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1 Introduction

In a paper with Noriko Yui [14], explicit equations for all elliptic modular surfaces corresponding
to genus zero torsion-free subgroups of PSL2(Z) were presented. Arguably the most famous and
classical one of these surfaces is the Hesse pencil, usually described as the family of plane cubics

x3 + y3 + z3 + 6txyz = 0

(see, e.g., [14, Table 2] and references given there). The current paper intends to focus on the
universal property of this Hesse pencil and of its twists (see Theorem 1.1). The main goal is to
do this as explicit and elementary as possible, and moreover to do it in such a way that it works
in every characteristic different from three. We are not aware of any earlier publication of these
results in the special case of characteristic two, so although admittedly not very difficult, those
appear to be new. The first author of this paper worked on the present results as a (small) part
of his Ph.D. Thesis [1] and the third author did the same as part of her Bachelor’s Thesis [15].
Both were supervised by the second author.

Let k be a perfect field of characteristic different from three. Denote the absolute Galois
group of k by Gk. Given an elliptic curve E defined over k, one obtains a Galois representation
on the 3-torsion group E[3] of E. This paper describes the family of all elliptic curves that
have equivalent Galois representations on E[3]. Recall that elliptic curves E and E′ over k yield
equivalent Galois representations on their 3-torsion if and only if E[3] and E′[3] are isomorphic
as Gk-modules. To be more specific, we demand that the equivalence is symplectic: a symplectic
homomorphism φ : E[3]→ E′[3] is defined as in [10], as follows. If

e3(S, T ) = e′3(φ(S), φ(T ))

for all S, T ∈ E[3] where e3 and e′3 are the Weil-pairings on the 3-torsion of E and E′ respec-
tively, then φ is called a symplectic homomorphism, otherwise φ is called an anti-symplectic
homomorphism.

This paper is a contribution to the Special Issue on Modular Forms and String Theory in honor of Noriko
Yui. The full collection is available at http://www.emis.de/journals/SIGMA/modular-forms.html
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Next, recall the definition of the Hessian of a polynomial. Let F ∈ k[X,Y, Z] be a homo-
geneous polynomial of degree n. The Hessian Hess (F ) of F is the determinant of the Hessian
matrix of F , that is

Hess (F ) = det


∂2F

∂X2

∂2F

∂X∂Y

∂2F

∂X∂Z
∂2F

∂X∂Y

∂2F

∂Y 2

∂2F

∂Y ∂Z
∂2F

∂X∂Z

∂2F

∂Y ∂Z

∂2F

∂Z2

 ,

which is either a homogeneous polynomial of degree 3n− 6 or zero.
Given a curve C = Z(F ) with F ∈ k[X,Y, Z] homogeneous of degree three, the Hesse pencil

of C is defined as

C = Z(tF + Hess (F ))

over k(t). Recall that the discrete valuations on k(t) correspond to the points in P1(k), where
we usually write (t0 : 1) as t0 and (1 : 0) as ∞. We denote the reduced curve of C at t0 ∈ P1(k)
by Ct0 . Notice that C∞ = C and for t0 6=∞

Ct0 = Z(t0F + Hess (F )).

In the special case that C = E is an elliptic curve given by a Weierstrass equation, we have
(see Section 2) that the point O at infinity is a point on Et0 for every t0 ∈ P1(k). If Et0 is
a smooth curve, then this makes it an elliptic curve with unit element O.

In the case of characteristic two, the standard definition of the Hessian does not lead to
a satisfactory theory. In Sections 9.2 and 9.3 a modified Hessian is introduced for this case;
in fact this modification was already used by Dickson [5] in 1915. The goal of this paper is to
provide an elementary proof of the following theorem:

Theorem 1.1. If E and E′ are elliptic curves over k, with E given by some Weierstrass equation
over k, then there exists a symplectic isomorphism E[3]→ E′[3] if and only if E′ appears in the
Hesse pencil of E, i.e., Et0

∼=k E
′ for some t0 ∈ P1(k).

We note that both Fisher’s paper [6] and Kuwata’s paper [10] discuss, apart from the result
above (although not in characteristic two) also the case of anti-symplectic isomorphisms between
the 3-torsion groups of elliptic curves.

In Sections 2, 3 and 4 we show that the 3-torsion groups of an elliptic curve in Weierstrass
form and its Hesse pencil are identical not only as sets, but also have the same group structure
and Weil-pairings. Using the Weierstrass form of the Hesse pencil computed in Section 5 and the
relation between a linear change of coordinates and its restriction to the 3-torsion group described
in Section 6, we prove in Section 7 essentially by a counting argument that an isomorphism of the
3-torsion groups respecting the Weil-pairings is the restriction of a linear change of coordinates.
The proof of the theorem is completed in Section 8. After this, we adapt the argument in order
to conclude the same result in characteristic 2 (where a slightly adapted notion of Hesse pencil
is required). We compare our results with existing literature in Section 10.

2 The flex points

Let C = Z(F ) be a plane curve with F ∈ k[X,Y, Z] homogeneous of degree n and irreducible.
A point P on C is called a flex point if there exists a line L such that the intersection number
of C and L at P is at least three. Notice that in our definition P is allowed to be a singular
point on C.

The Hessian curve of C is defined as Hess (C) = Z(Hess (F )).
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Proposition 2.1. If P is a point on C and char (k) - (n− 1), then P is a flex point if and only
if P ∈ C ∩Hess (C).

Proof. See [8, Exercise 5.23]. �

From now on we will only work with curves of degree three, so the proposition above is only
usable for fields k of characteristic different from two. This is the reason for why we exclude
characteristic two for now; see Section 9 for the excluded case.

Corollary 2.2. If P is a flex point on C, then it is also a point on the Hesse pencil C and it is
again a flex point of each curve of the Hesse pencil.

This is a well-known and old result in the case of F = X3 + Y 3 + Z3, see for example [11,
Section VII.1].

Proof. A computation using Magma [4] shows that

Hess (tF + Hess (F )) = αF + βHess (F )

with α, β ∈ k[t].

Assume that P is a flex point, then P ∈ C ∩ Hess (C) by Proposition 2.1, that is F (P ) = 0
and Hess (F )(P ) = 0. So (tF + Hess (F ))(P ) = 0, which implies that P ∈ C. The computation
above also implies that

Hess (tF + Hess (F ))(P ) = 0,

that is P ∈ Hess (C). Therefore P ∈ C ∩ Hess (C). Hence P is a flex point on C by Proposi-
tion 2.1. �

Corollary 2.3. Let P ∈ Ct0 ∩ Ct1. If t0 6= t1, then P is a flex point on C.

Proof. Suppose that t0 = (t00 : t01) and t1 = (t10 : t11), then(
t00 t01
t10 t11

)(
F (P )

Hess (F )(P )

)
=

(
0
0

)
,

with the matrix being invertible since t0 6= t1. Thus F (P ) = 0 and Hess (F )(P ) = 0, that is
P ∈ C ∩Hess (C). Hence Proposition 2.1 implies that P is a flex point on C. �

3 The 3-torsion group

Let E = Z(F ) be an elliptic curve with unit element O and F ∈ k[X,Y, Z] homogeneous of
degree 3. Recall the following well known fact.

Proposition 3.1. Let S and T be points on E. If S is a flex point, then T is a flex point if
and only if S − T ∈ E[3].

Proof. Let LS and LT be the tangent lines to E at S and T respectively. Assume that T is
also a flex point. Consider the function LS

LT
on E which has divisor 3(S) − 3(T ). From [13,

Corollary III.3.5] it follows that 3S − 3T = O. Hence S − T ∈ E[3].

Assume that T is not a flex point. Now the divisor of the function LS
LT

is 3(S)− 2(T )− (T ′)
with T ′ 6= T . From this it follows that 3S − 2T − T ′ = O, thus 3S − 3T = T ′ − T 6= O. Hence
S − T /∈ E[3]. �
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This result tells us that if O is a flex point on E, then the concepts of flex point and 3-torsion
point coincide. In the previous section we learned that a flex point on E is also a flex point
on E = Z(tF + Hess (F )). Hence if we combine these statements, then we obtain E[3] ⊂ E [3].
Since the characteristic of k is different from three, these sets are equal in size, thus the same.
Moreover suppose that Et0 for some t0 ∈ P1(k) is non-singular. Provide E and Et0 with a group
structure by taking O as the unit element. Since the flex points of E (considered as a plane cubic
over k(t)) and of Et0 (a cubic curve over k) are the same and a line that intersects an elliptic
curve at two flex points will also intersect the curve at a third flex point, the group structures
on E [3] and Et0 [3] are equal as well.

Recall that if the unit element O is a flex point on E, then we can find a projective linear
transformation in PGL3(k) such that E is given by a Weierstrass equation in the new coordinates.
Moreover since the characteristic of k is different from two and three, we may even assume that
E : y2 = x3 + ax+ b for some a, b ∈ k.

4 The Weil-pairing

In the previous section we saw that E [3] = Et0 [3] for all t0 ∈ P1
(
k
)

such that Et0 is non-singular.

Denote the Weil-pairing on the 3-torsion of E by e3 and on the 3-torsion of Et0 by et03 . An
introduction to Weil-pairings can be found in [13, Section III.8] and [16, Sections 3.3 and 11.2].

Proposition 4.1. Let E be an elliptic curve given by a Weierstrass equation and let E be its
Hesse pencil. The Weil-pairings e3 and et03 on E[3] are equal.

Proof. Let S, T ∈ E[3] generate E[3]. The Weil-pairing is determined by its value on (S, T ).
Follow [13, Exercise 3.16] to construct the Weil-pairings. Recall that O is a flex point on E.

Let LO, LS , LT and L−T be the tangent lines to E at O, S, T and −T respectively. Define
DS = (S)− (O) and DT = 2(T )− 2(−T ). Notice that DS and DT have disjoint support. Since
2T − 2(−T ) = T in E , it follows that DT ∼ (T ) − (O). Consider the functions fS = LS

LO
and

fT =
(
LT
L−T

)2
, then div (fS) = 3DS and div (fT ) = 3DT . The Weil-pairing on E is defined as

e3(S, T ) =
fS(DT )

fT (DS)
=

(
fS(T )

fS(−T )

)2 fT (O)

fT (S)
=

(
LS(T )LO(−T )LT (O)L−T (S)

LO(T )LS(−T )L−T (O)LT (S)

)2

.

Let s ∈ k(S, T )(t) be a local coordinate at t0. Choose the equations of the tangent lines
such that they are also defined over k(S, T )[[s]] and are non-zero modulo s. Notice that LO,
LS , LT and L−T modulo s are tangent lines to Et0 at O, S, T and −T respectively. Follow the
construction above to obtain the Weil-pairing et03 (S, T ) on Et0 .

Now LO(T ) is a unit in k(S, T )[[s]], because T is not contained in the tangent line LO
modulo s to Et0 at O. Similarly the other terms in the expression of e3(S, T ) are units as well.
Thus by construction e3(S, T ) mod s = et03 (S, T ). Recall that e3(S, T ) is a root of unity. Hence
e3 = et03 . �

5 The Weierstrass form

Proposition 5.1. Let E be an elliptic curve given by the Weierstrass equation y2z = x3 +
axz2 + bz3 with a, b ∈ k. Then the Hesse pencil E can be given by

ty2z + 3xy2 = tx3 − 3ax2z + (at− 9b)xz2 +
(
bt+ a2

)
z3
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over k(t). The linear change of coordinatesxy
z

 = A

ξη
ζ

 with A =

 t 0 3at2 − 27bt− 9a2

0 1 0
−3 0 t3 + 9at− 27b


transforms this into the Weierstrass form EW : η2ζ = ξ3 + atξζ

2 + btζ
3, with

at = at4 − 18bt3 − 18a2t2 + 54abt−
(
27a3 + 243b2

)
,

bt = bt6 + 4a2t5 − 45abt4 + 270b2t3 + 135a2bt2 +
(
108a4 + 486ab2

)
t−
(
243a3b+ 1458b3

)
.

Moreover ∆
(
EW
)

= ∆(E)(detA)3 and detA = t4 + 18at2 − 108bt− 27a2.

Observe that the t in the proposition is equal to 8t in the previous sections.

Proof. The proof boils down to computing the map A, which can be found in three steps. First
map the tangent line to E at O to the line at infinity. Next scale the z-coordinate so that the
coefficient in front of x3 and y2z are equal up to minus sign. Finally shift the y – resp. the
x-coordinate so that the xyz, yz2 resp. the x2z terms vanish. �

This proposition shows that

j(E) = 1728
4

4a3 + 27b2

(
at4 − 18bt3 − 18a2t2 + 54abt−

(
27a3 + 243b2

)
t4 + 18at2 − 108bt− 27a2

)3

.

6 Linear change of coordinates I

Proposition 6.1. Let Pi ∈ P2(k) for i = 1, . . . , 4 be points such that no three of them are
collinear. If Qi ∈ P2(k) for i = 1, . . . , 4 is another such set of points, then there exists a unique
A ∈ PGL3(k) such that A(Pi) = Qi for all i = 1, . . . , 4.

This is a well-known result which is easily proved using some elementary linear algebra.
Observe that an analogous result holds for two sets of n+ 2 points in Pn(k) such that no n+ 1
of them lie on a hyperplane.

Proposition 6.2. Let E be an elliptic curve given by a Weierstrass equation defined over k. If
E[3] = 〈S, T 〉, then any line in P2

(
k
)

contains at most two of the following points: O, S, T ,
S + T .

Proof. Suppose that L is a line in P2
(
k
)

containing three of the points O, S, T and S + T .
Denote these by P1, P2 and P3. Since E is given by a Weierstrass equation, O is a flex point,
thus P1 + P2 + P3 = O. However this is impossible for the points mentioned above. Hence such
a line L does not exist. �

Suppose that we are given two elliptic curves E and E′ as in the proposition above with
E[3] = 〈S, T 〉 and E′[3] = 〈S′, T ′〉, then Propositions 6.1 and 6.2 imply that there exists an
A ∈ PGL3

(
k
)

such that O 7→ O′, S 7→ S′, T 7→ T ′ and S + T 7→ S′ + T ′ and that this A is
unique.
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7 Linear change of coordinates II

Proposition 7.1. Let E and E′ be elliptic curves given by a Weierstrass equation defined over k.
If φ : E[3] → E′[3] is an isomorphism which respects the Weil-pairings, then there exists some
t0 ∈ P1

(
k
)

such that the fiber Et0 of the Hesse pencil of E admits a linear change of coordinates
Φ: Et0 → E′ with Φ|E[3] = φ.

The essence of the proof of this proposition is the following: We determine the ti ∈ P1
(
k
)

for
which the j-invariant of Eti is equal to the j-invariant of E′. For each of these ti’s we obtain
a number of linear changes of coordinates Eti → E. A counting argument shows that φ is the
restriction of one of those maps. The following observation is used in the counting argument:

Lemma 7.2. Let E and E′ be elliptic curves. Then 24 out of the 48 isomorphisms E[3]→ E′[3]
respect the Weil-pairings.

Proof. Let S, T ∈ E[3] be such that E[3] = 〈S, T 〉 and e3(S, T ) = ζ3 with ζ3 a fixed primitive
third root of unity. Choose S′, T ′ ∈ E′[3] likewise. Since E[3] and E′[3] are two-dimensional
vector spaces over F3, there exists a bijection

GL2(F3) −→ Iso
(
E[3], E′[3]

)
,

A =

(
a b
c d

)
7−→ φA(αS + βT ) = (αa+ βb)S′ + (αc+ βd)T ′.

Notice that

e′3(φA(S), φA(T )) = e′3
(
aS′ + bT ′, cS′ + dT ′

)
= e′3

(
S′, T ′

)ad−bc
= ζdetA3 .

So φA respects the Weil-pairings if and only if detA = 1, that is A ∈ SL2(F3). Now |GL2(F3)| =
48 and [GL2(F3) : SL2(F3)] = 2. Hence there are 48 isomorphisms E[3] → E′[3] of which 24
respect the Weil-pairings. �

Next we prove the proposition.

Proof of Proposition 7.1. Let j0 and j′0 be the j-invariants of E and E′ respectively. Denote
the specialization of EW at t0 ∈ P1

(
k
)

by EWt0 . If EWt0 is non-singular, then let At0 : Et0 → EWt0
be the isomorphism induced by the linear change of coordinates A from Proposition 5.1 at t0.

Assume that j′0 6= j0, 0, 1728 and take at as defined in Proposition 5.1. Consider the polyno-
mial

G = −1728(4at)
3 − j′0∆

(
EW
)

=
(
j0 − j′0

)
∆(E) t12 + 21336a2bt11 + · · · .

in k[t], whose roots give EWt0 ’s with j-invariant equal to j′0. The polynomial G has degree 12
and its discriminant is

−3147j′0
8(
j′0 − 1728

)6
∆(E)44,

which is non-zero, so G has distinct roots t1, . . . , t12 in k. Since the j-invariant of EWti is
equal to j′0, there exists an isomorphism Ψi : E

W
ti → E′. An isomorphism respects the Weil-

pairings, see [13, Proposition III.8.2] or [16, Theorem 3.9]. From Sections 3 and 4 it follows
that Eti [3] = E[3] as groups with identical Weil-pairings. Therefore for every i = 1, . . . , 12 and
σ ∈ Aut (E′) ∼= Z/2Z

φi,σ = (σ ◦Ψi ◦Ati)|Eti [3]
: E[3]→ E′[3]
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is an isomorphism respecting the Weil-pairings. Notice that σ◦Ψi◦Ati is an element of PGL3

(
k
)
,

because EWti and E′ are in Weierstrass form and A is a linear change of coordinates. All 24
isomorphisms φi,σ are distinct as the following argument shows. Suppose that φi,σ = φj,τ , then
σ◦Ψi◦Ati = τ ◦Ψj ◦Atj according to Section 6. Let P ∈ E′\E′[3], then Q = (σ ◦Ψi ◦Ati)

−1(P )
is a point in Eti ∩ Etj , so Corollary 2.3 implies that ti = tj , that is i = j. Since Ψi and Ati are
isomorphisms, σ = τ . Thus φi,σ = φj,τ if and only if i = j and σ = τ . Since the φi,σ’s respect
the Weil-pairings, Lemma 7.2 implies that these are all the possible isomorphisms E[3]→ E′[3]
that respect the Weil-pairings. Hence φ = φi,σ for some i = 1, . . . , 12 and σ ∈ Aut (E′), which
proves the proposition in this case.

Suppose that j′0 = j0 and j′0 6= 0, 1728, then the G above has degree 11 and the discriminant
of G is

−21303195a20b10∆(E)30,

which is again non-zero, so G has distinct roots t1, . . . , t11 in k. In this case the j-invariant
of E∞ is also equal to j′0, so let t12 =∞. The argument presented before now finishes the proof
in this case.

Assume that j′0 = 0. This case is the same as before with the exception of the polynomial G,
which in this case should be replaced by at. The four distinct ti’s and the six elements in
Aut (E′) again give 24 isomorphisms φi,σ.

Finally, if j′0 = 1728, then replace G by bt (defined in Proposition 5.1) and proceed as
before. �

8 Proof of the theorem

In the proof of Theorem 1.1 we need a result from Galois cohomology, namely:

Lemma 8.1. If k is a perfect field, then PGL3

(
k
)Gk = PGL3(k).

Proof. Consider the short exact sequence of Gk-groups

1 −→ k
∗ −→ GL3

(
k
)
−→ PGL3

(
k
)
−→ 1,

which induces the exact sequence in the first row of the diagram

1 // k
∗Gk // GL3

(
k
)Gk // PGL3

(
k
)Gk // H1

(
Gk, k

∗)

1 // k∗ //

OO

GL3(k) //

OO

PGL3(k) //

OO

1.

The second row is the definition of PGL3(k) and the vertical maps are the inclusion maps.

Hilbert’s Theorem 90 gives that H1
(
Gk, k

∗)
= {1}. Since k

∗Gk
= k∗ and GL3

(
k
)Gk = GL3(k),

also PGL3

(
k
)Gk = PGL3(k). �

Proof of Theorem 1.1. Assume that Φ: Et0 → E′ for some t0 ∈ P1(k) is an isomorphism
defined over k. This map respects the Weil-pairings according to [13, Proposition III.8.2]. So
Φ|Et0 [3]

: Et0 [3] → E′[3] is a symplectic isomorphism. In Sections 3 and 4 it was shown that

E[3] = Et0 [3] as groups and have identical Weil-pairings. Thus Φ|Et0 [3]
can be considered as

a symplectic isomorphism E[3]→ E′[3]. Hence Φ|Et0 [3]
is the desired map.
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Suppose that there exists a symplectic isomorphism φ : E[3] → E′[3], then Proposition 7.1
implies that there exists a Φ ∈ PGL3

(
k
)

and a t0 ∈ P1
(
k
)

such that Φ: Et0 → E′ and φ = Φ|E[3].
Since σ ◦ φ = φ ◦ σ for all σ ∈ Gk,

σ(Φ)(σ(S)) = σ ◦ Φ(S) = σ ◦ φ(S) = φ ◦ σ(S) = Φ(σ(S))

for all S ∈ E[3], so Propositions 6.1 and 6.2 imply that σ(Φ) = Φ. Therefore Lemma 8.1 implies
that Φ ∈ PGL3(k). Hence t0 ∈ P1(k) and E′ ∼=k Et0 . �

9 Characteristic two

So far we assumed k to be a perfect field of characteristic different from two and three. There is
a natural idea how to adapt the proof of Theorem 1.1 to characteristic two: replace the explicitly
given Hesse pencil by what it actually describes, namely the pencil of cubics with the nine points
of order 3 on the initial elliptic curve as base points. This was done by one of us in her bachelor’s
project [15], and we briefly describe the results here.

9.1 Elliptic curves in characteristic two

Any elliptic curve E over a field of characteristic 2 can be given as follows, see [13, p. 409]:

j(E) 6= 0: y2 + xy = x3 + a2x
2 + a6, ∆ = a6, j(E) = 1/a6,

j(E) = 0: y2 + a3y = x3 + a4x+ a6, ∆ = a43, j(E) = 0.

If k is a field of characteristic 2, then the Hessian of any homogeneous polynomial F ∈
k[X,Y, Z] of degree 3 equals zero, as is easily verified. We will show that given an elliptic curve E
over k, say by a special equation as above, the curves in the pencil with base points E[3] all
have E[3] as flex points, compare Corollary 2.2 for the classical situation. In [9], Glynn defines
a Hessian for any curve C = Z(F ) with F ∈ k[X,Y, Z] homogeneous of degree 3 (characteristic
two). In fact our construction coincides with his, although we put more emphasis on how it is
obtained from considering 3-division polynomials. Note that the subject of flex points on cubic
curves in characteristic two is in fact very classical: compare with, e.g., Dickson’s paper [5]
published in 1915.

9.2 The case j(E) 6= 0

We may and will assume that E is given by

y2 + xy = x3 + a2x
2 + a6, ∆ = a6, j = 1/a6.

Define Hess(E) as the plane curve defined by

y2 + xy2 + x2y + xy + a2x
3 + a2x

2 + a6x = 0.

The Hesse pencil E in this case is given by

t
(
y2 + xy + x3 + a2x

2 + a6
)

+ y2 + xy2 + x2y + xy + a2x
3 + a2x

2 + a6x = 0.

In the next paragraphs, we will show that the Hessian and Hesse pencil have the desired pro-
perties. Firstly, the analog of Proposition 2.1 holds:

Proposition 9.1. If P is a point on an elliptic curve E with equation y2 +xy = x3 +a2x
2 +a6,

then P is a flex point of E if and only if P ∈ E ∩Hess(E).
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Proof. The point O is a flex point on both E and Hess(E) hence the result holds for O. Next
take any other flex point of E, i.e., a point P 6= O with 3P = O. Put P = (x, y). Note that
x 6= 0, because any point (0, y) ∈ E has order two. A small calculations (compare x-coordinates
of −P and 2P ) shows P is a flex point precisely when

(E1) 0 = x2 +
(y
x

)2
+
y

x
+ a2,

(E2) y + x =
(
x+

y

x
+ 1
)(

x2 +
(y
x

)2
+ x+

y

x
+ a2

)
+ x2.

Using the equation defining E, one rewrites (E1) as

0 = y2 + xy2 + x2y + xy + a2x
3 + a2x

2 + a6x. (9.1)

The proposition now follows from a straightforward calculation. �

Note that in fact P = (x, y) is a flex point on E if and only if P ∈ E satisfies equation (9.1).
Now we show the analog of Corollary 2.2.

Proposition 9.2. If P is a flex point on an elliptic curve E given by y2 + xy = x3 + a2x
2 + a6,

then P is also a flex point on the Hesse pencil E.

Proof. It follows directly from the construction of E that P is indeed a point on it. To prove
that P is also a flex point on E , one shows that the tangent line to E at P intersects E at P
with multiplicity 3. This is a straightforward calculation for which we refer to [15]. Clearly the
point O is also a point on the Hesse pencil and it is also a flex point, as can be shown in the
same way. �

9.3 The case j(E) = 0

In the remaining case j(E) = 0 we may and will assume that E is given as

y2 + a3y = x3 + a4x+ a6, ∆ = a43, j = 0.

Now define Hess(E) by

xy2 + a3xy + a4x
2 +

(
a23 + a6

)
x+ a24 = 0,

so the Hesse pencil E becomes

t
(
y2 + a3y + x3 + a4x+ a6

)
+ xy2 + a3xy + a4x

2 +
(
a23 + a6

)
x+ a24 = 0.

In this case as well, the analogs of Proposition 2.1 and Corollary 2.2 hold:

Proposition 9.3. If P is a point on the elliptic curve E given by y2 + a3y = x3 + a4x + a6,
then P is a flex point if and only if P ∈ E ∩Hess(E).

Proof. For O the exact same argument holds as when j(E) 6= 0. A calculation shows that
P = (x, y) ∈ E is a flex point precisely when

a23x = x4 + a24.

Using the equation of the elliptic curve this is rewritten as

0 = a23x+ x
(
y2 + a3y + a4x+ a6

)
+ a24 = xy2 +

(
a23 + a6

)
x+ a4x

2 + a3xy + a24. �
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Proposition 9.4. If P is a flex point on the elliptic curve E given by y2 + a3y = x3 + a4x+ a6,
then it is also a flex point on the Hesse pencil E.

Proof. The reasoning is the same as for the case j(E) 6= 0. The straightforward calculation is
presented in detail in [15]. �

Using the properties shown above of our Hesse pencil in characteristic two, we can now almost
completely follow the reasoning of the earlier sections since most arguments do not involve the
characteristic of k. Only for the analog of Proposition 7.1 the proof needs to be adjusted in
characteristic two, because here actual calculations are done with the Hesse pencil. We state it
in the present situation.

Proposition 9.5. Let E and E′ be elliptic curves given by a Weierstrass equation defined over k.
If φ : E[3]→ E′[3] is an isomorphism which respects the Weil-pairings, then there exists a linear
change of coordinates Φ: Et0 → E′ for some t0 ∈ P1(k̄) such that Φ|E[3] = φ.

The remainder of this section consists of proving Proposition 9.5.

9.4 The case j(E) 6= 0

We first determine the Weierstrass form of the Hesse pencil in the present case.

Rewrite its equation (as introduced in Section 9.2) as

(t+ 1)y2z + (t+ 1)xyz + xy2 + x2y + (t+ a2)x
3 + a2(t+ 1)x2z + a6xz

2 + ta6z
3 = 0.

By a suitable change of coordinates this can be brought in Weierstrass form η2ζ + b1ξηζ =
ξ3 + b2ξ

2ζ + b6ζ
3. This is quite analogous to what was sketched in the proof of Proposition 5.1;

see [15] for a detailed description and [3] for a more general setup. The stated equation is found
with

b1 = (t+ 1)2, b2 = a2(t+ 1)4 + a6t(t+ 1), b6 = a6(t
4 + t3 + t2 + t+ a6)

3.

Denote this family of curves by EW and let an individual curve in the pencil be denoted
by EWt , then

j
(
EWt

)
= b61/b6 =

(t+ 1)12

a6
(
t4 + t3 + t2 + t+ a6

)3 .
If t = 1, the transformations needed to obtain the above Weierstrass form do not work. In this
case one transforms the fiber of given pencil, so the curve E1 with equation

xy2 + x2y + (1 + a2)x
3 + a6xz

2 + a6z
3 = 0,

into the other Weierstrass form in characteristic 2:

η2ζ + b3ηζ
2 = ξ3 + b4ξζ

2 + b6ζ
3.

Explicitly, this results in the equation

η2ζ + a6ηζ
2 + ξ3 + a26ξζ

2 + a26(1 + a2)ζ
3 = 0.

In this way one obtains for every t a projective, linear transformation Et → EWt . Let us denote
this transformation by At.
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Proof of Proposition 9.5 for the case j(E) 6= 0. Given another elliptic curve E′ with j-
invariant j′0, we want to determine t for which our Hesse pencil has the same j-invariant. First,
let us assume that j′0 is nonzero and not equal to j0. Then

j′0 = j
(
EWt

)
⇔ (t+ 1)12 = j′0a6

(
t4 + t3 + t2 + t+ a6

)3
.

Define the polynomial

G = (t+ 1)12 + j′0a6
(
t4 + t3 + t2 + t+ a6

)3
.

The zeros of this polynomial are precisely all t0 such that j
(
EWt0

)
= j′0. The discriminant of G

equals a446 j
′14
0 , which is nonzero, because j′0 and a6 are nonzero. We conclude that precisely 12

values t0 ∈ k̄ exist which give the desired j-invariant.
For every t0, there is an isomorphism At0 between Et0 and EWt0 , induced by the change

of coordinates seen above. For every t0 which is moreover a zero of G, there is an isomor-
phism Ψt0 between EWt0 and E′, because these curves have equal j-invariants. Lastly, there
exist 2 automorphisms σ of E′ [13, p. 410]. Taking the composition of these three isomorphisms
and restricting to the 3-torsion group Et0 [3], which equals E[3], we obtain 12× 2 = 24 isomor-
phisms φt0,σ; they are described as

φt0,σ = σ ◦Ψt0 ◦At0 |Et0 [3]
: E[3]→ E′[3].

These 24 isomorphisms are pairwise distinct and respect the Weil-pairing (see Section 7, observe
that this argument is independent of the characteristic of k).

Now consider the case j′0 = j0 6= 0. Then j′0a6 = 1 since j0 = 1/a6. Our polynomial G
therefore has degree 11 and discriminant a306 6= 0. So this gives us 11 pairwise distinct t ∈ k̄
such that j

(
EWt

)
= j0. Another curve with this j-invariant is E∞ = E. So again we find 12

distinct t’s and in the same way as above, we find 24 isomorphisms respecting the Weil-pairing.
If j′0 = 0, the only t-value with j(Et) = 0 is t = 1. Because E′ has j-invariant zero and k

has characteristic 2, its automorphism group has 24 elements [13, p. 410]. So again we find 24
isomorphisms respecting the Weil-pairing.

We now complete the proof of Proposition 9.5 for the case j(E) 6= 0 by the exact same
argument as presented in the proof of Proposition 7.1. �

9.5 The case j(E) = 0

For j(E) = 0 the calculations are slightly more involved. Bringing the Hesse pencil

t
(
y2z + a3yz

2 + x3 + a4xz
2 + a6z

3
)

= xy2 + a3xyz + a4x
2z +

(
a23 + a6

)
xz2 + a24z

3

in Weierstrass form, one obtains EW of the form

η2ζ + ξηζ + ξ3 + b2ξ
2ζ + b6ζ

3 = 0

with b2, b6 explicit rational expressions in the aj . The j-invariant of EWt for t 6= 0 is

j
(
EWt

)
=

a3
8(

t4 + a23t+ a24
)3 .

If t = 0, so if Et = E0 is the Hessian curve, the transformations needed here are not valid.
Therefore we treat this case separately. The Hessian here is given by

xy2 + a3xyz + a4x
2z +

(
a23 + a6

)
xz2 + a24z

3 = 0.
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This results in the Weierstrass equation

η2ζ + a23ξηζ + ξ3 +
(
a43 + a6a

2
3

)
ξ2ζ + a43a

6
4ζ

3 = 0

with j-invariant
a83
a64

. We conclude that for every t including t = 0, the j-invariant of EWt is given

by

j
(
EWt

)
=

a3
8(

t4 + a23t+ a24
)3 .

Moreover, again we have a projective linear automorphism At : Et → EWt .

Proof of Proposition 9.5 if j(E) = 0. Again, we want to show that for every j′0, there exist
24 different isomorphisms. First, assume that j′0 6= 0. Define

G := a83 + j′0
(
t4 + a23t+ a24

)3
,

which has degree 12 and discriminant a1763 j′140 = ∆(E)44j′140 . Therefore G has 12 pairwise
distinct zeros, which are all solutions t0 such that j

(
EWt0

)
= j′0. Again, together with the 2

automorphisms σ, we find 24 isomorphisms.
Now assume that j′0 = 0. In this case, the curve in the Hesse pencil we are looking for, is E

itself: this curve has j-invariant zero. And again the automorphism group has order 24 so also
in this case, we find 24 isomorphisms again, and the proof of Proposition 9.5 in this case is
completed using the same reasoning as before (compare the proof of Proposition 7.1). �

Using Proposition 9.5 one concludes that Theorem 1.1 holds in characteristic two as well,
using the reasoning as presented in Section 8.

10 Comparison with the literature

Theorem 1.1 is part of a more general problem: Given an elliptic curve E over a field k and
an integer n, describe the universal family of elliptic curves E such that for each member Et0
the Galois representations on E[n] and Et0 [n] are isomorphic and the isomorphism is symplectic.
For various n explicit families are known in the literature.

In [12] Rubin and Silverberg construct for any elliptic curve over Q such an explicit family for
n = 3 and n = 5. Their proofs are motivated by the theory of modular curves. Our Theorem 1.1
corresponds roughly to [12, Theorem 4.1] and [12, Remark 4.2].

Using invariant theory and a generalization of the classical Hesse pencil, Fisher in [6] describes
such families for elliptic curves defined over a perfect field of characteristic not dividing 6n with
n = 2, 3, 4, 5. Theorem 1.1 is a special case of [6, Theorem 13.2]. It is unclear whether Fisher’s
proof of [6, Theorem 13.2] can be adapted to the case of characteristic two. In [7] Fisher moreover
treats the cases n = 7 and n = 11.

The Hesse pencil is used by Kuwata in [10]. For any elliptic curve E over a number field he
constructs two families of elliptic curves such that for each member the Galois representation
on its 3-torsion is equivalent to the one on E[3]. In the first family the isomorphism of the
3-torsion groups is symplectic, whereas in the second family the isomorphism is anti-symplectic.
The proofs use classical projective geometry and the classification of rational elliptic surfaces.
Theorem 1.1 is essentially [10, Theorem 4.2] (although our proof is more detailed and totally
elementary, and moreover we extend the result to characteristic two). Notice that the Weierstrass
form of the Hesse pencil in [10, Remark 4.4] is the same as the one in Proposition 5.1 with t
replaced by t−1 and the x and y coordinates scaled by some power of t.

An overview of results on the classical Hesse pencil is given by Artebani and Dolgachev in [2].
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