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Abstract. Given a morphism of (small) groupoids with injective object map, we provide
sufficient and necessary conditions under which the induction and co-induction functors
between the categories of linear representations are naturally isomorphic. A morphism with
this property is termed a Frobenius morphism of groupoids. As a consequence, an extension
by a subgroupoid is Frobenius if and only if each fibre of the (left or right) pull-back biset
has finitely many orbits. Our results extend and clarify the classical Frobenius reciprocity
formulae in the theory of finite groups, and characterize Frobenius extension of algebras
with enough orthogonal idempotents.
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1 Introduction

In this section, we first explain the motivations behind this research and we give a general
overview of the theory developed here. Secondly, we introduce the notations and conventions
that are needed in order to give a detailed description of the main results obtained in this paper
and to make this introduction self-contained as much as possible.

1.1 Motivation and overview

Either as abstract objects or as geometrical ones, groupoids appear in different branches of math-
ematics and mathematical physics: see for instance the brief surveys [5, 21, 31]. It seems that the
most common motivation for studying groupoids has its roots in the concept of symmetry and in
the knowledge of its formalism. Apparently, groupoids do not only allow to consider symmetries
coming from transformations of the object (i.e., algebraic and/or geometric automorphisms),
but they also allow to deal with symmetries among the parts of the object.

As it was claimed in [13], to find a proper generalization of the formal definition of symmetry,
one doesn’t need to consider the class of all groupoids: for that, the equivalence relation and
action groupoids serve as an intermediate step. From an abstract point of view, equivalence
relation groupoids are too restrictive as they do not admit any non trivial isotropy group. In
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other words, there is no internal symmetry to be considered when these groupoids are employed.
Concerning action groupoids and their linear representations, where internal symmetries appear,
it is noteworthy to mention that they have been manifested implicitly in several physical situa-
tions a long time ago. In terms of homogeneous vector bundles, the study of molecular vibration
is, for instance, a situation where linear representations of action groupoids are exemplified (see
[30, Section 3.2, p. 97] for more details in the specific case of the space of motions of carbon
tetrachloride and [28] for others examples).

Let us explain with some details how this exemplification appears in a general situation.
Assume a group G is given together with a right G-set M (see [4] for the precise definition)
and consider the associated action groupoid (M x G, M) as in Example 2.2 below. Then, any
abstract homogeneous vector bundle 7: E — M over M leads to a linear representation on the
action groupoid (M x G, M) given by the functor {x — E,},c\, where the vector spaces E,’s are
the fibres of (E, 7). This bundle also leads to a morphism (7 x G, 7): (ExG,E) — (M xG, M)
of action groupoids. Additionally, there is an equivalence of symmetric monoidal categories
between the category of homogeneous vector bundles over the G-set M and the category of
linear representations of the groupoid (M x G, M)?. Furthermore, the functor of global sections
can be identified with the induction functor attached to the canonical morphism of groupoids
(M xG,M) — (G,{*}) (here the group G is considered as a groupoid with only one object {*},
see Example 3.9 below). As we will see, in the groupoid context, the induction functor is related
to the restriction functor via the (right) Frobenius reciprocity formula.

Frobenius reciprocity formula appears in the framework of finite groups under different forms
(see for instance [30, equation (3.4), p. 109] or [30, equation (3.7), p. 111] and, e.g., [20, Propo-
sition 2.3.9]%) and it has been extended to other classes as well, like locally compact groups
[24, 27] or certain algebraic groups [15]. In the finite case, this formula compares the vector
space dimensions of homomorphism spaces of linear representations over two different groups
connected by a morphism of groups. In more conceptual terms, this amounts to say that for
a given morphism of groups (not necessarily finite), the restriction functor has the induction
functor as right adjoint and the co-induction functor as a left adjoint. From a categorical point
of view, these functors are well known constructions due to Kan and termed right and left Kan
extensions, respectively [22]. In the same direction, if both groups are finite and the connecting
morphism is injective, then the induction and co-induction functors are naturally isomorphic
and the resulting morphism between the group algebras produces a Frobenius extension of uni-
tal algebras [17] (this result becomes in fact a direct consequence of our main theorem, see the
forthcoming subsection).

Apart from the interest they generate in algebra, geometry and topology, Frobenius unital
algebras are objects that deserve to be studied on their own. For instance, commutative Frobe-
nius algebras over fields, like group algebras of finite abelian groups, play a prominent role in
2-dimensional topological quantum field theory, as it was corroborated in [19].

So far, we have been dealing with situations where only finitely many objects were available.
In other words, Frobenius unital algebras and groups (or finite bundles of these ones) are objects
mainly built from categories with finitely many objects. Up to our knowledge, the general case
of infinitely many objects is still unexplored in the literature. As an illustration, the Frobenius

n the aforementioned physical situation, M is the finite set of four chlorine atoms at the vertices of a regular
tetrahedron including the carbon atom located in the centre and each fibre of E is the three-dimensional vector
space, which describes the displacement of the atom from its equilibrium position. The acting group is S, the
symmetric group of four elements. The global sections of E are functions that parametrize the displacements of
the molecule in its whole shape.

2This perhaps suggests that certain spaces of motions could be better understood by appealing to the symmetric
rigid monoidal category of linear representations of finite type over adequate groupoids.

3We refer to [30, Section 3.6, p. 128] for an application of this formula to Raman spectrum in quantum
mechanics.
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formulae for locally compact topological groupoids are far from being understood, since these
formulae are not even explicitly computed for the case of abstract groupoids.

Our motivation is to introduce the main ideas that underpin techniques from the theory of lin-
ear representation of groupoids in relation with their non-unital algebras, which however admits
enough orthogonal idempotents (see the subsequent subsection for the definition). Thus, this pa-
per intends to set up, in a very elementary way, the basic tools to establish Frobenius formulae in
the context of abstract groupoids and to employ these formulae to characterize Frobenius exten-
sions of groupoids on the one hand and Frobenius extensions of their associated path algebras on
the other, hoping in this way to fill in the lack that is present in the literature about this subject.

1.2 General notions and notations

We fix some conventions that will be held all along this paper. If C is a small category (the class
of objects is actually a set) and D is any other category, then the symbol [C, D] stands for the
category whose objects are functors and whose morphisms are natural transformations between
these. Since C is a small category, the resulting category is in fact a Hom-set category, which
means that the class of morphisms (or arrows) between any pair of objects forms a set and this
set will be denoted by Nat(F,G) for any pair of functors F', G. We shall represent a functor
F: C — D between small Hom-set categories as a pair of maps F = (F}, F,,), where F,: C; — D,
and Fy: Cy — D, are the associated maps on the sets of arrows and objects, respectively. Given
two objects d,d € D, we denote as usual by D(d,d’) the set of all arrows from d to d’. Assume
now that we have a functor F': C — D. Then by D(d, F\(f)) we denote the map which sends
any arrow p € D(d, Fy(s(f))) to the composition Fy(f)p € D(d, Fo(t(f))) (here s(h) and t(h)
stand for the source and the target of a given arrow h). In this way, for each object d € D we
have a functor D(d, F(—)) from C to the category of sets. Similarly, for each object d’ € D, we
have the functor D(F(—),d’), as well as the functor D(F(—), F(—)) from the category C°® x C
to the category of sets (C°P is the opposite category of C obtained by reversing the arrows of C).

Let k be a fixed base field and 1, its identity element. Vector spaces over k and their
morphisms (i.e., k-linear maps) form a category, denoted by Vect,. Finite dimensional ones form
a full subcategory of this, denoted by vect,. The symbol ®, denotes the tensor product between
k-vector spaces and their k-linear maps. For any set S, we denote by kS := Spank{x |z e S }
the k-vector space whose basis is the set S. Any element x € S is identified with its image
1,z € kS. By convention kS is the zero vector space whenever S is an empty set. When it is
needed, we will also consider kS as a set.

In this paper we shall consider rings without identity element (i.e., unity). Nevertheless, we
will consider a class of rings (or k-algebras) which have enough orthogonal idempotents in the
sense of [11, 12], and that are mainly constructed from small categories. Specifically, given any
small Hom-set category D, we can consider the path algebra or Gabriel’s ring of D: Its underlying
k-vector space is the direct sum R = @M, Dq kD(z,z") of k-vector spaces. The multiplication
of this ring is given by the composition of D. Thus, for any two homogeneous generic elements
r,r’ € D,, the multiplication (1,7).(1,r’) is defined by the rule: (1,r).(1,7") = 1.(rr’), the image of
the composition of r and " when s(r) = (1), otherwise we set (1,7).(1,r") = 0 (see [12, p. 346]).
For any = € D, we denote by 1, the image of the identity arrow of x in the k-vector space R.

In general, the ring R has no unit, unless the set of objects D, is finite. Instead of that, it
has a set of local units*. Namely, the local units are given by the set of idempotent elements:

{1,, 4+ 4+1,, € R|z; €Dy, i=1,...,n, and n € N\ {0}}.

4Recall that a k-vector space R endowed with an associative k-bilinear multiplication is said to be a ring with
local units over k if it has a set of idempotent elements, say £ C R, such that for any finite subset of elements
{r1,...,m7n} C R, there is an element e € E such that r;e = er; = r;, for any ¢ = 1,...,n. This means that
any two elements r,7’ € R are contained in an unital subring of the form R. = eRe, for some e € E, and R is
a directed limit of the R.’s, see [1, 2, 3] and [7].
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For example, if we assume that D is a discrete category, that is, the only arrows are the identities
(or equivalently D, = D, = X) then R = k) is the ring defined as the direct sum of X-copies
of the base field.

A unital right R-module is a right R-module M such that M R = M, left unital modules are
similarly defined (see [12, p. 347]). For instance, the previous ring R attached to the category D
decomposes as a direct sum of left and also of right unital R-modules:

R= P R1, = P LR

x€Dg €Dy

Following [11], a ring which satisfies these two equalities is referred to as a ring with enough
orthogonal idempotents, whose complete set of idempotents is the set {1, }zep,. A morphism in
this category of rings is obviously defined.

The k-vector space of all homomorphisms between two left R-modules M and M’ will be
denoted by Hompg. (M, M'). If T is another ring with enough orthogonal idempotents and if M
is an (R, T)-bimodule (R acts on the left and T on the right), then Hompg_ (M, M) is considered
as left T-module by using the standard action (a.f): M — M’ sending m to f(ma) for every
a €T and f € Hompg (M, M').

1.3 Description of the main results

A groupoid is a small Hom-set category where each morphism is an isomorphism. More precisely,
this is a pair of sets G := (G,,G,) with diagram of sets

6 ==,

where as above s and t are the source and the target of a given arrow respectively, and ¢ assigns
to each object its identity arrow. In addition, there is an associative and unital multiplication
G, = G, x,.G, — G, acting by (f,g9) — fg, as well as a map G, — G, which associates to
each arrow its inverse. Notice that ¢ is an injective map, and so G, is identified with a subset
of G,. Then a groupoid is a category with additional structure, namely the map which sends any
arrow to its inverse. We implicitly identify a groupoid with its underlying category. A morphism
between two groupoids is just a functor between the underlying categories.

Given a groupoid G, we denote by Rep,(G) its category of k-linear representations, that is,
Rep,(G) = [G, Vect,], the category of functors from G to Vect,. Let ¢: H — G be a morphism
of groupoids and denote by ¢.: Rep,(G) — Rep,(H) the associated restriction functor. The
induction and the co-induction functors are denoted by ¢* and *¢, respectively (see Lemmas 3.8
and 3.12 for the precise definitions of these functors). These are the right and the left adjoint
functor of ¢,. We say that ¢ is a Frobenius morphism (see Definition 5.1 below) provided that ¢*
and *¢ are naturally isomorphic.

Let ¢: H — G be a morphism as above and denote by A and B the rings with enough
orthogonal idempotents attached to H and G, respectively. Then there is a k-linear map given by

¢: A— B, (ZAh — Z/\icbl(hi)) (1.1)

As it is shown in Example 5.2 below, this map is not in general multiplicative. However, under
the assumption that ¢0,: H, — G, is an injective map, ¢: A — B becomes a homomorphism (or
extension) of rings with enough orthogonal idempotents and the complete set of idempotents
{16y fuen, is injected into the set {1,},cg,. In this way, B becomes an A-bimodule via the
restriction of scalars, although not necessarily a unital one.
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The notion of right (left) groupoid-set and that of groupoid-biset are explicitly recalled in
Definitions 2.7 and 2.12, respectively. For any morphism ¢ of groupoids as above, we denote
U*(G) = Gy %o, Ho and similarly *% (G) := Hoo, x:G:. These are the right and the left pull-back
bisets associated to ¢. More precisely, Z°(G) is the right pull-back (G, H)-biset with structure
maps ¢: Z%(G) = Gy, (a,u) — t(a) and pry: Z°(G) — Ho, (a,u) — u. Its right H-action is given
by (a,u)h = (ad,(h),s(h)), whenever u = t(h), and its left G-action is given by g(a,u) = (ga, u),
whenever s(g) = t(a). Similarly, we find that the left pull-back *% (G) is an (H,G)-biset with
structure maps 9: *Z(G) — Gy, (u,a) — s(a), pry: *%(G) — Ho, (u,a) — u. The left H-
action is given by h(u,a) = (t(h), d,(h)a), where s(h) = u, while the right G-action is given by
(u,a)g = (u,ag), where s(a) = t(g) (see Examples 2.9 and 2.13 below).

Now that we have all the ingredients at our disposal, we proceed to articulate our main result
in the subsequent theorem, which is stated below as Theorem 5.3.

Theorem 1.1. Let ¢0: H — G be a morphism of groupoids and consider as above the associated
rings A and B, respectively. Assume that 0, is an injective map. Then the following are
equivalent.

(1) ¢ is a Frobenius morphism;

(13) There exists a natural transformation E, ,): G(0o(u), 9o (v)) — kH(
for every x € G,, there exists a finite set {((ul, bi), cz)}, 1,..N €S -1
such that, for every pair of elements (b,b') € G(x, do(u)) X G(do(u),

u,v) in H® x H, and
() x}) X kG (x, 0o(u;))

we have

Z E(bb)e; = b € kG(z,00(u))  and bV = Z biE(cib') € kG (0o (u), ).

(1i1) For every x € Gy, the left unital A-module AB1, is finitely generated and projective and
there is a natural isomorphism Bl, = BHom,_ (AB, Al,), of left unital B-modules, for
every u € H,.

In what follows a groupoid is said to be finite if it has finitely many connected components
and each of its isotropy group is finite. On the other hand, it is noteworthy to mention that if
the arrow map ¢,: H, — G, of a given morphism of groupoids ¢: H — G is injective, then ¢
is obviously a faithful functor and the object map ¢,: H, — G, is also injective. The following
result, which characterizes the case of an extension by subgroupoids, is a corollary of Theorem 1.1
and stated below as Corollary 5.6.

Corollary 1.2. Let ¢: H — G be a morphism of groupoids such that ¢ is a faithful functor and
0o: Ho — Gy is an injective map. Then the following are equivalent:
(a) ¢ is a Frobenius extension;
(b) For any x € Gy, the left H-set 91 ({x}) has finitely many orbits;
(c) For any x € Gy, the right H-set <~ ({z}) has finitely many orbits.
In particular, any inclusion of finite groupoids is a Frobenius extension.
If we consider, in both Theorem 1.1 and Corollary 1.2, groupoids with only one object, then

we recover the classical result on Frobenius extensions of group algebras, see Corollary 5.7 below
for more details.
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2 Abstract groupoids: General definition, basic properties
and examples

This section contains all the material: definitions, properties and examples of abstract groupoids
that will be used in the course of the following sections. This material was recollected form
[8, 9, 10] and from the references quoted therein. All groupoids discussed below are abstract
and small ones, in the sense that the class of arrows is actually a set, and they do not admit
any topological or combinatorial structures.

2.1 Notations, basic notions and examples

Let G be a groupoid and consider an object x € G,. The isotropy group of G at x, is the group:
G* :=G(z,2) = {g € G, |s(g) = t(g) = z}. (2.1)

Clearly, for any two objects xz,y € Gy, we have that each of the sets G(x,y) is, by the
groupoid multiplication, a right G*-set and left G¥-set. Notice here that the multiplication of
the groupoid is by convention defined as the map G,,x,G, — G, sending (f, g) to fog:= fg, so
that GY x G(z,y) and G(z,y) x G* are both subsets of G,,x,G,. In fact, each of the G(z,y)’s is
a (G, G")-biset, see [4] for pertinent definitions.

The (left) star of an object z € G, is defined by Star'(z) :=t~!({z}) = {g € G, | t(g9) = =}.
The right star is defined using the source map, and both left and right stars are in bijection.
Now, given an arrow g € G,, we define the conjugation operation (or the adjoint operator) as
the morphism of groups:

ad,: G — G, (f — gfgil). (2.2)

Let ¢: H — G be a morphism of groupoids. Obviously ¢ induces homomorphisms of groups
between the isotropy groups: ¢¥: HY — G%® for every y € H,. The family of homomorphisms
{0"}yen, is referred to as the isotropy maps of ¢. For a fixed object z € Gy, its fibre ¢; ' ({z}),
if not empty, leads to the following “star” of homomorphisms of groups:

@\@?/@
@7@(@

@ @ @

where y runs in the fibre ¢;1({z}).

Example 2.1 (trivial groupoid). Let X be any set. Then the pair (X, X) can be considered as
a groupoid with a trivial structure. Thus, the only arrows are the identities. This groupoid is
known as a trivial groupoid.

Example 2.2 (action groupoid). Any group G can be considered as a groupoid by taking G; = G
and G, = {*} (a set with one element). Now, if X is a right G-set with action p: X x G — X,
then one can define the so called the action groupoid: G, = X x G and G, = X, the source and
the target are s = p and ¢t = pr,, the identity map sends x — (z,€) = t,, where e is the identity
element of G. The multiplication is given by (z,g)(z',¢") = (z, 94’), whenever xg = 2/, and the
inverse is defined by (z,9)”! = (xg,g_l). Clearly the pair of maps (pr,,*): G := (G1,G,) —
(G, {*}) defines a morphism of groupoids. For a given = € X, the isotropy group G* is clearly
identified with the stabilizer Stabs(x) = {g € G | gx = x} subgroup of G.
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Given o: X — Y a morphism of right G-sets, then the pair of maps (X xG,X) — (Y xG,Y)
sending ((z,g),2") — ((c(x),g),0(z’)) defines a morphism of action groupoids.

Example 2.3 (equivalence relation groupoid). We expound here several examples which, in
fact, belong to the same class, that of equivalence relation groupoids.

(1) One can associate to a given set X the so called the groupoid of pairs (called fine groupoid
in [5] and simplicial groupoid in [14]), its set of arrows is defined by G; = X x X and the set
of objects by G, = X; the source and the target are s = pr, and ¢ = pr,, the second and the
first projections, and the map of identity arrows ¢ is the diagonal map. The multiplication
and the inverse maps are given by

(x,2") (2, 2") = (z,2"), and (z,2")7! = (2, ).

Let f: X — Y be any map and consider the trivial groupoid (X, X) as in Example 2.1
together with the groupoid of pairs (Y x Y,Y). Then, the pair of maps (F}, Fy): (X, X) —
(Y xY)Y), where Fi: X - Y xY, z— (f(x), f(x)) and F;, = f, establishes a morphism of
groupoids.

(2) Let v: X — Y be a map. Consider the fibre product X,x ,X as a set of arrows of the
groupoid X, x , X =—2=—=

I}
arrows is ¢ the diagonal map. The multiplication and the inverse are the obvious ones.

X, where as before s = pr, and ¢t = pr,, and the map of identities

(3) Assume that R C X x X is an equivalence relation on the set X. One can construct
a groupoid R =p2== X, with structure maps as before. This is an important class of
groupoids known as the groupoid of equivalence relation (or equivalence relation groupoid).
Obviously (R, X) < (X x X, X) is a morphism of groupoid, see for instance [6, Example 1.4,

p. 301].

Notice that in all these examples each of the isotropy groups is the trivial group.

Example 2.4 (induced groupoid). Let G = (G,,G,) be a groupoid and ¢: X — G, a map.
Consider the following pair of sets:

G =X %G x X = {(x,g,x’) € X x G, x X|¢(x) =t(g),s(z') = s(g)}, G°, = X.

Then G° = (G*,,G*) is a groupoid, with structure maps: s = pr,, t = pr,, ¢, = (¢(), toy, s()),
x € X. The multiplication is defined by (z, g,y)(z", ¢',v') = (x,99',y’), whenever y = 2/, and the
inverse is given by (z,g,y)"! = (y,g*1,$). The groupoid G° is known as the induced groupoid
of G by the map <, (or the pull-back groupoid of G along s, see [14] for dual notion). Clearly,
there is a canonical morphism ¢° := (pr,,s): G° — G of groupoids. A particular instance of an
induced groupoid, is the one when G = (G is a groupoid with one object. Thus, for any group G,
one can consider the Cartesian product X x G x X as a set of arrows of a groupoid with set of
objects X.

Example 2.5 (frame groupoid). Let 7: J — X be a surjective map, and write ) = ¢, _, V.,
where Y, := 7~ 1({x}) (the fibres of 7 at z). For any pair of elements z,2’ € X, we set

G(x,a') = {f Y, = V.| f is a bijective map},

then the pair (G, G,) := (Lﬂm,ex Gz, '), X) admits a structure of groupoid (possibly a trivial
one), referred to as the frame groupoid of (Y, ) and denoted by Iso(Y, ), see also [29].

In a more general setting, one can similarly define the frame groupoid of a given family
{V.}zex of objects in a certain category, indexed by a set X. For instance, we could take each
of the ),’s as an abelian group (resp. k-vector space), in this case, the set of arrows G(z,z’)
should be the set of all abelian group isomorphisms (resp. k-linear isomorphisms).
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Example 2.6 (isotropy groupoid). Let G be a groupoid, then the disjoint union [, _ o, 9" of all
its isotropy groups form the set of arrows of a subgroupoid of G whose source is equal to its
target, namely the projection ¢: 4 GGOQZ — G,. We denote this groupoid by G and refer to
it as the isotropy groupoid of G. For instance, the isotropy groupoid of any equivalence relation
groupoid is a trivial one as in Example 2.1.

2.2 Groupoids actions and equivariant maps

The subsequent definition is, in fact, an abstract formulation of that given in [23, Definition 1.6.1]
for Lie groupoids, and essentially the same definition based on the Sets-bundles notion given in
[29, Definition 1.11].

Definition 2.7. Given a groupoid G and a map ¢: X — G,. We say that (X,<) is a right G-set
(with a structure map <), if there is a map (the action) p: X, x,G, — X sending (z,g) — g,
satisfying the following conditions:

1) s(g) =¢(xg), for any = € X and g € G, with ¢(x) = t(g),
2) TUg(y) = T, for every x € X,
3) (zg)h = x(gh), for every x € X, g, h € G, with ¢(z) = t(g) and t(h) = s(g).

A left action is analogously defined by interchanging the source with the target. In general,
a set with a (right or left) groupoid action is called a groupoid-set.

Remark 2.8. If we think of group as a groupoid with a single object, then Definition 2.7 leads
to the definition of the usual action of a group on a set (see [4]). From a categorical point of
view, this action is nothing but a functor from the underlying category of such a groupoid to the
core category of sets®. Writing down this formulation for groupoids with several objects, will
leads to the Definition 2.7. Specifically, following [10, Remark 2.6], for any groupoid G, there
is a (symmetric monoidal) equivalence between the category of right G-sets and the category of
functors from G°P to the core category of sets. An analogue equivalence of categories holds true
for left G-sets. Following the same reasons that were explained in [10, Remark 2.6, Section 5.3],
in this paper we will work with Definition 2.7 instead of the aforementioned functorial approach.

Obviously, any groupoid G acts over itself on both sides by using the regular action, i.e., the
multiplication G,,x,G;, — G,. That is, (G, s) is a right G-set and (G,,t) is a left G-set with
this action. On the other hand, the pair (G,,id) admits a structure of right G-set, as well as
a structure of a left G-set. For instance, the right action is given by the map Gy X.G: — G,
sending (z,g) — x.g = s(g).

A morphism of right G-sets (or G-equivariant map) F: (X,s) — (X',¢')isamap F: X — X’
such that the diagrams

/X ngtgl X
GO F indl lF (23)
N e X' %G X/

commute. The category so is constructed is termed the category of right G-sets and denoted by
G-Sets. It is noteworthy to mention that this category admits a structure of symmetric monoidal
category, which is isomorphic to the category of left G-sets. Indeed, to any right G-set (X,¢)
one associated its opposite left G-set (X,)° whose underlying set is X and structure maps is g,

5The core category of a given category is the subcategory whose arrows are all the isomorphisms.
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while the left action is given by gz = z(g™ '), for every pair (g,z) € G,,x. X, see [9] for more
properties of these categories.

Given two right G-sets (X,¢) and (X’,¢'), we denote by Homg. g, (X, X’) the set of all G-
equivariant maps from (X,¢) to (X’,¢’). A subset Y C X of a right G-set (X,¢), is said to be
G-invariant whenever the inclusion Y — X is a G-equivariant map. For instance, any left star
Star'(z) of any object x € G,, is a G-invariant subset of the right G-set (G, s).

A trivial example of right groupoid-set is a right group-set. Specifically, if we consider a group
as a groupoid with only one object, then its category of group-sets coincides with its category
of groupoid-sets. The following example, which will be used in the sequel, describes non trivial
examples of groupoids-sets.

Example 2.9. Let ¢: H— G be a morphism of groupoids. Consider the triple (Hoy, %G1, pry,9),
where 9: Hoy, G — G, sends (u, a) — s(a), and pr, is the first projection. Then the following
maps

(7‘[0¢0 th1)79 X,Gy —— Hoo, %G1, HieXpr, (Ho% thl) —— Haog, x,G1,
((U, a)ag) e (U, ag)v (h7 (u,a)) e (t(h)vq)l(h’)a)

define, respectively, a structure of right G-sets and that of left H-set. Analogously, the maps

(g1sX¢OH0)pr2 X Hy —— glsx¢0H07 glsxg(glsx%Hl) — glsX¢OHO7

((a7u)7h) '—>(a¢1(h)73(h))7 (g, (a7 u)) }—>(ga7 u)v

where ¢: G, ¥y, Ho — Gy sends (a,u) — t(a), define, respectively, a right H-set and left G-set
structures on G, x4, Ho. This in particular can be applied to the morphisms described in Exam-
ples 2.2 and 2.3(1). More precisely, keeping the notation of these two examples, then in the first
one, we have that X, x,,, (Y x G) = {(z,(0(z),9)) |z € X,g € G} is a right groupoid-set with
structure map (z, (o(x),g)) — o(xg) and action (z, (¢(z),9))(y,q’) = (z, (c(x), gg")), whenever
o(xzg) = y. Moreover, this set is also a left groupoid-set with structure map (z, (o(x),g)) — x
and action (2, ¢')(z, (o(z),9)) = (2, (c(2'),d'g)), whenever o(z'¢g') = o(x). Concerning the
second example, we have that the set (Y x Y),., x,;X = {(y, f(z)),z)|z € X,y € Y} is a left
groupoid-set with structure map sending ((y, f(x)),z) — y and action (v/,y)((y, f(z)),z) =
((¢/, f(x)), ), while its right groupoid-set structure is the trivial one.

2.3 Translation groupoids and the orbits sets

Let G be a groupoid and (X, ¢) a right G-set. Consider the pair of sets (X< %G1, X) as a groupoid
with structure maps s = p, t = pr,, ¢, = (z, /,g(x)). The multiplication and the inverse maps are
defined by (z,9)(2',¢') = (%, 9¢') and (z,9)"' = (zg,g™"'). This groupoid is denoted by X x G
and it is known in the literature as the right translation groupoid of X by G (or semi-direct product
groupoid, see for instance [26, p. 163] and [9]). Furthermore, there is a canonical morphism of
groupoids 6: X x G — G, given by the pair of maps 6 = (pr,,s). Clearly any G-equivariant map
F: (X,s) = (X',¢), induces a morphism F: X x G — X’ x G of groupoids, whose arrows map
is given by X _x,G, = X'ox,G,, (z,9) — (F(z),g), and its objects map is F: X — X'.

Example 2.10. Any groupoid G can be seen as a (right) translation groupoid of G, along G
itself. Thus, the right translation groupoid of the right G-set (G, id) coincides (up to a canonical
iso) with G itself. Now, let G be a group and X a right G-set. Then the attached action groupoid,
as described in Example 2.2, is precisely the right translation groupoid of X along G, where G
is considered as a groupoid with one object.
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Next we recall the notion of the orbit set attached to a right groupoid-set. This notion is
a generalization of the orbit set in the context of group-sets. Here we use the (right) translation
groupoid to introduce this set. First we recall the notion of the orbit set of a given groupoid.
The orbit set of a groupoid G is the quotient set of GG, by the following equivalence relation: Two
objects z, 2’ € G, are said to be equivalent if and only if there is an arrow connecting them,
that is, there is g € G, such that t(g) = x and s(g) = «’. Viewing x,2’ € G, as elements in the
right (or left) G-set (Go,id), then this means that x and 2’ are equivalent if and only if, there
exists g € G, such that x.g = /. The quotient set of G, by this equivalence relation, is nothing
but the set of all connected components of G, which we denote by m,(G) := G,/G.

Given a right G-set (X, <), the orbit set X/G of (X, <) is the orbit set of the (right) translation
groupoid X x G, that is, X/G = my(X x G). If § = (X x G, X) is an action groupoid as in
Example 2.2, then obviously the orbit set of this groupoid coincides with the classical set of
orbits X/G, see also Example 2.10. Of course, the orbit set of an equivalence relation groupoid
(R, X), see Example 2.3, is precisely the quotient set X/R modulo the equivalence relation R.

Remark 2.11. In this remark we exhibit the connection between a given groupoid and its
attached equivalence relation groupoid. So, let G be a groupoid and consider the pair of maps
((t,),id): (Gi,Go) = (Go X Go,Go), where the first component sends g — (¢(g), s(g)). The pair
((t, s), id) establishes a morphism of groupoids from G to the groupoid of pairs (G, x Gy, Go).
Now, denotes by R the equivalence relation defined as above by the action of G on G,, that is,
for a given pair of objects x,z' € G,, we have that x ~ 2/, if and only if, there is an arrow
g € G, such that s(g) = x and t(g) = 2’. In this way, we obtain another groupoid, namely, the
equivalence relation groupoid (R, G,) as in Example 2.3(3).
These three groupoids are connected by the following commutative diagram of groupoids:

SN

Go % Go (2.4)

>

More precisely, we already know from Example 2.3(3) that there is a morphism of groupoids
(R, Go) — (Go %X Go, Go), and since the image of (¢, s) lands in R, we obtain the vertical morphism
of groupoids, whose arrow map is by definition surjective. If in diagram (2.4) the lower left hand
map is an identity, i.e., if R = G, X G,, then G posses only one connected component. Thus 7,(G)
is a set with one element, and this happens if and only if G is a transitive groupoid.

Summing up, the vertical map in diagram (2.4) is injective, if and only if, G = (R,G,) an
isomorphism of groupoids, if and only if, G has no parallel arrows, that is, none of the forms

R<—/

T °

- D

As a conclusion, a groupoid is an equivalence relation one, if and only if, its has no parallel
aArTows.

2.4 Bisets, two sided translation groupoid and the tensor product

Let G and H be two groupoids and (X,9,¢) a triple consisting of a set X and two maps
¢: X — Gy, 9: X — H,y. The following definitions are abstract formulations of those given
in [16, 26] for topological and Lie groupoids, see also [8, 10].
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Definition 2.12. The triple (X, 9,¢) is said to be an (#,G)-biset (or groupoid-bisets) if there
is a left H-action \: H;,x,X — X and right G-action p: X_x,G; — X such that

1. For any z € X, h € H,, g € G, with Jd(x) = s(h) and ¢(x) = t(g), we have
I(xg) = J(x) and s(hz) = ¢(x).

2. Forany z € X, h € H, and g € G, with ¢(x) = t(g), ¥(z) = s(h), we have h(zg) = (hz)g.

In analogy with that was mentioned in Remark 2.8, groupoids-bisets can be also realized
as functors from the Cartesian product of groupoids to the core category of sets. Thus, the
category of groupoid-bisets is isomorphic (as a symmetric monoidal category) to the category
of (right) groupoid-sets over the Cartesian product groupoid, see [10, Proposition 3.12].

The two sided translation groupoid associated to a given (H,G)-biset (X, ¢, 1) is defined to
be the groupoid H x X x G whose set of objects is X and set of arrows is

Hioxo X %G1 = {(h,2,9) € Hi x X x G, |s(h) =9(x),s(9) = s(x)}.
The structure maps are

s(h,z,g) =z, t(h,z,g) = hxg™? and Lo = (Lo Ty b)) -
The multiplication and the inverse are given by:

(hox,9)(W,2',¢") = (hW,2',9d'),  (h,z,9)"' = (W ' hag™,g7").

The orbit space of X, is the quotient set X/(H,G) defined using the equivalence relation
x ~ 2/, if and only if, there exist h € H, and g € G, with s(h) = d(x) and t(g) = ¢(z’), such
that hx = 2’g. Thus it is the set of connected components of the associated two translation
groupoid.

Example 2.13. Let ¢: H — G be a morphism of groupoids. Consider, as in Example 2.9, the
associated triples (%O%thl,ﬁ,prl,) and (glsX%Ho,PT?,Q- These are (H,G)-biset and (G, H)-
biset,, respectively.

Next we recall the definition of the tensor product of two groupoid-bisets, see for instance [8, 10]
or [9]. Fix three groupoids G, H and K. Given (Y, 5, 9) and (X, 9,<), a (G, H)-biset and (H, K)-
biset, respectively. Consider the map ® : Y, x4 X — H, sending (y,z) — o(y) = ¥(x). Then the
pair (YgxﬁX , 0)) admits a structure of right H-set with action

(Y, xoX)oxHi — (Y xoX),  (((y,2),h) — (yh,h™'z)).

Following the notation and the terminology of [8, Remark 2.12], we denote by (YQXﬁX ) JH =
Y ®, X the orbit set of the right H-set (YQ><19X7 0)). We refer to Y ®, X as the tensor
product over H of Y and X. It turns out that ¥ ®,, X admits a structure of (G, K)-biset whose
structure maps are given as follows. First, denote by y ®4 x the equivalence class of an element
(y,x) € Y ,x3X. That is, we have yh ®, x = y ®,, ha for every h € H, with o(y) = t(h) = V(z).
Second, one can easily check that, the maps

2 Y@, X =Gy, (y@uar—x(y); < Y0uX 2K, (y@ua— c(a))
are well defined, in such a way that the following ones

(Y @y X)2x, Ky — Y @4 X, ((y ®n 2, k) — y @y xk),
glsX;(Y On X) — (Y O X)7 ((g7y®H 33) — gY Qn x)

define a structure of (G, K)-biset on Y ®, X, as claimed.



12 J.J. Barbaran Sanchez and L. El Kaoutit

2.5 Normal subgroupoids and quotients

Given a morphism of groupoids ¢: H — G, we define the kernel of ¢ and denote by Ker(¢) (or
by ¢*: Ker(¢) < H), the groupoid whose underlying category is a subcategory of H given by
following pair of sets:

Ker(¢), = Ho, Ker(9), = {h € Hi|9:(h) = togstny = togeiny }-

In other words, Ker(0) is the subcategory of H whose arrows are mapped to identities by ¢.
In particular, the isotropy groups of Ker(¢) coincide with the kernels of the isotropy maps. Thus,
we have that

Ker ()" = Ker(¢": H" — G*™), for any object u € H,.
Furthermore, for any arrow h € H,, we have that
ad, (Ker(q))s(h)) = Ker(¢)"™,

where ad, is the adjoint operator of h defined in (2.2). These properties motivate the following
definition.

Definition 2.14. Let H be a groupoid. A normal subgroupoid of H is a subcategory N — H
such that

(i) Afo = Ho;
(ii) For every h € H,, we have ad, (./\/'S(h)) = N'*™ as subgroups of H!™.

Notice that given a normal subgroupoid N of H, then each of the isotropy groups N,
u € Ny, is a normal subgroup of H*. In particular the isotropy groupoid N'® of N, as defined
in Example 2.6, is a normal subgroupoid of the isotropy groupoid H® of H.

Example 2.15. As we have seen above the kernel of any morphism of groupoids is a normal
subgroupoid. The converse also holds true (see Proposition 2.16 below). On the other hand,
if H <G is a normal subgroup, then (X x H x X, X) is clearly a normal subgroupoid of the
induced groupoid (X x G x X, X), see Example 2.4. Now taking R any equivalence relation
on a set X, and consider the associated groupoid as in Example 2.3. Then (R, X) is a normal
subgroupoid of the groupoid of pairs (X x X, X).

Next we recall the construction of the quotient groupoid from a given normal subgroupoid.
Let A be a normal subgroupoid of H. Clearly (H,,s) and (H,,t) are, respectively, right N-set
and left A/-set with actions given by the multiplication of H:

Hi X N, — Hi, ((h,e) — he) N X Hy — Ha, ((e,h) — eh).

Therefore (H,, s,t) is a N-biset in the sense of Section 2.4. We denote its orbit set by H,/N.
That is, the quotient set of H,; modulo the equivalence relation h ~ h' < 3 (e, h,e’) € N, x,H,
X N such that eh = h'e’. On the other hand, we can consider the quotient set of H, modulo
the relation: u ~ v < Je € N, such that s(e) = u and t(e) = u/. Denotes by H,/N the
associated quotient set and by H/N := (H,/N,H,/N) the pair of sets, which going to be the
quotient groupoid.

Proposition 2.16. Let N be a normal subgroupoid of H. Then the pair of orbit sets H/N
admits a structure of groupoid such that there is a “sequence” of groupoids:

NC—=H —H/N.
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Furthermore, any morphism of groupoids ¢: H — G with N' C Ker(0), factors uniquely as

H—2 g
A

NP

HIN.

Proof. The source, the target and the identity maps of H /N, are defined using those of H, that
is, for a given arrow h € H, /N, we set s(h) = s(h), t(h) = t(h) and i = T,, for any @ € H,/N.
These are well defined maps, since they are independent form the chosen representative of the
equivalence class. The multiplication is defined by

(KN Yoz (HIN) —s (H/N), (B ) s B0

this is a well defined associative multiplication thanks to condition (ii) of Definition 2.14. Lastly,
the inverse of an arrow h € H/N is given by the class of the inverse h=L. The canonical map
(h,u) — (h,u) defines morphism of groupoids H — H /N whose kernel is N" < H. The proof
of the rest of the statements is immediate. |

The fact that normal subgroups can be characterize as the invariant subgroups under the
conjugation action, can be immediately extended to the groupoids context, as the following
Lemma shows. But first let us observe that the conjugation operation of equation (2.2), induces
a left H-action on the set of objects of the isotropy groupoid H, with the structure map
¢: HYy = Uyepo,H" — H, (source or the target of the isotropy groupoid H”). That is,

Hyx HD ) — HD ((h,1) — kL) (2.5)
defines a left H-action on H®,.

Lemma 2.17. Let H be a groupoid and N — H a subcategory with Ny = H,. Then N is
a normal subgroupoids if and only if NV, is an H-invariant subset of H", with respect to the
action of equation (2.5).

Proof. Straightforward. |

3 Linear representations of groupoid. Revisited

We provide in this section the construction and the basic properties of the induction, restriction
and co-induction functors attached to a morphism of groupoids, and connect the categories of
linear representations. These properties are essential to follow the arguments presented in the
forthcoming sections. The material presented here is probably well known to specialists, with
the exception perhaps the result dealing with the characterization of linear representations of
quotient groupoid that has its own interest. Nevertheless, we have preferred to give a self-
contained and elementary exposition, which we think is accessible to wide range of the audience.

3.1 Linear representations: basic properties

Given a groupoid G, we denote, as in Section 1.3, by Rep,(G) the category of all k-linear G-
representations. The k-vector space of morphisms between two G-representations V and V', will
be denoted by Homg (V, V).

To any representation V one associated the functor V: G — Sets by forgetting the k-vector
space structure of the representation. The same notation f will be used for any morphism f €
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Homyg (V,V'). The resulting functor (—): Rep,(G) = [G, Vect,| — [G, Sets] is called the forgetful
functor. The image of an object x € G, by the representation V, is denoted by V, = V(). Given
an arrow g € G,, we denote by V?: V,,, — V,(, the image of g by V.

Remark 3.1. As in the case of groups, a linear representation can be defined via a morphism
of groupoids, see also [29, Definition 1.11]. Namely, fix a groupoid G and recall (see for instance
(30, p. 98]) that a “vector bundle” or a Vect,-bundle over Gy, is a disjoint union F' = 4, ¢, E, of
k-vector spaces with the canonical projection 7: £ — G,5. We denote a vector bundle over G,
simply by (E, ) and call the vector space E, the fibre of E at x. In this way, the frame groupoid
Iso(E,m) of (E,m), defined in Example 2.5, has G, as a set of objects, and the set of arrows
from x to 2’ is determined by Iso(E, 7)(x, 2") := Iso,(E,, E,/) the set of all k-linear isomorphisms
from E, to E,. In the same direction, any morphism of groupoids u: G — Iso(F,m) whose
objects map is the identity p, = idg,, gives rise to a linear representation of G. Namely, the
corresponding representation is given by the functor £: G — Vect, acting on objects by z +— F,
(the fibre of E at z) and on arrows by g — [£9 = W,(g9): E.) — By

Conversely, assume we are given a G-representation V. Then the pair (V,m,) which consists
of the disjoint union V = Lﬂmego V, and the projection m,: V — G,, clearly defines a vector
bundle over G,. Moreover, we have a morphism of groupoids, defined by

0y i =Vv: G —Iso(V,my), Vo(z) = z, and vi(g) = V7, (3.1)

for every x € G, and g € G;.
On the other hand it is clear that for any G-representation V), the pair (V, m,) with the map

G X,V — V), ((g,v) — gv =V (v)) (3.2)

lead to a left G-set structure on the bundle V, in the sense of the left version of Definition 2.7.
This in fact establishes a faithful functor from the category of G-representations to the category
of left G-sets, which is in turn the composition of the forgetful functor (—) and the functor
discussed in the Remark 2.8, that goes from the category of functors [G, Sets] to the category of
left G-sets.

It is well known, see for instance [25], that the category Rep,(G) is an abelian symmetric
monoidal category with a set of small generators. The monoidal structure is extracted from
that of Vect,, that is, for any two representations & and V), their tensor product is the functor
URV:G — Vect, defined by (U R V), =U, @, V, and (U @ V)? = U ®, V’, for every x € G,
and g € G,.

The category Rep,(G), is in particular locally small, in the sense that the class of subobjects
of any object is actually a set. The zero representation well be denoted by 0 and the identity
representation (with respect to the tensor product), or the trivial representation, by 1. Moreover,
to any representation one can associate its dual representation. Indeed, take a representation V,
for any object = € G, set (V*), := (V,)* = Hom, (V,,k) the linear dual of the k-vector space V,,
and set (V*)9 := (V"il)* for a given arrow g € G,. In this way, we obtain a representation V*
with a canonical morphism of representations V* ® V — 1 fibrewise given by the evaluation
maps V' ®, V, — k acting by ¢ ®, v — ¢(v), for every = € G,.

We say that a representation V € Rep,(G) is finite, when its image lands in the subcategory
vect, of finite dimensional k-vector spaces. The full subcategory of finite representations is then
an abelian symmetric rigid monoidal category.

5This is a vector bundle (possibly with infinite dimensional fibers) in the topological sense [18, Definition 2.1],
by taking the discrete topology on both sets G, and k.
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Example 3.2. For instance a finite representation where each one of its fibres is a one-dimen-
sional k-vector space can be identified with a family of elements {A.(y () }seq, in k*, the
multiplicative group of k, satisfying

As(9) (@) A(s(h),t(h) = A(s(hg)t(hg))» ~ Whenever — t(g) =s(h),  and
Aaye) = L for every x € G,.

In the second condition, the term A,») stands for the ¢,’s projection of A. The family
{As@),t00) Yo, I kX, where A0 = L, for every g € G,, corresponds then to the trivial
representation 1.

To any representation V € Rep,(G), one can consider the projective and the inductive limits
of its underlying functor, since this one lands in the Grothendieck category Vect,. These k-vector
spaces, are denoted by lim, (V) and lim g (V), respectively.

Given a representation C{J we can define as follows its G-invariant subrepresentation. For any
x € Gy, we set VY the subspace of V, invariant under the action of the isotropy group G*. That
is,

Vi={veV,|V(v):=l=wv, foralll € G"}.
Now, take an arrow g € G, and a vector v € V5, . Then, for any ¢ € G"®, we have that

algv) = 9((97'q9)v) = gv.

Therefore, the image under the linear map V¢ of any vector in ng@) lands in V¢

o)+ Lhe same
holds true interchanging g by ¢g~'. This means that for any arrow g € G,, we have a commutative

diagram

In this way we obtain a representation V9: G — Vect, with a monomorphism V¢ < V in
Rep, (G). This representation is referred to as the G-invariant subrepresentation of V.

Remark 3.3. If G is a groupoid with only one object, that is a group, then V¢ = Homg (1, V).
In general, however, we can not directly relate this later vector space with the fibres of the G-
invariant representation. More precisely, we have that @ V) = Homg (1, V) as vector spaces,
and the following commutative diagram of vector spaces:

H Ve = H Vt(g)

- x€Go 9€G1

~
~
~
~
~
Al

g(

0 ———lim; (V)

00— lim,, (V°) I]Vve I Vo
Lg z€Go g€G1 "
0 0

where for every g € G, we have mg = V9 o p,(,) — Ps(,) and the p’s are the canonical projections.
Then the dashed monomorphism of vector spaces is not necessarily an isomorphism.
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In a dual way, one defines the co-invariant representation. Specifically, let V be a G-
representation, for any x € G,, we set the quotient k-vector space

Vg := Vgc/Spank{ev —vle€e G ve Vgc}.

Given now an arrow g € G,;, we have that the linear map V? extend to the quotients, that is, we
have a commutative diagram

V9
Vs(g) Vt(g)
Vost) = — = = — > Vgi(o)

Therefore, the family {(V ), V?)}ze,g, defines a representation which we denote by V. In
this way, we have a canonical epimorphism ¥V — V; in the category Rep, (G) given fibrewise by
the linear map 7,: V, — Vg=. In analogy with group theory context, the representation Vg is
referred to as the coinvariant quotient representation of V.

Remark 3.4. Similar to Remark 3.3, the coinvaraint representation V; is related to the limit of
the representation hgl (V) and also to the vector space Homg (V,1). More precisely, we have,
form one hand, an isomorphism of k-vector spaces

((h% (V) )* — Homg (V’ 1) ) SD — (QO Cz)zEQQ)
(Homg (V,].) e (hg’l(V))*’ hﬂ<fm) — (fx)zeg())?
g g
where {(,: V, — ligg (V)}eeg, are the structural maps of the stated limit. On the other hand,

since each of the maps ¢, factors through the quotient Vg, we have a family of maps (,: Voo —
lim g (V) whose direct sum rends the following diagram

T T°
@gegl VS(g) @xego Vz h%rﬂg

l l -7 eBZEQOCI l

®g691 Vgs(g) @xego VQ““ I lgjg Vg) ——0

Y

0

commutative, where 7 is given by 7, = 7,,)0V? —7,(,, for every g € G,. The dashed epimorphism
is then not necessarily an isomorphism.

We finish this subsection by the following observation.

Lemma 3.5. Let G be a groupoid and V, U two representations in Rep,(G). Then the fa-
mily of k-vector spaces {Hom, (U,,V,) }xego defines a representation in Rep,(G) denoted by
Homy, (U, V). In particular, if U is a finite representation then

V@ U* = Hom, (U,V),
an isomorphism in the category Rep,(G). Furthermore, for any U and V, we have

Jim (Hom, (U, V)?) = Homg (U, V).
g
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Proof. The action of Hom, (i4,V) on a given arrow g € G,, is defined by the following linear
isomorphism

Homk (Us(g)7V5<g)) — Homk (Ut(g), Vt(g)) y (O' —> Vo0 Ougil).

This clearly defines an object in Rep,(G). If U is a finite representation, then each fibre
Hom, (U,,V,) is linearly isomorphic to the k-vector space V, ®, U*. This family of linear iso-
morphisms leads in fact to the stated natural isomorphism.

For the proof of last statement, let us consider the following well defined map:

Hom, (U, V) b Hom, (U,,V,)°",

Q' Q,

for every x € G,. Each one of these maps is a k-linear map where Homg (U, V) is endowed with the
structure of k-vector space fibrewise inherited from that of V. This leads to a projective system
which is in turn the universal one. Thus, Homg (U, V) = Jim . (Hom, (U, V)?) as claimed. [

3.2 The restriction functor

Let ¢: H — G be a morphism of groupoids. The restriction functor is the functor defined by
¢.: Rep,(G) — Rep,(H), (V—Voo; £f—1,), (3.3)

where the notation is the obvious one. In the subsequent we analyze the property of the restric-
tion functor corresponding to a normal subgroupoid. Such a property is in fact a generalization
of [20, Proposition 2.3.2] and of course has its own interest in groupoids context.

Proposition 3.6 (representations of quotients). Let N be a normal subgroupoid of H and
denote by m: H — G = H/N the canonical projection. Then the restriction functor induces
an isomorphism of categories between Rep,(G) and the full subcategory Rep,(H)" of Rep,(H)
whose representations are trivial on N, that is, an object in Rep,(H)" is a representation V
of H such that N C Ker(oy), where oy is as in equation (3.1).

Proof. We know that 7, : Rep,(G) — Rep,(#) has the image in the full subcategory Rep, (H)".
Let us denote also by m.: Rep,(G) — Rep,(H)" the resulting functor. The inverse of this
functor is construct with the help of Proposition 2.16. Explicitly, given a representation (V, gy,)
in Rep,(H)", we have by equation (3.1) a morphism of groupoids g,: H — Iso(V,n,) with
N C Ker(oy). Then by Proposition 2.16, we have a representation oy,: G = H/N — Iso(V, 7).
This establishes a functor *: Rep, (H)" — Rep,(G) which turns out to be the inverse of T,. W

Remark 3.7. Let N be a normal subgroupoid of #. Then for any representation YW € Rep, (H),
we can consider the assignment

WN: H, — Vect,, (u — WNu),

where the subspace W"" of W, consists of those vectors which are invariant under the action
of loops in N, that is, those v € W, such that W¢(v) = ev = v, for every e € N*. It turns
out that WV gives a well defined functor which acts by restriction on arrows, because N is
normal. Indeed, take a vector w € WA for some h € H, and e € N*™. Then, we get that
e(hw) = h((h_leh) w) = hw. Therefore, W/ is a sub-representation of the H-representation W.
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3.3 The induction functor
Let ¢ : H — G be a morphism of groupoids. Fix an object x € G, and consider the functor
0°: H — Sets, (u — g(m,(l)o(u))),

which acts as follows: For any arrow h € H,, we have ¢*(h) = G(x,0,(h)):

0°(h): G(x,00(s(h))) — G(2,00(t(h)),  (p+— 0:(R)p). (3.4)

As a contravariant functor ¢~ : G — [H, Sets], it acts by

0% = G(g: do(w)): 07 (u) = G(,00(w) — 07 (u) = G(z, 00(w)), (4 qg), (3.5)

for every object u € H, and arrow g: 2’ — x in G.

Given a representation ¥V in Rep,(#H), we can construct a family of k-vector spaces
{Nat ((])”, W) }zego by using the fibrewise k-vector space structure of W, where W: H — Sets is
the image of W by the forgetful functor. More precisely, for each x € G,, the set of natural trans-
formations Nat ((1)””, W) admits a canonical structure of k-vector space given componentwise by

(a4 B)y = ay + Bu, A)y =Aay: 62 — W,

for every u € H, and «, 5 € Nat (¢1, W) We have then construct a functor

o*W): G Vect,,
xH Nat (¢, W), (3.6)
gl Nat (q)g, W)

Lemma 3.8. Let ¢: H — G be a morphism of groupoids. Then the assignment ¢*: Rep,(H) —
Rep, (G) given in equation (3.6), gives a well defined functor referred to as the induction functor.

Proof. Given a morphism £: W — W' in the category Rep,(H) and an arrow g € G,, we need
to check that the following diagram

¢* (f).s(g) :Nat(q)S(g) 75)

Nat (¢*©, W) Nat(¢*@, W)
| |
Nat (¢9,W) Nat(¢9,V")
| Y Nt (4i(6) 3
Nat ((])t<9)7 W) O (i) “Nat@'12).) Nat (q)t(g)’ W/)

of vector spaces, commutes. This follows from the equality
Nat (9", £) o Nat(¢?, W) (a) = £ o a0 ¢ = Nat(¢?, W) o Nat(¢*@, £) (a),

for every o € Nat(¢*(«, W) [

Example 3.9. Let H := (G x X, X) be an action groupoid as in Example 2.2 and consider the
morphism ¢ := pr,: H — G of groupoids, where G is considered as a groupoid with one object.
Let W € Rep,(H) and set I'(W) the k-vector space of global sections of the vector bundle W

attached to the representation W. Then I'(WW) € Rep,(G) and the assignment YW — I'(W)
establishes a functor from Rep, (#H) to Rep,(G). Furthermore, we have a natural isomorphism

o (W) 2 T(W), for every H-representation W.
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Remark 3.10. Let ¢: H — G be a morphism of groupoids. Denote by *% (G) := Hoo, X:G: the
(H, G)-biset of Example 2.13. Given an H-representation VW and consider it associated vector
bundle (W, ) as a left H-set by using the action of equation (3.2). Then we have a natural
isomorphism

Homyy gees (¢%(g)aw) H " (W)I’
x€Go
fi (fz)xego’ where (f2: ¢z = W,, (a — f(u, a)))ueﬂo,
[(w,0) = pi)(a)] (P, g,

This in fact comes from the natural isomorphism

Homyseee (9({2}) ™1, W) Nat (9", W) = ¢*(W).,
i [q)?j — W, (a — F(u,a))],
[(u,a) = n,(a)] i,

where 9: *% (G) — G, is as before, the map (u,a) — s(a).

Remark 3.11 (projection formula). Analogue to the group case, see for instance [20, Proposi-
tion 2.10.18], one can show that there is a natural isomorphism

o'W @ 0.0) =" (W) @V,

for any pair of representations V € Rep,(G) and W € Rep,(H). At the level of objects this
isomorphism is given by

—_——

Nat (¢°, W) @, V., Nat (¢*, W ® ¢.(V)),
N vi [07 (1) = Wi @ Vi, (b= Mu(b) @ VA(v)) ]

u€Hg’

whose inverse is computed by fixing a dual basis {v;}; C V, and employing the dual basis
{V*(vj)}; C V), for any b € ¢"(u) and u € H,. The rest of verifications are left to the reader.

A more conceptual proof can be given using Mitchell’s Theorem [25, Theorem 4.5.2] employing
the set of small projective generators that enjoy both categories Rep,(H) and Rep, (7).

3.4 The co-induction functor

Consider as before ¢: H — G a morphism of groupoids. Denote by %°(G) := G, x4, Ho the
underlying set of the (G, ?H)-biset described in Example 2.13 with the two structure maps
S: %°(G) = Gy, (a,u) — t(a) and pr,: Z°*(G) = H,, (a,u) — u.

For a given x € G,, we consider the fibre ¢! ({z}) = {(a,u) € Z°(G)|t(a) = z} as a left H-
invariant subset of %/°(G). We then consider its associated right translation groupoid ¢~!({z}) x
H, which we denote by H*", together with the canonical morphism of groupoids

oo H = {2)) xH — H, [(((d,u), h), (a,u)) — (h,u)],

that is, ¥5""(a,u) = uw and ¥%"*(((d/,u),h)) = h. As in Section 3.2, we have the attached
restriction functor %,"*: Rep,(H) — Rep,(H**), for any = € G,. In this way, for any x € G,,
and W € Rep,(H), we set

(W), = limg (427 (W) (37)

Hox
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and denote by {Vf, . : K" W) @w = W — *0(W).. } the structural k-linear maps
of this limit.

Now, given an arrow g € G;, we have a diagram of morphism of groupoids

<H{s(9)h) x H

H{tg)h) « H

(a,u)es ™1 ({z})

)

P 0,t(g)

whose vertical arrow is the isomorphism sending ((a,u),h) — ((ga,u),h). Therefore, by the
definition of the limit of equation (3.7), there is a unique k-linear map *¢(W)?: *0(WV)., —
*O(W)y(y rendering commutative the following diagrams

" “o(W)9 *
W)= —————=— -~ =*0W) )
i) 2 (35)
Cg

(a,u)

W, = VO W) () — = TP V) gy = W
for every (a,u) € ¢<71({s(g)}), where ((ga . acts by identity, that is,

oyt VOV (0 = Wi — IO ON) oy = Way (W w0).

(au) "
Equations (3.7) and (3.8) lead then to a functor
*q)(W) g VeCtka
T OW)., (3.9)
g o4

On the other hand, if £: W — W is a morphism of H-representations, then, for every x € G,
we define the following k-linear map

0(f).: "OWV). — ToW'), (3.10)
as the unique k-linear map which renders commutative the following diagram of k-vector spaces
X “0(f)e N
o), - - = - - o).
| Ji
Ef

(a,u) -
PV 0y POV ) @5

where £, 1 V" OV) @y = "W )@ s the k-linear map sending w — £, (w).

Lemma 3.12. Let ¢: H — G be a morphism of groupoids. Then the assignment *¢: Rep, (H) —
Rep, (G) described in equation (3.9), gives rise to a well defined functor, referred to as the co-
induction functor of ¢.

Proof. Given a morphism £: YW — W in the category Rep,(#) and an arrow g € G,, we need
to check that the following diagram

“0(£)s(g)

“O(W) ) OV
*¢(1‘/V)g pW")9
. () (g) .
OOWV) o) tg OV )ig)
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of vector spaces, commutes. This is equivalent to show the commutativity of the following
diagrams:

f
&la,u)

%‘b,s(g) (W)(a,u)
w,
C(af)i

%?Yt(g) (W)(gavu)

%M(g) (W’) (@)
W’,g
i%m

£
£<ga"“> /7/*¢7t(9) (W/)( )
ga,u

for any (a,u) € ¢~ *({s(g)}). However, this is immediate from the definitions of the involved
maps. |

Remark 3.13. Given W an H-representation, then one can consider, as in Section 2.4, the
tensor product Z*(G) @y W, where as above (W, m,y) is the underlying vector bundle of W
endowed within its canonical left H-action, as in equation (3.2). An equivalence class of an
element ((a,u),w) € %°(G)u, X VW will be denoted by (a,u) ®, w. Now, if we consider the
vector bundle (*¢(W), 71') endowed with its canonical left G-action, then we obtain the following
G-equivariant map

U(G) @ W o),

(a,1) @y w ————=01 (w),

(a,u)

which is not in general an isomorphism.

4 Frobenius reciprocity formulae

In this section we prove the left and the right Frobenius reciprocity formulae. This mainly
establishes, from one side an adjunction between the restriction and induction functors, and from
another one an adjunction between the restriction and co-induction functors. Form a categorical
point of view, this amounts to the notions of left and right Kan extensions. Here we follow an
elementary and direct exposition, taking advantage of groupoids structure, without appealing
to any heavy categorical notions.

4.1 Right Frobenius reciprocity formula

In this subsection we show that the induction functor is a right adjoint functor to the restriction
functor, that is, the right Frobenius reciprocity formula. So, let ¢: H — G be a morphism of
groupoids and consider two representations V € Rep,(G) and W € Rep, (#H). Take a morphism
o € Homy, (0.(V), W), and define, for every = € G,, the linear map

V(0),: Ve — 0" (W), = Nat (", W),

v | 08 = G(2,00(u) ——=W, , (4.1)
p—"0% (pv) u€Ho
where pv = VP(v) € V() is the left G-action on V defined in equation (3.2).

Lemma 4.1. The family of linear map {V(0),}zeg, stated in equation (4.1) defines a natural
transformation. That is, ¥(o) € Homg (V,0*(W)).
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Proof. First let us check that each of the ¥(o),’s is well defined. So given an arbitrary arrow
h € H,, we need to show that the diagram

. V(0)a(v)s(n)
s(h) Ws(h>
¢;§i lwh (4.2)
A U(0)z(v)¢(n)
t(h) Wi

is commutative. So take an arrow p € ¢"(s(h)) = G(z,0o(s(h)), then

h‘I/(U)z(U)s(h) (p) = hUS(h)(pU) = O(h) (¢1(h)pv)a

because o is H-equivariant. On the other hand, we have that

V(7)o (V)i © 05(P) = V(0)0 (V)i (91 (R)P) = T4y (92 (h)pv),

and this shows the commutativity of (4.2). Therefore, ¥(o),: V, — ¢*(W), is a well defined
linear map. Now, take an arrow g € G, we have to check that

V(o)

Vo) >(9) Nat (9@, W)

V9 iNat(cpg,VV)
U(o) ~

Vi 1) Nat ('@, W)

is a commutative diagram of k-vector spaces. To this end, consider an arbitrary u € H, and an
arrow p € 09 = G(t(g), 0o(u)). Then, for any vector v € V,,), we have from one hand that

(Nat (07, W) 0 ¥(0) 15y (v)) (D) = (¥(0)s() () ©07) (D) = ¥ (). (v), © 02 (p)
= U(0) . (v). (pg) = 0. (pgv),

and from the other one, we have that
(T(0)ua(9v)), (p) = 0ulp(gv)) = 0u(pgv),
whence the commutativity of that diagram. |
Reciprocally, take a morphism v € Homg (V, 0*(W)), then for every object u € H,, we set
D(V)ut Vg — Wi, (v Yoo (V)utog))) -

Lemma 4.2. The family of linear maps {®()}.en, defines a natural transformation. That is,
we have a morphism ®(v) € Homy, (¢.(V), W).

Proof. Let h € H, and a vector v € V,(;,). Then, from one hand, we have
W0 ®() 40y (V) = W 0 Y050 (V) sy (Lag (s(a)) = Vo s (V) (01 (R)) (4.3)

where the second equality follows from the fact that v, () (v) € Nat(¢p#o"), W) On the other
hand, since v € Homg (V, ¢*(W)), we know that

Yooteny (91 (7)0) (D) = Yoo (V) © O3 (p), (4.4)
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for every u € H, and p € 0" ™ (u) = G(do(t(h)),do(u)), see equation (3.5). Substituting in
equation (4.4), u = t(h) and p = e, ¢(n)), We then get

Yootemy (01 (A)V) 0 (top)) = Yogtsmy (©)ecny © By (top ) = Yogtomy (@) (01(R)). (4.5)
Therefore,

D(Y)umy © V1 (0) = @(7)eim (01 (V) = Yogeamn (91 (1)V) (165 ce000)

(4.5) (4.3)
=" Yoo sy (V)10 (91(7)) "= Vo e (V) (92 () = W" 0 (7)1 (v),
for every h € H, and v € V,(;,, and this finishes the proof. [

Proposition 4.3 (right Frobenius reciprocity). Let ¢: H — G be a morphism of groupoids and
consider the restriction ¢.: Rep,(G) — Rep,(H) and the induction ¢*: Rep,(H) — Rep,(9)
functors. Then the maps ¥ and ® described, respectively, in Lemmas 4.1 and 4.2, define a natural
isomorphism

Homy, (¢.(V), W) Homg (V,¢0*(W)),

for every G-representation V and H-representation W. In other words, the induction functor is
a right adjoint functor of the restriction functor.

Proof. The naturality of both ¥ and ® are fulfilled by construction. Let us check that they are
mutually inverse. So fixing 0 € Homy, (0+(V), W) and v € Homg (V, ¢*(W)), for every u € H,
and v € V,, (), we have that

(U(0)),(v) = U(0)sg) (V) (tagy) = Tu(0),

which implies that ® o ¥ = id. On the other way around, for every = € G,, w € V,, u € H, and
p € 0 (u) = G(x,¢o(u)), we have that
\P((I)(V))L(w)u(p) = (I)(f}/)u(pw) = ’Y¢0(u) (pw)u(bdm(u)) = (Nat (¢p7 W) o ’Yx) (w)u(Ld>O(u))
= Yo (W)u © 0 (tagy) = Vo (W) (L) = Ya(w)u(p),
where in the third equality we have used the naturality of 4. Therefore, for every z € G, and

w € V,, we have checked that ¥(®(y)) (w) = v,(w). This means that ¥ o ®(y) = ~, for an
arbitrary -, which implies that ¥ o ® = id and this finishes the proof. |

4.2 Left Frobenius reciprocity formula

Keep the notations occurring in Section 3.4. Next we proceed to show that the co-induction
functor is a left adjoint functor of the restriction functor. To this end, the subsequent lemma is
needed. We consider then a morphism of groupoids ¢: H — G.

Lemma 4.4. Let V and W be, respectively, a G-representation and H-representation. For any
morphism 6 € Homg (*¢(W), V), the family of k-linear maps:

o(u)

u (rpu) ) L)
{ L(0)u: Wa = 7 W) (00— 00N o) —— Vorw) }
u€EHo

defines a morphism I'(0) € Hom, (W, 04(V)).
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o(t(h))

Proof. Given an arrow h € H,, we set f = Doty £ ()

o(h) :
o g‘(%(s(h)),s(h)), see diagram (3.8). Then,

we have a commutative diagram

9,0(s(h)) D?E;;::}i))"*(h” « Bo(s(h))
Vs (W)(Lq,(,s(h)),s(h)) =W,y ————="0W)s(s(n)) Vi(s(n)
wh ! “(W)o) Von)
0,0(t(h)) . o
/y* (W)(b&b(t(h))’t(h)) - Wt(h) ‘Uq)(t(h)) q)(W)‘D(t(h)) 0¢(t(h)) Vq’(t(h))?

(o(t(n)) H(M)

where the left hand square commutes, since the upper triangle is so by diagram (3.8), while the
lower triangle commutes because of the limit defining *¢(V ), (), and because the ( map acts
by identities. This shows that I'(6): W — 0.(V) is a natural transformation, as desired. [

In the other way around, consider 6 € Homy (W, ¢.(V)). For a fixed object x € G,, we set
the following family of k-linear maps

6u

p @ 1%
{ 01 POV = Wa =2 Vi V. | (4.6)

(a,u)E'Hq)’ac ’

where H®? is, as in Section 3.4, the right translation groupoid ¢~!({z}) x H. It is from it own
definition that the family {G?mu)} (yergd 1S AN inductive system of k-vector spaces. Therefore,
for every = € G,, there is a unique k-linear map

SE). = lm (0h.): (00V). — V. (47)
(a,u)eH:

such that ¥(0), ov{, ,, = 67, ), for any object (a,u) in H**. Furthermore, given an arrow g € G,
and an object (a,u) in H* *, we have a commutative diagram

VI

Vi) Vitg) (48)
() (9)
6(;;) T , Tci(tgi,u)
. Slaw)
4//*¢, (g)(W)(a,u) S N ”//*q”t(g>(W)(ga,u)7

where (é}a 4 18 as in diagram (3.8).

Lemma 4.5. Let W and V be, respectively, an H-representation and a G-representation with
a morphism § € Homy (W, 0.(V)). Then the family of k-linear maps {2(5)1} of equa-
tion (4.7), defines a morphism X(8) € Homg (*o(W), V).

Proof. For any arrow g € G, and an object (a,u) in H**¥ we have that the diagram

z€Gg

V9

Vi) Vito)
E((s)s(g) s(9) Z(6)15(_(]) t(9)
G(a,u) 6(9‘1»“)
“o(W)9
“O(W) o) *OOV) g
s(g) t(g)
Y(a,u) T Y(ga,u) T
)
P29 W) ) : VW) o

commutes by the definition of the involved maps and diagram (4.8). Therefore, the upper
square should commutes as well, and this shows that 3(d): *¢(W) — V is a morphism of G-
representations, as claimed. |
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Proposition 4.6 (left Frobenius reciprocity). Let ¢: H — G be a morphism of groupoids and
consider the restriction ¢.: Rep,(G) — Rep,(H) and the co-induction *¢: Rep,(H) — Rep,(G)
functors. Then the maps ' and 3 described, respectively, in Lemmas 4.4 and 4.5, define a natural
isomorphism

3

Homy, (W, 9+(V)) Homg (*0(W), V),

T

for every G-representation V and H-representation WW. In other words, the co-induction functor
is a left adjoint functor of the restriction functor.

Proof. For a given § € Homy, (W, ¢.(V)) and u € H,, we know from Lemma 4.4 that

R
o(u (g(uy ), 2(0) ()
T(2(8))us 7 >(W)<L¢<u>,u> ———"0W)otw) —— Veorw)-

Therefore,
_ o) (D) o) _
L(X(6))u = X(6) g © U(L¢<u>,u) = G(L‘D(u),u) =0,
for every object u € H,, and so I' 0o ¥ = id. Conversely, starting with a morphism 6 €

Homg (*¢(W), V) and an object x € G, we have that

(4.6), (4.7) . . 44 . u
srE). X g 0rer@))E tm (Viog, o0 )
(a,u)eH® (a,u)eH=
o . * o(u) _ : z
= lim (9“0 ¢(W)9oo(b¢<u>7u)> = lim (0”01)(“’“))
(ayu)EH‘I’Jf (a,u)GHq”x
= 093 e} hﬂ (D?a’u)> - 017
(a,u)eH®=

where in the third equality we have used the naturality of 6 and in the fourth one the dia-
gram (3.8). This shows that ¥ o' = id and finishes the proof. [

Remark 4.7. As the expertise reader can observe, the construction of the induction and co-
induction functors ¢* and *¢ corresponds, respectively, (up to natural isomorphisms) to the well
known universal construction of the right and left Kan extensions of the functor ¢,, see [22] for
more details. The proof presented here is somehow elementary and makes use of the groupoid
structure, for instance the notion of translation groupoid among others. This also have the
advantage of describing explicitly the natural isomorphisms establishing these adjuntions, which
in fact is crucial to follow the arguments of the main result of the paper stated in the forthcoming
section.

5 Frobenius extensions in groupoids context

The main aim of this section is to characterize Frobenius morphism of groupoids, see Defini-
tion 5.1 below. This in fact is a kind of an universal definition which can be applied to any
functor with left and right adjoints functors. Typical examples are Frobenius algebras over a
given field (or commutative ring), where the forgetful functor form the category of modules to
vector spaces has isomorphic left and right adjoint functors, namely, the tensor and the homs
functors (see [17]). Our main result can be seen also as an approach to Frobenius extensions of
algebras with enough orthogonal idempotents.
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Definition 5.1. Let ¢: X — G be a morphism of groupoids. We say that ¢ is a Frobenius
morphism provided that the induction and the co-induction functors ¢* and *¢ are naturally
isomorphic.

From now on, we will freely use the notations and the notions expounded in Section 1.2. So
let us consider a morphism ¢: H — G of groupoids, and denote by ¢: A — B the associated
morphism of k-vector space defined in equation (1.1). If we assume that ¢o: G, — G, is injec-
tive, then ¢ becomes a morphism of rings with enough orthogonal idempotents. The following
counterexample shows that ¢ could not be multiplicative, without assuming ¢, injective:

Example 5.2. Let f: X — Y be a non injective map, by choosing two distinct elements
x,2’ € X whose images are equal f(z) = f(a’). Take H := (X, X) to be a trivial groupoid as
in Example 2.1, and G = (Y x YY) to be a groupoid of pairs as in Example 2.3(1). It is by
definition that, for any two objects y, ¥’ in G, there is only one arrow from y to 3/, namely, the
one defined by the pair (y,y’). We denote by 1, s, the image of this arrow in the ring B, so that
we have 1, .) = 1., for any z € Y. In this situation, the associated rings with enough orthogonal
idempotents are the direct sums of the form A = k&) and B = k("*Y)_ respectively. Consider
the functor ¢: H — G whose arrows map is ¢,: X — Y x Y, which sends ¢, — ¢(;(2),7(x)), and its
objects map is given by ¢, = f. Therefore, the k-linear map ¢: k(X)) — k(*Y) attached to 0
sends 1, — 1 ;¢ (), for any u € X. Now coming back to the chosen elements = # 2/, we know
that ¢(1,/) = 1y oy = Loy = Li@) = Lyye) = ¢(1.), so that we get

which show that ¢(1,.1,/) # ¢(1,).¢(1,/), and so ¢ is not multiplicative.

By scalar restriction, B is considered as an A-bimodule, although, this is not necessarily an
unital one. The underlying vector spaces of the unital left, right A-module and A-bimodule
parts of B are, respectively, given by the direct sums:

AB= @ k(x.0w). BA= P kG(0s(u).2),

u€Ho,r€G0 u€Ho,r€G

ABA= B kG(0o(u),0(u)).

u,u' €Ho

Since we are in groupoids context, it is clear that AB = BA as k-vector spaces. We refer to [7],
for more details on unital modules and on the notion of finitely generated and projective unital
modules over rings with local units, specially their characterization by means of tensor and homs
functors.

The following is our main result:

Theorem 5.3. Let 0: H — G be a morphism of groupoids and consider as above the associated
algebras A and B, respectively. Assume that ¢, is an injective map. Then the following are
equivalent.

(1) ¢ is a Frobenius morphism;

(17) There exists a natural transformation E, . : ((1)0( ), 00(v)) — kH(u,v) in HP x H, and
for every x € G, there exists a finite set {( Ui, by) ) i=1,... N S 1( x}) X kG (z, §o(u;))
such that, for every pair of elements (b,V') € G(x,¢o(u)) x G(¢o(u),x), we have

Z E(bb)e; = b € kG(z,00(u))  and bV = Z biE(cib') € kG (0o (u), ).
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(1i1) For every x € Gy, the left unital A-module AB1, is finitely generated and projective and
there is a natural isomorphism Bl, = BHom,_ (AB, Al,), of left unital B-modules, for
every u € H.

The proof of this theorem will be done in several steps, following the path: (i) = (i) =

5.1 The proof of (¢) = (i¢¢) in Theorem 5.3

Assume that there is a natural isomorphism *¢ = ¢*. This in particular implies that, for every
x € Gy, there is a natural isomorphism

Nat(¢*, (5) = lim (42%(-)). (5.1)
HO=

Now, for a given object u € H,, let us denote by H,,: H — Vect, the H-representation given over
objects by v — kH (u,v) and obviously defined over arrows. The natural isomorphism of (5.1),
leads then to a family of bijections

Nat (9", Ha) = lim (7" (Ha))
How

which is clearly natural in u € H,. In the previous situation, we have

Lemma 5.4. For any x € G, and u € H,, there is an isomorphism

limg (42 (M) = KG(00(u), @),
How
which is natural in both components (u,x) € H® X G.

Proof. Fix for the moment z and v as in the statement. We need to check that the vector
space kG(¢,(u), x) is the inductive limit of the inductive system

{727 (M) ) = KH (v, “)}w,v)efl({m})'

Let us first define an inductive cone over kG(0o(u),x). So take (b,v) € ¢ ({x}), that is,
b € G(0o(v),x), then we have a linear map

Tww: KH(u,v) — kG(0o(u), x), (Z Aia; — Z )\ib(bl(ai)),

which is clearly compatible with the arrows of the groupoid H**, and this gives us the desired
inductive cone. We need then to check that this is an initial object among all others cones.

So given an arbitrary cone {¢f, : kH(u,v) — V}(b el () fOT any b € G(do(u),z), we can

consider the vector &, , (1,) € V; whence we have a linear map

£ kG(do(u), ) — V, (b— &, (L))

It turns out that this is a morphism of inductive cones and this finishes the proof of the lem-
ma. |

By Lemma 5.4, the natural isomorphisms of equation (5.1), lead to a natural isomorphism
Na‘t (q)z’ }ZU) = kg(q)o(u)? I’),

for every z € G, and u € H,. The following general lemma characterizes these kind of natural
transformations.
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Lemma 5.5. Let F': C — D be a covariant functor between small categories. Then there is
a natural isomorphism

Nat[D(F(—), +),Nat(D(+, F(x)),kC(—,*))] = Nat(D(F (1), F(1)),kC(1,1)),

where the left hand side term stands for the set of all natural transformations of the form:
(e D(F(c),d) — Nat(D(d, F()),kC(c, %)), (c,d) € C® x D,

and the right hand side term is the set of all natural transformations of the form:
Eweny: DF(),F(") — kC(d, "), (d,d"yecC®xC.

Proof. The stated natural isomorphism is given by the following isomorphism:

Q

Nat[D(F(-),+),Nat(D(+, F(%)),kC(—,*))] Nat(D(F (1), F(1)),kC(1, 1)),

r

where, for a given natural transformation ¢ in the domain of €2, we have
A e,y DIF(E), F(") —kC(, "), (0 G ey (P)er (Lpen)).
As for a natural transformation £ in the domain of I', we have that
L(E)eay: DF(c),d) — Nat(D(d, F'(x)), kC(c,%)), (7 T()c,a)(9)),
which assigns to every object ¢’ € C, the map
L(E)ca)(@e: DA, F() — kC(e,d),  [re Een(ra)].
The rest of the proof is left to the reader. |
Applying Lemma 5.5 to our case, we know that any natural transformation
Ot G(9o(u), ) — Nat (9", H.,)
gives rise to a natural transformation

E(v,w> : g(q)O(v)? ¢0(w)) — ka(v? w)v (b — @(vv%(W))(b)w(l%(w))) : (5'2)

On the other hand, the left hand functor in the isomorphism of equation (5.1), that is, the
functor Nat ((l)“”, (—)) should preserves colimits, since the involves categories are Grothendieck
ones with a set of small projective generators. Namely, in the case of Rep,(H) this set
of generators, is given by the family of representations {#,}.cs,. In this way, saying that

Nat (q)x, (—)) preserves colimits, is equivalent to say that the H-representation k¢*: H — Vect,,
u — ko* = kG(x,0,(u)), is finitely generated and projective. Therefore, we are assuming that
there exists a positive integer N > 1 and a split monomorphism k¢® — ®;=1,. nH,,. Hence,
there is a set {¢;},—.._n such that each of the ¢;’s belong to kG(z, ¢o(u;)), and natural transfor-
mations ¢° : kG(z,0(—)) — kH(u;, —), such that, for every b € G(z,¢o(u)), we have that

Zd)(%(b))ci =D,
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equality in the vector space ]kg(a: 0o (u )) In this direction, one can consider the family of

=1,...,

tions E of (5.2) together with the propertles which O satisfies, we obtain
> Etwon (Whi)ei = b,
i

for every b as above. Take an element V' € G(d,(u),x), then for every ¢ € G(x,¢o(v)) with
v € Hy, we have that

G(M)(ZbE(M) cib > ZGW B (@)
= Z O (O 2y (1)), (OB (cib)
:Z‘P” O (i) ZEW P (c)cib)
= Bl (Z @i(c)cibl> = Bt (cb)
= @<u,¢<v))(;b/)v(1¢(v)) = O (V)o(0)-

Thus, @wz)(Zz‘ b’iE(u,ui)(Cib/)) = O,(t/) and so >, biE(u,ui)(Cib/) = b/, which completes the
proof of (i7). [

5.2 The proof of (ii) = (ii%) in Theorem 5.3

For every x € G, it is clear that we have

AB1, = @ kG(x,do(u)).
ueH

Define left A-linear maps *e;: AB1, — Al,_ by sending b € G(x, ¢o(u)) — E(,, . (bb;). Then, by

hypothesis, the set {*e;,¢;},—,. n is a dual basis for the left A-module AB1,. Thus each of the

modules AB1, is finitely generated and projective, which is the first statement of part (iii).
Now fixing v € H,, we have a well defined left B-linear map

Wy: Bl, — BHom,_ (AB,Al,),  (bly+— [ab — E(ab'b)1,]),
which, by the naturality of E, is also natural. The maps ¥ are bijective as they have inverses

given by: U: BHom,_ (AB, Al,) — B1, sending o — > . bjr(c;). Indeed, for every a € A and
b € B with ab’ € AB1,, we have

VG(a)(ab') = (Zbacz> (ab')
_ZEabba ZQE (v'0;) Zaa i) = afab),

and so YU = id. In the other way around, we have that OWU(bl,) = > . b;V(bl,)(c;) =
> biE(c;ib) = b. This gives the desired isomorphism and finishes the proof of part (ii7). [
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5.3 The proof of (iii) = (¢) in Theorem 5.3

To show this implication, it is sufficient to check, from one hand, that each of the functors
Nat (¢w, (—)): Rep, (H) — Vect,, with = € G,, preserves colimits, and from another one, there

is a natural isomorphism T, ., : G(0o(u), z) = Nat(0%, H,,), for ever pair (u,z) € Hy X Go.
The fact that Nat(¢”, (—)) preserves colimits, is deduced by using the first statement of (iii)
and the natural isomorphism

Hom, (ABl,, M) — Nat(¢*,6(M)),  (f+— [0® = O(M),, (b FO)],erg,)s (5:3)

where 0': 4Mod — Rep, (H) is the inverse functor of the following (symmetric monoidal) iso-
morphism of categories

0~': Rep,(H) — aMod, W — BucnoWa),

where 4Mod denotes the category of unital left A-modules. In particular, this induces a natural
isomorphism

Hom, (ABl,, Al,) = Nat(¢*,H.,).

As for the second condition, if we assume that there is a left B-linear natural isomorphism
®,: Bl, = BHom,_ (AB, Al,), for every u € H,, then we can consider I'¢, .y G(¢o(u), z) —
Nat ((l)’”, ’Hu) to be defined by

eyt G(0o(u), z) — Nat (9", Hu),

(b > [La®u(b): 07 — KH(u,v), (' @u(b)(b’lx))]veﬂo)
The fact that I'(, ,, € Nat ((1)1,7-2“), follows directly from the fact that ®,(b) is a left A-linear

for every b € G(¢,(u), x). The naturality of I, that is, the commutativity of the diagrams of the
form

g(%(f,m Nat (¢, H,)
G(0o(u), 2') Nat(6', Hy)

for every pairs a € H(v',u) and g € G(x,2'), is computed as follows. Take an element b €
G(0o(u),z), then, for every object v € H, and b € ¢7 = G(2/,0o(v)), We have

Nat (07, Ha) 0 Tuay (0)0 (b)) = Tiay (0)u(b'g)a = @4, (b) (V' g)a = @y (baly)(Vg).
On the other hand, we have

L 2 (9bd(a))u (V) = Pur (gbd(a)) (V') = Do (b(a)) ('g).

Comparing the two computations shows the commutativity of that diagram. Lastly, the inverse
of I, ) is provided by that of 1,®, combined with the inverse of the natural isomorphism of
equation (5.3). This completes the proof of Theorem 5.3. [

The notion of a finite groupoid is vague, in the sense that there are several interrelated notions
and all generalize that of a finite group. Next we adopt the following one: a groupoid G is said
to be finite, provided that 7y(G) is a finite set as well as each of its isotropy groups G when x
runs in G,. This is the case when for instance G, is a finite set. Given a morphism of groupoids
0: H — G, we shall implicitly use the notations of Examples 2.9 and 2.13.

The following corollary characterizes Frobenius extension by subgroupoids, in terms of finite-
ness of the orbits of the fibres of the pull-back biset, which in particular applies to the case of
finite groupoids.
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Corollary 5.6. Let ¢: H — G be a morphism of groupoids such that ¢ is a faithful functor and
0o: Ho — Gy is an injective map (e.g., &,: Hy — Gy is an injective map). Then the following are
equivalent:

(a) ¢ is a Frobenius extension;
(b) for any x € G, the left H-set ﬁ_l({x}) has finitely many orbits;
(¢) for any x € Gy, the right H-set g_l({:v}) has finitely many orbits.

In particular, any inclusion of finite groupoids is a Frobenius extension.

Proof. Let us first check the equivalence between conditions (¢) and (b). To this aim, we
recall from Section 2.2, that the category of right groupoid-sets is isomorphic to left groupoid-
sets (both categories are defined over the same groupoid). In particular the image, under this
isomorphism, of the right H-set ¢—! ({x}) is ¢ 71 ({x})o its opposite left H-set. As a consequence,
there is a bijection between the orbits set of ¢~'({z}) and that of ¢~'({z})", which sends
any orbit to its opposite. Thus, g_l({a:}) and has finitely many right H-orbits if and only if
¢ 1 ({z})’ has finitely many left H-orbits. Therefore, conditions (c) and (b) are equivalent, since
we know that there is an isomorphism of left H-sets:

I ({z}) — s ({z}), ((u,e) — (¢ u)?). (5.4)

The implication (a) = (b) is derived as follows from the first condition of Theorem 5.3(i7).
For any x € G,, we know that

ABL, = @ kG(x,00(w)) = k9" ({a}).

u€Ho

Therefore, as left A-module, AB1, can be decomposed as direct sum of cyclic unital A-submo-
dules of the form

AB1, = &b Ag,
(u,q)€reps (9= ({2}))

where repy, (97! ({z})) is a set of representative classes modulo the left #-action on the fibre
_1({37}), and Aq is the k-vector space spanned by the orbit set Orb), (u,q). Since AB1,
is finitely generated and projective, this direct sum should be then finite, which means that
repy, (971 ({z})) is a finite set and this is precisely condition (b).
As for the implication (b) = (a), we assume that ¥~!({z}) has finitely many orbits, for any
z € G,. Choose a finite set of representatives classes {(t; ., i)} 1., such that 9=!({z})
decomposes as

,,,,,

“1({z}) = |H Orbl, (wiz, gi),

i=1

a disjoint union of left H-subsets, see [10]. Using the left H-equivariant isomorphism of (5.4),
we also have

(e = 1 Ot (i ).

I=1

In this way, we obtain as above a decomposition of unital A-modules

AB1, = k9~ ({z}) @Aqw and  1,BA =k '({z}) @qm (5.5)



32 J.J. Barbaran Sanchez and L. El Kaoutit

Let us denote by p,,: AB1, = Ag;, and p] : 1,BA — q;IIA the canonical projections attached
to the direct sums of (5.5). Take x to be of the form ¢y(u), for some u € H,. Then the element
(U Logwy) € 9 H({00(w)}) and (zoguy, u) € < ({90(w)}). Thus, if Orb}, (u, teyw ) is equal to some
orbit of the form Orb, (uiO,Q)O(u)?in,Q)O(u))) for some ig. Thus, we can assume that at least one
of the q; o)’ 18 Leyw). Henceforth, we set gy o) = toyu)- Therefore, we obtain the following
A-linear maps

p1,¢0<u): AB]“DO(“) — Alu and pll,q)o(u): 1¢0(u)BA — 1¢0(“)A'

Specifically, for a given arrow p € G(¢o(u),do(v)) with u,v € H,, we have that (v,p) €
971 ({0(u)}), and the image of the element (14 )P)loyw) € ABle ) by the projection pi 4 ) is
given by the rule

p = h1¢0(u)’ (U’p) = h(uv L‘Do(“)))
1,00 (w) 0, if (v,p) ¢ Orbl, (u, L¢0(u))'

Since ¢ is a faithful functor, this A is uniquely determined from the pair (v, p). Furthermore, for
any arrow o € H(u',u), we have that p, , ./ (p0:()) = P14y (P), as we know that *% (G) :=
Hooy X:G:1 is an (H,G)-biset. As a consequence, we obtain a natural transformation

Bt G(00(u), 9o(v)) — kH(w,v), (P Prog(p)-

On the other hand, if we take an element b’ € G(d,(u), x), for some x € G, and u € H,, then
we can write b’ = Aiq;, Ila1 ++ g, ian, where all the scalars \;’s vanish except the one which
correspond exactly to the orbit that contains b and its value is 1,. Now, each of the element ¢; b
has the image E(g;.b") = A;a;. Therefore, we have that ' =3, 4; . E(g;.b') as en element in the
homogeneous component kG(¢(u), x) of B. If we take now an element b € G(x, ¢(u)), for some
z € G, and u € H,, then the same arguments will show that b =3, E(bg;})q;.. as an element
in the component kG(z, ¢(u)). In summary, we have shown condition (i¢) of Theorem 5.3, and
thus ¢ is a Frobenius extension. The particular statement is now immediate, and this finishes
the proof. |

The subsequent corollary is a direct consequence of Corollary 5.6 and Theorem 5.3, some of
the implications stated there, can be deduced form [17, Example 1.7] and [20, pp. 36, 39]. For
the definition of Frobenius extension of algebras, we refer to [17, Definition 1.1].

Corollary 5.7. Let &: H — G be a monomorphism of groups, and consider the associated group
algebra extension ¢: A =kH — B =kG. Then the following are equivalent:

1) ¢ is a Frobenius extension;

2) the image of H in G is a finite-index subgroup;

3) B/A is a Frobenius extension of algebras.

In particular, all conditions hold true for any inclusion of finite groups.
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