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1 Introduction

This paper was inspired by an apparent connection between Jonathan Rosenberg’s work on
Riemannian metrics on a generically transcendental quantum torus and Levi-Civita connections
for these metrics [14], and Frédéric Latrémoliere’s work on metrized quantum vector bundles
and the modular Gromov—Hausdorff propinquity [6].

The subject of the Gromov-Hausdorff propinquity has its origin in Marc Rieffel’s observa-
tion [12] that in certain papers on theoretical physics, statements can be found regarding the
convergence of a sequence of operator algebras to an operator algebra. He deduced that the
bookkeeping device used by the authors of these papers to prove convergence can be described
as a metric structure on unital C*-algebras. Seeing that the Gromov-Hausdorff distance for
compact metric spaces enables us to discuss the convergence of a sequence of compact metric
spaces to a compact metric space, he defined for the class of order-unit spaces endowed with
a special metric structure (called the compact quantum metric spaces) an analogous distance
called the quantum Gromov—Hausdorff distance. The relation between order-unit spaces and
C*-algebras is made clear when one knows that the space of self-adjoint elements of a unital
C*-algebra is an order-unit space.

The quantum Gromov—Hausdorff distance suffers from some deficiencies. Designed for order-
unit spaces, it does not incorporate the multiplicative structure of a C*-algebra. Also, it was
unknown if distance zero between two C*-algebras necessarily means that they are x-isomorphic.
These problems were settled when Latrémoliere defined, in [4], the quantum Gromov-Hausdorff
propinquity for the class of unital C*-algebras endowed with a special metric structure (called
the quantum compact metric spaces).

Recently, Latrémoliere was able to generalize the Gromov—Hausdorff propinquity to Hilbert
C*-modules over a quantum compact metric space endowed with a special metric structure [6].
He calls these objects metrized quantum vector bundles, regarding them to be a noncommutative
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generalization of vector bundles over a compact Riemannian manifold endowed with a metric.
The modular Gromov-Hausdorff propinquity then allows us to formalize the concept of conver-
gence for metrized quantum vector bundles. Distance zero between metrized quantum vector
bundles is equivalent to the existence of an isomorphism between them, in terms of their Hilbert-
C*-module structures and their metric structures.

In Section 3, we will define Riemannian metrics on generically transcendental quantum tori
and provide a brief overview of Rosenberg’s work on Levi-Civita connections for these metrics.

In Section 4, we will define Latrémoliére’s quantum compact metric spaces and metrized
quantum vector bundles. We will then show how to build a metrized quantum vector bundle
from a Riemannian metric on a generically transcendental quantum torus and the Levi-Civita
connection for the metric.

In Section 5, we will prove that two metrized quantum vector bundles, corresponding to
positive scalar multiples of a Riemannian metric, have distance zero between them with respect
to the modular Gromov—Hausdorff propinquity.

In Section 6, we will pose some open questions that serve as the basis for future work in this
area.

2 Preliminaries

This section serves to standardize notation and conventions.

Let N denote the set of positive integers, and for each m € N, let [m] & N<p,.

Throughout this paper, fix n € N as well as a generically transcendental’ skew-adjoint
(n x n)-matrix © having entries in C.

Fix also an arbitrary norm N on R™. Of particular physical importance is the Euclidean
norm on R"™.

Let Ag denote the n-dimensional quantum torus corresponding to ©, which is the universal
C*-algebra generated by n unitary elements u1, . .., u, satisfying the relation uju; = e2m@jkujuk
for all j, k € [n].

Let o denote the canonical action of T" on Ag given by a¢(u;) = t; - u; for all t € T" and
J € [n], where t = (t;) €] Then let 0y,...,0, denote the coordinate directional-derivative
operators associated to a.

Let AY denote the *-subalgebra of smooth elements of Ag for «, which we refer to as the
n-dimensional smooth quantum torus corresponding to ©. Then let Dg denote the R-vector

space of *-derivations on Ag.

: : r df
Y Y Y - — *
Given a vector space V, a seminorm L on V', and r € Ryg, let L" = {v € V| L(v) < r}

Given a x-algebra A, let its set of self-adjoint elements and its set of skew-adjoint elements
be denoted by Ag, and Agy, respectively, and the x-algebra of (n x n)-matrices with entries in A
be denoted by M, (A).

Given a C*-algebra A, let its state space be denoted by .7 (A).

3 Generically transcendental quantum tori
as noncommutative Riemannian manifolds

This section gives a brief overview of Riemannian metrics on a generically transcendental quan-
tum torus and Rosenberg’s Levi-Civita connections for these metrics, as defined in [14].
Throughout this section, A denotes a unital C*-algebra.

!This is a rather complicated Diophantine condition that is defined in [2].
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Definition 3.1. Let x(A) denote the free left A-module with rank n whose underlying C-vector
space is A™, where the left action e of a € A on X € x(A) is given by left multiplication of each
component of X by a. For every j € [n], let e; denote the element of x(A) that has 14 in the
Jj-th component and 04’s elsewhere. Define the standard A-valued inner product (-|-),, and its
associated (standard) norm |-||;, on x(A) by

n n n
df
Yai,...,0n,01,...,b, € A: < E a; ®e; E bj0€j> = E ajb;,
j=1 j=1 j=1

st

Z ajee;j d Z aja;
7=l st 1971 A
Then (x(A), (]| -)g) is a left Hilbert A-module.

Let L(x(A),(|-)s) denote the C*-algebra of adjointable maps on (x(A),(:|-)y)- Define
a unital algebraic *-anti-isomorphism 7': M, (A) — L(x(A), (-] -)s) by

N

n fn n
d
Vai,...,a, € A: T, Eajoej :E gajgjk ecy.
j=1 k=1 \ j=1

. . af
We can define a C*-algebraic norm |||, 4y on Mn(A) by |lgllrr, 4y = HTg”L(X(A)»<'\'>St) for all
g € My, (A). Henceforth, we will view M,,(A) as a C*-algebra.

Proposition 3.2. Let g€ M, (A) be positive and invertible. Define a map (-| )
by

g x(A)xx(A)— A

VXY ex(4):  (X]Y), E{T,0]Y),.
Then the following statements hold:
1) (x(A), (| ')g) is a left Hilbert A-module (we denote the associated norm on x(A) by ||-[|,),
2) [IX]l, = HT\@(X)HSt for all X € x(4),
3) (ejlex), = gji for all j,k € [n].

Proof. By hypothesis, g has an invertible positive square root in M, (A), so

VXY €x(A): (X|Y), = (T,(0)|Y), = (T5(X) | T25(Y)), = (T5(X) | Tyg(¥)),-

We can thus see that (-|-), is a sesquilinear form. Furthermore,

g
VXY ex(A):  (Y|X), =(T5()|T5X), = (TaX)|Ta50Y), = (X|Y);.
AsT g 18 A-linear, we find that

Vae A, VX,Y € x(A): <CLOX‘Y>9:<T\/§(CLOX)’T\/§(Y)>St
= (a e T5(X) | Ty5(Y)),

= a(T 5(X)| T 5(Y)),
—a(X]Y),.
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Next, we have for all X € y(A) that
(X| X), = (T5(X) | Ty5(X)),, >4 0a,

and if (X]X), = 04, then <T\[ VT 5(X )> =04, s0 T 5(X) = 0y(4) and thus X = 0, 4.
Continuing,

so if (Xj)yen is @ Cauchy sequence in x(A) with respect to [|-||,, then (T /5(X1))
sequence in x(A) with respect to ||-||,, that has a [|-||-limit X’ as (x(A4),|Ill
metric space. Hence,

pen 18 @ Cauchy

<) is a complete

i 1 = T3 (), = i (%= 733 (00 = fim 17,5060 = X', =0

Therefore, (x(A), -] g) is a complete metric space, which establishes (1) and (2).

Finally, (3) follows from the definition of (-|-),. [

The following lemma will be needed in Section 4.

Lemma 3.3. Let g,h € M,(A) be positive and invertible. Then

1
i < -l < IVavh=] e o ll-llas
[Vhy 971HM,L(A) ! M)

so ||-[|, and |-, are equivalent norms on x(A). In particular,

1
< |[Vh

Proof. Observe that
VX ex(4): |X],= HT\/E(X)Hst (by (2) of Proposition 3.2)
= 17T 5 Tua (Xl
=17z =TV (Xll

B A e
=||T \/—H]L (x(A).( )||X|| (by (2) of Proposition 3.2 again)

= H\FV g_IHMn(A) ‘XHg'

Interchanging g and h in the relations above, we get [|X||, < H\/E\/g_lﬂM (A)||X||h for all
X € x(4), so

1
Il < lly < [lvava= Il
Vi T o

as required.
Finally, as ||| = ||||;, where | is the identity of M, (A), the second part comes from letting
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It was established in [2] that

Do = er-aj—i—ada ..., € Rand a € (A ) g ¢> (3.1)
j=1

where the hypothesis that © is generically transcendental plays a role. For any a,b € Ag, we
have ad, = ad; if and only if a —b € C- 14, so if 7 denotes the faithful tracial state on Ag,
then (3.1) can be rewritten as

n
D@ = ZT’] . aj + ada_T(a).lA@ T1y..3Tn S R a‘nd ac (AO@o)
7j=1

ska,

Now, for every a € (Ag),.,, the following observations can be made:

ska’
o as 7(lay) =1, we have 7(a — 7(a) - 145) =0,

e as a is skew-adjoint, we have a = ib for some self-adjoint b € Ag, so

la—7(a) 1a]" = a* —7(a) - 14,.
Hence, a — 7(a) - 14, is skew-adjoint as well.

By [14, Theorem 1.4], the decomposition of every element of Dg into an R-linear combination
of the 9;’s and an inner *-derivation is unique, so the observations above tell us that Dg can be
linearly parametrized by the normed R-vector space R" x [(Ag) ., Nker()], whose norm ||-||
we have chosen to be defined by

ska,

df
Vri,...,mn €ER, Va € (A )ge Nker(7): [[(r1,- .o,z @) | = N(r1, . oum) + a4y -

ska,

We may then transfer [|-[| to an R-vector-space norm ||-||p, on Dg in an obvious way.

For the rest of this paper, we will let xo df X(Ag) and

n
df
Xo = ZajoejGX@ ai,...,an € AY
i=1

Definition 3.4 ([14]). A Riemannian metric is an element of M, (Ag) that is positive, is
invertible, and has all entries in (Ag), .
Definition 3.5 ([14]). A connection for a Riemannian metric g is a map V: Dg x x§ — x&
satisfying the following four properties:

1) V is R-linear in the first variable and C-linear in the second,

2) Vs(aeX)=06(a)e X +aeVs(X) for all 6 € Dg, a € AF and X € x& (this property is
known as the Leibniz rule),

3) Vad,(X) =ae X forall a € (AZ),, Nker(7) and X € xg,
4) <Vaj (ek)‘ el>g is self-adjoint for all j, k,1 € [n].

If V further satisfies the following two properties, then we call it a Levi-Civita connection for g:

5) Vo, (er) = Vo, (e;) for all j,k € [n] (this property is known as the torsion-freeness of V
(we will not need this property in our proofs),
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6) 6((X|Y),) = (Vs(X)|Y), + (X|V;(Y)), for all § € Do and X,Y € x& (this property
is known as the compatibility of V with g).

We now state, for the class of all generically transcendental quantum tori, a noncommutative
version of the fundamental theorem of Riemannian geometry.

Theorem 3.6 ([14]). For every Riemannian metric g, there exists a unique Levi-Civita connec-
tion V9 for g, which necessarily satisfies the following identity? :

113

Wik Lenl: (V5 (ex)|er), = gh = 5 - [95(9k0) + Orlgs1) — Dulgsn)].

| =

4 Metrized quantum vector bundles
over generically transcendental quantum tori

We will first define quantum compact metric spaces and metrized quantum vector bundles. We
will then show how to build metrized quantum vector bundles over a generically transcendental
quantum torus from Riemannian metrics, using Rosenberg’s Levi-Civita connections for these
metrics.

Definition 4.1 ([6]). An admissible function is a function F': [0,00)* — [0, 00) with the fol-
lowing properties:
e [ is non-decreasing in each argument,

o wz+uxy < F(w,x,y,2) for all w,x,y, z € [0, 00).
If F(w,z,y,z) = wz + zy for all w,z,y, z € [0,00), then we say that it is Leibniz.

Definition 4.2 ([5, 6]). Let F' be an admissible function. An F'-quasi-Leibniz quantum compact
metric space is then an ordered pair (A, L) satisfying the following six properties:
1) A is a unital C*-algebra,
2) L is a seminorm defined on a dense Jordan—Lie subalgebra of Ag,,
3) {a € Dom(L)|L(a) =0} =R - 14,
)

4) the Monge—Kantorovich metric of L, which is the function mk: #(A4) x L (A) — [0, x]
defined by

Vo, e S (A): mki(é,¥) Lsup({[é(a) — v(a)]|a € L'}),

metrizes the weak-* topology on . (A),
5) Ll is ||-|| y-closed in A (equivalently, L" is ||-|| ,-closed in A for every r € Rsg),
6) for all a,b € Dom(L), we have

maX<L<; - (ab + ba)>,L<21, (ab— ba)>> < F(lall o, 154 L(a), L(B).

7

If F is implicitly understood, then we simply call (A, L) a quasi-Leibniz quantum compact metric
space, and if F' is Leibniz, then we simply call (A, L) a Leibniz quantum compact metric space.
The seminorm L is called a Lipschitz seminorm, and it is what endows A with its special metric
structure.

2This identity is used to prove the classical version of the fundamental theorem of Riemannian geometry.
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Example 4.3. The following classes of C*-algebras can be endowed with Lipschitz seminorms
that turn them into quasi-Leibniz quantum compact metric spaces: AF C*-algebras [1], curved
noncommutative tori [3], noncommutative solenoids [8], and C*-algebras equipped with an er-
godic action of a compact group [10].

Definition 4.4 ([6]). An admissible triple is an ordered triple (F,G, H) with the following
properties:

e [ is an admissible function,

e G:[0,00)% = [0,00) and H: [0,00)* = [0, 0),

e (G and H are non-decreasing in each of their arguments,

o (z+y)z <G(z,y,2) and 2zy < H(z,y) for all z,y,z € [0, 00).

Definition 4.5 ([6]). Let (F,G,H) be an admissible triple. An (F,G, H)-metrized quantum
vector bundle is then an ordered 5-tuple (X, (:|-),D, A, L) satisfying the following seven proper-
ties:

(A,L) is an F-quasi-Leibniz quantum compact metric space,
(X, (-] ) is a left Hilbert A-module (we denote the associated norm on X by ||-[[;.\.y),
D is a norm (not merely a seminorm) defined on a [[-[||.,-dense C-linear subspace of X,
1<l ).y < D(¢) for all ¢ € Dom(D),
D! is [[Iljy-compact in X (equivalently, D" is [|-|| .. -compact in X for every r € Rxo),
for all a € Dom(L) and ¢ € Dom(D), we have a  ( € Dom(D) and
D(a e () < G(lla]l 45 L(a), D(C)),
7) for all ¢,n € Dom(D), we have R((¢|n)),I(({|n)) € Dom(L) and

max(L(R((¢|m)), L(S((¢[n)))) < H(D(C), D(n)).

If (F,G, H) is implicitly understood, then we simply call (X, (:|-),D, A,L) a metrized quantum
vector bundle.

6

Example 4.6. In [6], Latrémoliere constructed metrized quantum vector bundles from actual
vector bundles over compact Riemannian manifolds that provide motivating examples for Defini-
tion 4.5. In the same paper, he also showed that free Hilbert modules over the underlying unital
C*-algebra of a quasi-Leibniz quantum compact metric space can be turned into metrized quan-
tum vector bundles. The tools developed in [6] are then applied in [7] to prove the convergence
of Heisenberg modules over quantum 2-tori with respect to the modular Gromov—Hausdorff
propinquity.

Viewing T™ as R™/Z", we may define an N-dependent continuous length function ¢ on T" by

11
272

df

vse|-giy) o s+ NG,

Using ¢, we may then define an N-dependent seminorm L on a dense Jordan—Lie subalgebra

of (Ae)s, by
({14l o g}) < ).

0]
Va e Dom(l): L(a) % Sup<{ loe@) = allag |}  pny {0}}).

£(t)

Do) = {a < (e),,
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The action a of T™ on Ag is ergodic, so (Ae, L) is a Leibniz quantum compact metric space by
[10, Section 2]. Furthermore, according to [12, Proposition 8.6], we have

Va e (Ad)s,:
L(a) = max er-f)j(a) T1,...,mn € Rand N(r1,...,r) <1, |. (4.1)

j:l A@
This alternative expression for L on (Ag),, will play an important role in what is to follow.
Lemma 4.7. Let 6 € Do. Then [|6(a)]| 4, < [2||aHAe + L(a)] 0]l pg, for all a € (AF),,-
n
Proof. Write § = er - 0; + ady, where 71,...,1, € Rand b € (AZ) ., Nker(r). As
j=1
19l pg = N(ras-ymn) + [1b]] 40 »
we have N(r1,...,7r) < [6]p, and [|b]| 4, < [[6]lp, - Hence,

n

l6(@)lag =D 75 9i(a) + [b,a]

Jj=1 Ao
<|D_ri-0i(a)| + bl
Jj=1 Ao
<D 05(@)]| 200l g llall 4
Jj=1 Ao
< [I6]lpg La) + 2[|6]lpg lall 4, (by (4.1))

= [2]la]l oo + L(@)][16]lp,,-
This completes the proof. |

Definition 4.8. For every Riemannian metric g, define an N-dependent seminorm ||-[|, on xg&’
by

VX e Xl Lo (V300,15 € Do and 5], < 1)),

and an N-dependent norm Dy on x& by Dy U nax (H-Hg, \H|||g)3
Note: For the rest of this section only, g denotes a Riemannian metric.

Proposition 4.9. Let a € (AY),, and X € xg. Then ae X € xg and

sa

Dy(a e X) < G(|laf 4, L(a), Dg(X)),

where G: [0,00)* = [0,00) is defined by G(x,y, 2) A (Bx + y)z for all x,y,z € [0, 00).

3This is the point where Rosenberg’s Levi-Civita connections come in.
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Proof. It is clear from the definition of x& that a ¢ X € x§.
Next, by the Leibniz rule,

VéeDg: Vi(aeX)=0d(a)eX +aeViX).
Hence, we have for all § € Dg satisfying ||0[|p, < 1 that
V30 )], < I3(0) » X1, + o 0 T,

< 8@l agI1X 1y + lall 4 [[VFX),

< 2llall g + L@]IX]l, + llall a0 [|V5(X) H (by Lemma 4.7)
< [2llall 4o + L@]IXI, + lallag 1 XM, 116115,

< [2llall 4o + L(a)] HXH + llall 46 1 X1,

< [2llall 4, + L(a)]Dy(X) + ”CLHA(_) Dy(X)

= [3[lall 4, + L(a)] Dy

which immediately yields

lla o X1|, < [3llall 4, + L(a)] Dg(X).
At the same time, it is straightforward to see that

la o X1, < llall4, 1 X1y < llall 4, Dg(X) < [3llall 4, + L(a)]Dg(X).
Therefore,

Dy(a e X) = max (|a e X[, [lae X],) < G(llal| s, L(a), Dg(X))

gl

as required. |
Proposition 4.10. Let X,Y € xg. Then R((X]Y),),S((X]Y),) € (4%),, and
max (L(R((X]Y),)), L(S({XY),))) < H(Dy(X),Dy(Y)),

where H : |0, oo)2 — [0,00) is defined by H(x,y) af 2xy for all x,y € [0, 00).

Proof. It is clear from the definition of x& that R( (X Y)Q),%( (X| Y)g) € (A3)..,
Next, choose 71,...,7, € Rso that N(ry,...,m,) < 1. As V9 is compatible* with g, we have

er ( X|Y) ) <Vg 7:1rj-aj(X)}Y>g + <X ‘vg ?zl"j'aj(y)>g

<ng?:1 rj-0; (X)‘ Y> H ‘V 17570 () >g

0 v, +HXH V% 0,0

Ac
Ao ©

IN

Ao

g
Ve

IN

g

IN

X1l Zm"aj 1Y, + 11X MY, ZTJ
j=1

Do
< IXN YN, + IXA MY, (as N(re, ... r) < 1)

< 2D,,(X)Dy (¥).

Do

4Metric compatibility is a requirement in the definition of a Levi-Civita connection.
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It is an easily-verified fact for any C*-algebra B that ||R()| 5, [|S(0)|| 5 < ||b]| 5 for all b € B, so

Do Gi(RUXIYV) )| =R Dori -9 ((X|Y)y) ||| < 2D4(X)Dy(Y),
Jj=1 Ao Jj=1 Ao
er (xIv),))| = Zr] (X|Y),) < 2D,(X)Dy(Y).
Ao Ao
Therefore, as 11, ...,m, € R are arbitrary subject to N(r1,...,r,) < 1, an application of (4.1)

yields
s (LER((X] ), )-L((X1Y),)) < H(D,(X).D,(¥)
as required. |
Proposition 4.11. D} is [|[| ;-pre-compact in xe.
n
Proof. Fix X = Zaj eej € D;, where a1, ...,a, € AZ.
j=1
n
Choose r1,...,m, € R satisfying N(ry,...,r,) < 1, and let 6 = > r; - 0;. Then by the
j=1

Leibniz rule,

Zva oe;) =Y [0(aj)ee;+ajeVi(e))]
j=1

:Zd(aj)oej—i—Zajovg(ej). (4.2)
j=1 j=1

Rearranging the terms from both ends of (4.2) and then taking the norm of both sides, we obtain

;5(@).% = |[V5(X) = 3 a5 0 Vi(e)) sUvg(X)Hg+;||aj||A@||vg(ej)Hg

g - g

IN

n
X1 1611pg + D _Najllag llesll 181,
j=1

n
<1+ llagllag llesll, (as [1Xl, < Dg(X) <1 and [[§]lp, < 1).
j=1

As [[X]|, < Dy(X) <1, an application of Lemma 3.3 yields

Soajees|| = 1X0g < VI g gy 1 X g < [V g (a0
j=1

st

Hence, ||a;| 5, < e HM for all j € [n], so letting M U max ({H\ejmg |j € [n]}) gives us

D 6(a;) e eyl < L+ MV o o)
=1

g
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It then follows from another application of Lemma 3.3 that

Y dag) el <[V y ao) |2 (as) o
i=1 =1

st g

< IV sy (1 MV 1)
As R(0(aj)) = 6(R(aj)) and I(d(a;j)) = 6(S(a;)) for all j € [n], we have

Vjeln]: [16(R(a)llag, 16(3(@i)ll 4y < 16(as)l] 4

< IVI 1) (1 + MV )

Recalling that rq,...,7r, € R are arbitrary subject to N(r1,...,7,) < 1, an application of (4.1)
yields

Vi€l L) L) < VI ae) (1+ nMIVG Ly o))
Consequently,

Vi€ [n]:

R(a;),3(a5) € {a € Dom(L)|L(@). fallag < Vo as, a0y (1 + 2 MIVITys 0

where the object on the right-hand side is a [|-|| 4 -compact subset of Ag (see [5, Remark 2.46]).
Hence, as X € D}] is arbitrary, we have shown that there exists a single ||| Ao-compact subset
of Ag that contains the Ag-coefficients of all elements of Dé, which implies that D; is [|-||s-pre-
compact in xe. However, |||, and [|-[|, are equivalent by Lemma 3.3, so Dy is [|-|| ,-pre-compact
in xg. |

Definition 4.12 ([9]). Let A be a normed C-vector space and C' a circled convex subset of A.
The Minkowski gauge functional associated to C' is then the function p that satisfies

Dom(p) = {a € Al there exists an r € Rs¢ such that a € r - C};
Va € Dom(p): p(a) d inf({r € Rsgla e r-C}).

Now, let Dy v denote the Minkowski gauge functional associated to DiéH'”g . Our objective is to
show that (X@, (-] ->g ,Dgm, Ao, L) is an (F, G, H)-metrized quantum vector bundle, where F is
Leibniz, and G and H are defined as in Propositions 4.9 and 4.10 respectively. Before proceeding
further, let us first collect some facts about Minkowski gauge functionals.

Lemma 4.13. Let A be a normed C-vector space, B a C-linear subspace of A, and L a seminorm

on B. Denote by Ly the Minkowsk: gauge functional associated to LlH.”A. Then the following
statements hold:

1) Ly = Il for all r € Ry,
2) B C Dom(Lwm) and Ly(b) < L(b) for all b € B,
3) if a € Dom(Lw), then there is a sequence (by),cy i B such that

e L(by) = Lm(a) and
o b, — a with respect to ||-|| 4,



12

L. Huang

4) L C Ly if L is lower-semicontinuous on (B, |-||5), where ||-||5 denotes the restriction

of -4 to B.

Proof. See [11, Proposition 4.4] and [13, Section 3]. [

With Lemma 4.13, we can make the following observations:

e D, w satisfies property (3) of Definition 4.5.

We must first establish that Dgm is a norm on its domain. Let X € Dom(Dgy m) satisfy
Dym(X) = 0. Then (3) of Lemma 4.13 tells us that there is a sequence (X),cy in X
such that Dy(Xy) — Dgm(X) = 0 and X — X with respect to [|-||,, but [ Xg||, < Dg(Xy)
by construction for every k € N, so || X g — 0, or equivalently, X} — Oy, with respect
to [|-||,- Therefore, X = 0y, but as Minkowski gauge functionals are already absolutely
homogeneous, subadditive and non-negative, D,y v is indeed a norm on its domain.

Next, we have by (2) of Lemma 4.13 that x&’ € Dom(Dgm). As x& is a [|-|| -dense C-linear
subspace of xg, so is Dom(Dg m).

Dy m satisfies property (4) of Definition 4.5.

Let X € Dom(Dgym). Then (3) of Lemma 4.13 tells us that there is a sequence (Xj),ey
in xg such that Dg(Xy) — Dgm(X) and Xy — X with respect to [|-[|;, but, as before,
[ Xkll, < Dg(Xy) by construction for every k € N, so || X||, < Dgm(X).

Dy m satisfies property (5) of Definition 4.5.

By (1) of Lemma 4.13, we have Dgll M= Di‘é”'Hg, S0 D; m is [|-|| ,-compact in xe by Proposi-
tion 4.11.

It remains to verify properties (6) and (7) of Definition 4.5, which we now turn our attention
to.

Proposition 4.14. Let a € Dom(L) and X € Dom(Dgym). Then a e X € Dom(Dgm) and

Dy m(a e X) < G([lall 4, L(a), Dgm(X)),

where G: [0,00)* — [0,00) is defined as in Proposition 4.9.

Proof. By (3) of Lemma 4.13, there is a sequence (Xj),cy in xg such that

° Dg(Xk) — Dg,M(X) and
e Xj — X with respect to ||-|[,.

Let p denote the normalized Haar measure on T™. It is a well-known result of the theory of
smooth vectors for a strongly continuous Lie-group action on a C*-algebra that a net (f,),cn
in C2°(T™) exists such that

(a) f, is non-negative and fu(s)du(s) =1 for all v € N,
T’i’l

(b) a, & i fu(8) - as(a)du(s) € AZ for all v € N, and

(¢) ay — a with respect to ||-| 4
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In fact, as f, is non-negative for all v € A and as self-adjoint elements of a C*-algebra are
preserved under *-homomorphisms, (b) can be strengthened to say that a, € (AZ),, for all
v € N. Proceeding, we have for all v € N and ¢t € T" \ {0} that

oo oe( [ @) = [ s a@ants)|
W i@ )
1u(8) - aersla)du(s) — | fu(s)- as(a) dpu(s)
e T Ao
- 10
fu(s) - assela)du(s) — | fu(s)- as(a) du(s)
_lJ1n " Ao
N o)
1u(s) - aslas(a) - a) du(s)
e Ao
B 70
[ 15.05) - aslas(a) = o)Ly, dun(s)
< 41
= 70
L #s)las(ante) = @, dts) | |
= o) (as f, is non-negative)
L 1) lacla) = alLo, d(s) o
= @ (as a is isometric)

_ Jlaul@) ~ alLa,

0(t) <as - fo(s)du(s) = 1).

Consequently, a, € Dom(L) and L(a,) < L(a) for all v € N. Invoking Proposition 4.9, we get
VveN, VkeN: Dy(ay e Xi) < G(llav|l 4, L), Dg(Xi))
(Hal/HA@v L(a)7 Dg(Xk))7

where the last inequality is due to the fact that G is non-decreasing in each argument. By (2)
of Lemma 4.13, Y € Dom(Dy m) and Dgm(Y) < Dy(Y) for all Y € xg, so

VveN, VkeN: Dym(a, o Xi) < G([lavllsy,L(a), Dyg(Xy)).

<G
<G

Let € > 0. As the right-hand side of this inequality converges to G(H(LHA@, L(a), Dgm(X)) by
the continuity of G, we find for all v € A/ and k € N sufficiently large that

Dym(ay ® Xi) < G(llal 4y L(a), Dyma(X)) + .

As a, @ X}, — a ® X with respect to |-, it follows from the closure clause implicit in (1) of
Lemma 4.13 that a ¢ X € Dom(Dgy M) and

Dgm(aeX) < G(HCLHA@a L(a), Dg,M(X)) te
However, € > 0 is arbitrary, so
Dgm(ae X) < G(llall 4y, L(a), Dgm(X))

as required. |
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Proposition 4.15. Let X,Y € Dom(Dgm). Then R((X|Y),),3((X|Y),) € Dom(L) and
max (L(R((X]Y),)),L(S((X]Y),))) < H(Dym(X), Dyna(¥));

where H: [0,00)? — [0,00) is defined as in Proposition 4.10.
Proof. By (3) of Lemma 4.13, there are sequences (X3);cy and (Yz),cy in x& such that

° Dg(Xk) — Dg7M(X) and Dg(Yk) — Dg’M(Y), and
e X — X and Y, — Y with respect to |-,

We already have from Proposition 4.10 that
VkeN: max (L(R((Xk|Yk),)), L(S((Xk|Y),))) < H(Dg(Xk),Dyg(Y)).

Let € > 0. As the right-hand side of this inequality converges to H(Dgm(X),Dgm(Y')) by the
continuity of H, we find for all £ € N sufficiently large that

maxx (L(R( (X Yi), ), L(S((Xel Yi), ))) < H (Dgm(X), Dgm(Y)) +e.

As R((Xk| Vi), ) = R((X|Y),) and S((Xk| Vi), ) = S((X|Y),) with respect to [|-] 4, the
closure clause implicit in property (5) of Definition 4.2 says that R( (X]| Y}Q), S((X]| Y>g) €
Dom(L) and

max (L(R((X|Y),)), L(S((X]Y),))) < H(Dgm(X),Dgm(Y)) +e.
However, € > 0 is arbitrary, so

max (L(R((X|Y), ), L(S((X]Y),))) < H(Dgm(X),Dgm(Y))
as required. [

Theorem 4.16. (X@, (| ->g ,Dg.m, Ao, L) is an (F, G, H)-metrized quantum vector bundle, where
F is Leibniz, and G and H are defined as in Propositions 4.9 and 4.10 respectively.

Remark 4.17. We could have worked with more general C*-algebras in this paper, but here
are reasons why we focus only on generically transcendental quantum tori:

1) quantum tori are a convenient source of compact quantum metric spaces,

2) the norm |[|-[|p, on the space of *-derivations on A’ enables us to conveniently prove the
inequalities necessary to achieve the objective of this paper,

3) by Theorem 3.6, we have a single parameter for the D-norms on our metrized quantum
vector bundles.

5 A distance-zero result
for the modular Gromov—Hausdorff propinquity

In [6], Latrémoliere introduced the modular Gromov—Hausdorff propinquity as a means of mea-
suring, for an admissible triple (F,G, H), how close two (F,G, H)-metrized quantum vector
bundles are to each other, in the sense of how close they are to being isomorphic, in terms of
their Hilbert-C*-module structures and their metric structures.

Our aim in this section is to prove the following zero-distance result.
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Theorem 5.1. Let g be a Riemannian metric, and let r,s € Rsg. Then A?,%?,H(QWQS) =0,
where

Qr g (X@a <| '>r‘g s DT~g,M7 A@7 l—) and QS g (X@> <| '>5.g s Ds-g,Ma A@a L))

F is Leibniz, and G and H are defined as in Propositions 4.9 and 4.10 respectively.

Definition 5.2 ([6]). Let B be a unital C*-algebra, and let b € Bg,. The 1-level set of b is then
the subset . (B|b) of .#(B) defined by

S (Blb) E{¢ € #(B)|¢((1s — b)"(15 — b)) = 0= ¢((1s — b)(15 — b)")}.

Definition 5.3 ([6]). Let (F,G, H) be an admissible triple. An (F,G, H)-modular bridge is

then an ordered 9-tuple v = (Q1,Q9, B, b, 1, m2, N, , B) satisfying the following six properties:
1) Oy and Qy are (F, G, H)-metrized quantum vector bundles,’
2) B is a unital C*-algebra,
3) bis an element of By,, called the pivot, such that . (B|b) # @ and ||b]| 5 = 1,
4)
5) N is a non-empty set,

)

m and 7y are, respectively, unital *-monomorphisms from A; and A, to B,

6) « and 3 are, respectively, functions from A to D and Di.

The domain of 7, denoted by Dom(7), is defined to be Q;, and the co-domain of 7, denoted by
Co-Dom(7), is defined to be Qy. We say that (1,9, B, b, 71, m2, N, , ) is a modular bridge
from ;1 to Qs.

A modular bridge between two metrized quantum vector bundles yields useful numerical
quantities that indicate how close the metrized quantum vector bundles are to each other.
Before defining these quantities, we require a preliminary definition.

Definition 5.4 ([6]). Let Q = (X,(-|),D, A,L) be a metrized quantum vector bundle. The
modular Monge—Kantorovich metric of § is then the metric® ko on X defined by

VineX:  ka(C.m) Esup ({[[(¢—nl0)l, 10 € D'}).
Definition 5.5 ([6]). Let (F, G, H) be an admissible triple and
v =(Q,Q2, B, b,m1,m2, N, a0, 3)
an (F, G, H)-modular bridge.
1. The bridge seminorm of 7 is the seminorm bn, on A; © Az defined by

df
Val S Al, VGQ c AQZ bnv(al,ag) = H7r1(a1)b — bWQ(GQ)”B.

2. The basic reach p,(7y) of v is the Hausdorff distance, in the seminormed space (A;®Asz, bn),
between the embedded images of Dom(L;) and Dom(Lg), i.e.,

P, () & nax sup inf  bn,(ai,a2), sup inf  bn,(ai,a2)
a1€Dom(L1) az€Dom(L2) az€Dom(L2) a1 €Dom(Ly)
Li(a1)<1  La(a2)<1 L2(a2)<1  Li(a1)<1

5Note. From now on, we will write Q; = (Xl, (|, ,D1, Ax, L1) and Qy = (Xg, (|5, D2, As, Lg).
5This is a legitimate metric, thanks to property (5) of Definition 4.5.
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3. The height of « is the non-negative quantity <(y) defined by

df <Hau5ka1 ((A1),{pom|o € V(Blb)})>
Hausmi, (' (A2), {¢ o ma| ¥ € #(BIb)}) )’

where

° HausmkLl denotes the mki,-induced Hausdorff distance between subsets of .7 (A;),
and

° Hauska2 denotes the mki,-induced Hausdorff distance between subsets of . (As).
4. The deck seminorm of 7 is the seminorm dn, on X; @& Xz defined by
V(e Xy, Ve Xy
dny (¢, n) S sup({bn, ({C]a(¥))y , (0] B1))a), by ({a(W)| Oy, (B [0))| v € N},

5. The modular reach of ~ is the non-negative quantity p*(v) defined by
df
pF(7) S sup({dn, (a(v), B(v))| v € N'}).
6. The imprint of v is the non-negative quantity w(y) defined by

w(7) 4 max (HauskQl (Range(a), D7), Hausy,, (Range(8),D3)),
where

° HauskQl denotes the kg, -induced Hausdorft distance between subsets of X1, and
° HaustQ denotes the kq,-induced Hausdorft distance between subsets of X,.

7. The reach of 7 is the non-negative quantity p(y) defined by

p(v) £ max (p,(7), P (7) + (7))

8. The length of v is the non-negative quantity A(vy) defined by

A7) E max(s(7), p(7))-

Remark 5.6. Lemma 4.19 of [6] establishes that the numerical quantities defined in Defini-
tion 5.5 are finite.

Definition 5.7 ([6]). The modular Gromov-Hausdorff propinquity, for an admissible triple
(F,G, H), is the (class) function A?‘z‘;{  from the class of all ordered pairs of (F, G, H)-metrized
quantum vector bundles to [0, 00) defined by

(7)) jejm 18 @ finite sequence

mo . % f (F,G, H)-modular bridges
AT (21, Q) Einf | $ S Ay ob UL & 7
Foa (1, Q) =in Pt (75) Dom(7;) = Q1 and Co-Dom(7,,) = Qo,

Dom(vj4+1) = Co-Dom(vy;) for all j € [m — 1]
for all (F, G, H)-metrized quantum vector bundles 1 and Q.

We now define a full quantum isometry between metrized quantum vector bundles.
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Definition 5.8 ([6]). Let (F, G, H) be an admissible triple. Let ©; and 23 be (F, G, H)-metrized
quantum vector bundles. A full quantum isometry from Q; to Qs is then an ordered pair (%, 2)
with the following properties:

e % is a unital *-isomorphism from A; to As,

e 7 is a continuous linear isomorphism (not necessarily unitary) from X; to Xa,

o Lyo Z=1L,,

e J(ae()=ZL(a)e Z(C) for all a € Ay and ¢ € Xy,
e Dyo% =Dy,

« (FOND(N)y= Lo (.

The following theorem says that the modular Gromov—Hausdorff propinquity has the required
properties to qualify as a (class) pseudometric.

Theorem 5.9 ([6]). Let (F,G, H) be an admissible triple. For all (F,G, H)-metrized quantum
vector bundles 21, Qo and Qs, the following statements hold:

1) A?,%?,H(ngﬁ = ATF?(?,H(QZ,QI);

2) ARG (0, 9Q3) < APE (D1, Q2) + ARY (2, 93),

3) A?f’é{H(Ql, Q9) = 0 if and only if there exists a full quantum isometry from Oy to Qo.
Lemma 5.10. Let g be a Riemannian metric, and let r,s € Ryq. Then

1 1
JDreM = =Dsgm.

Proof. One can verify that V™9 is also a Levi-Civita connection for g, so V"9 = VY by Theo-
rem 3.6 and

Dom(D;.gm) = Dom(Dg.gm) and

V€D, VX,V €xF: (ViUX)|Y),, =(VIX)|Y), =7 (VIX)|Y),,

g9 )

which yields

VoeDe, VXY €xg: (V5 (X)Y),ll4g = VIIVEVE-Y), [ 4

Hence, we have for all § € Dg and X € xg that

95500l = s (T, Ly = s VA (TEOIVE-Y), L,
Il =1 IVl =1
= g VARV, g (s g = V)
Ivev],=
= s VA(VEEY), L4 = VRIVE)I,
y],=1

It follows readily that

Virosup [VEX)|, = VXN,

VXEF WXll,= mp [T00],, = VF
e )

13l <1 18]l pg, <1
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We thus obtain [|-||,., = v/7[|[l,. so

D1y = 1t (|- [l ) = e (Vg Fly) = VP mase (11 11,) = V7D

Consequently, D1 = D}/_; =/r-D}

Now, we have by Definition 4.12 that

Dom(Dym) = Sup<{X € Xe ‘ there exists a t € R~ such that X € ¢- @“"'9})

= sup({X € Xo ‘ there exists a t € Ryg such that X € t- M|~Ilg})

X € o |there exists a t € Ryg such that X € ty/r - nglﬂg})

{X € Yo | there exists a t € Ry such that X € t\/r - Wg”-llr.g})
Il,.. are equivalent)
X € o | there exists a t € R such that X € ¢- D} pr I Hrg})

Next, observe for all X € Dom(Dym) = Dom(D,.4m) that

Dy (X) = inf({t € Roo ‘ Xet. g;\\-||g}>
({remalxer-von})
_ inf({t € Rog ‘ X e t\/;‘ﬁgu.ug})
- inf<{t € R>o ‘ X e tﬁ'ﬁnluw}) (as [|-]|, and [|-]],., are equivalent)

\}?1nf<{t€R>0’X€t D!, pL_ ' ”“’})

_ L
G

As X € Dom(Dg m) = Dom(D,.4m) is arbitrary, we obtain Dy.g m = /7Dy m.
Similarly, Dom(Dgm) = Dom(Dg.gm) and Dg.gm = /sDgm, so

Dy.gm(X).

1 1

Dom(DT.g’M) = Dom(DS.g’M) and WDT.Q’M = %DS'Q’M

as required.

We can now verify without difficulty that (., 2) is a full quantum isometry from 2, to Q,

where

.
L =1daysa, and 9= \fs Tdy v -

However, in order to give the reader an appreciation for the sophistication involved when trying
to resolve more difficult propinquity problems (see the conclusion below), we will prove Theo-

rem 5.1 directly.
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Proof of Theorem 5.1. By Lemma 5.10, we may define a bijection 3, ,: D oM DS gM by

df r
VX eDlm: Brs(X) S \/;X.

It follows that
df
Yr,s = (Qr, O, A0,146,1dag—46:1dag—Ag, D71"'97M’IdDi.g,M‘}Di»g,M’ﬁr’s)
is an (F, G, H)-modular bridge, whose associated numerical quantities we now seek to compute.
To perform these computations, first note that bn,, _ is a seminorm on Ag @ Ag such that
Vai,az € Ae:  bny, (a1, a2) = [[Idag—ae(a1)lae — 1ag Idag—ag(a2)ll 4
= [la1 — az|| 4, -
We can then make the following observations regarding the basic reach, height and imprint
of vp.s:
e The basic reach of v, is 0:

py(Vrs) = max sup inf Jla1 —azllp,, sup inf  |la1 — az|| 4,
a1€Dom(L) az€Dom(L) a2€Dom(L) a1 €Dom(L)
L(a1)<1  L(a2)<1 L(a2)<1  L(a1)<1

= max sup 0, sup O =max(0,0)=0.
a1€Dom(L) az2€Dom(L)
L(a1)<1 L(a2)<1

e The height of v, 5 is 0: As .Y (Ae|la,) = ¥ (Ae), we have

) =m0 ) 00 Tt € 7 A
" Hausmi, (7 (4e), {1 0 Idag a6 ¥ € S (46)})

= max (Hausmi, (7 (4e),-7(46)), Hausmk, (- (40), 7 (As)))
= max(0,0) = 0.
e The imprint of v, is 0:
@ (yr,s) = max (Hausy,, (Range (IdD1 . ):Drgm)
Hausy, (Range(S;.s), sg,M))
= max (Hausy,, (Di,g,M, D}a‘g’M), Hausy,_ (DS g.M> D! M)

= max(0,0) = 0.

Hence, A(7y,s) = pﬁ(fyrvs), i.e., the length of 7, equals its modular reach, which we will now

prove is also 0.
Observe for all X,Y € D71"~g,|\/| that

by, ((X[Y),g 5 (Brs(X) Brs(Y)) gy ) = [{XIV )y = (Brs(O] Brs(V)) g [l g

eV,

= (XY ),y = < (X[Y) gy

Illag
=[lr-xiv, = 5oy

= |lr - (X|Y), —r (X|Y), | 4, =0
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As the argument is symmetric in X and Y, we also have for all X,Y € D}". gM that

SO

by, (Y] X),.4 (Brs(Y)] Brs(X)),,) =0,

(X), Brs(X )) =dn,, (X, Brs(X))

(X Moy or, (VD) (BrsCO1B8s() )| L
<1le W ol (y>|x> Brs(V)] Brs(X)), ) roM
((x

(v

(
B
O8Nyl 3 or 1) _
(V)] Bra(X)),g)| T Orom })‘0

dn7r s ( Ile M—)D1 ™M
bn’Yr (
- bn'Yrs(
bn,, .
ol
Tr,s

for all X € D71~~g7M' Therefore,

A?,%?,H(QT:Q ) < A(rs) = Pﬁ(% s)

= sup ({dn’Yrs(Ile M—)D ( )767",8(X)) |X € D%g,l\/l}) =

r-g,M

This completes the proof. |

6 Conclusion

The only property of Levi-Civita connections used in this paper is metric compatibility. We could
have allowed our D norms to depend not only on the choice of a Riemannian metric, but also on
the choice of a connection that is not necessarily torsion-free. However, this would introduce an
extra degree of variability that could unnecessarily complicate the study of convergence questions
in modular propinquity.

Many unanswered questions remain. The four most important ones (in our opinion) are the

following:

e Is D, lower-semicontinuous on xg for any Riemannian metric g7 If this is the case, then

(4) of Lemma 4.13 says that Dy m extends Dy, which would render Dy more manageable
to deal with.

Can we find a topology on M,,(Ag) so that if h — ¢ in the space of Riemannian metrics
with respect to this topology, then

AP 11 (%0 (1) Dy, Ao, L), (X (4] ) D, Ao, L) ) = 07

This question can be posed so straightforwardly because we consider only Levi-Civita
connections.

Can we incorporate the Riemannian curvature operator [14, Definition 3.1] into the current
work?

Although Rosenberg considers only free modules in [14], can we extend our results to non-
free modules? In [7], Latrémoliere establishes a technical propinquity result for metrized
quantum vector bundles whose underlying modules are non-free Heisenberg modules over
quantum 2-tori, but it is not clear at this time how his result may be extended to non-free
Hilbert modules over quantum tori of arbitrary dimension.
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