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γr = ~E′ − ~E

Figure 9. Fig. 38 + formula (65) in [10]: One has δv(γr, γl) = 1
2 .

〈fig:GK figure〉

2.2.7. We recall from [10] the construction of the skew symmetric bilinear form ε on H1(Γ∨Λ ,Z)
〈pph:GK〉which gives the Poisson structure on the group ring Z[H1(Γ∨Λ ,Z)]. In order to facilitate the

exposition we reproduce Fig. 38 and formula (65) of [10] in our Fig. 9. The definition, in [10,
Lemma 8.1 and Fig. 38], of the local pairing at a white node w of the graph Γ∨Λ can be phrased

as follows. Let e, e′ and e′′ in EΛ be such that w(e) = w(e′) = w(e′′) = w. Let ~E, ~E′, ~E′′ be
the edges of the graph Γ∨Λ dual to e, e′, e′′, respectively, and pointing away from the vertex w.
Write the cycle of σ0 which corresponds to w as (e1, . . . , eq) with e1 = e and let e′ = ej and
e′′ = eh. Then formula (65) in [10] can be stated as

δw
(
( ~E′ − ~E) ∧ ( ~E′′ − ~E)

)
= 1

2sign(h− j). (2.21) eq:GK65w

A similar formula holds for the local pairing at a black node b of Γ∨Λ , but since in our convention
the boundaries of the black polygons are oriented clockwise, there is an extra −-sign:

δb
(
( ~E′ − ~E) ∧ ( ~E′′ − ~E)

)
= −1

2sign(h− j). (2.22) ?eq:GK65b?

Definition 8.2 in [10] builds the skew symmetric bilinear form ε on H1(Γ∨Λ ,Z) from these local
pairings. For reasons that will become clear in (2.30) we denote this form as ε+. The defining
formula in [10] can then be stated as

ε+ =
∑

w∈P◦Λ

δw −
∑

b∈P•Λ

δb. (2.23) eq:GK8.2

By [10, Section 1.1] the Poisson bracket on Z[H1(Γ∨Λ ,Z)] is then given by

{
XL1 , XL2

}
= ε+(L1, L2)XL1+L2 , (2.24) eq:poisson bracket1

where XL denotes the element of Z[H1(Γ∨Λ ,Z)] which corresponds to the (homology class of) the
loop L on Γ∨Λ .

2.2.8. We are now going to give a simple description of the form ε+ (2.23) in terms of the
?〈pph:Poisson3〉?permutations σ0 and σ1. Fix a perfect matching m. Write σ0 and σ1 as permutation matrices;

i.e., matrices with rows and columns indexed by the elements of EΛ and in column e only
one non-zero entry, namely 1 in row σ0(e) (resp. σ1(e)). By multiplying for each e ∈ EΛ the
corresponding column by 1−m(e) we obtain two new matrices ςm,0 and ςm,1, respectively. These
are nilpotent matrices. We set

ρm,0 = (I− ςm,0)−1, ρm,1 = (I− ςm,1)−1. (2.25) eq:broken

The meaning of these matrices is as follows. Write σ0 as a product of disjoint cycles such that
the elements of m are in the first position in their cycle. Then for e 6= e′ ∈ EΛ the entry in


