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Abstract. We completely describe by generators and relations and classify all Hopf algebras
which factorize through the Taft algebra T},2(¢) and the group Hopf algebra K[C,,]: they are

nm?2-dimensional quantum groups T (q) associated to an n-th root of unity w. Further-

more, using Dirichlet’s prime number theorem we are able to count the number of isomor-
phism types of such Hopf algebras. More precisely, if d = ged(m, v(n)) and @ =p{t - plr
is the prime decomposition of @ then the number of types of Hopf algebras that factorize
through T,,2(¢) and K[C,,] is equal to (a1 +1)(aa+1) - - - (e +1), where v(n) is the order of
the group of n-th roots of unity in K. As a consequence of our approach, the automorphism
groups of these Hopf algebras are described as well.
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1 Introduction

The factorization problem was considered in many settings ranging from groups [3, 19, 21] to
(co)algebras [8, 7, 10], Lie algebras [14, 17], locally compact quantum groups [22] or fusion
categories [9]. We refer the reader to [2] and the references therein for a thorough overview on
recent developments. The present paper is a contribution to the factorization problem for Hopf
algebras. For two given Hopf algebras A and H, it can be stated as follows:

Describe and classify up to an isomorphism all Hopf algebras that factorize through A and H,
i.e., all Hopf algebras E for which there exist injective Hopf algebra maps i: A — E and
j: H — E such that the following map is bijective:

A® H— E, a®y—i(a)j(y).

Like many other notions or major structural results in Hopf algebras, the factorization prob-
lem originates in group theory [19]. Despite its elementary statement, studying the factorization
problem presents many challenges even in the case of groups. Perhaps the most natural question
to consider is that of describing and classifying groups which factorize through two finite cyclic
groups. Surprisingly, after being investigated in many papers it remains still an open question
(see [3] for a more detailed account on the subject). However, the important achievements
obtained in the group setting inspired a new approach to this problem in the Hopf context as
well. Probably the most influential papers in this direction were [24] and [21] which introduce
the bicrossed product associated to a matched pair of groups as an equivalent way of tackling
the factorization problem. The generalization of this construction at the level of Hopf algebras
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proposed by Majid in [15] opened the way for a more systematic approach. More precisely, with
this new construction at hand, the factorization problem comes down to computing all matched
pairs of Hopf algebras between A and H and classifying the corresponding bicrossed products
(see Section 2 for the precise definitions). The line of inquiry proposed in [2] follows this path
and has proved itself to be an efficient strategy for addressing the classification of bicrossed prod-
ucts. The first argument supporting this idea is the example presented in [2] which completely
describes and classifies all bicrossed products between Sweedler’s Hopf algebra and the group
Hopf algebra K[C,], where C),, denotes the cyclic group of order n. Furthermore, the method
introduced in [2] was successfully used in [6] and [1] in order to describe and classify all Hopf
algebras which factorize through two Sweedler’s Hopf algebras and respectively two Taft Hopf
algebras. Besides from being of interest in its own right by contributing to a better understan-
ding of Hopf algebras and their classification, the study of matched pairs and their corresponding
bicrossed products offers many interesting applications. For instance, the classification of bi-
crossed products obtained in [2] is the main ingredient in describing the automorphism group
of the Drinfel’d double of a purely non-abelian finite group [12]. Furthermore, in a more recent
paper, matched pairs of cocommutative Hopf algebras are used to construct solutions for the
quantum Yang—Baxter equation (see [4, Proposition 3.2]).

The present paper is in some sense a sequel to [2] and investigates Hopf algebras which
factorize through the Taft algebra T),2(¢) and the group Hopf algebra K[C),]. It is organized
as follows: Section 2 contains some background material needed afterwards. We review some
useful notions such as that of matched pair of Hopf algebras and the corresponding bicrossed
product as well as the statements of some important theorems. Section 3 contains the main
results. Let n,m € N, n > 2, m > 3 and let K be a field which contains a primitive m-th
root of unity ¢q. Up(K) = {w € K|w"™ = 1} denotes the cyclic group of n-th roots of unity
in K of order v(n) = |Up(K)| and T),2(q) is the Taft Hopf algebra. First we compute in
Proposition 3.1 all possible matched pairs (7},2(¢), K[Cy],<,>). It turns out that these matched
pairs are in bijection with the cyclic group Uy, ( ): the right action <: K[C,] ®T,,2(q) = K[C)]
is trivial while the left action >: K[C)] ® T),2(¢) — T,,2(¢) is implemented by an n-th root
of unity w. Corollary 3.2 shows that a Hopf algebra E factorizes through 7),2(q) and K|[C,]
if and only if F = T;b"mQ(q)7 where T;:’mg(q) is a quantum group associated to an n-th root
of unity w which we completely describe by generators and relations. We point out that the
Hopf algebras T ,(q) are in particular pointed, of rank one. Pointed Hopf algebras were also
investigated in [13, 20, 23] where several classification results are obtained. However, they are
not as explicit and detailed as those provided in the present paper and, moreover, the problem
of counting the isomorphism types of these Hopf algebras is not considered. Theorem 3.4 gives
necessary and sufficient conditions for two Hopf algebras T\ ,(q) and respectively T;;;ﬂ (q),
w,w’ € Uy(K), to be isomorphic. The preceding result, together with Dirichlet’s prime number
theorem, is then used to count the number of isomorphism types of the aforementioned Hopf
algebras. If d = ged(m,v(n)) and VSL) = p{'---p% is the prime decomposition of ~ ( ) then
the number of types of Hopf algebras that factorize through 7,,2(¢) and K[C,] is equal to
(a1 +1)(ag+1)--- (v +1). This generalizes [2, Theorem 5.10]. As a direct consequence of this
approach we obtain in Theorem 3.6 a description of the automorphism group of T .

2 Preliminaries

Throughout K will be a field. For a positive integer n we denote by U,(K) = {w € K |w" = 1}
the cyclic group of n-th roots of unity in K, and by v(n) = |U,(K)| its order. Obviously v(n) is
a divisor of n; if v(n) = n, then any generator of U, (K) is called a primitive n-th root of unity.
In the sequel C,, will be the cyclic group of order n generated by g and K[C),] the corresponding
group Hopf algebra. For any 4,j € N, §; ; denotes the Kronecker delta.
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Let m € N, m > 2. Whenever we deal with Taft algebras of order m? we assume that the

base field K contains a primitive m-th root of unity ¢q. 7,,2(q) denotes the Taft Hopf algebra
of order m over K, which is generated as an algebra by two elements h and z subject to the
relations A" = 1, ™ = 0 and xh = ghz. The coalgebra structure and antipode are given as
follows

A(h) =h® h, Alz)=2zh+1®u, e(h) =1,
e(x)=0, Sh)y=r"t  S@)=—-zhl.

that is, h is a group like element while x is (h, 1)-primitive. Sweedler’s Hopf algebra is obtained

by considering m = 2 and ¢ = —1. It can be easily checked that {hi:r:j}ogi,jgm,l is a K-linear
basis of the Taft algebra, the set of group-like elements is G (Tm2 (q)) ={1,h,h?,...,h™ 1} and
the primitive elements Phj71(Tm2(q)) are given as follows for any j = {0,1,...,m — 1}

Pri1(Tn2(q)) = for some «, 8,7 € K.

a(h! —1), if j#£1,

Unless specified otherwise, all algebras, coalgebras, bialgebras, Hopf algebras, tensor products
and homomorphisms are over K. For a coalgebra (C,A,e), we use Sweedler’s Y-notation:
A(e) = ¢y ®cay, (I®A)A(e) = ¢y @c(r) ®¢(3), etc. (summation understood). Let A and H be
two Hopf algebras. H is called a right A-module coalgebra if H is a coalgebra in the monoidal
category M 4 of right A-modules, i.e., there exists <: H® A — H a morphism of coalgebras such
that (H,<) is a right A-module. A morphism between two right A-module coalgebras (H,<) and
(H',<') is a morphism of coalgebras 1: H — H' that is also right A-linear. Furthermore, 1) is
called unitary if (1) = 1p. Similarly, A is a left H-module coalgebra if A is a coalgebra
in the monoidal category of left H-modules, that is there exists >: H ® A — A a morphism of
coalgebras such that (A,r) is also a left H-module. The actions<: H® A - H,p: H® A — A
are called trivial if y <a = €4(a)y and respectively y>a = eg(y)a, for alla € A and y € H.

A Hopf algebra E factorizes through two Hopf algebras A and H if there exist injective Hopf
algebra maps i: A — FE and j: H — FE such that the following map is bijective:

A®H — E, a®y—i(a)j(y).

A crucial result which characterizes Hopf algebras that factorize through two given Hopf algebras
in terms of bicrossed products was proved by Majid (see for instance [16, Theorem 7.2.3]). We
recall briefly the construction of the bicrossed product of two Hopf algebras. It was introduced
by Majid in [15, Proposition 3.12] under the name of double cross product. Throughout we
shall adopt the name of bicrossed product from [11, Theorem IX 2.3] since it has also been
used for similar constructions in many other fields (see, e.g., the group case [21]). The main
ingredient for constructing bicrossed products are the so-called matched pairs. A matched pair
of Hopf algebras is a quadruple (A, H,<,>), where A and H are Hopf algebras, <: H ® A — H,
>: H® A — A are coalgebra maps such that (A,>) is a left H-module coalgebra, (H, <) is a right
A-module coalgebra and the following compatibilities hold for any a,b € A, y,z € H

yDlAZEH(h)lA, 1H<1a:6A(a)1H,
y > (ab)=(y) > a)) ((y2) 1a(2)) > b),
(y2) <a=(y < (2) > a@))) (22) <acz)),

2.
2.
2.
Y1) a1y @ Y2) > a2)=Y(2) a2) @ Y) > a)- 2.

(
(
(
(

If (A, H,<,>) is a matched pair of Hopf algebras then the corresponding bicrossed product of
Hopf algebras A< H is the tensor coalgebra A ® H with the multiplication and antipode given
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as follows

(a > y) . (b > Z) = a(y(l) > b(l)) ] (y(Q) < b(g))z,
Sasarr(a>1y) = Su(ye2)) > Salag) > Su(yay) < Salaqy)

for all a,b € A, y,z € H, where we denote a ® y by a < y.

Although there are many interesting examples of bicrossed products such as the Drinfel’d
double [11, Theorem IX.3.5] or the generalized quantum double [15, Example 7.2.6] we will
restrict to presenting only one example which is important for our purposes, namely the semi-
direct (smash) product of Hopf algebras.

Example 2.1. Let (A,>) be a left H-module coalgebra and consider H as a right A-module
coalgebra via the trivial action, i.e., y<a = €4(a)y. Then (A, H,<,>) is a matched pair of Hopf
algebras if and only if (A,>) is also a left H-module algebra and the following compatibility
condition holds for all y € H and a € A

Y1) ®Ye)>a=Y@) @ya) >a.

In this case, the associated bicrossed product A >t H = A#H is the left version of the semi-
direct (smash) product of Hopf algebras as defined by Molnar [18] in the cocommutative Hopf
algebra setting where the compatibility condition (2.4) holds automatically. Thus, A#H is the
tensor coalgebra A ® H, with the following multiplication

(afty) - (b#2) == ay) > b) #y(2)z

for all a,b € A, y,z € H, where we denote a ® y by a#y. Similarly one can define the right
version of the smash product of Hopf algebras by considering A as a left H-module coalgebra
via the trivial action, i.e., y>a := ey (y)a.

The next result, proved by Majid, establishes the connection between Hopf algebras which
factorize through two given Hopf algebras and bicrossed products.

Theorem 2.2 ([16, Theorem 7.2.3]). Consider two Hopf algebras A and H. A Hopf algebra E
factorizes through A and H if and only if there exists a matched pair of Hopf algebras (A, H,<,>)
and an isomorphism of Hopf algebras E = A H.

In light of Theorem 2.2 the factorization problem for Hopf algebras can be restated in terms
of matched pairs and bicrossed products as follows:

For two given Hopf algebras A and H, describe the set of all matched pairs (A, H,1>,<) and
classify up to an isomorphism the corresponding bicrossed products A<t H.

The strategy we employ for classifying semi-direct products will rely on the following result
which is a special case of [2, Corollary 3.3].

Theorem 2.3. Consider A#H and A#'H to be two semi-direct products associated to the
left actions >: H @ A — A and respectively >': H @ A — A. Then there exists a bijective
correspondence between the set of all morphisms of Hopf algebras 1: A#H — A#' H and the set
of all quadruples (u,p,r,v), consisting of two unitary coalgebra maps u: A — A and r: H — A,
and two Hopf algebra maps p: A — H and v: H — H subject to the following compatibilities

u(an)) ®p(ae) = u(ae) ®play), (2.5)
r(ta) ®v(te) =rte) ®v(tw), (2.6)
u(ab) = u(an)) (p(acz)) ¥ u(b)), (2.7)
r(tw) =r(t)) (v(te) > r(w)), (2.8)
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r(t)) (v(te) » ubd)) = u(ta) > b)) (p(te) > be) &' r(te)), (2.9)
'U(t)p(b) = p(t(l) > b)’l)(t(g)) (2.10)

foralla,be A, t,w € H.
Under the above correspondence the morphism of Hopf algebras v: A#H — A#'H corre-
sponding to (u,p,r,v) is given by

Diwpr) (aftt) = u(aqy) (p(a@)) &' r(tn))#pla@)v(te)
forallae A andt € H.

Finally, for the convenience of the reader we include here a straightforward result which will
be intensively used in computing all matched pairs between T,,2(¢q) and K[C,,].

Lemma 2.4 ([2, Lemma 4.1]). Let (A, H,<,>) be a matched pair of Hopf algebras, a,b € G(A)
and t,w € G(H). Then

(1) tra€ G(A) andt<a € G(H);
(2) if c € Pap(A), then t<c € Pragrap(H) and t>c € Prgisp(A);
(3) if z € Prw(H), then z<a € Praguwaa(H) and 2> a € Purguva(A).

In particular, if ¢ is an (a,1)-primitive element of A, then t>c is an (t>a, 1)-primitive element
of A and t<c is an (t < a,1)-primitive element of H.

3 Main results

In this section we deal with the description and classification of Hopf algebras which factorize
through T,,2(q) and K[C,] for any m,n € N, n > 2, m > 3. The case m = 2 was recently
considered in [2]. Throughout, the field K will be assumed to contain a primitive m-th root of
unity ¢. We start by describing all possible matched pairs (7},,2(¢), K [Cy], <,>): exactly as in [2],
it turns out that the aforementioned matched pairs are in bijection with the cyclic group U, (K)
of n-th roots of unity in K. More precisely, the right action <: K[C,] ® T,,2(q) — K[C,] is
trivial while the left action >: K[C,|®T,,2(q) — T,,2(¢) is implemented by an n-th root of unity
as described below.

Proposition 3.1. There exists a bijective correspondence between the set of all matched pairs
(T,2(q), K[Ch],<,>) and U,(K). More precisely, the matched pair (<,>) corresponding to an
n-th root of unity w € Uy, (K) is given by

g gk = wikpigk, g ahizk = gis(ajk) (3.1)
foralli=0,...,n—1and 5,k=0,...,m— 1.

Proof. Let (T,,2(q), K[Cy],<,>) be a matched pair. We start by proving that g>h = h. Indeed,
by Lemma 2.4 we have g>h € Q(Tmz(q)) = {1,h,...,h™'}. Suppose first that g h = 1.
Then, by induction we have 1 = g">h = h which is obviously a contradiction. Assume now that
g>h=h', where t € {2,3,...,m—1}. Now Lemma 2.4 implies g>xz € Pyt ; (Tmz (q)) Then, as
t # 1 we obtain gz = a(l — h?) for some o € K. Hence, g’>z = g> (9> z) = a — ag> hl.
Again by induction we arrive at z = ¢">x = a— g™ ' >h! which leads to another contradiction
since Lemma 2.4 yields ¢" ' > ht € Q(Tmz(q)) ={1,h,...,h™ 1} Hence g>h = h as desired.
Furthermore, this also implies that g > = a(1 — h) 4+ Sz for some o, € K. Using induction
again we obtain

g"l>x:a(l—i—ﬂ—i-"‘—kﬂn*l)(l—h)—l—,ﬁmx.
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As we also have ¢" > = z it follows that
B =1, a(1+ﬂ++5"71)20

Next we look at the right action <. Again by Lemma 2.4 we have g a<h € G(K[Cy]) =
{1,g,...,9" '}, therefore g <h = g' for some t € {0,1,...,n —1}. If gah = 1 we obtain
by induction 1 = g<h™ = g<1 = g which is a contradiction. Thus g <h = g¢' for some
t € {1,2,...,n — 1}. Moreover, we also have g9z € Py ,(K[Cy]), i.e., g<az = u(g — g") for
some p € K. Applying the compatibility condition (2.4) for the pair (g, x) yields

pg@h—pg' @h+ag®1—ag®@h+Bgex
Zozgt®1—ozgt®h+6gt®m+ug®1—ugt®l.

Now if ¢ # 1 then we must have 8 = 0 which again contradicts 5™ = 1. Hence t = 1 which
implies g <h = g and respectively g <x = 0. Moreover, the compatibility condition (2.4) is now
trivially fulfilled.

Next we make use of the compatibility condition (2.2). More precisely we have

g>hx = (goh)((g<ah)>x) = h(g>z) = ah — ah® + Bhz,

N
~

g>xh 22) (gbx(l))((gﬂa:@)) Dh) = (gbﬁ)((gdh) Dh) = ah — ah® + Bzh.

As xh = qhx, putting all the above together gives
gah — qah? 4+ gBhx = ah — ah® + Bxh,

and since ¢ # 1 we obtain & = 0. Thus g > 2 = Sz. To summarize, for all : € {0,1,...,n — 1}
and j € {0,1,...,m — 1} we have

g<ah =g, g<al :g&:(xj), g'>h=h, ¢'vr=p%, where g € U,(K).

Now using induction and the compatibility conditions (2.2) and respectively (2.3) we obtain the
formulae in (3.1). To start with, using (2.3) we obtain ¢* <h = ¢* for all i € {0,1,...,n — 1}.
Indeed, we have
(2.3)
g ah =" (ga(geh))(gah) =g,
(2.3)
g’ ah =" (g*a(geh))(gah) = (¢° ah)(g<h) = g°,

and by induction we arrive at the desired conclusion. Furthermore, as < is a right action of
T,,2(q) on K[C)], we obtain

giahl =g, forall i€ {0,1,...,n—1} and je€{0,1,...,m—1}. (3.2)
Now induction together with (2.2) and (3.2) yields

g'oh =h, forall i€{0,1,...,n—1} and je€{0,1,...,m—1}. (3.3)
Next we use (2.3) in order to prove that ¢° <x = 0. Indeed, we have

ez (g4 (gv2)))(992@2) = (9a(g>2)(gah) + (9a(gr1))(g<ax) =0,
Paz® (g2 a (g0 21)) (992@2) = (9°<(grx))(g<h) + (¢*<a(gr1))(gaz) =0,
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and the conclusion follows again by induction. Moreover, we actually have
gzt = gis(xj), forall 7€ {0,1,...,n—1} and j€{0,1,...,m—1}.
Finally, we will use (2.3) in order to prove that
g val =Byl forall i€ {0,1,...,n—1} and j€{0,1,...,m—1}. (3.4)

To this end, we have

goa? B (g ) (o are) o)
= (9'>x)((9" <h) ) + (¢'> 1) ((¢' 9 2) > o) = %2

702 D (g0 ) (o an) o 2?)
— (g5 2) (' ah) >2?) + (g5 1) (g ax) 0 2?) = 57

and as before the conclusion follows by induction. Putting all the above together we obtain

g'o bzt B2 (g 1) ((g' ah?) o 2F) P pi (g ok) ) gikpigh

Similarly one can prove the second part of (3.1) and the proof is now finished. |

Next we show that a Hopf algebra E factorizes through 7,,2(¢q) and K[C,] if and only if
E = T“ ,(q), where T* ,(q) is a quantum group associated to an n-th root of unity w as

depicted below.

Corollary 3.2. A Hopf algebra E factorizes through T,,2(q) and K[C,] if and only if E =
T 5(q), for some w € Uy(K), where we denote by T% ,(q) the Hopf algebra generated by g, h

nm2\d
and x subject to the relations

gt =h"=1, ™ =0, zh = qhx, hg = gh, gr = wrg
with the coalgebra structure and antipode given by

Alg)=9g®y, A(h) =h® h, Alz)=zh+1®ux,
e(h) =¢(g) =1, e(z) =0, S(h) = K™ 1, S(z) = —zh™ 1, S(g) = g™ L.

Proof. By Theorem 2.2 any Hopf algebra E which factorizes through T,,2(¢) and KI[C)] is
isomorphic to a bicrossed product between the aforementioned Hopf algebras. Furthermore, all
bicrossed products between 7},2(q) and K|[C,] are described in Proposition 3.1: the left action
is completely determined by an n-th root of unity w as in (3.1) while the right action is trivial.
Therefore, E is in fact isomorphic to a smash product 7T,,2(q)#K|[C),] associated to the left
action defined in (3.1). Now, up to canonical identification, T,,2(q)#K[C)] is generated as an
algebra by h = h#1, x = x#1 and g = 1#g. Hence, we have

gh = (14t9)(h#1) = g h#tg <h = hitg = (h#1)(1#g) = hg,
gr = (14#g)(z#1) = gox()#gAx(2) = gL g Ah + g> 149 Q1w = wa#g = wzg. n

Remark 3.3. Let w € U,(K). It can be easily seen that a K-basis in T\ , is given by
{g'.hig',akg' hizkg'|i=0,1,...,n—1,andj,k = 1,2,...,m — 1}. Obviously T% , is a Hopf
algebra of dimension nm? over K.
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Our next result provides the classification of Hopf algebras which factorize through the Taft
algebra and the group Hopf algebra k[C,,]. To start with, if the Hopf algebras T , and T]if;;
are isomorphic it is straightforward to see, by comparing the order of their group of group-like
elements and dimensions, that n = k and m = [. Therefore, we will focus on finding necessary
and sufficient conditions for two Hopf algebras T~ , and Tq:j;ﬂ to be isomorphic.

Theorem 3.4. Let £ be a generator of U,(K) and t,t' € {0,1,...,v(n) — 1}. Then the Hopf
algebras Tf”tn2 and Tfutw? are isomorphic if and only if there exist | € {0,1,...,m — 1}, s €
{0,1,...,n — 1} such that (s,n) =1 and est=t — ¢t

Proof. We know from Corollary 3.2 that T E;‘ng (respectively TE;Q) is the smash product cor-
responding to the root of unity &' (respectively Et/) as in Proposition 3.1. By Theorem 2.3 the

set of all Hopf algebra morphisms between Tgﬂg and Ti:ng is parameterized by the quadruples
(u,p,r,v), where u: T,,2(q) — T,,2(q), r: K[Cy] — T,,2(¢) are unitary coalgebra maps and
p: T,,2(q) — K|[Cy], v: K[C,] — K|[C,] are Hopf algebra maps satisfying the compatibility
conditions (2.5)—(2.10). Our aim is to describe completely the above quadruples for which the
corresponding morphism of Hopf algebras 1, ;) is bijective. We start by describing the two
Hopf algebra maps p and v. Obviously, any Hopf algebra map v: K[C,] — K|[C)] is completely
determined by an integer s € {0,1,...,n — 1} such that v(g) = ¢°. Similarly, using Lemma 2.4
we get p(h) = ¢¢ for some ¢ € {0,1,...,n — 1} such that n|mec. Furthermore, p(z) = A(¢¢ — 1)
for some scalar A € K. Now imposing the compatibility condition p(zh) = ¢gp(hz) to hold true
we obtain A\g¢(g¢ — 1)(1 — ¢q) = 0 and since ¢ # 1 we are lead to A(¢¢ — 1) = 0, that is p(z) = 0.
Now we turn to the two coalgebra maps u: T,,2(q) — T,,2(q), r: K[Cyn] — T,,2(q). We obviously
have (1) = 1, r(g) = h! for some I € {0,...,m — 1}. The compatibility condition (2.8) gives

r(g%) = r(9)(v(g) ¥ 7(g)) = h'(g" ' h') = h*".

Using induction and (2.8) we get 7(g*) = h' for any i € N. In particular, we have 1 = r(g") = h"
and therefore m|nl. Finally we are left to describe the coalgebra maps u: T),2(¢) — T;,2(q).
We have u(1) = 1 and u(h) = h? for some d € {0,1,...,m — 1}. Now we make use of the
compatibility condition (2.7)

u(h?) = u(h)(p(h) > u(h)) = ht(g° >’ B?) = K.

As before, using induction and (2.7) we get u(h/) = h/? for any j € N. Lemma 2.4 gives
() € Ppay(Tn2(q)) alht = 1), ifd7é1’f €K.S first that d # 1
u(z 2 = ) or some a, . Suppose first tha
hi1 1 ah—1)+~z, ifd=1, 7 pp

and thus u(z) = a(h? — 1). Then we have

u(hx) D u(h) (p(h) > u(z)) = hd(gc > a(h? - 1)) = ahd(hd - 1),

2.7)

u(zh) =" u(zq)) (p(ze) > ulh)) = u(x)(p(h) > u(h)) + p(z) > u(h) = ah®(h® —1).
Now u(zh) = qu(hz) gives a(q — 1)h%(h? — 1) = 0 and since ¢ # 1 we obtain a(h? — 1) = 0.
Therefore u(z) = 0. However, we will see that in this case the corresponding Hopf algebra
morphism ¥, ;) is not an isomorphism. Indeed we have

Duprw) (@#1) = ulz)) (p(2(2)) > (1) #p(2(3))v(1),
= u(zq)) #p(2(2) = ul@)#p(h) + 1#p(zx) = 0,
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which is a contradiction. Therefore we must have d = 1 and u(z) = a(h — 1) + yz. Hence, we
obtain

ulha) = () (p() > (@) = Ko7 (alh = 1) +72)] = ah(h = 1) + 16" ha.

u(xh) "= u(;v(l)) (p(x(g)) > u(h)) = u(x) (p(h) > u(h)) + p(x) ' u(h)
= [a(h — 1) + x| (¢°>" h) = ah(h — 1) + vqha.

A
[N}
=

3

Now u(zh) = qu(hz) gives a = ga and ¢y&"'¢ = ¢y. As ¢ # 1 we obtain o = 0. Thus v # 0
(otherwise we would have u(z) = 0 which leads to the same contradiction as in the previous
case) and so ftlc = 1. Hence, u is given as follows
u(h') = A, u(z') =+, v e K”, ie€{0,1,...,m—1}.
Putting all together, the quadruple (u,p,r,v) is given as follows for all 7,5 € N
v(gi) = g%, with s € {0,...,n— 1},
p(hixj) = gicégd-, with ¢€{0,...,n—1} such that n|mc and {tlc =1,
r(¢") =nh",  with 1€{0,...,m—1} suchthat m|nl, (3.5)
u(hz) = hf, u(mz) = it with ~ e K*.
We are still left to check the compatibilities (2.5), (2.9) and (2.10). Remark that (2.6) is trivially

fulfilled as K[C},] is cocommutative.
(2.5) is trivially fulfilled for a = h while for @ = x comes down to the following

u(z)) @ p(ze) = ulzw) @p(rq)
& u(r) @p(h) +u(l) ®p(r) = u(h) @p(z) +u(z) @ p(1)
& ey =rrel,

and since v # 0 we obtain ¢ = 0 and thus p is the trivial map, i.e., p(a) = ¢(a)l for all a € T,,,2(q).
Now (2.10) is trivially fulfilled while (2.9) comes down to the following

r(ty) (v(te) > wd))=ultny > 0)r(te)-

By setting t = g and b = = we obtain
r(9)(v(g) > u(@)) =ulgea)r(g) & b(g°s ya) =u(da)h' & A& e =y¢lq N,

and thus €5~ = ¢!. This last equality together with v(n) | n gives m | nl. Thus, the compatibility
condition in (3.5) is trivially fulfilled.

To summarize, we have proven that if the Hopf algebras T’ 5;2 and TE;Q are isomorphic then
there exist [ € {0,1,...,m — 1} and s € {0,1,...,n — 1} such that est'=t — ¢l In order to
complete the first part of the proof we are left to show that (s,n) = 1. To this end, v is
bijective as a consequence of 1) being bijective. Indeed, if ¢)~! is the inverse of 1) then using
the same arguments as above one can easily prove that there exists a unitary coalgebra map
7: K[Cy,] — T,,2(q) and a Hopf algebra map v: K[C,] — K][C,] such that for any z € K[C},]
we have ¢~ (1#2) = T(2(1))#0(2(2)). This gives

#z = $o g (1#2) = u(F(x0)))r (7(22))) #0 (7 (2(3)))-

By applying e ® Idg|c,,) to the above identity yields vov = Id|c,). Similarly one can prove that
vowv = Idg|c,] and we can conclude that v is indeed an isomorphism. Obviously v is bijective
if and only if (s,n) = 1.
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Assume now that there exist [ € {0,1,...,m —1}, s € {0,1,...,n — 1} such that &'~ = ¢!
and (s,n) = 1. Consider two unitary coalgebra maps u~: T,,2(q) = T,,2(q), ri: K[Cpn] = T,,2(q)
and a Hopf algebra map vs: K[C,] — K][C,] defined as follows for all i,j € {0,1,...,m — 1}
and k € {0,1,...,n—1}

Uy (hixj) =~Ihiad, where ~ € K™, 7] (gk) = M, Vs (gk) = gks.
We claim that the following map is an isomorphism of Hopf algebras
t t!
Vo) Tame = Tamar Uy corn) (@3Y) = uy (@) (yn) #0s (y(2))-
To start with, t(y, cr 0, 18 a Hopt algebra map according to the first part of the proof. We
only need to show that ¢y, ¢ 0,) is bijective as well. To this end, since (s,n) = 1, there exist
T, € Z such that st + nu = 1. Furthermore, there exist unique integers «, 3, 71, 72 such that

T=an+m7 and It =Bm+ 1, (3.6)

where 71 € {0,1,...,n—1}, 2 € {0,1,...,m — 1}. Tt will be worth our while to point out the
following easy consequence of (3.6)

I = pm — anl + 75. (3.7)

As (1,n) = 1 we obviously have (r1,n) = 1 as well. We will prove that we also have €7 =
q™ ™. First recall that, as noticed before, f‘“/*t = ¢' implies m |nl. Now employing the
equalities {“”t/_t = ¢' and s7 + nu = 1 we obtain

(3.6)

é(ST*SOlTL*l)t/ —lm

ngtftl _ (ét)Tlfft/ — (gst/qfl)"rlgft’ _ 5(8T171)t’q7l7'1 q

3.7)

— 5(37'71)75’(]7[71 — gfnut’qfln _ q—ln (_ q*5m+omlf‘rz m\:nl

T2

quz — qu

Now since v~ ! € k*, 7, € {0,1,...,n — 1}, m — 15 € {0,1,...,m — 1} and "t~ = g7 it

follows from the first part of the proof that the map 1, : TSnQ — Ts;n2 defined

~— 18T m—7g,V7y )
below is a Hopf algebra morphism

IO — v (@#y) = uy—1(a)rm—r, (ya)) #om (u2))

where uy-1: Tp2(q) = Tn2(q); Tm—my: K[Cn] — T,,2(q) and vy, @ K[Cp] — K[Cy] are given as

follows for all 4,5 € {0,1,...,m —1} and k € {0,1,...,n — 1}
U1 (himj) =~ Ihiad, Tr—rs (gk) = hk(m_m), Vs (gk) = gk,
The proof will be finished once we show that ¥, . ., 'y is the inverse of ¥, ¢ ».)- Now
(,Ylyymrz,‘rl) ("(77l7$)
for all i,5 € {0,1,...,m — 1} and k € {0,1,...,n — 1} we have
i,.] k i,.] k k
w(uw,e,rl,vs) © ¢(u7,1,5,r7n,72 Ury) (h JI]#g ) = Q;Z)(u,y,e,rl,vs) (u'y—l (h xj)rm—fz (g )#Un (g ))
_ w(u%e,'r’l,’us) (,y—jhixjhk(m—m)#gkn) _ ,y—ju’y (hi$jhk(m—72))rl (gkn)#vs (gk‘n)
_ ,yfj,yjhixjhk(mf‘rg)hkﬁl#gkns _ hixjhk(llfrig) #gkls
(3:6) himjhk(flfanlfl‘f'«#ﬁm)#gks(Tfom) _ hixjhfkoml#gks*r

m|nl

— hixjhfkanl#gk(lfn,u,) Ak hlx]#gk

Similarly one can prove that w(uy—l,s,rm—@vq) o w(umwws)(hi;cj#gk) = hizi#g* for all i,j €
{0,1,...,m —1} and k € {0,1,...,n — 1} and the proof is now finished. [ |
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Using Theorem 3.4 and Dirichlet’s theorem [5, Theorem 7.9] which states that for any positive
integers a, b such that ged(a, b) = 1 the set {a+kb| k € N} contains an infinite number of primes,
we will be able to provide an explicit formula for computing the number of isomorphism types
of Hopf algebras which factorize through 7,,2(q) and K[C,].

Theorem 3.5. Let & be a generator of U, (K) and d = ged(m,v(n)).

1) For any t € {0,1,...,v(n) — 1} there exists an isomorphism of Hopf algebras TfL;nQ ~
ngcd(t,w)

nm?

2) If dy, da| ”(d"), dy # ds, then the Hopf algebras Tﬁi; and TEZ; are not isomorphic.

3) If V(;) = pi* - pO is the prime decomposition of @ then the number of types of Hopf

algebras that factorize through T,,2(q) and K[C,] is equal to (a1 + 1)(aa + 1) -+ (ap + 1).

Proof. 1) Let u = ged <t, Vgl)). Thus we can write t = au, V(;) = bu with ged(a,b) = 1. By

Dirichlet’s theorem, the set {a+kb|k € N} contains an infinite number of primes. In particular,
there exists a prime number s’ € {a + kb |k € N} such that ged(s’,n) = 1 (otherwise, we would
have s’ |n for an infinite number of primes). In fact, we can assume without loss of generality
that there exists s € {0,1,...,n — 1} such that (s,n) = 1. Indeed, if s’ ¢ {0,1,...,n — 1} then
we can write s’ = s+ nky for some k; € N, s € {0,1,...,n — 1}. Now ged(s',n) = 1 yields
ged(s,n) = 1 as well. Since s’ € {a+kb|k € N} we have s’ = a+kob for some ko € N. Therefore,
s’ = a+ kob = s + nky which implies b| s — a and by multiplying with u we obtain @ | su —t,
i.e., v(n)|d(su—t). If v(n)|su—t then £t =1 and the conclusion follows from Theorem 3.4
by considering [ = 0. Assume now that v(n) t su —t and v(n)|d(su — t); in particular this
implies that d > 2. Then we have £45%~*) = 1 which can be written equivalently as follows

(gsu—t _ 1) [(gsu—t)d_l + (gsu—t)d_z 4t fsu_t + 1] = 0.

However, £5%7t =£ 1 for otherwise we would have v(n) | su —t which contradicts our assumption.
Therefore, we have (£54=4)4=1 4 (gsu=t)d=2 ... 4 ¢su=t 1 1 = 0. Hence, £“~! is a solution of
the equation X4 1 + X924 ... 4 X 41 =0. The field K contains all roots of unity of order m
as a consequence of containing the primitive root ¢ and therefore the equation Y™ = 1 has m

solutions, namely 1,q,¢?,...,¢™ !. Now since in particular we have d|m, the solutions of the
equation X%~ 1 + X942 4 ... 4+ X 41 = 0 are contained in the set {1,¢,4¢>,...,¢™ '}. Since we
proved that £5%~t is such a solution, there exists some [ € {0,...,m — 1} such that £~ = q.

The desired conclusion now follows from Theorem 3.4.
2) Since d; # ds there exists a prime number p and two positive integers «, 5 € N, a > f3,
such that

p™ | dy, P’ | da, Tt dy, Pt ds.

Suppose now that the Hopf algebras Tiiig and TS; are isomorphic. By Theorem 3.4 there exists
1€{0,1,...,m —1}, s € {0,1,...,n — 1} such that (s,n) = 1 and £&*¥1~% = ¢!. In particular
we obtain that v(n) | m(sd; — da), i.e., m(sdy — d2) = tv(n) for some t € Z. This comes down to
the following

mdy  mdy v(n)

Since a >  we obtain p | z—},. Moreover, as d | %") we also have p| ]% | Izig;) and therefore p
v(n)

divides the right hand side of (3.8). Now p { 7. Indeed, if p| %, using p|d;i | —;> we would
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obtain p| gcd(%, VTn)) = 1 which is a contradiction. As we also have p { Z—g we can conclude
that p + dﬁ. Therefore, p does not divide the left hand side of (3.8) and we have reached
a contradiction. Hence the Hopf algebras Ts:lr; and TSZ; are not isomorphic.
3) We already proved in 1) that any Hopf algebra T ¢! 2 18 isomorphic to TgtIQ, for some
v(n)
d

divisor t' of . Moreover, by 2), if d; and dy are two distinct positive divisors of ”(n) then

TSZQ and Tfj; are not isomorphic. Therefore, the set of types of Hopf algebras that factorize
through T7,,2(¢) and K[C,] is in bijection with the set of all Hopf algebras T m2s Where t is

running over all positive divisors of ¥ (n) |

We end our investigation on the Hopf algebras which factorize through 7,,2(¢) and K[C),] by
describing their automorphism group. To this end, for any ¢t € {0,1,...,v — 1} we define the set

Stun(@) = {(1,3) € (Zn, +) x (U(Zn), )| €7V = ¢'}.
an’n(q) is actually a group with multiplication given for any (I,5), (I/, s ) € an,n (q) as follows
(L,s)(V, sA’) =(l+ sl’,gs\’).

Indeed, (0,1) € St.n(q) is the unit of the group while the inverse of some (,5) € St (q) is

given by (1,3)71 = (=Is ,SA’) where § = §71 in (U(Zy,),-). We will only prove that if (I,5),
(I',s") € Sk, (q) then (I+sl/,ss') € S}, .(q) as well. Indeed, as (1,3), (I',s') € St ,.(q) we
have £6-1 = ¢l and &'~ = ¢, This gives 652 = ¢+ Moreover, we also have

§t(s/_1)(s_1) = ¢"(=1 which comes down to §t(ssl_s_s/+1) :/qi/(s_l). By multiplying these two
compatibilities yields £/55'=1) = ¢l+s!" and therefore (I + sl’, ss') € anyn(q) as desired.

Theorem 3.6. For anyt € {0,1,...,v — 1} there exists an isomorphism of groups
t *
Autpopt (T§m2) ~ K* x S}, .(q).

Proof. According to (the proof of) Theorem 3.4, any Hopf algebra automorphism of TfL:nQ has
the following form

sy om,00) (@HY) = ur(a)ri (yay) #0s (y2)),

where v € K* and for any 4,5 € {0,1,...,m—1}, k € {0,1,...,n—1} we have u,(h'z/) = 7 hizI,
n(g") = h* and vs(g*) = g*
The proof will be finished once we show that the following map is an isomorphism of groups

T: Autpop (T5,2) — K* x 5, ,(q),
w(u,wgﬂ'l’vs) — (’Y, (Z, /S\))

To this end, we only need to prove that ¢y ¢ v,)© 1/1(%,757”,7%,) = V(o e 145l ss7)- Ve start by
showing that m|(' + s') — (I +Us) for all (1,3), (I,5) € S}, n(q). Indeed, we have gls=1) = ¢l
and €15~ = ¢/ which imply that ¢¢—1D0"=1) = ¢l'=1) = =1 Thus m|i(s' — 1) — I'(s — 1)

and therefore we obtain

m|(lI' +18") — (1 +1's). (3.9)
Now for any 4,5 € {0,1,...,m —1} and k € {0,1,...,n — 1} we have

Ylur eiri,0) © Clus ey o) (hizi#gF) = s om1,00) (U (Wi )ry (g%)#vs (97))

~
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= w(ume,n,vs) ((Vl)jhixjhkl #gks ) = (7/)jqjkl llj(uw,s,rl,vs) (hiJrkl xj#gks )
— (’Y/)jqjkl Uy (hi+kl .’Ej)Tl (gks )#Us (gks ) — (’Y/)jqjkl ’}/th_kl xjhkls #gkss
_ (,y,y/)jqj(kl’+k:ls’)hi+kl’+kls’xj#gkss’ _ (771)jqkj(l’+ls’)hi+k(l/+ls’)xj#gk:ss’

(3.9) i kj 's) 1 's), .4 ss’ 14,7 's ss’
i (,y,y/)]qk](l+l )h +k(l+1 )xj#gk _ (,Y,y/)]h $]hk(l+l )#gk

= 77ZJ(7'y’,e,l—I—sl’,ss’) (hlx] #gk)

©

as desired and the proof is now complete. |
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