYS, it is contained in £,(EYS).
Using that ker(Tn) = ES again, it is easy to see that the map 77*53’0 — Eq(ECSl) induces an
isomorphism of stalks at any point. Hence, 77*&1 0 o Sq(ECSJ-) and the proof of the first claim
is complete. The second claim is clear.

(ii) It is clear that 0, is C-linear. It is G-invariant as 0 commutes with the pullback of
any holomorphic map and since 7 is G-equivariant. As we already observed above that 0, f(z)
depends only on jlf when x € Y, the G-invariance of O, shows that the same holds on CS
and thus, 9, is a differential operator of weighted order one. It remains to check the exactness
of the complex and using the G-invariance, it is enough to do this at z € . By Lemma 4.3,
Y is biholomorphic to C! where ¢ = (75”) + nk. Hence, we can view the standard coordinates
wi,...,we on Ct as coordinates on Y. If J = (J1,---,Jq) where ji,...,754 € {1,...,¢}, then
we put dwy = dwj, A--- Adwj, and |J| = q. Let w = Z/ dzy ANwy € EFY(Y) be the relative

|=p

form as in (5.1). Then there are unique functions f7; € &;(Y) so that w; = Z, fr.ydwy.
Jl=
Assume that d,w = 0 on some open neighborhood U, of x. This is equivalent t|o |s;ying that
for each increasing multi-index J: d,0; = 0 on U, where o := le fr.ydzr. Now using the
same arguments as in the proof of the Dolbeault lemma, see [16, Theorem 2.3.3], we can for
each J find a (p — 1,0)-form ¢; such that 0,¢; = o on some open neighborhood of z. Then
@,(Z/J og N du’u) = ZIJ o7 ANdwy = w on some open neighborhood of z and the proof is
complete.

(iii) This follows from [0, 8] = 0 and the observations made above. [
5.2 Relative de Rham complex

By definition, Q; := 8:;’0 Nkerd is a sheaf of holomorphic sections. Since [9,8,] = 0, there is
a complex of sheaves (€2, 0;,) and we call it the relative de Rham complex.

Proposition 5.2.

(i) The relative de Rham complex is an exact sequence of sheaves which resolves the sheaf
-1
7 Ok.

(ii) The relative de Rham complex induces for each r := { + j > 0 a long ezxact sequence of
vector bundles

gl IO, pOSe g qubti=1
) ) ) )
— MEOS* @ got L0 NI ECS* @ golti=1 5 o (5.3)

Let sg > 0, s1,892,83 > 0 be integers such that sy + s1 + 2so + 3s3 = r. Then the se-
quence (5.3) contains a long exact subsequence

0— SS()ECS* ® S51,82,83 N ECS* ® SSQ—IECS* ® 581,82,83 ... (54)
_y NI ECS* ® gso—i gCSx ® §5152:53 _y AT ECS* ® §s0—i—1 pCSx ® S5s283 L
where §515253 1= §51 FOS* @ §: G5 @ §33GYS .
(44i) The kernel of the first map in (5.3) is @, 42,1 355—r S 2.

Proof. (i) Since [9,,0] = 0, the relative de Rham complex is a sub-complex of the zero-th
row (&g ’0,8,7) of the double complex from Proposition 5.3. By diagram chasing and using the
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exactness of columns and rows in the double complex, one easily proves the exactness of the
relative de Rham complex. By (5.2), it easily follows that 710, = 82’0 Nker(9,) Nker(d).

(ii) The standard de Rham complex induces the Spencer complex (see [25]) which is known
to be exact. As the complex (€2, 0;) is just a relative version of the (holomorphic) de Rham
complex and 0, satisfies the usual properties of 0, it is clear that the relative de Rham complex
induces for each sp > 0, s1, s2 and s3 the long exact sequence (5.4). The sequence (5.3) is the
direct sum of all such sequences as sg, $1, s2, and s3 ranges over all quadruples of non-negative
integers satisfying r = sg + s1 + 2s2 + 3s3.

(iii) This readily follows from the part (ii). [

5.3 Twisted relative de Rham complex

The weight A\ := (1 — 2n)w,, is g-integral and t-dominant. Hence, there is an irreducible R-
module W) with lowest weight —\. Since t is associated to {auy,}, it follows that dim W, =1
and so W, is also an irreducible Q-module. We will denote by £;(\) and O4(\) the sheaves of
smooth and holomorphic sections of Wf S.=G xq Wy, respectively. If W is a vector bundle
over CS, then we denote W()\) := W ® W% ie., we twist W by tensoring with the line
bundle W It is not hard to see that 7*E(\) = &;(N) and n*O(A) = Og(A) where we denote
by the subscript t the corresponding sheaves over T'S.

We call E59(X) := N1 ®,-1¢, 17 E(N) the sheaf of twisted relative (p, q)-forms. Consider the
following sequence of canonical isomorphisms:

EPIN) = EPT @g, & Qg N E(N) = ERT @, 17 E(N)
= EPI g, E4(N) = £ @, (E7° g, £4(N)) = EPUAPETT(N)). (5.5)

We see that £59()\) is isomorphic to the sheaf of smooth (0, q)-forms with values in A? E€S*()).
Hence, the Dolbeault differential induces a differential 8: E29(\) — E29T1(\) and a complex
(&7 (X), 9).

A section of £5"?(\) is by definition a finite sum of decomposable elements w ® v where w and
v are sections of €7 and =& (M), respectively. As any section of n71& as well as transition
functions between sections of 1€ (\) belong to ker(d,), it follows that there is a unique linear
differential operator

EPIN) — Ef;ﬂ’q()\),

which satisfies w ® v — 9w ® v. We denote the operator also by d, as there is no risk of
confusion. It is clear that 0, is a linear G-invariant differential operator of weighted order one.

Proposition 5.3. Let p,q > 0 be integers.

(i) The sequence of sheaves (S,gp’*)(/\),é) is exact.

(1) The sequence of sheaves (Sé*’q)(A),a,,) is exact.

(iii) There is a double complex (EFY(N), 8y, (—1)PD) of fine sheaves with exact rows and columns.

Proof. (i) By construction, the sequence is a Dolbeault complex and the claim follows.

(ii) The exactness follows immediately from Proposition 5.1(ii).

(iii) We need to verify that [0,8,] = 0. To see this, notice that a section of E7'%(\) can be
locally written as a finite sum of elements as above with v holomorphic. The claim then easily
follows from Proposition 5.1(iii). [
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Put Q5(\) == &7°(\) Nker(d). The complex (£;°()),d,) contains a sub-complex (Q()),d)
which we call the twisted relative de Rham complex. As in Proposition 5.2, one can easily see
that (27 (\),dy) is an exact sequence of sheaves of holomorhic sections. Following the proof of

Proposition 5.2, we obtain the following:

Proposition 5.4. The relative de Rham complex (€2,()), 0y) induces for eachr > 0 a long ezact
sequence of vector bundles

(A*EC5* @ gr"* (), gtd,). (5.6)

Let sp > 0, s1, 82,53 > 0 be integers such that sg + s1 + 2s9 + 3s3 = r. Then the sequence (5.6)
contains a long exact subsequence

(A.ECS* ® SS()—.ECS* ® §51,52,53 ()\)’ gtan)’ (57)

where S$152:58 s defined in Proposition 5.2. The kernel of the first map in (5.6) is the bundle
®s1+232+353:r 5515253 (A) .

5.4 Relative BGG sequence

We know that Qf () is isomorphic to the sheaf of holomorphic sections of APE¢S*(\) = G xq
(APE* @ Wy). The Q-module APE* is not irreducible. Decomposing this module into irreducible
Q-modules, we obtain from the relative twisted de Rham complex a relative BGG sequence and
this will be crucial in the construction of the k-Dirac complexes. We will use notation from
Section 3.2.

Proposition 5.5. Let a € Nii and w, € W be as in Section 3.2. Then

NE QW= @ W, andthus BN = @ 05 ), (5.8)
aENi’zﬂa\:p aENi‘fﬂa\:p
where Wy, is an irreducible Q-module with lowest weight —\, := —wg. .

There is a linear G-invariant differential operator

Oh: Og(ha) = Q2N 25 Q2(A) = Og(Awr) (5.9)

a

where the first map is the canonical inclusion and the last map is the canonical projection. If
a & d, then 0%, = 0.

Proof. Recall from Section 3.1 that the semi-simple part t§° of vy is isomorphic to sl(m, C) and
that t§°Nq is a parabolic subalgebra of t}°. The direct sum decomposition from (5.8) then follows
at once from the Kostant’s version of the Bott-Borel-Weyl theorem (see [8, Theorem 3.3.5])
applied to Wy and (v§°,t§° N q) and the identity ¢(w,) = |a| from Lemma 3.6. Recall from
[2, Section 8.7] that the graph of the relative BGG sequence coincides with the relative Hasse
graph W{. The last claim then follows from Lemma 3.4. |

Remark 5.6. Let a = (a1,...,a;) € Nii and b = (by,...,b,) € Ni_’i be the conjugated
partition. In order to compute A, from Proposition 5.5, notice that

2k -1 3 1 3 —2n+1>

1
)‘+p_<7a2a2 _57_57"'7 92

5 (5.10)

Since we(wm) = wm, we have wy(A) = X and thus Ay = we(A+ p) — p = A+ wep — p. By (3.10),
it follows that

)\a:)\—l—(—ak,...,—al|b1,b2,...,bn).
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5.5 Direct image of the relative BGG sequence

Recall from [2, Section 5.3] that given a g-integral and g-dominant weight v, there is at most
one p-dominant weight in the W,ﬂ—orbit of v. If there is no p-dominant weight, then all direct
images of Oy(v) vanish. If there is a p-dominant weight, say p = w.v where w € W), then
7 (w)(’)q(y) = Op() is the unique non-zero direct image of Oq(v).

Proposition 5.7. Letn >k > 2 and a = (ay,...,ax) € N’ii Put p* = %(—Qn—i—l, e, —2n+
11,...,1,£1) and pe := p* — (ag,...,a1]0,...,0) where x =+ if d(a) =n mod 2 and *x = —
otherwise. Then

Op(pta), if Sk qg=1(a) = (7) - )
Tg(oq()\a)) — P(/'L ) iac ' q (CL) (2) q(a)

{0}, otherwise.
Proof. By definition, each w € Wg fixes the first k coefficients of A\, and so it is enough to
look at the last n coefficients. By Remark 5.6, it follows

wag(A+p)=Aa+p= <...,i—ai—;,...,;—a1 bl—;,...,bj—j—}—;,...),

where b = (b1, ..., b,) is the conjugated partition. Put ¢ := (c1,...,c,) where ¢ := ‘bj -7+ %|
By (3.2) and Table 1, if ¢; = ¢; for some i # j, then there cannot be a p-dominant weight
in the Wy-orbit of A\,. If a ¢ S, then by Lemma 3.5 there is s € {0,...,k — 1} such that®
wa(k —s) =k+1 >k and we(k+ s+ 1) =k +j > k for some distinct positive integers ¢ and j.
By (5.10), it follows that b; — i + % = % +5,bj —j— % = —% — s and thus ¢; = ¢;. Hence, all
direct images of Oq(A,) are zero.

We may now suppose that a € S*¥. By the definition of d(a), we have baa)y — d(a) + % >0 >
ba(a)y+1 — d(a) — . By Lemma 3.5 and (5.10), it follows that (ci,...,¢,) is a permutation of

(2”2_1, ce %, %) As )\, is g-dominant, we know that the sequence (b1 — %, by =g+ %, .. )
is decreasing. Thus for each integer i = 1,...,d(a), the set {j: i < j < n, ¢ > ¢;} contains

d(a)
precisely b; — i distinct elements. Altogether, there are precisely > (by — ¢) = q(a) pairs i < j
(=1

such that ¢; > ¢;. Equivalently, there are £(a) pairs ¢ < j such that ¢i < ¢j. It follows that the

length of the permutation that maps (ci,...,c,) to (2"2_1, el %, %) is precisely ¢(a). Now it is
easy to see (recall (3.2)) that there is w € Wy such that w.\, is p-dominant and £(w) = £(a).
As there are n — d(a) negative numbers in the sequence (bl — %, b=+ %, ... ), the last

claim about the sign of the last coefficient of w.\, also follows. This completes the proof. W

Remark 5.8. In Proposition 5.7 we recovered the W¥-orbit of the singular weight pu™ if n is
even and of = if n is odd which was computed in [14]. There is an automorphism of g which
swaps a;, and «,,_1 and hence, it swaps also the associated parabolic subalgebras. If we cross
in (3.3) the simple root a1 instead of oy, take (1 —2n)w,,—1 as A and follow the computations
given above, we will get the W¥-orbit of u™ if n is odd and of u~ if n is even. As also all other
arguments presented in this paper work for the other case, we will obtain the other “half” of
the k-Dirac complex from [22] as mentioned in Introduction.

5.6 Double complex of relative forms II

The direct sum decomposition from Proposition 5.5 together with the isomorphism in (5.5)

gives a direct sum decomposition E4(\) = P £ (M\a)- Let a,a’ € N% be such that

kg g
aEN+z.|a|—p

8Notice that at this point we need that n > k.
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p = |a| = |a’| — 1. Then there is a linear differential operator
oy
0% EXU(Ng) = EPUN) = EPTHIN) = EJ(Ay) (5.11)

where the first map is the canonical inclusion and the last map is the canonical projection as
n (5.9). We denote the differential operator by 0% as in (5.9) as there is no risk of confusion.
Recall from Proposition 5.5 that 0% = 0if a £ a'.

Suppose that U is an open, contractible and Stein subset of M. We put V(77 HU), \) =
D(r=YU), EPI(N)), i.e., this is the space of sections of the sheaf £5Y(\) over 771 (U). Then there
is a double complex

e EPT () 2) S TR (L ) A) -
D’ D’ (5.12)

_ D" _
e ——EPUTTNU), N) EPM YUY, N) —— -

where D' = (=1)P9 and D" = §,. Put T'(U) = D, =i EPUr=YU),\). We obtain three
complexes (T*(U),D"), (T*(U),D") and (T*(U), D" + D").

Lemma 5.9. Let a € Nii and U be the open, contractible and Stein subset of M as above.
Then

F(Z/{, OP(M&))? ac Ska q= E(a),

5.13
{0}, otherwise, (5.13)

HY (7 (U), 0q(N)) = {

and thus also

HEH(T W), D) = @) H' (7' W), 04(\)).-

k
aGSj

Proof. The first claim follows from Proposition 5.7 and application of the Leray spectral se-
quence as explained in [2]. For the second claim, recall from [27, Theorem 3.20] that the sheaf
cohomology is equal to the Dolbeault cohomology, i.e., there is an isomorphism

HI(r=U), Og(\a) = H(E) (7 (W), o) D). (5:14)

The cohomology group appears on the (|a|+¢(a)) = (d(a)+2q(a)+ (5) —q(a)) = ((3) +7(a))-th
diagonal of the double complex. Here, see Proposition 5.7, we use that £(a) = (5) — g(a), the
notation from (3.6) and S]’-c ={a € S*: r(a) = j}. [ |

6 k-Dirac complexes

In Section 6 we will give the definition of differential operators in the k-Dirac complexes. It
will be clear from the construction that the operators are linear, local and G-invariant. Later
in Lemma 7.12 we will show that each operator is indeed a differential operator and we give an
upper bound on its weighted order. The operators naturally form a sequence and we will prove
in Theorem 6.2 that they form a complex which we call the k-Dirac complex.

Recall from Section 5.6 that (7~ (U), \,) is the space of sections of the sheaf £Y(\,)
over 7 1 (U). Ifa € Sé,)’q(T*l(Z/l), Aa) is O-closed, then we will denote by [a] € H(771(U), Oq(Aa))
the corresponding cohomology class.
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Lemma 6.1. Let j >0, a € SJ]-C, a € Sj]-“_H be such that a < a’ and U be the Stein set as above.
Then there is a linear, local and G-invariant operator
Dg/: F(u’ Op(#a)) - F(u7 OP(Ma’))'

Proof. Let us for a moment put V := 7! (/). Using the isomorphisms from (5.13), it is enough
to define a map HW(V,04(\s)) — HY@)(V,04(A\ss)) which has the right properties. By
assumption, we have |a’| —|a| € {1,2}. Let us first consider |a’| —|a] = 1. Then ¢ := ¢(a’) = £(a)
and by (5.11), we have the map 9% : Sé)’q(V, Aa) — Sc?’q(l), Ao) in the double complex (5.12).
The induced map on cohomology is DY,.

If |a'| — |a| = 2, then ¢ := £(a) = ¢(a’) + 1 and we find that there are precisely two non-
symmetric partitions b, c € Nii such that a < b < a’ and a < ¢ < a’. Then there is a diagram

92,99
g‘?,qoj’ Ao) (4"25?410;’ Ap) B 5?’(1(]7, Ae)
(—maT (6.1)

g0a-11 0,g—1 00+00 0.4-1
q (V7 b) @ gq (V7 )‘C) - gq (V7 )‘a’)a

which lives in the double complex (5.12). Let o € 5‘? 9V, Aq) be O-closed. Then da and 9%«
are also 0-closed and thus by Lemma 5.9 and the isomorphism (5.14), we can find  and v such
that %« = (—1)P9p3 and 9%« = (—1)Pdy where p = |a| + 1. Since the relative BGG sequence is
a complex, we have

9%+ 957) = (-1)P(3L0f + 0%0%)a = 0,

which shows that 82, B+ 0%y is a cocycle. Of course this elements depends on choices but we
claim that [0%, 8+ 0¢,7] depends only on [a]. It is easy to see that [0, 3+9¢~] does not depend on
the choices of 8 and . If [a] = 0, say a = (—1)P"10p, then we may put 8 = —9%p and v = —9%p
and thus 0%, 8 + 05y = —(0%,0¢ + 95,0%)0 = 0. Hence, we can put D%[a] := [9%3 + 95~].
From the construction is clear that D¢, is linear. The locality follows from the fact that D¢,
is compatible with restrictions to smaller Stein subsets of /. As the operators in the double
complex (5.12) are G-invariant, it is easy to verify that each operator D, is G-invariant. |

Put O; := @aesf Op(ta) and O;(U) :=TU,0;). If a € Sf and s € Oj(U), then we denote

by s, the a-th component of s so that we may write s = (sg) We call the following

aGSJ’?‘
complex (6.2) the k-Dirac complez.

Theorem 6.2. With the notation set above, there is a complex

OoUt) 22 O1U) = - = 0;U) 25 O (U) — - (6.2)

of linear G-invariant operators where

(Djs)e = Y Diisa.

a<a’

Proof. Let a,a’ € S*¥ be such that a < o/, 7(a) = r(a’) — 2. We need to verify that
> D% D%, = 0. Observe that |a'|—|a| € {3,4}. Let us first assume that || —3 = |a|.

a’eSk: a<a’’<a’

Then there are at most two symmetric partitions a” such that a < a” < a'. If there is only

one such symmetric partition a”, then, since the relative BGG sequence is a complex, it follows
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easily that Da Da// = 0. So we can assume that there are two symmetric partitions, say af, a.
Consider for example

HC

/><\

a=F——>adaf =8 =F—=dJd=F

\></

=fF——=

Then we can find 8 and B’ so that 9fa = (—1)P9p and 0%a = (—1)P9B’ where p = |b| = |V/|.
Then [Dgé,a] = [Ggg B+ 62;, B'] which implies

(~D)PHD(3LB) = (~1)PH1oap = ~okga = 0 Ot
and similarly (— )p“a(@blﬁ ) =0, 18“,,04 Hence, we conclude that
D} Diya] = [05028 + 0500 8]
and thus
Dy Dyl = (047 (98 + 04y B')] = = (05006 + 05008'] = —Dg) Dy la].
This completes the proof when |a/| = |a| + 3 and now we may assume |a| = |a| + 4.
We put A” :={a" € S¥|a < d’ <d'}, B:={b¢ Ni’zﬁla” ceAa<b<d'}, B :={V ¢

NE™13a” € A”: o’ <V < d} and finally C := {c € N7\ S¥|3be B, 30 € B': i/ <c<V'}.
Consider for example the diagram

N e
N

where A” = {a"}, B = {b1,b2}, B' = {b},b4} and C = {c1,c2}. As above, the set A” contains
at most two elements but we will not need that.
Now we can proceed as above. There are 3; such that (—1)P93; = Oy, cv where p = |b;| = |a[+1

and so [D%a] =[ > 0 ,,BZ] for every a] € A”. As the relative BGG sequence is a complex,
J b,EB
we have for each ¢, € C"

a( > 85;‘@») =Y 0hog = (-1 Y ohidfa=0.

b,eB b,eB b,eB
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As above, there is v, such that (=1)P*'9v, = Y~ 0%8;. Then for b}, € B':
b,eB

p+20< > o w) ==Y RO = - Y Oy

coeC coeC ceC, b;eB
" "
= > 0= >, 9 ( > af;,‘,/fi)
bi€B, /€Al bi<all<b, ! a€A: all<b, bieB
"
= > oy (Dgra).
aj €A alf <b,

This implies that Y>> D% D%, ([a]) is the cohomology class of
allear

S (X (T am))- T X diag

aj€A” “beB’: aff <b ceC b.eB’ cpeC
— ab;ace — —
=D D 0Ou=> 0=0.
ceeC bl eB’ ceC

In the first equality we use the fact that given b € B’, there is only one aj € A" such that
a;/ < b, and in the third equality we use that the relative BGG sequence is a complex once
more. |

7 Formal exactness of k-Dirac complexes

We will proceed in Section 7 as follows. In Section 7.1 we will recall the definition of the normal
bundle of the analytic subvariety Xo := 77 (2¢) and give the definition of the weighted formal
neighborhood of Xy. In Section 7.2 we will consider the double complex of twisted relative
forms from Section 5 and restrict it to the weighted formal neighborhood of Xg. In Section 7.3
we will prove that the operators defined in Section 6 are differential operators and finally, in
Theorem 7.14 we will prove that the k-Dirac complexes are formally exact.

7.1 Formal neighborhood of 77!(xg)

Let us first recall notation from Section 4.2. There is the 2-step filtration {0} = FM c FM ¢
FM = TM and the 3-step filtration {0} = F{'® ¢ FOF ¢ FY ¢ FY = T M. Moreover, FCS
decomposes as B¢ @ F©S where E¢9 = ker(Tn) and F©° = ker(TT). From this it follows
that E¢S and F©S are integrable distributions. Dually, there are filtrations T*M = M
FM > FM = {0} and T*CS = FF% o F{® D F{S 5 FCS = {0} where FM is the annihilator
of FM_ | and similarly for £, We put GM = FM/ M and GYS .= FCS/ €9 so that

gr(TM) = GM, & GM, gr(T*M) =GY ¢ GY
gr(TCS) = G€§ o G€§ &G, gr(T*CS) =G & GYY @ GSF,
GM=(GM)", i=12 and G = (GY)", i=1,2,3
Let us now briefly recall Section 2.3. If X is an analytic subvariety of a complex manifold Y,
then the normal bundle Nx of X in Y is the quotient (TY|x)/T X and the co-normal bundle N

is the annihilator of T'X inside 7" X. In particular, the origin g can be viewed as an analytic
subvariety of M with local defining equation X; = 0, X3 = 0 and Y = 0 where the matrices are
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those as in (4.4). For each i > 1 there is the associated (i-th power of the) ideal sheaf Z., . This
is a sheaf of Oj/-modules such that

(Ixo)i {(OM)M x 7& Zo,

o) T = Xg,

where Oy is the structure sheaf on M, F. = {f € (Op)z: jif = 0} and the subscript  stands
for the stalk at x € M of the corresponding sheaf.

Also recall from Section 2.2 the definition of weighted jets. For each i > 0, there is a short
exact sequence of vector spaces

0— 3§ =3, — gt =0, (7.1)

where §. = {f € Oy, : b, f = 0}. We will view (7.1) also as a short exact sequence of sheaves
over {zp}.

Put Xo := 7 !(z0). Recall from Lemma 4.1 that Xg is complex manifold which is biholo-
morphic to the connected component Gr:(n, n) of C"™ in the Grassmannian of maximal totally
isotropic subspaces in C2".

Remark 7.1. If V¢S is a holomorphic vector bundle over C'S, we will for brevity put V :=
VS| x,. We also put 79 := 7|x,.

Lemma 7.2.

(1) Xo is a closed analytic subvariety of C'S and there is an isomorphism of sheaves Lx, =
T Lg -

(ii) There is an isomorphism of vector bundles’ TXg < F.

(t3i) The normal bundle N of Xq in C'S is isomorphic to 7§Ty, M. In particular, N is a trivial
holomorphic vector bundle.

Proof. (i) By Lemma 4.2, 771(X) = X x Xy where X = (p oexp)(g_). From this the claim
easily follows.

(ii) As Xo = 77 (=p), it is clear that T Xy = ker(T'7)|x,. But we know that ker(7'7) = F and
the claim follows.

(iii) By definition, 74Ty, M = {(z,v)|z € Xo, v € T, M}. Hence, there is an obvious
projection T'C'S|x, — 73Ty, M, (x,v) — (z,T,7(v)) which descends to an isomorphism N —
10 Ty M. [ |

[a

Recall now the linear isomorphisms g; 2 (GM),,, i = —2,—1,1,2, from (4.1). In particular,
we can view g; as the fiber of GM over {0} and thus also as a vector bundle over {zo}. We use
this point of view in the following definition.

Definition 7.3. Put N} := 7jg;, i = 1,2 and &‘N* := 7igt!, £ =10,1,2,....

Notice that N, ¢ = 1,2 and GYN*, ¢ > 0 are by definition trivial holomorphic vector bundles
over Xg. Recall from the end of Section 2.2 that grﬁo is the subspace of gtﬁo that is isomorphic
to Sgy.

Lemma 7.4. The co-normal bundle N* of Xo in CS is isomorphic to 73T M and the bundle N3
is isomorphic to Gs. There are short exact sequences of vector bundles

0—> Ny —N*"—= N —0 and 0—>Gy— N —-FE"=0 (7.2)

9Here we use notation set in Remark 7.1.
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over Xgo. Moreover, for each £ > 0 there are isomorphisms of vector bundles

SIN* = EB SélNl* ® SZ2N2* and SENl* = T*grf;o. (7.3)
01+205=¢

Proof. There is a canonical injective vector bundle map 73T, M — T*CS and a moment of
thought shows that its image is contained in N*. By comparing dimensions of both vector
bundles, we have 73T, M = N* and thus the first claim. It is clear that N3 = 77g2 is the
annihilator of F_y = (T'7)"!(g_1) and since G3 = F,, the second claim follows.

The first sequence in (7.2) is the pullback of the short exact sequence 0 — go — T, oM —
g1 — 0 and thus, it is short exact. The exactness of the latter sequence follows from the
exactness of 0 — G§° — Fl/chS — EY%* - 0 and the isomorphisms N* = F+ G3 = Nj and
N = N*/Nj.

The isomorphisms in (7.3) follow immediately from definitions and the isomorphism (4.2). W

We know that G*N* is a trivial holomorphic vector bundle over the compact base Xo. It
follows that any global holomorphic section of G*N* is a constant gt’-valued function on Xj
and that G“N* is trivialized by such sections. The same is obviously true also for S*N;. Let us
formulate this as lemma.

Lemma 7.5. The holomorphic vector bundles G*N* and SNy are trivial and there are canonical
isomorphisms gtﬁo — T(O(&'N*)) and grﬁo — T(O(SYNY)) of finite-dimensional vector spaces.

Let us finish this section by recalling the concept of formal neighborhoods (see [1, 26]). Let
to: Xo = CS be the inclusion. Then Fyx, := ¢y 1IXO is a sheaf of Ox,-modules whose stalk
at x € Xg is the space of germs of holomorphic functions which are defined on some open
neighborhood V of  in C'S and which vanish on V N Xy. Let us now view the vector space
Fro = {f € (Onr)ay: f(xo) = 0} also as a sheaf over {zp}. Then (recall from Lemma 7.2)
it is easy to see that Fx, = 75Fs,. Observe that I'(Fx,) is the space of equivalence classes
of holomorphic functions which are defined on an open neighborhood of Xy in C'S where two
such functions belong to the same equivalence class if they agree on some possibly smaller open
neighborhood of Xj.

The infinite-dimensional vector spaces from (7.1) form a decreasing filtration --- C Ft! C
Si,o C - of Fpy = 820. Then SfXO = T*S@O is a sheaf of Ox,-modules which is naturally
a sub-sheaf of Fx,. This induces a filtration - -- C Sg?ol C 33(0 C---of Fx, = Sg(o. Arguing as
in Section 2.3, one can show that for each 7 > 0 there is a short exact sequence of sheaves

0— 33}:)1 = §%, = O(6"™'N*) -0

and thus, the graded sheaf associated to the filtration Fy, is isomorphic to ;> O(&IN*).
Using the analogy with the classical formal neighborhood, we will call the pair (X, Og?) where
Og? = LEIOCS/S’@:—“; the i-th weighted formal neighborhood of Xy. Notice that the filtration
{%?'XO: i =0,1,2,...} descends to a filtration of Og? and that the associated graded sheaf is

isomorphic to @;‘gt O(&IN*).

7.2 The double complex on the formal neighborhood of 77! ()

Recall from Section 5.4 that for each a € Nii there is a Q-dominant and integral weight A,
an irreducible Q-module W, & with lowest weight —), and an associated vector bundle Wf; S =
G xq W),. We will denote by W), the restriction of Wgs to Xo, by O(A,) the sheaf of
holomorphic sections of W), by EP? the sheaf of smooth (p, ¢)-forms over Xy and by EP1()\,)
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the sheaf of (p,q)-forms with values in W), . If V is another vector bundle over Xy, then we
denote by V()\,) the tensor product of V with W,,. We will use the notation set in (2.2)
and (2.3).

Lemma 7.6. There is for each r := ¢+ 7 > 0 a long exact sequence a vector bundles over Xg:
S'N*(\) 2% E* @ & IN*(A) 2 A2E* @ 6" 2N*(\) 2 ... . (7.4)
This sequence contains a long exact subsequence
STNF(A) 2 E* @ STINF(A) 2 A2E* @ §TENT(A) - (7.5)

Proof. In order to obtain the sequence (7.4), take the direct sum of all long exact sequences
from (5.7) indexed by s, s1, s2 and s3 where sg + sg + 2s3 = £+ j, s1 = 0 and restrict it to Xp.
The subsequence (7.5) is obtained similarly, we only add one more condition s3 = 0. |

Recall that each long exact sequence from (5.7) is induced by the relative twisted de Rham
complex by restricting to weighted jets. Hence, also (7.4) and (7.5) are naturally induced by
this complex.

Remark 7.7. Let £%9(AJE* @ G*N*()\)) be the sheaf of smooth (0, ¢)-forms with values in the
corresponding vector bundle over Xy. The vector bundle map ?; induces a map of sheaves

EM(NE* @ 6'N*(N)) — EX(ATTE* @ & IN*(N), (7.6)
which we also denote by 9; as there is no risk of confusion.
Recall from (5.8) that AVE*@W, = P W, which gives direct sum decomposition
EQINE* @ G'N*(N) = B _hn. |
a€NPY: Jal=
that |a| = |a’| — 1 = j, then 9; induces
0% EM(G'N*(N,)) — EX(GIN* (o)) (7.7)

et ol
jgo’q(GeN*()\a)). We see that if a,a’ € N are such

in the same way 0, induces in (5.9) the operator 0% in the relative BGG sequence. By Propo-
sition 5.5, 0% = 0if a £ d'.

Remark 7.8. Replacing (7.4) by (7.5) in Remark 7.7, we get a map of sheaves

;0 EY(AME* @ SEINT(N)) — EX(ATE* @ STINT (V). (7.8)
If a,a’ are as above, then there is a map

8% E%(SNT(N\a)) — EXI(STINT (M),
which is induced in the same way 0; induces 07,.

Even though the proof of Lemma 7.9 is trivial, it will be crucial later on.

Lemma 7.9. Let a € Nii Then

(10)2(O(S'N*(\a))) = HY (X0, O(6'N*(N,))) = {?g}v e (7.9)
and
7,2
(10)2(O(S* N7 (Aa))) = HY(Xo, O(S°N}(Aa))) = {io}v”“’ (7.10)

where'® in (7.9) and (7.10) the first possibility holds if and only if a € S* and q = #(a).

10As above, we identify a sheaf over {x} with its stalk.
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Proof. The first equality in (7.9) is just the definition of (79)f. The sheaf cohomology group
in the middle is equal to the cohomology of the Dolbeault complex. In view of Lemma 7.5,
L(EY(S'N*(\,))) = grl, @ T(E%9()\,)) and thus, the sheaf cohomology group is isomorphic
to gl ® H9(Xo,O(\,)). By the Bott-Borel-Weil theorem, HY(Xo, O(\,)) = V,,, if a € S*,
g = ¢(a) and vanishes otherwise. The second equality in (7.9) then follows from the isomorphism
gt ®V,, — gV, from (2.3).

The isomorphism in (7.10) is proved similarly. We only use the other isomorphism

I‘(O(SZN{‘)) — grio
from Lemma 7.5 and the isomorphism grio ®V,, — greVua. |

There is for each non-negative integer a certain double complex whose horizontal differential
is (7.6) and the vertical differential is (up to sign) the Dolbeault differential. This is the double
complex from Proposition 5.3 restricted to the weighted formal neighborhood of Xj.

Proposition 7.10. Let r > 0 be an integer. Then there is a double complex (EP4(r),d,d")
where:

o ¢PU(r) =T(EY(APE* ® &"PN*(N))),
e the vertical differential d' is (—1)P0 where O is the standard Dolbeault differential and
e the horizontal differential d” is d, from (7.6).

Moreover, we claim that:

(i) HI(T*(r),d +d")=0ifj > (g) where T'(r) := ®p+q=i EPA(r);

(7i) the first page of the spectral sequence associated to the filtration by columns is

gi= B W

a€S*: |al=p, L(a)=q

(7i1) the spectral sequence degenerates on the second page.

Proof. Recall from the proof of Proposition 5.2 that grd, is induced from 0, by passing to
weighted jets (as explained at the end of Section 2.2) and, see Lemma 7.6, that 0 = 9, is the
restriction of the map grd, to the sub-complex (7.4). Since [9,,d] = 0, we have that [0,9] = 0
and thus also d'd” = —d"d’. This shows the first claim.

(i) The rows of the double complex are exact as the sequence (7.4) is exact. Since dim Xy =
(5), it follows that ¢)*!(r) = 0 whenever ¢ > (). This proves the claim.

(ii) By definition, €)"!(r) is the d’-cohomology group in the p-th row and g¢-th column. The
claim then follows from the direct sum decomposition from Remark 7.7 and Lemma 7.9.

(iii) The space gt PV, lives on the |a|-th vertical line and £(a) = ((}) — g(a))-th horizontal
line of the first page of the spectral sequence and thus, on the (|a]+ (3) —g(a)) = (2¢(a) +d(a) +
(5) — a(a)) = (r(a) + (5))-th diagonal. Choose a’ € S* such that gt“‘“qV“a, lives on the next
diagonal and a < a’. This means that r(a’) = r(a)+1 and so ¢(a) = ¢q(a’) or ¢(a’) = g(a)+1. In
the first case, gt”*|a/‘Vua, lives on the ¢(a)-th row. In the second case, it lives on the (¢(a)—1)-th
row. As 0%, =0 if a £ o, it follows from definition that the differential on the i-th page is zero
if i > 2. [

If we use the exactness of (7.5) instead of (7.4) and use the isomorphism (7.10) instead of (7.9),
the proof of Proposition 7.10 gives the following.
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Proposition 7.11. The double complex from Proposition 7.10 contains a double complex
(FPa(r),d',d") where FP4(r) :=T(E¥(APE* @ S""PN}()\))). Moreover we claim that:

(i) HI(T*(r),d' +d") =0 if j > (5) where T*(r) := Dy g=i FPU(r);

(7i) the first page of the spectral sequence associated to the filtration by columns is

FPi(r) .= @ gr" PV,
a€S*: |al=p, L(a)=q

(7it) the spectral sequence degenerates on the second page.

7.3 Long exact sequence of weighted jets

Let a € S* and V.. be an irreducible P-module with lowest weight —u,, see Proposition 5.7.
Now we are ready to show that the linear operators defined in Lemma 6.1 are differential
operators and we give an upper bound on their weighted order.

Lemma 7.12. Let a,a’ € S* be such that a < a’ and r(a’) = r(a) + 1. Then the operator D%
from Lemma 6.1 is a differential operator of weighted order at most s := |a’| — |al.
Hence, DS, induces for each i > 0 a linear map

geD%: o'V, — gt TV, (7.11)
which restricts to a linear map
grD%: gr'V, — gri*SVMa,. (7.12)

Proof. Let us make a few preliminary observations. Let v € Op(ftq)z,- By the G-invariance
of DY, it is obviously enough to show that (D% v)(xg) depends only on iz,v. We may assume
that v is defined on the Stein set U from Section 6 and so we can view v as a cohomology class
[a] = HY)(r71U), Oq(Na)). A choice of Weyl structure (see [8]) and the isomorphisms (7.9)
give for each integer ¢ > 0 isomorphisms

i i
IV, = P o'V, - @ H (X, &N ().
§=0 3=0
[ee]
Hence, the Taylor series of v at @y determines an infinite!’ sum > [v;] where each [v;] belong
3=0
to HY®(Xo, &7 (\,)).
Now we can proceed with the proof. By assumption, s € {1,2}. If s = 1, then ¢(a) = ¢(d’).
By definition, D%v corresponds to [0%a] € H!@) (r=1(U), O4(Ayr)) and iL, (D%v) can be viewed

as > [(0%)vj+1]. But since [0%(v;)] € HY(Xo,&771(),)), it is clear that D (v)(zg) = 0 if
5=0

j}cov = 0. This completes the proof when s = 1.
Notice that the linear map grDy, fits into a commutative diagram

F(g(),é(a) (GZN*<)\a))) N ker O 403/) F(EO’Z(“/) (Gile*()\a/))) N ker 0

| |

HA (X0, 8'N*(\)) HY) (X0, T N*(Ayr)) (7.13)
T geD?, . T
gr'Vv,, i gt’_qua, ’

1YWe will at this point avoid discussion about the convergence of the sum as we will not need it.
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where the lower vertical arrows are the isomorphisms from Lemma 7.9, the upper vertical arrows
are the canonical projections and the map 9%, is the one from (7.7).

Let us now assume s = 2. In view of the diagram (6.1), we have to replace in (7.13) the
map 03, by the diagram

(0p)@ (o)

D(£%9(&'N*(Aa))) N Ker(d) LEM(STIN" (M & Ac)))

7]

. (©°,)+(2¢)) : 3
D(ER1 (&N (& 20)) 2 5 p(g001 (-2 () N er(D),

where we for brevity put G*N*(\, ® \.) := G*N*(\p) & S*N*()\.). Following the same line of
arguments as in the case s = 1, we easily find that D (v)(zo) = 0 whenever j2 v = 0.

In order to prove the claim about grD¢,, we need to replace everywhere 0%, by its restric-
tion 62 and use (7.10) instead of (7.9). [ |

In order to get rid of the factor s in (7.11) and (7.12), we shift the gradings by introducing
gt'V,, [1] := gt~ 19V, and gr'V, [1] ;= gr'" 99V, . We can now rewrite the maps from (7.11)
and (7.12) as

geD%: gV, (1] = gV, 1] and  grD%: gr'V,, [ — grtV, 1],
respectively, where ¢ > 0 is the corresponding integer. We also put
J
o'Viltl= @ eVl eVl = P e Vilt]
aES}“: g(a)=i =0
and
J
gr'Viltl = @ 'Vl eV = D erVialtl.
aGSJ]-“: g(a)=t 1=0

We view grD% also as a map gt‘V;[1] — gt*~1V;1[1] by extending it from gt‘V,, [1] by zero to
all the other summands. We put

geD; = > geDs gt V5[] — get TV 1]
aES;.“, a’ESj’-ﬂrl: a<a’

and
j gtD; _ _
ge(D)y: gr'Vialt] = ge' V5[] == gt V] = gt Va1,
where the first map is the canonical inclusion and the last map is the canonical projection.
Recall from Section 3.2 that if a < a,ac SJ]?’, S S]]?H, then ¢(a’) < g(a) + 1. This implies
that gv(D;), = 01if ¢ # ¢/ or i’ # 4+ 1. Then gtDj is

at'Vio[t]\ — (o' V41 0[1]

D Ny &)
gt Vit | — | ot Va1 |
D AV )

where the horizontal arrows and the diagonal arrows are gt(D;)¢ and gr(D;): 41, respectively.
We similarly define linear maps grD;: gr‘V;[1] — gr=1V,11[1] and gr(D;)%: grfV,;[1] —
gr V(1]
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Remark 7.13. Notice that

w'Viiltl= P 'V, = P g1y,
a€S}: q(a)=i aeS*: r(a)=j, q(a)=i
- D g7V, = éiﬂ’@_i(é + 7).

aeSk: |a|=i+j, E(a):(g)—i
Put p:=i+j, ¢:= () —i and r := £+ j. Then we can view gr(D;)! and ge(D;)!,; as maps
ePl(r) — &) and  &U(r) - &),

respectively. By the definition of gr(D;)! from Lemma 7.12, it follows that we can view it as
the differential d; on the first page of the spectral sequence from Proposition 7.10.

Suppose that v € E%(s) satisfies dj(v) = 0. Then we can apply the differential ds living
on the second page to v + im(d;) and, comparing this with the definition of gr(D;): 41 from
Lemma 7.12, we find that

da(v + im(dy)) = ge(D;)} 4 (v) + im(dy). (7.14)

Similarly we find that gréVj,i = FP(s) where p, ¢ and s are as above. Moreover we can view
gr(Dj): and gr(Dj)L_l as maps

FPI(s) — F{TH(s)  and FP(s) = F{TTN(s),

respectively. As the double complex from Proposition 7.11 is a sub-complex of the double
complex from Proposition 7.10 and gr(D,)} is the restriction of gr(D;)% to the corresponding
subspace, we see that gr(D;)! coincides with the differential on the first page of the spectral
sequence from Proposition 7.11 and that gr(Dj)ﬁ 41 is related to the differential on the second

page just as gt(D;)t,; is related to da.

The exactness of the complex (7.15) for each £+ j > 0 implies (see [24]) the exactness of the
k-Dirac complex at the level of infinite weighted jets at any fixed point. Following [25], we say
that the k-Dirac complex is formally exact. Notice that for application in [24], the exactness of
the sub-complex (7.16) for each £+ j > 0 is a crucial point in the proof of the local exactness of
the descended complex and thus, in constructing the resolution of the k-Dirac operator.

Theorem 7.14. The k-Dirac complex induces for each £+ j > 0 a long exact sequence

g IV [1] £ g V] o o g V] S g TV ] (7.15)

of finite-dimensional vector spaces. The complex contains a sub-complex

. ’V‘D s T‘D' _
gr Vo] L% gr IV = = gtV T g (7.16)
which is also exact.

Proof. Let v € gt/V;[1], 7 > 1 be such that gtD;(v) = 0. Write v = (vo, ..., v;) with respect to
the decomposition given above, i.e., v; € thVM[T]. Assume that vg = v1 = --- = v;,_1 = 0 and
that v; # 0. We have that gr(D{)(v;) = 0 and gv(Di, ) (v;) + ge(D1) (vig1) = 0. If we view v;
as an element of €)"Y(s) as in Remark 7.13, we see that di(v;) = 0 and by (7.14), we find that
da(v;) = 0. By Proposition 7.10, the spectral sequence €P4(r) collapses on the second page and
by part (i), we have that ker(dy) = im(dp) beyond the (})-th diagonal. By Remark 7.13 again,
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gt*V;;[1] lives on the ((5) + j)-th diagonal. We see that there are ¢;_1 € gt**1V;_1 ;1 [1] and
t; € g1V, _1 ;[1] such that ge(D!"1)(t;i—1) = 0 and ge(D: 1) (ti—1) + gv(D})(t;) = v;. Hence, we
can kill the lowest non-zero component of v and repeating this argument finitely many times,
we see that there is ¢ € ge**1V,_1[1] such that v = geD;_1(t).

The proof of the exactness of the second sequence (7.16) proceeds similarly. We only replace
gtEVj [1] by gerj [, gtEVM[T] by QTZV]',@[T], use that the second spectral sequence from Propo-
sition 7.11 has the same key properties as the spectral sequence from Proposition 7.10 and the
end of Remark 7.13. [ |
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