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Abstract. In this paper we explicitly construct G;-intertwining operators between holo-
morphic discrete series representations H of a Lie group G and those H; of a subgroup
G; C G when (G,G1) is a symmetric pair of holomorphic type. More precisely, we con-
struct Gi-intertwining projection operators from H onto H; as differential operators, in
the case (G,G1) = (G x Go, AGy) and both H, H; are of scalar type, and also construct
G1-intertwining embedding operators from #; into H as infinite-order differential operators,
in the case G is simple, H is of scalar type, and H; is multiplicity-free under a maximal
compact subgroup K; C K. In the actual computation we make use of series expansions
of integral kernels and the result of Faraut—Kordnyi (1990) or the author’s previous result
(2016) on norm computation. As an application, we observe the behavior of residues of the
intertwining operators, which define the maps from some subquotient modules, when the
parameters are at poles.
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1 Introduction

The purpose of this paper is to study intertwining operators between a holomorphic discrete
series representation of some reductive Lie group G and that of some reductive subgroup G; C G,
and write down such an operator explicitly.

Let G be a real reductive Lie group, (G1 be a reductive subgroup of G, and consider a repre-
sentation (7, H) of G. Then it is a fundamental problem to understand how the representation
(m,H) of G behaves when it is restricted to the subgroup G7. Recently Kobayashi [24] proposed
a program for such problems in the following three stages.

(Stage A) Abstract features of the restriction 7|g,.
(Stage B) Branching laws.

(Stage C) Construction of symmetry breaking operators.

In general, the restriction 7|g, may behave wildly, for example, the multiplicity becomes infinite,
or it contains continuous spectrum, even if (G, G1) is a symmetric pair, and 7 is a unitary rep-
resentation of G. However Kobayashi and his collaborators found conditions for (G, G1, ) that
the restriction 7|, behaves nicely, that is, it is discretely decomposable [13, 15, 16, 19, 29, 30],
its multiplicity becomes finite or uniformly bounded [22, 23, 26, 28], or decomposes multiplicity-
freely [14, 18, 21] (Stage A). In particular, if G is a reductive Lie group of Hermitian type (i.e.,
the Riemannian symmetric space G/K has a natural complex structure), (G, G1) is a symmetric
pair of holomorphic type (i.e., a symmetric pair such that the embedding map G1/K; — G/K is
holomorphic), and 7 is in the nice class of representations, called the holomorphic discrete series
representations of G, then the restriction m|g, decomposes discretely [15, 37]. Moreover, if the
holomorphic discrete series representation 7 is of scalar type, then it decomposes multiplicity-
freely. Also, under the assumption that (G,G1) is a symmetric pair of holomorphic type and 7
is a holomorphic discrete series representation, the branching law

@
7|, =~ Z m(m, m1)m

7F1EG1
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is determined in [14, 18] (see the survey [17]) (Stage B). Here G denotes the unitary dual of Gy,
i.e., the set of equivalence classes of unitary representations of G, and m(m, ) € Z>o. Thus
our next interest is to understand the above decomposition explicitly, for example, to construct
the G-intertwining operator between w|g, and m; explicitly (Stage C). Such problems have
been considered by e.g. Clerc-Kobayashi-Orsted—Pevzner [2], Kobayashi-Kubo—Pevzner [25],
Kobayashi-Orsted—Somberg—Soucek [27], Kobayashi-Speh [34, 35], Méllers-Orsted—Oshima [38]
and Mollers—Oshima [39] when 7 are principal series or complementary series representations,
and by e.g. Ibukiyama-Kuzumaki-Ochiai [9], Kobayashi-Pevzner [31, 32] and Peng—Zhang [45]
when 7 are holomorphic discrete series representations. The approach used in [25, 27, 31, 32] is
called the “F-method”, in which the explicit intertwining operators are determined by solving
certain differential equations. This idea first appeard in [20]. In this paper, we also attack this
problem when 7 are holomorphic discrete series representations, but take an approach different
from the F-method, namely, by computing some integrals using series expansion.

Now we review holomorphic discrete series representations. Let G be a reductive Lie group
of Hermitian type, and K C G be a maximal compact subgroup with Cartan involution 4.
Then there exists a complex subspace p* C g* in the complexified Lie algebra of G and
a bounded domain D C p* such that the Riemannian symmetric space G/K is diffeomorphic
to D, and G/K admits a natural complex structure via this diffeomorphism. Next, let (7, V)
be a finite-dimensional representation of K€, the universal covering group of K€, and consider
the space of holomorphic sections of the homogeneous vector bundle G x &V on G/K. Then by
the Borel embedding, it is isomorphic to the space of V-valued holomorphic functions on D

To(G/K,G x5z V) ~0(D,V).

Clearly this admits an action of G. If (7,V) is sufficiently “regular”, then O(D,V) admits
a G-invariant inner product which is given by a converging integral on D. In this case the cor-
responding Hilbert subspace H,(D,V) C O(D, V) admits a unitary representation. This family
of representations is called the holomorphic discrete series representations.

We take a subgroup G1 C G which is stable under the Cartan involution ¥ of G. We assume
that the embedding map G1/K; < G/K of Riemannian symmetric spaces is holomorphic. Let
pf =ptn gf be the intersection of p* and the complexfied Lie algebra of Gi, and p;“ =
(pf)L C pT be the orthogonal complement under a suitable inner product on p*. We take
a finite-dimensional representation (p, W) of K <1C7 and consider the corresponding holomorphic
discrete series representation #H,(D1, W) of G1. Then H,(D1, W) appears in the direct summand
of H,(D,V)l|g, if and only if (p, W) appears in the irreducible decomposition of Pp) @V
under KT, where P(p3) is the space of holomorphic polynomials on p3 [18]. Our aim is to write
down the Gi-intertwining operator between H,(D, V) and each H,(D1, W) explicitly.

We calculate the intertwining operator in the following way. First, we find the kernel function
K(z;y1) which is Gi-invariant in a suitable sense (see Proposition 3.3). Then the intertwining
operators are given by (see Corollary 3.5)

(D, V) — Hy(D1, W), fe <f’K('5@/1)>HT(D,V)’
Ho(D1, W) = Ho(D, V), g (9. K@) )y, ) -

This gives an integral expression of the intertwining operator, and this step is similar to the
method used in [33, 34, 35, 38]. However, it seems to be difficult to get information on the bran-
ching from this expression. Also, in [31] it is proved that the intertwining operator from #., (D, V)
to H,(D1, W) is always given by a differential operator (localness theorem), but we cannot derive
this fact from our integral expression. Thus we try to rewrite the integral expression to a dif-
ferential expression (possibly of infinite order) by substituting f(x) with e(*l?) g(y) with e®®),
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where (+|-) is a suitable inner product on p*. Then we can show that there exists a polynomial
F*(21,20) € P(pf x p3,Hom(V,W)) and a function F(x2;w;) € O(p3 x Dy, Hom(W,V)) such
that the intertwining operators are given by (see Theorem 3.10)

o) . g1 (27)
1 Oxo

f(z1, x2),
e x2=0
Ho (D1 W) = Ho (D V), gler) s F ( 8‘2) o(z1).

The latter operator is of infinite order in general, but we can show that F (mg; 8%1) g(x1) converges
uniformly on every compact set in some open subset of D, extends holomorphically on whole D,
and defines a continuous map between spaces of all holomorphic functions (see Theorems 3.6
and 3.12). The functions F' and F* are given by an explicit integral, and actual computation
of F and F* is performed in Section 5 case by case, by using the series expansion of integrands
and the result of Faraut—Koranyi [7] or the author’s previous result [42] on norm computation.
In this way, we get the explicit intertwining operators of both direction H,(D, V) &= H,(D1, W)
in the case (G, G1) is one of

(U(g,5),U(q,8") x U(s")), (S07(2s),50%(2(s — 1)) x SO(2)),
(SO*(2s),U(s — 1,1)), (SO0(2,2s),U(1,s)), (1.1)
(Eo(—14)5 U(1) x Spiny(2,8)),

which are given by normal derivatives (Corollaries 5.2 and 5.3). We also get the projection
operators H.(D,V) — H,(D1,W) in the case (G, G1) is of the form

(Ga Gl) = (GO X GOa AGO)?

where Gy is a simple Lie group of Hermitian type, when both (7, V) and (p, W) are scalar (and
some few other cases) (Theorem 5.5), which gives essentially the same result as in [45] (see also,
e.g., [1, 43, 44]). In addition we get the embedding operators H,(Di, W) — H.(D,V) in the
case (G, (1) is one of

(Sp(s,R), SP(S R) x Sp(s",R)),  (U(g,9),U(d’,s") x U(q",s")),

(SO*(2s),807(2") x SO*(25")),  (Sp(s,R),U(s',5")),

(SO*(2s),U(s, s")), (SU(s, s), Sp(s,R)),

(SU( s),80%(2s)), (SOO( ) SOp(2,7n) x SO(n")),

(Be(—14), SL(2,R) x SU(1, 5)), (Bg(—14), U(1) x SO*(10)),

(Es—14), SU(2,4) x SU(2)), (E7( . SL(2 R) x Sping(2, 10)),

(E7 U(1) X Eg(—14)); (E7(-25),SU(2) x SO*(12)),

(Brs SU(2 6)), (1.2)

when (7,V) is scalar and (p, W) is multiplicity-free under the maximal compact subgroup
K, C Gp (or more generally when (p, W) satisfies the assumption (2.21) given later) (Theo-
rems 5.7, 5.10, 5.12, 5.17, 5.19, 7.2), but (E7(_25), U(1) X Eg_14)) case is based on some un-
proved assumption (Theorems 5.10(4)). We note that this assumption for (p, W), which is the
same assumption used in the author’s previous paper [42], is needed since the explicit computa-
tion of intertwining operators is deeply based on the explicit norm computation of H,(D1, W)
given in [42]. The symmetric pairs (G, G1) in the lists (1.1), (1.2) exhaust all symmetric spaces
of holomorphic type such that G is simple (if we replace (U(q,s),U(¢,s") x U(¢",s")) with
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(SU(q, s),S(U(¢,s") x U(q",s")))). It remains as a future task to construct embedding oper-
ators for tensor product case, and to construct projection operators in the list (1.2) (for some
special cases it is already done; see [9, 12, 32]).

The embedding intertwining operators H,(D1, W) — H,(D, V) we compute in this paper are
written uniformly in the following form, although they are computed case by case. Let (G, G1)
be a symmetric pair in the list (1.2), and x, x1 be (suitably normalized) characters of maximal
compact subgroups K, K; of G, G respectively. We assume (7,V) = (X*)‘, C), (p, W) =
(Xl_a(’\Jr(Sk) ® po, W), where (pg, W) is a representation of K which appears in the decomposition
of P(p3), € and & are 1 or 2 according to (G,G1), and k € Z>o if p5 is of tube type, k = 0 if p3
is not of tube type. We write H(D,V) = Hx(D), Hy(D1, W) = Hcris) (D1, W). We assume
He(rtok) (D1, W) to be multiplicity-free under K;. Then the intertwining operator is of the form

Faew: Heapsr) (D1, W) — HA(D),

1 1 0
]:/\,k,Wf(v’UbeZ) = A(fz)k Z mlcw,vw <JU2; €%> f(l“l),
W'eSuppy, (P(p)eW)
NSuppg, (P(p3))

where z1 € pi, 22 € p3, A(z2) is a polynomial on p3 , Suppg, (P(p]) ® W) and Suppg, (P(p3))
denote all Kj-types which appear in the decomposition of P(p]) ® W and P(p3) respectively,
and for each W', by w+(\) € C[A] is a monic polynomial given by a product of Pochhammer
symbols, and

[— K —_—
Rww(w2iy1) € (W@ W)™ C Plpy) @ Ppy) @ W
is a W ~ Hom(W, C)-valued Kj-invariant polynomial, normalized such that

N K (w2 1) = €2 Q0T Ky () = o2 QI Ky (),
W/

where Ky (r2) € P(p3, Hom(W,C))X* is a fixed polynomial, and @Q: p* — Hom(p+,p™T) is
a quadratic map determined from the Jordan triple system structure of p*. On the other hand,
when (G,G1) is in the list (1.1), we have Q(y1)z2 = 0 and e%(le(yl)“)P*Kw(m) = Kw (z2).
In this case the embedding intertwining operator is given by the multiplication operator

Fagew s Hepnpsky (D1, W) — HA(D),
Fakw (@1, m9) = Ax2) K (w2) f(z1),  x1€pf, x2€p].

By the explicit computation of the intertwining operators, we can study how the operator de-
pends on the parameter of the holomorphic discrete series representation. More precisely, since
each by () in the above formula is a holomorphic polynomial, Fy v extends meromorphi-
cally for all A € C, and defines an intertwining operator O (xysx)(D1, W), — Ox(D)g. Now
suppose v = A is a pole of F,  w of order ig. In this case O, (451 (D1, I/V)f(1 and Oy (D) z are no
longer unitarizable. Then for i = 0,1,... i, there exists a submodule M; C O (x451) (D1, W) g,
such that

f;,k,w = 313}\(1/ — )\)i]-",,,kjwz M; — OA(D)R

is well-defined. This M; contains all K;-types W' such that it appears as the summand of F,, ; w
and the corresponding by (v + dk) has a zero of order at most ¢ at v = X\. Moreover, f;\th
is trivial on M;_1, and defines a map from M;/M;_;. However, this is not intertwining unless
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i = ip. But fortunately, if there exists a submodule M’ such that M; 1 C M’ C M;, then the
restriction

~§\,k,W: M' /My — Ox\(D) %

is intertwining. Whether such submodule M’ exists or not depends on the pair (G,G;). In
this paper we observe this phenomenon only when G is classical and the minimal Ki-type W is
1-dimensional, but this also occur when G is exceptional or W is not 1-dimensional.

This paper is organized as follows. In Section 2 we prepare some notations and review
some facts on Lie algebras of Hermitian type, Jordan triple systems, and holomorphic discrete
series representations. In Section 3 we construct a general theory on the intertwining operators
between holomorphic discrete series representations. In Section 4, as a preparation for case by
case analysis, we fix the explicit realization of Lie groups and their root systems. In Sections 5
and 7 we compute the explicit intertwining operators by using the results of Sections 3 and 4.
In Section 6, we study what occurs when the parameter is at a pole in the cases G is classical
and both ‘H and H; are of scalar type.

2 Preliminaries for general theory

2.1 Root systems

Let g be a reductive Lie algebra with Cartan involution ¥. We decompose g into a sum of simple
non-compact subalgebras, a semi-simple compact subalgebra and an abelian subalgebra as

g=01)C D gm) © gept D 3(9)-

We assume that each simple non-compact subalgebra g(;) is of Hermitian type, that is, its
maximal compact subalgebra ;) = g'&.) has a 1-dimensional center 5(E(i)), and also that the
abelian part 3(g) is fixed by . For each i, we fix an element z(;) € 3(£(;)) such that ad(z(;)) has
eigenvalues ++v/—1, 0, —/—1, and decompose the complexified Lie algebra, g%) into eigenspaces
under ad(z(;)) as

C

C _ -
9G) =Py DG D P

We denote

pri=pl @D, =G O D, © a6 D3(0)5,

P=py @ Dy, =81 D Dy D gept D3(9) = g’
so that

C=pratCop.
We denote the anti-holomorphic extension of the Cartan involution ¥ on g€ by the same sym-
bol 9. Also, let ¥ := 9 o Ad(e™) (2 := }_; z(;)) be the anti-holomorphic involution on g
fixing g.

Next, we fix a Cartan subalgebra j C €. Then h© automatically becomes a Cartan subalgebra

of g€. We set b == bNgg). Let ABE) = A(g%), f)((ci)) be the root system of gg), and let Api)’ Aeﬁq

be the set of roots such that the corresponding root space is contained in pj;'.), E((Ci) respectively. We
fix a positive system Ag%>7+ C Agﬁ.) such that Ap(t) C Agﬁ)ﬂf’ and denote €+ = Aeﬁ.) ﬂAg%>7+.
Then we can take a system of strongly orthogonal roots {’yl,(i), . ,f)/r(i),(,-)} C Ap?), where

TG) = rankg 9(i) such that
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(1) 71,33 is the highest root in Ap?),

(2) Yk, (i) is the root in Apa) which is highest among the roots strongly orthogonal to each ~; ;)
with 1 <j <k-—1.

Forheaﬁh 7, let p;rj’(i) be the root space corresponding to v; ;). We take an element e; ;) € p;rj’(i)
such that

—lleg.@), Pes.m))s €5.0)] = 2€5),

and set
T (i) m
hi) = ~lejap V] € V=1, e = ejw €0, e=) ewepT
=1 i=1
(@) T(4)
a[y(i) = @th,(i) [@RY —1f)(i), a?;) = @ReLm C p?;).
j=1 j=1
Then the restricted root system ¥ = E(g‘(%, aw)) is one of
= {30 — "Yk:,(z‘))‘a[’(i): 1<jk<ru,j#k}
U{E5005.0 + )], LS TSk <70}
(type Cy ), or
Y = (as above) U {i%’yj,(i)!aw): 1<5< r(i)}
(type BCT(Z.)). For 1 <j <k <) we set
p;’;c,(i) = {33 S p?;.): ad(l)a: = %('Yj,(i) + ’y/.@(i))(l)x for all [ € a[,(i)},
parj’(i) = {z € pg): ad(l)x = %yj,(») ()x for all [ € a[,(i)}.
Then we have
+ _ +
o= D e
0<j<k<r(;
(k) #(0,0)
We set
+ o + - e + + . +
b= D P P = Whey  Pr= DR
1<j<k<r; i=1
C o - . pC
Er o) = [p}r,(i)?pT,(i)]’ tr ) = ) N EG),
C o C - . .C
9T.(5) = p;(i) S ET,(i) @ me, 91,() = 971,(s) M9
and we define the integers
d(z) = dimpig,(i)’ b(z) = dimpg_l,(i)’

ne) = dim ng) = T(i) + %T(z) (7"(1) — 1)d(1) -+ b(Z)T(l), n := dim p+ = Z Ny,
=1
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nr ) = dimpy ) =16 + 3760 (e — D,
D) = 2+ (T(i) — 1)d(i) -+ b(i).

Throughout the paper, let GC be a connected complex Lie group with Lie algebra g€, and
let G, K©, K, G((CZ.), G, Kg), K, G%(i), G,3i)s K%(i), K ;) be the connected Lie subgroup
C
(4

with Lie algebras g, €€, ¢, gg), 93y, ¢ ) iy, g%(i), 9T,(i)» E(T:,(Z.), Er (;) respectively. Also, let

KL,(i) = {kﬁ S KT,(i): Ad(k)e(z) = e(i)},

which is possibly non-connected, and we denote its Lie algebra by ;).
For k € KC, we write k* := (9k)~'. Then for each i, there exists a unique Hermitian inner
product (:|-),+ , holomorphic in the first variable and anti-holomorphic in the second variable,

Py
such that

(Ad(k)zly),e = (2| Ad(K)y)ys @,y € Pl kEKG, (erler)yy =1

This is proportional to the restriction of the Killing form of g(é:) on pa) X p&), if we identify p?r)

) %

and p&) through ¢. By summing these inner products, we define

(zly) = (z[y)p+ = Z(:cilyi)p(t) r=Y @, y=Y yicp =Prj (2.1)
=1 =1 =1 =1

From now on we omit Ad or ad if there is no confusion, so that (kz|y),+ = (z|k*y)y+.

2.2 Operations on Jordan triple systems

p™ has a Hermitian positive Jordan triple system structure with the product

(z,y,2) = —[[z,9y], 2].

For z,y € p™, let D(z,y) be the linear map, Q(z,y) be the anti-linear map on p* defined by
D(CC, y) = ad([x, ﬁy]) ‘p-‘-a Q(xa y) = a‘d(x) a‘d(y)ﬂ‘p-kv

and let Q(x) := % (z,x). Werecall that, for z,y € p*, the Bergman operator B(x,y) € End(p™)

is defined as

B(z,y) :== 1 — D(z,y) + Q(x)Q(y) € End(p™).

We say (z,y) € p™ x pT is quasi-invertible if B(z,y) (or equivalently B(y,z)) is invertible, and
in this case the quasi-inverse z¥ is defined as

a¥ = B(z,y) " (z — Q(z)y) € p™.

Then if B(z,y) is invertible, then there exists an element k& € K© such that B(xz,y)z = Ad(k)z
holds for any z € p*. Also, B(z,y) and z¥ satisfy the following properties. For x,y,z € p* and
k € KC, if (z,y) is quasi-invertible, then

B(kx, k*'y) = kB(z,y)k ", (2.2)

B(z,y)B(2Y,z) = B(z,y + 2) [6, Part V, Proposition II1.3.1, (J6.4)], (2.3)
B(z,2Y)B(y,z) = B(y + z, ) [6, Part V, Proposition 111.3.1, (J6.4")], (2.4)
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(k)Y = k(a¥), (2.5)
¥t = (a¥)? [6, Part V, Theorem II1.5.1(i)],
(z+2)Y = 2¥ + B(x,y) 2% [6, Part V, Theorem II1.5.1(ii)] (2.7)

hold. Here, the equality (2.6) holds when one of (z,y + z) or (z¥, z) is quasi-invertible, and the
other also becomes quasi-invertible. Similarly, the equality (2.7) holds when one of (z + z,y) or
(z,y%) is quasi-invertible, and then the other also is. Also, for the Bergman operator, we can
show directly from the definition that, if pf,p; C pT are Jordan triple subsystems such that
D(p7,p3) = {0} (we do not assume they are ideals), then we have

B(z1 + z2,91 + y2) = B(w1,y1)B(72,y2), z1,y1 €pY,  T2,Y2 €3 (2.8)
Next, we recall the spectral decomposition and the spectral norm. For any z; € pa), there
exist complex numbers aq 4, . .. s Qi and an element k; € K 6 such that
7‘(2
z;, = k; Z a;ie;,
The set {a1, ... ,ar(i)ﬂ-} is unique under the condition that a;; € R>pand ay; > --- > ry,i = 0.
m m T() m
This is called the spectral decomposition. For x = Y- x; = Y ki 3, ajiej ;) € pt = P p?;), the
i=1 i=1 =1 i=1

spectral norm is defined as

%00 = [yt 00 = | max |l (2.9)

In fact this becomes a norm on the vector space p* (see [6, Part V, Proposition VI.4.1]).
Next, for each i, let hgy(z,y) € P(p* x pt) be the generic norm on pg). This is the
polynomial, holomorphic in z and anti-holomorphic in y, satisfying

Detp(z (B(wi,yi)) = hey (i, y:)PD, Ti,Yi € Pg)-

(i) ()
If z; = Zlajej,(i), Yi = Z bjej i) € a() C pzr) then h; (w4,y;) is given by
]:

()
hey (i, yi) = H(1 — a;bj).

j=1
For later use we abbreviate
Det,+ (B(z,y)) Hh () (T3, i) PO =2 h(x,y)7P.
=1
Also, we abbreviate B(x,x) =: B(x), hg(zi,7:) = hgy(z;). Let
D: = (connected component of {z € p™: B(x) is positive definite.} which contains 0)
={zep:|z| <1} ={zep™: |D(x,2)|y+ op <2} (2.10)

be the bounded symmetric domain, which is diffeomorphic to G/K via the Borel embedding
which we will review later (for these equalities see [6, Part V, Proposition V1.4.2]. Here |- |+ o
denotes the operator norm on End(p™) with respect to |- |,+). Then if z,y € D, B(z,y) is
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invertible, and thus it is in the image of K (CN. Moreover, since D is simply connected, there exists
a holomorphic map B: D x D — K C (or B: DxD— K (c, where K€ is the universal covering
group of K©) such that

Ad(B(z,y)) = B(z,y) € End(p"),  B(0,0) =1xc € K (resp. € K©)

holds. From now on we omit the tilde, and use the same symbol B instead of B.
Next we consider pJTr. This has a complex Jordan algebra structure with the product
('r7y) =Ty = _%H‘Taﬁe]vy]'
We recall the quadratic map P: p1. — End(p+.) defined by

Pla)y:=2z-(y-z)—y- (z-2)=Q(x)Q(e)y, =,y € pt. (2.11)

If y is in the real form {y € pt: Q(e)y = y} of pf, then P(z)y = —1[[z,Jy], 2] = Q(z)y holds.
Next we review the determinant polynomials on Jordan algebras. On each simple compo-

nent p}“’(i) there exists a determinant polynomial A ;), which is the homogeneous polynomial of

degree r(;) satisfying
Ay (k) = Agy(ke) A () forallk € Kf ), @ € Pray  Aplep) =1
The quadratic map P and the determinant polynomials are related as

Detp;(i) (P(2)) = A(z) 2 0/m0), x; € pJTF7(i),

T(i

We extend A(;) on p(+) such that it does not depend on (]JJTZ(ZA))L =

%

)
1 p$7(i), and denote by the

same symbol A ;). Then the determinant polynomial A ;) and the generic norm h;) are related as
Agyleey —2) = hy(x,eq), € pgy. (2.12)

For the theory of Jordan algebras and Jordan triple systems, see, e.g., [6, Part V], [8, 36, 46].

2.3 Polynomials on Jordan triple systems
Let P(p*) be the space of all holomorphic polynomials on p*. Then K€ acts on P(p*) by
(Ad|p+)V (k) f(z) = f(k'2), ke K" fePph).

Then clearly we have P(p*) ~ P(pzrl)) R ® P(p?rm)), according to the simple decomposition
of the Jordan triple system p* = pa) BB p?m). In the rest of this subsection, we assume g is
simple, and we drop the subscript (i). We set

7 ={m=(my,....m;) €Z":my>--->m, >0}
Then P(p™) is decomposed as follows.

Theorem 2.1 (Hua Kostant-Schmid, [6, Part III, Theorem V.2.1)). Under the KC-action,
P(p™) is decomposed as

Pt = B Pml?)

-
mezl

where P (p) is the irreducible representation of K© with lowest weight —myy1 — - - — myy,.
Moreover, each Pm(p™) has a nonzero Kp-invariant polynomial, which is unique up to scalar
multiple.
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Let d'@™? .= dim Pm(p™), demY = dim P (p), where Pm(p) is the irreducible represen-

tation of K% with lowest weight —mqv1—- - -—m,7,, and let @Sﬁ’T) be the K-invariant polynomial

in P (p*) such that 2" () = 1. Especially, when m = (m, ..., m), then @Ei’:) (@) = D)™
holds. ’

Next we recall the Fischer inner product. For two holomorphic polynomials f,g € P(p™), it
is defined as

ceey

(Fa)r = [ s@gie e, (213)
p+

This integral converges for polynomials f and g, and the reproducing kernel is given by @yt
Let K\ (2,y) € P(p™ x pT) be the reproducing kernel of Py, (p*) with respect to (-, -) -, so that
S K@ (2,y) = e+ Then the following holds.

mez

Proposition 2.2 ([6, Part III, Lemma V.3.1(a), Theorem V.3.4]).

(d,rb) (d,r,0)
dm r dm T
Kinl(r.0) = ) — 0" (@) = Gy — o (@)
r/m,d r /myd

Here, for A € C, s € C", m € (Z>¢)" and d € Z>g, (A + S)m,q is defined as

T

(A+s)m,d;:H<A+sj—d(j—1)> L =MD A m 1), (214)

5 2
7=1
and we write (A + (0,...,0))md = (A\)m,4. We renormalize ") as
_ dEﬁ,r,b) . df‘g,r,O) .
(@) = i (@) = ol (@) (2.15)
(%) m.a (%) ma
so that
elzle)+ Z KEﬁ) (z,€) = Z (i)sg) (z).
meZ’ | mezZ’_,

For example, when p* = M(r,C) (i.e., G = SU(r,7)), if the eigenvalues of x € M (r,C) are
ti,...,t., we have

. . 2 r . .
500 = };Ij(mz —myj —i+j) il;[l(r —4)! dot ((t?frr—])i’j)

=it | T it 1), L0 mi =) dee((57),)

= , . (2.16)

Then & (z) does not depend on r in the following sense. Since W is K r-invariant, it is

determined by the value on a*™ C p*. Thus for z = aje; + --- + aye, € a™, we write

W () =: ég)(al, ceey Q).
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Then this does not depend on r, that is,
F d) F d) -
(I)gnr)(al,...,arfl,O):(I)EnT U(al,...,ar,l)

holds. Also, when p™ = Sym(r,C), M(q,s;C) or Skew(s,C) (i.e., G = Sp(r,R), SU(q,s) or
SO*(2s) respectively), for z,y € p*, Kgfl,)(x,y) depends only on the eigenvalues of zy*, so
following the notation in [40] we write

Kgﬁ)(%y) =: ég)(:vy*) = ég)(y*m) (2.17)

2.4 Holomorphic discrete series representations

In this subsection we recall the explicit realization of the holomorphic discrete series represen-
tation of the universal covering group G. First we recall the Borel embedding,

G/K —=GC/KtP~
\
12 Texp
¥
D™,
where P* := exp(pT). When g € GC and = € p™T satisfy gexp(z) € PYKCP~, we write
gexp(z) = exp(n (g, x))x(g, z) exp(r~ (g, z)), (2.18)

where 7t (g,2) € pT, k(g,x) € KC, and 7 (g,z) € p~. If g = k € K©, g = exp(y) € Pt or
g =exp(Vy) € P~ with y € p*, we have

at(k,x) = kz, k(k,x) =k,
7t (exp(y),z) = = + v, k(exp(y),z) = Lgc,
7 (exp(Vy), z) = Y, Ad(r(exp(9y), 2))|p+ = Bla,y) .
7t gives the birational action of G® on pT, and from now on we abbreviate 7t (g, z) =: ga.

Especially, if z € D and g € G, then automatically gx € D and k(g,x) is well-defined, and the
action of G on D is transitive. Since D is simply connected, the map x: G x D — KT lifts to
the universal covering space, that is, k: G x D — K€ is well-defined. We denote this extended
map by the same symbol . Then for z,y € p* and g € GC,

B(g:L‘, (&g)y) = k(g, x)B(x,y)/e(@g,y)* (2.19)

holds in End(p™), where ¥ is the anti-holomorphic involution of G€ fixing GG, and Ad is omitted.
Ifge@G(ie, g= @g) and z,y € D, this also holds in KC, regarding B(z,y) as the element
of KC. This formula is also verified in K€ if g € G.

Now let (7,V) be an irreducible holomorphic representation of K€ with K-invariant inner
product (-, -),. We consider the space of holomorphic sections of the homogeneous vector bundle
on G/K with fiber V. Then since D ~ G/K is contractible, it is isomorphic to the space of
V-valued holomorphic functions on D

To(G/K,G x5z V) ~0O(D,V).
Via this identification, G acts on O(D,V) = O,(D,V) by

#(g)f(x) =7(k(g7" 2))"

'flg7'x), ge€d@, wxeD, feO(D,V),
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and the function 7(B(z,y)) € O(D x D,End(V)) is invariant under the diagonal action of G.
N
If the function 7(B(x,y)) is positive-definite, that is, » (7(B(zj,zk))vj, vg)r > 0 holds for
Jik=1
any {xj}é-vzl C D and {vj}j-vzl C V, then there exists a unique Hilbert subspace H,(D,V) C
O,(D, V) with the reproducing kernel 7(B(z,y)), on which G acts unitarily via 7. This repre-
sentation (7, H.(D,V)) is called a unitary highest weight representation. Especially, if its inner
product is given by the converging integral

(Frg)s = CT/D(T(B(x)_l)f(x),g(a:))Th(:r)_pdx,

where h(z) Pdx := H i () P de = Det(B(z)) ' da is the G-invariant measure on D, and C-

is the constant such that |lv]|# = |v|+ holds for any constant functions (or elements in the minimal
K-type) v, then (7, H,(D,V)) is called a holomorphic discrete series representation. In this case,
all bounded holomorphic functions on D belong to H,(D, V'), and especially the space of K-finite
vectors is equal to the space of all polynomials,

Ho(D, V) =O0-(D,V)g =P(p", V).

For general H.(D,V) such that the above integral does not converge for any non-zero function,
it may happen that the K-finite part H(D, V) is strictly smaller than P(p*, V).
Now we assume G is simple. Let y be the character of K such that

x (k)P = Det(Ad(k)|,+), or X(B(z,y)) = h(z,y). (2.20)

Then for z,y € p* we have dx([z, —Uy]) = (x|y),+, where (-|),+ is as in (2.1). Let (70,V)
be a fixed irreducleble representation of K©. Then for A € R, (1,V) = (1o ® x~*, V) is again
a representation of KC. In this case we denote H- (D, V) =:Hx\(D,V). If A is sufficiently large,
this becomes a holomorphic discrete series representation. The parameter A such that the unitary
subrepresentation Hy (D, V) C Ox(D,V) exists is classified by Enright—-Howe-Wallach [5] and
Jakobsen [10].

When H,(D,V) is holomorphic discrete, we consider the irreducible decomposition of
HA(D, V) ~P(p+, V) @ x as KC-modules,

P, V)@ x~ ~@Wm®x%
such that its components are orthogonal to one another with respect to the Fischer inner product
1 —|al?,
(f@)Fm = — [ (f(z),9(x))rpe ~»*dr.
T p+

Then since both (-,-) g, and (-, -)+ = (-, ), are K-invariant, there exists a constant p,,(A) > 0
such that || f,n 13 ,, /Il me%,TO = pm(A) for any f,, € W,,,. Now we additionally assume that

Wi LW, in () pry implies Wi LWy in () x5, (2.21)

for sufficiently large A. This holds if P(p*, V') is multiplicity-free, or G = U(q, s) and one of U(q)
and U (s) acts trivially on V. Then | - ||) 5 is computed as

Z fmafn Ao — me ”fm

(2.22)
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where f,, is the orthogonal projection of f onto W,,, that is, the cross terms vanish. Especially,
if the reproducing kernel with respect to (-, -)r,, is expanded as

Wt Iy =N Kp(z,y) € O(p+ x pT, End(V)),

where K., (z,y) € Wy, @ W, then the reproducing kernel with respect to (-, ) -, is expanded as
h(z,y) *10(B(z,9)) =Y pm(AN) Km(z,y) € O(D x D,End(V)). (2.23)
m

Each p;, (M) is meromorphically continued for all A € C, and defines a positive definite ker-
nel function if p,,(A\)~! > 0 for all m, and for such A there exists a unitary subrepresentation
HA(D,V) C O(D,V). Also, if f,, € Wy, we have

Fonr €55) 3 10 = DN Fons Kin (5 9)) e = () fin (1) (2.24)

Under this assumption (2.21), p,, () are explicitly computed in [42] for classical G. We note
that if we drop the assumption (2.21), then the formulas (2.22) and (2.23) become more com-
plicated, and their explicit formulas are not known so far. Especially if (79, V) is trivial, then
by [6, Part III, Corollary V.3.9], [7] for fm € Pm(p™) we have

L fml[3 1
Pm(A) = = : 2.25
N = el = (225)
where (A)m,q is as (2.14), and therefore we have
ha,y) = > (N m KW (2, 9), (2.26)

mezZl

where K& (z,y) € Pm(p™) @ Pm(pt) is as in the previous subsection.

3 Intertwining operators between holomorphic discrete series
representations

3.1 Setting

Let GG be a connected real reductive Lie group such that each simple non-compact component is of
Hermitian type, as in Section 2.1, and let z € 3(€) be the element such that ad(z)|,+ = v/—11,+.
Let G1 C G be a connected reductive subgroup which is stable under the Cartan involution
of G. We denote the Lie algebra of G; and its Cartan decomposition under ¥ by g1 = € & p;.
We assume

Z €91 (3.1)

We set pf = g(% np*, py == g(f Np~, so that gic = pf &) E(lc @ p;. Also, let p; C pT be the
orthogonal complement of pi with respect to the inner product (-|-),+ defined in (2.1). We

define another inner product (~|‘)p1+ on p as in (2.1), changing g to g1, and let D; C p] be the

bounded symmetric domain, defined as in (2.10). Then we have

Proposition 3.1. D; =DnN pT.
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Proof. D; = G1.0 C DN p{ is clear. For z,y € p{, let Bi(z,y) be the Bergman operator
on p;. Then Bi(z,y) = B(x, y)|p;r holds. Therefore if z € DNpy, then B(z) is positive definite,
and hence By (z) = B(:zc)\p;r is also positive definite. Since D N p7 is connected, D Np] C Dy
holds. |

This implies that the spectral norms (2.9) on p* and p; coincide.
Corollary 3.2. For z € pf Cp™, 2]+ 00 = mpj « holds.

Proof. This follows from |z|y+ ., = inf{t>0: 2 € D}, |$‘pir o = inf{t>0:72z € D}
(see (2.10)) and Proposition 3.1. [

Let (7,V) be a representation of KC, and consider the representation (7, H,(D,V)) of G,
as in Section 2.4. We want to discuss the restriction H,(D,V)|s . Then since it is discretely

decomposable, the space of K;j-finite vectors coincides with the space of K-finite vectors (see
[24, Theorem 4.5]), which is a subspace of the space of V-valued polynomials on p*.

HT(D, V)f(1 = HT(D, V)f( (- P(p+, V)

Since p* acts on H,(D,V)i C P(p*,V) by Ist order differential operators with constant co-
efficients, every (g1, K1)-submodule in H,(D,V) i, has pf—invariant vectors, and the space of
p; -invariant vectors is equal to

+
He(D, V)L =Ho(D, V)N P(p3, V).
Thus if we write the decomposition of the above space under K (IC as

H.(D,V)NP(ps,V @m pi)(pi, W,

then H,(D,V) is decomposed under G abstractly as
Ho(D,V) il gy ey = D mlpi) Hy, (D1, Wi)

@
He(D, V)|, ~ Z m(pi)Hp, (D1, W)
(see [11], [18, Section 8], [37]). Especially, if H(D,V)z = P(p™,V), the decomposition of

H.(D,V) under G corresponds to the decompos1t10n of P(p3,V) ~ P(pg) ® V under KT.
Now let (p, W) be an irreducible representation of K which appears in P(p3) @ V| i© with

Ki-invariant inner product (u,v),. Our aim is to construct G1-intertwining operators between

Hr(D,V)|g, and H,(D1, W) explicitly. To do this, we assume H-(D,V)g = P(p™, V).

3.2 Integral expression

First we find the intertwining operators in integral expression. Let (p, W) be an irreducible rep-
resentation of K which appears in P(P§)®V|cha and let 77,1 H-(D,V) — H,(D1, W) be a G-
intertwining operator. Then for any y1 € D1, the linear map H,(D,V) — W, f = (F;,f)(y1)

is continuous, and by the Riesz representation theorem, there exists Kyl € H.(D,V)®@ W such
that

<f7 IA{yl>f' = (]::pf)(yl)’ S HT(D7V)7 y1 € Ds.
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We write K(z; 1) := Ky, (z) for z € D, y; € Dy. We identify V@W and Hom(W, V) via the inner
product of W. Then F;,: H.(D,V) — H,(D1, W) and its adjoint operator Fr,: H,(D1, W) —
H(D,V) are given by

(FL,f)w) = (£LKCy))s  fE€HAD,V), y €Dy,
(Frof)(@) = (f,K(z,))p,  fEHND,W), =zeD.

~

By the intertwining property, K(z;y;) must satisfy
K(ga; gy1) = 7(k(g, 2))K(z;91)p(r(9, 1)) (32)

for any g € Gy, where (g, z) is as (2.18). Thus we find a kernel function satisfying (3.2).
Let K(z2) € P(p3)@VeW =~ P(p5, Hom(W, V)) be an operator-valued polynomial satisfying

K(kxo) = 7(k)K(zo)p(k)™t,  zo€pd, ke KT, (3.3)

Let Projy: pi—> p; be the orthogonal projection, and we define an operator-valued function
K € O(D x Dy,Hom(W,V)) by

K(z;91) = K(21,29;91) := 7(B(,91))K(Projy (1)), (3.4)
where x = (z1,22) € D, y1 € D1. Then the following holds.
Proposition 3.3. For any z € D, y; € Dy, and g € Gy, K(z;31) satisfies the identity (3.2).

Proof. By (2.19), we have

T(B(gz, 9y1)) = 7(k(g, )7 (B (2, y1))7(%(9, 41))"

Thus it suffices to show
K (Projy((g2)%)) = 7(k(g, 1)) "K(Proja («¥)) p(r(g, y1))*.

By KC-invariance of K(-), this is equivalent to
Pron((gw)gyl) - H(gvyl)*il Pron(xyl), S D7 Y1 € D17 g€ G-

First we show

Projs ((gx)(ﬂg)zn) = Ii(igg, yl)*_1 Projy(z¥t), zept, y € pf

for g = k € K¥ or g = exp(—21), g = exp(Yw;) € G with z1,w; € p], when one side is
well-defined, that is, we show

Proj, ((kx)k*_lyl) = kProj,(z*),
Projs ((1: — 21)(yfl)) = B(z1,y1) Projs(z¥t),
Projy ((z"1)¥'~"1) = Projy(z¥").

In fact, the 1st and 3rd formulas follow from (2.5), (2.6), and the 2nd formula follows from
(x—zl)(yfl) = B(z1,y1)2Y* —B(21,y1)2}", which is a consequence of (2.7), and that B(z1,y1)z{" €
p7 is annihilated by Proj,. Since any g € G is written as the form g = exp(Jw; )k exp(—21) with
z1, w1 € Dy and k € Kic (which is proved by using the K AK-decomposition and [6, Part III,
Lemma II1.2.4]), the proposition follows from the cocycle condition of k. |
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We write 73(]32 , Hom(W, V)) = {K(z2) € P(p5, Hom(W, V)): satisfying (3.3)}, O(D x Dy,
Hom(W, V))G1 = {K(z;y1) € O(D x Dy,Hom(W,V)): satisfying (3.2)}. Then we have the
following.

Lemma 3.4. The linear map O(D X Dy, Hom(W, V))él - P(p3, Hom(W, V))Kic, K(z;y1) —
K(0, x2;0) is bijective, and its inverse is given by K(z2) — K(x;y1) in (3.4).
Proof. We write the restriction map by Rest, that is, (RestK)(z2) = K(0, x2;0), and write

the linear map in (3.4) by Ext. For any K € O(D x Dy, Hom(W, V)%, clearly (Rest K)(z2)
satisfies (3.3), and therefore

(Rest K) (x2) € O(DN p;, Hom(W, V))Ric
~ Hom e (W, O(D M35, V) = Hom e (W, P(p3, V)) = P(p5, Hom(W, V)"

holds. Also, for any K(z2) € P(p3, Hom(W, V)T we have
(Rest o Ext K)(z2) = 7(B(x2,0))K(Proj, ((:UQ)O)) = K(z2).

Thus Rest is surjective. Therefore it sufﬁcesA to show tAhat Rest is injective. Suppose K; and
Kz € O(D x Dy, Hom(W, V)% satisfy Rest K; = Rest Ko. Then by (3.2),

holds for any g € G1. We fix 25 € DN p;, and set

Seo = {(9.(0,22);9.0) € D x D1: g€ G1} C D x Dy,
Dy, :={(9.(0,32);h.0) € D x Dy: g,h € G1} C D x Dy.

We show that S, contains a totally real submanifold of full dimension of D,,. Let pr;: D x
D, - D — Dn pf = Dy, pro: D X D1 — D; be the projections. Then since for every
x2 € DNpg, {exp(2).(0,22): z € p1} C D intersects transversally with p; at 2, the differential
of pryls,, at (0,z2;0) is surjective. Similarly, since G acts transitively on Dy, the differential
of pry|s,, at (0,22;0) is also surjective. Therefore, pry|s,, and pry|s,, are both submersive near
(0,22;0) € Sy, and Ty Sy + JT(gy,)S2s = T(asy,)Da, holds on this neighborhood, where J
is the complex structure of D,,. Hence S;, contains a totally real submanifold of full dimension

of Dy,, and Kl = Kg holds on D,, for each 2 € DN p2+. Finally, since | w2€Drp} D,, contains

an open subset of D x Dy, Kl = KQ holds on whole D x D;. Therefore Rest is injective. |

Therefore if we assume H(D, V) = P(pT, V), then for any (p, W) C P(p3.,V),

Homg, (H:(D, V), Hy(D1, W) = Homg, (,(D1, W), (D, V)
~ P(ps, Hom(W, V))& I~ O(D x Dy, Hom(W, V))

holds, and by the above argument, for any K € P(p3 , Hom(W, V))Kl K(z;y1) in (3.4) becomes
the kernel function of the intertwining operator. Especially, K(-;y1) € H,(D,V) ® W holds for
any y; € D1, and K(l‘, )* € Hy(D1,W) @V holds for any z € D. Also, even if H,(D,V) #
P(pT)®V, since K(x; -) is a bounded function on D; for any x € D, K(:r, V€ H (D1, W)V
holds if we assume H,(D1, W) is a holomorphic discrete series representation.

Corollary 3.5. Let (7,V) be a KC-module, and (p,W) be a KC-module which appears in
P(py) @ V|[~(<1c. Let K(x2) € P(pg) @ V @ W ~ P(p5, Hom(W, V)) be an operator-valued poly-

nomial satisfying (3.3), and define K(x;y1) € O(D x Dy, Hom(W,V)) by (3.4).
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(1) Assume H-(D,V)z =P(pt,V). Then the linear maps
Fiy: He(D,V) = H,y(D1, W),
(Fro D)) = (£, K(50)), = CT/DK(x;y1)*T(B(93)_1)f(x)h(ﬂf)_pdx,
Frp: Ho(D1, W) = Ho(D,V),
(Frof)(@) = (£, K(z;)"), = Cp/D K(@;y1)p(Bly1) ™) fy)ha(yr) P dys

intertwine the G1-action. Here the second equalities hold only if H.(D,V) resp. H,o(D1, W)
are holomorphic discrete series representations.

(2) Assume H,(D1,W) is a holomorphic discrete series representation. Then the linear map

Frp: Hp(D1,W) = O(D,V),

i =G | K(z;91)p(B(y1) ™) f(y1)ha(y1) P dy

( TPf _<f7 €, >

intertwines the G’l—action.

These operators are defined as maps from H,(D, V) resp. Hp(Dl,W) but in fact these
extend continuously to maps between O,(D,V) and O,(Dy, W) if H.(D,V) or H,(D1,W) is

a holomorphic discrete series representation.
Theorem 3.6.

(1) Assume H.(D,V) is a holomorphic discrete series representation. Then the linear map

FrpiHe (D, V) —=H,(D1,W) extends continuously to the map F7,: Oz (D, V)= Oy(D1,W).

(2) Assume H,(D1,W) is a holomorphic discrete series representation. Then the linear map
Frp: Hp(D1, W)= O7(D,V) extends continuously to the map Fr,: O,(D1, W) —O,(D,V).

Proof. We only prove (2). By the G-invariance of K, for k € K| we have
(Frof)(@) = (fy1), K(zsy1)*), = (p(k) ™ f ko), K (K a591) " (k)*)

Let h = —/—1z € v/—15(¢) be the element such that ad(h)|,+ = I,+. Then for t € /—1R and
v € V, by setting k = e " we have

(Frpf)(@),0)7 = xp (€' )XT(eith)@C(eityl) K(ex yl) v)

lé7y1 '

ﬁ7y1 ’

where we write p(eth) = Xp(e ™Iy, T(eth) = X (e™Iyy. Here, though x, and x, are defined
as a function on Z(K) C G, their ratio x,x; ' is well-defined as a function on Z(K) C G.
By analytic continuation this holds for ¢ € C such that |e!| > 1 and |e’x|oc < 1. Then for
|7]oo < €7t < 1 we have

((Frpf) (@) 0)2] = [xole™xr (e ™) (f (e "m), K (e'wi91) 0) |

< XM xr (™Y £ (e ) ||, [|K (e as3n) ||

psy1 py1”

Now since H,(D1, W) is a holomorphic discrete series representation, we have

£ ), = Co [ (BN DIC), £ 0)) alon) s
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-1 — } ¢ 2
< Cp/Dl |p(B(y1) )‘ppphl(yl) Prdy, y?ggl | f (e yl)’p

=CP sup  |f(y)l2

|y1 |oo§e_t

Therefore for |z < e~! we have

|(Frpf)(),v)7] < C,/oXp (etﬁ)XT (e_th) | ‘SUE . ’f(yl)’p«f{(et@’? ')*7K(et$; ')*>p7) U) 1/27
Ylloo €T
and since <K( S K () >ﬁ € C¥(D,End(V)), Fr, extends continuously to the map from
O,(D1,W) to O-(D,V). [ |

3.3 Differential expression

Next we will establish differential expressions for the intertwining operators. To do this for
Frp: Hp(D1, W) = H-(D,V), we assume that (G, G1) is a symmetric pair, that is, there exists
an involution o of G (without loss of generality we assume 0¥ = Jo) such that G; = (G7)o.
A symmetric pair which satisfies the assumption (3.1) is called a symmetric pair of holomorphic
type. We extend o on g€ holomorphically. Then this defines the involution on p* and also on D.

Since the reproducing kernel of P(p™,V) with respect to the Fischer norm is given by
@2t 11, that is,

_1 [ @ —l=12,
fla) == | "t f(z)e Ttz
T p+

holds for f € H,(D,V)z = P(p™,V), we have

(Frpf) 1) = <7r1"/ o 12)p+ f(z)e|Z|§+dz,K(.;y1)>
pt 7

- win . (Pt Iy K (5 90)), f(2)e o dz
p

1 —|z
= |, ]::p(e("z)"+fv)(y1)f(z)e | |'?'+dZ7
P

7-[-n

and similarly, for f € H,(D1, W)z, = P(p], W) we have

<f“’f><x>:<ﬂil /ﬁ('w””ff(wl)e i dun, Ko >>
B

P1
1 : —fwn |2,
= [ e Ry, fwne T du
T Jpt
1 (lwr) + —lwily

- /pfm(e ) @) f e duwy.

Now we have

Lemma 3.7.
(1) ]:;k ( (lz )p+_fv)(y1) F ( ('\Z)p+_fv)(0)e(y1|2)p+
(2) If (G,Gy) is symmetric, then

(lw1) + (lw1) + (w1|w1) +

]-"Tp(e P1 Iw) (33) = FTp(e P1 Iw) (O,xg)e b1,
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Proof. (1) Since F7, intertwines the G1-action, it also intertwines the gF-action. Especially,
since pf C g(g acts as a Ist-order differential operator with constant coefficients, we have

d
e _ e (12
&]—" ( )p+IV)(ty1)—$8:O}"Tp(e )p+Iv)(ty1+3y1)
d o (o(+syil2)
= | Tl )
_ di Fr (19 1) (tyy )@ Dy
Sls=0

. ]_—:p (e("z)p“‘ Iv) (ty1)(y1 |Z>P+

Therefore, as functions of ¢, both
f;—kp (e(~‘z)p+ IV) (tyl) and f:p (e('|2)p+ IV) (O)et(yl|z)p+

satisfy the same differential equation with the same initial condition, and thus they coincide.
By substituting t = 1, we get the desired formula.

(2) First we note that under the assumption that (G, G1) is symmetric, if z = (21, 22) € D,
where 1 € p], 22 € p5, then (tx1,29) € D holds for any ¢ € [—1,1], because —o(x1,72) =
(=z1,22) € D and D is convex. Therefore ]—"Tp(e(' Wyt IW)(tazl,a:Q) is well-defined for any
t € [-1,1] if (G, G1) is symmetric. Then as for (1), we can show that F;,(e Gy Iw) (tz1, z2)

and Fr, (e(.mq)"ir IW) (0,x2)e e )pl satisfy the same differential equation with the same initial
condition, and thus they coincide. |

Thus we define F' () € P(pt, Hom(V, W)) and Fy,(z2;w;1) € O((DNp3) x E, Hom(W,V))
by

Fr(2) = F (21, 22) := f:p(e('|z)p+1’v)(0) = <e('|z)P+IV,IA((-;O)>%
<e HIV K (Proj (- ))> = CT/ K(azg)*q-(B(x)*l)e(’”‘Z)Wh(x)*pdm,
D
(tJw1)

(y1lw1) X
Frp(za;wr) = Frple M Iy )(0,22) = (e P Iy K (0, 225 1) >ﬁ7y1
(y1|w) . *
= (" Iy, (7(B(w2, 1)K (Proja((22)")) "),
(y1lw1) +

=C, | 7(B(a2,y1))K(Projy((2)*))p(B(y1) ™" )e P hi(y1) Py

Dy
(where the last equalities hold only if H,(D, V') resp. H,(D1, W) is a holomorphic discrete series
representation). Then we have

F D) =2 [ F (o1, 20)e® P f(2)e v s

ik pt

1 *
- ﬁ pt FTP(Zlsz) #le) p+f( ) P*dz

0
= F* —
P (8%’1

o 0
— F*
(8;191 833‘2)

z1=y1,22=0

[ e
xo=0 0 pt

f(x)7

z1=Yy1,22=0

R

b
T1=y1 D
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and similarly we have

1 x1|wr —|w1|?
Fl) @) = o [ Frptrzwnye ™ e dun = By (s -
o Oy

T

fy).

Yy1=z1

Here, for anti-holomorphic polynomial f € P(p*), let f (g) be the holomorphic differential
operator characterized by

(5 ) e = s

and similarly for anti-holomorphic function f € (’)( ), let f (dzl) be the operator characterized
by

"0\ (zily1) +
f<0351> e = f(y1)-

Next we describe Projs((x2)¥), and 7(B(x2,y1)) when 7 = x
is as (2.20), namely 7(B(z2,v1)) = x N(B(x2,y1)) = h(xa, y1) ™

~ is one-dimensional, where y
Proposition 3.8. Assume (G,G1) is a symmetric pair.

(1) Projy((z2)¥") = (22)@W1)e=,

(2) Assume G is simple. Then h(x2,y1)* = h(Q(x2)y1,91) = h(z2, Q(y1)2).
Lemma 3.9. Let z,y € pT.

(1) B(=z,y)B(z,y) = B(Q(z)y,y) = B(z,Q(y)z).

(2) ¥ = (Q(x)y)? + 22w,

[6,

Proof. (1) Use [6, Part V, Proposition 1.5.1, (J4.2), (J4.2)] and B(z, —y) = B(—=z,y), Q(—x) =
Q(x).

(2) Both sides are computed as

(Lhs.) = B(z,y) "' (z — Q(z)y),
(rhs) = B(Qx)y, y) " (Q(z)y — QQx)y)y) + Bz, Q(y)z) " (z — Q()Q(y)x)
= B(z,y) 'B(-z,y) ' (z + Q2)y — Q(»)Q(y)z — Q(2)Q(y)Q(x)y),

where we used (1) and [6, Part V, Proposition 1.4.1]. Thus it suffices to show

B(—z,y)(z — Qz)y) = =+ Qz)y — Q(2)Q(y)z — Q(x)Q(y)Q(x)y.

In fact, we have

B(—z,y)(z — Q(z)y) = (I + D(z,y) + Q(z)Q(y))(z — Q(z)y)
=z + D(z,y)z + Q2)Q(y)r — Q(z)y — D(z,y)Q(z)y — Q(z)Q(y)Q(z)y
=z + D(z,y)z + Q(z)Q(y)z — Q(z)y — Q(z)D(y,z)y — Q(z)Q(y)Q(x)y
=z +2Q(z)y + Q(@)Q(y)r — Q(z)y — 2Q(z)Q(y)r — Q(z)Q(y)Q(2)y
=2+ Q2)y — Q(z)Q(y)r — Q(2)Q(y)Q()y,

where we used [6, Part V, Proposition 1.2.1(J1)] at the 3rd equality, and D(z,y)z = 2Q(z)y at
the 4th equality. Thus the lemma follows. |



22 R. Nakahama

Proof of Proposition 3.8. (1) When 25 € p3, y1 € pJ, we have (Q(z2)y1)¥" € py, (x2)QW1)e2
€ p3. Therefore

Projy((22)") = Projy ((Q(a2)y1)" + (w2)2W)72) = (wy)Ql)e2

(2) We extend o on g€ holomorphically. Then since o acts by +1 on pj and —1 on py,
B(—x2,y1) = 0 B(x2,y1)o holds. Therefore by Lemma 3.9,

o B(x2,y1)0B(x2,y1) = B(Q(22)y1,y1) = B(w2, Q(y1)72),
- Det(B(w2,y1))? = Det(B(Q(x2)y1,51)) = Det(B(x2, Q(y1)2)).

Since Det(B(x2,y1)) = h(x2,y1)P, the proposition follows. |

Therefore when (G, G1) is symmetric, we have

Frp(mo;w1) = <6(yllwl)"1+fw, (T(B(@2, y1) K ((w2)2¥0%2))")

A

and moreover if G is simple and 7 = x ™" is one-dimensional, we have

(yllwl)pTIW7 (h(-’lfg,Q(yl)$2) / K( 1:2 ))*

FTp(:CQ;wl) = <€ >
— (" Ly, ((QUa)yn, 1) K (22)20072)) )

pyy1

pyr’

We summarize the above results.

Theorem 3.10. Let (1,V) be a KC-module, and (p, W) be a f((lc—module which appears in
P(py) ® V|f(ic' Let K(x2) € P(pg) @ V@ W ~ P(ps, Hom(W, V)) be an operator-valued poly-
nomial satisfying (3.3).

(1) Assume H.(D,V)z =P(p*, V). We define F},(2) € P(pT, Hom(V, W)) by
Ey(2) = Frp(21,22) = (et Iy, K(Proja (1)) .

Then the linear map

Fopt MDYV = M D1 W (oo =By ()| fi)

xo=0

intertwines the (g1, K1)-action.
(2) Assume (G,G1) is symmetric, and also assume “H(D,V) =P+, V)" or “H,(D1, W)

is a holomorphic discrete series representation”. We define Fr,(x2;w1) € O((Dnp3) xp7,
Hom(W,V)) by

Frplasiwn) = (""" iy, (r(Blaa ) K ((22)2097))")

Then the linear map
0
Frp: Hp(DlaW)f(l - OT(D»V)fo ( Tpf)( )= Frp | w2 71 f(z1)

intertwines the (g1, K1)-action.
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Remark 3.11. For w € p*, we define the differential operator B,(w) on P(p™, V) by

2
B ) 1(2) = 3 5(@leosen)olaly g (2) + Sl vul) (2
af “ ¢

where {e,} is a basis of p+, with the dual basis {e}, and 8, is the anti-holomorphic direc-
tional derivative along e’. Then this is a generalization of the Bessel operator B, in [4] or [8,
Section XV.2]. Then for w; € pj, B;(w1) annihilates F7,(2), because

<Bf<w1>>zF:,,<z> = (B, (w1))(e "t Iy K (Projy())).,

= (((Q@)w1|2)y+ + dr([z, Yun]))e™Pwt Iy, K (Projy(w))).
= (d#( —19w1)me( ot Iy K (Projy(2))). , = (e Iy, d# (1), K (Projy (),

= <e(xz)P+IV, % K(Projy(z — twl))> = <e(x|z)v+lv, % K(Pron(:p))> =0.

t=0 T,z t=0 T,z

This differential equation coincides with a on n appeared in Proposition 3.10 or Section 4.4,
Step 1 of [31], and thus the operator F7, coincides with the one given by the F-method.

These operators are defined as maps from the space of polynomials H,(D,V)z resp.
Hp(Dl,W)f{l, but in fact these are well-defined as maps between O,(D,V) and O,(D1, W)
in the following sense.

Theorem 3.12.

(1) F;, is well-defined as the map F},: O-(D,V) — O,(Dy, W).

(2) Assume H,(D1,W) is a holomorphic discrete series representation. Then for feO,(D,W),
Frpf(x) converges uniformly on every compact subset in {x = x1 +x2 € D: |21]oc + 22|
< 1}, and it continues holomorphically on whole D. Especially Fr, is well-defined as the
map Frp: Op(D1, W) = O-(D,V).

Proof. (1) Clear since F7, is a finite-order differential operator.
(2) First we decompose Fr,(z2;w1) as the sum of homogeneous polynomials in w;.

(y1lw1) +

Frp(zaswy) = (e ™1 I, (7(B(x2, 1)) K(Projy((z2)")))")

b1
—Z y1|w1 +IW,K(5U2,?J1 py1 ZF To;w1).

Then F-, is written as

(Frpf)(z ZF (.m )f(xl)-

Now by the Gi-invariance of K, for k € K, we have

Ey(zo;wr) = 7(k)Fy (k™ wos kwi ) p(k) .

th

Therefore for &£ = e™*" we have

Fo(zo;wy) = Xp(eth)XT (e*th)F (e Toe twl) (3.5)
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where the notations are the same as in the previous subsection. Now we fix t > 0, and let
|72]0e < €7t < 1. Then for v € V we have

(r o) o),

= ’(Xp(eth)xf (™) F, <etx2;e—t£1> f(xl),v>T

~ xo@™xre™ ) (D" A
= o e Y1 R p+f( 1), K(e'za; 1) v A
1 PsY1
th e ™ a\" < (et *
< xo()x (7)o v 5 " fa)| K zaryn) ol
1 Y1

Next we estimate . For z1,y1 € Dy, we take R > 0 such that x; +

(o

2 \"
33«"1>p1+ f(z1)

ﬁ’yl
Reﬁeyl € Dy for any 8 € R. Then
a\" dm n! flx1 + zy1)
‘(yl 8x1>p+ fan)| = | tzof(:m v =l g TR
1 P o
_ 2 f T+ Rereyl) \/lee\/jwdH
p
_|n! 2m f(acl + Reﬁeyl) 40
o 0 Rnrev—1né
)
n!
o R v—160 )
< R ol M (an + B,
s — 21|00

Now fix 0 < s < 1, let |z1]|0 < s, and we set R := . Then we have

‘y1|oo
‘xl + Re‘/_iwyﬂOO < 1o + Rlyi]oo = s,
and therefore

¢

0\"
31‘1>p1+ f(z1) ,

<l <'yl'°°> sup 1£(E0)l,

s =1l ) Je1)co<s

<l <1> sup 1£(E0)l,

s—|T1loo ) |e1)oo<s

holds. Hence we have

\<m

n 2
0
&El)ﬁ f(z1)

pan
:CP/DI (p(B(xl)_l) (y1 8(3:1); f(z1), (

<C B(a1) ™) |, oph1 (1)
<0y [ 0B )P sy

0
8) x1 ) ha(yr) " Prdyr
p

2

(v

;) f(z1)

p
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2n
< C2(n)y? (1) sup (). (3.6)

s—|21loo ) jefooss

Therefore we have

(7 () 100,
oi

< Cpole e () () s IR () Ktz ) )

s = [T1loo /) je1]mcss

As a consequence, if we assume e”! < s — |71|00, We get

) o ) ),

< Cxp(e™) - (e th)i(e_t)” sup (£l ((R(elazi )" K (eass ) ") o, 0) 2

"0 5 — 2100 €1]00<s

‘(( Tpf U

= Ol (M) ey (e (R (i) R (i) ) o) 2

s = |T1foo — €7t g |0 <s

This estimate holds if 0 < e ™ < s < 1, |71]00 < 5 — e and |72|00 < 7%, and thus

(Fepf)(a i( () f(xl),v>T

converges absolutely and uniformly on every compact subset in {|z1|e < s — €7, |72|00 < €7}
for any 0 < e™* < s < 1, and hence also does on every compact subset in {|z1 |+ |72|00 < 1}. By
Theorem 3.6, F;, is a continuous operator from O,(D1, W) to O-(D, V'), and therefore F.,f(z)
must extend to whole D. |

3.4 Analytic continuation of intertwining operators

In this subsection we assume G to be simple and that (7, V) is of the form (7,V) = (o@x ™, V).
Then we may assume (p, W) is also of the form (p, W) = (p0®x\}_~(i‘, W). In this section we denote
the representation of G; with minimal Ki-type (po ® X‘I_?i’ W) by Ha(D1, W) and Oy(D1, W)
(this notation has not the same meaning as the one in Section 2.4, since we do not assume G
to be simple, and even if GG1 is simple, X|f(1 is not normalized as (2.20) for G in general). Then
the intertwining operators F7,: HA(D,V) — Hx(D1, W) and Frp: Ha(D1, W) — HA(D,V)
depend holomorphically on the parameter A\, and as the operators between the space of poly-
nomials, these continue meromorphically for all A € C, and define the intertwining operators
Frpt OA(D, V) g = Ox(D1, W) g, and Frp: Ox(D1, W)z — Ox(D, V) if A is not a pole. Since
F7, 1s a finite-order differential operator, this is clearly well-defined as the map F7,: O) (D, V) —
O\ (D1, W) for all A € C except for the poles. On the other hand, for the infinite-order differen-
tial operator F,, it is not clear. The goal of this subsection is to prove that F;,: O\(D1, W) —
O\(D, V) is well-defined if A is not a pole. In this subsection we write Fr, = F ,.
To do this, we consider the K;-type decomposition of Oy (D1, W) &, 28

oo Np

O (DbW) 73(]31, W) ® X|K1 EB@W J® X|K1) )

m=0 j=1
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where Wy, ; C Pp(pf, W) = {W-valued homogeneous polynomials on p; of degree m}, and
N, € N. We assume that the norm of H (D1, W) is expanded as

oo Nm

11300 = D D PNl i g (3.7)

m=0 j=1

as (2.22), where f,, ; is the orthogonal projection of f onto Wi, j, || fm.;
and p, j(A) depends meromorphically on A.
Next we additionally assume that K(z2;y1)* = Ky(z2;y1)* is expanded as

F,po 18 the Fischer norm,

oo Npm

x27y1 Z qu] vayl) ) (38)

m=0 j=1

where Ky, j(x2;51)* € (P(p3,V)a, ® (VVm,j)yl)K1 does not depend on A, and ¢y, j(\) depends
meromorphically on \. We note that IA(mJ (x2;y1)* is non-zero only it Wi,; appears commonly
in the decomposition of both P(p7, Vl]g,) and P(pf, W) since K, j(z2;91)* is K -invariant.
We also note that if both P(p3, V| &,) and P(pT, W) are multiplicity-free under KT, then we
can always expand K (z2;41)* as (3.8) since (P(p3,V)es ® (Wm’j)yl)K1 is 1-dimensional. Then
by (2.24) Frp(x2;w1) = F) p(x2; w) is given by

N,
(-wr) 5 SN JClen) » .
Fyplaziwn) = (e Iy, Ko ()" Do = 2 D ami(N) U Iy, Ko (25 ) ) A0
m=0 j=1
oo Npm
= Zzpmu )am,j (N K, (225 w1), (3.9)
m=0 j=1

and F) , is given by substituting w; with TR This continues meromorphically for all A,
and defines an intertwining operator from (’)A(Dl,W)f(l to Ox(D, V) if X is not a pole of
Pm,j(A)@m,;(A). In fact, this is well-defined as a map from Ox(D1, W) to Ox(D, V) under some
assumption.

Theorem 3.13. Assume (3.7), (3.8) holds, and also assume that for any A € C which is not
a pole of pm.j(A), Pm,j(N)gm;(X), there exist 4 > p1 —1, C > 0, k > 0 such that 52252;‘ <

C(1+mh), % < C(1 +mF¥) holds. Then if X is not a pole of pm_j(A)gmj(N), then

for f € Ox(D1,W), Fxpf(x) converges uniformly on every compact subset in {x = x1 + x2 €
D: |z1]|eo + |T2]c < 1}, and it continues holomorphically on whole D. Especially F) , defines
a continuous map Fy ,: Ox(D1, W) = O\(D,V).

In Section 5, we compute F) , explicitly when (7, V') is 1-dimensional. In these cases, py, ()
and Py, j(A)gm,j(A) are given by inverse of products of Pochhammer symbols, and the polynomial-
growth condition is satisfied by Stirling’s formula. Therefore, explicit intertwining operators in
Section 5 are well-defined as operators between spaces of all holomorphic functions for any A € C
except for poles.

Proof. First we note that this theorem says that F) ,f(x) converges if A is not a pole of
Pm,j(A)@m,;(A), but by continuity, it is enough to prove it when X is not a pole of either p, j(\)
OF P, j(A)gm,j(A). First we prove the continuity as a map from Oy (D1, W) to Ox(D,V) in the
integral expression, and second we prove the uniform convergence in the differential expression.
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First we work with the integral expression. As in the holomorphic discrete series case, for
f€OND1L,W)g, =P, W), if [2]o <e™" then

(Faph) @), 0)r = (f), Kalasg) ),
= X (e™)xr (™) (f (e ) Kn(e'w91) " 0) 0

holds. Then by assumption (3.7), we have

oo Npm

(Faph)(@),0)r = xp(")xr (e Z mej (fmi(e™"y), K/\(etw;yl):n,jv>F,po7y1’

m=0 j=1

where f,, ; is the orthogonal projection of f onto W,, ;. Hence for 1 < s < €',

XAﬂMMWAmu>|
<3 Y sl s EZ0L PP - SYCE2 7Y T P

m=0 j=1
oo Npm
_ ~ *
<Oy > (W m") g (W] Frng (67 90) | oy KN T3 90) 0l
m=0 j=1
oo Npm

O30 (s () ]

m=0 j=1

A (et$; yl):n,jUH,u,po,yl

oo Np

¢ Z Z 1 +m" |fm] (se yl) HM:POvyl HK}‘ (etx; yl);vijmpo,w

m=0 j=1

0o Nm

<O (U m)sTF (s ) [, g (KA 200) 0

m=0 j=1

<OV N1 mb) ] e~

m=0

oo
<C'Y Nu(14+mF)s™™  sup  [f(y1)lp, sup
Y1 |oo <se~ yieb

K, (etx; yl)*UH

HsP0,Y1 H,P0,Y1

A~

K (e'z; 1) )

po’
m=0

and thus we get

[(Fxpf) (@), 0)7]

o0
<C'x, ) Nl mF)sT  sup [ f(yn)lp sup [Ka(e'wiyn) |

[y1|oo<se—t y1€D1 po

m=0

Therefore F) , extends as a continuous operator from Oy(D1, W) to Ox(D,V).
Next we work with the differential expression. By (3.9), as in (3.5),

oo Nm

F)xp 552711)1 Zzpm] QMJ K ,j(x2;w1)
m=0 j=1

0o Npm

:Xp( tﬁ ‘r tﬁ Zzpm] qm] K (e T e t’wl)

m=0 j=1
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and for f € O(D,W),v eV,

(Frpl (@),0)s] = '(FA (o2 ) f(xﬁ,v)T

s N —
. - 5 4 0
= X th Xr m Z meu )am.j(A) (Km,j <et$2%e t@ml) f(ﬂﬂl)ﬂ))

m=0 j=1
t)‘ —tr = X ¢ ~t 9
< Oxp (€)X (7)Y Y (14 mF) P (1) g (1) | | Koo | €'z gar ) f@)v) |-
m=0 j=1 T

As in the holomorphic discrete series case, if €™ < s — |72|s then

. 0
pm,j(:“’)‘]m,j(,u) ‘ <Km,j <et$2§ e_t(a%‘l) f(xl)v U>T

m,j m,j —-m T " % *
_ P (W) amg (1) | [ e yi | o) fla1),Kmy(e'wa;y) v
61'1 p+
Fp07y1

m)!
1

o \" X
= % <e_mt <y1 8551>pj F(x1), @mj (1)K, (e xg,yl) U>

100,91
e ™t G A ¢ *
<— <y1 8901>p1+ f(z1) [[m. (1)K, (w25 91) "0, 0
H,P0,Y1
et \" oy *
S <y1 8901>p1+ f(z1) 1K (e'w2; 1) UHMpwl
H,P0,Y1
<C L " sup |f(&)| (< u(efze; ) K (etajg'-)*> v v)l/z.
<O ) o, MOl (R Kol i ),

where we have used (3.6). Therefore we have

(Fapf(2),0)
oo Npm -
< O (M) xr () 37 (1 1) i (1) (1) \ (Km (efxz; ai) f(xl)w)

m=0 j=1
00 ¢ m
< OO (M) xr (€)' 3 No (14 m) <Se|x|)
m=0 — [leo
X sup (60l ((Rp (i) Kisle'mai ) ), v0.0)) .

‘§1|oo§3

This converges if e™* < s — |71, and as in the holomorphic discrete series case, this estimate
holds if |21]ec + 22|00 < 1. Since Fy , is continuous as an operator from Oy (D1, W) to Ox(D, V),
Fpf(x) must extend holomorphically to whole D. [ |

4 Preliminaries for explicit calculation

4.1 Parametrization of representations of classical K*

In this subsection we fix the realization of root systems and parametrization of irreducible finite-
dimensional representations of K© when it is classical. First we set K© := GL(r, C) or SO(n, C).
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We take a Cartan subalgebra h© €€, and take a basis {t1,...,t,} C hC, with the dual basis
{e1,...,&r} C (b(c)v, where 7 = | 2| when K® = SO(n, C), such that the positive root system
Al (EC, []C) is given by

{ej—er:1<j <k <r}, KC:GL(T,(C),
AL(EC D) =S (e e 1< j <k <7}, K€ =80(2r,0),
{ejter:1<j<k<rju{e:1<j<r}, KC=S0(2r+1,0C).

For m € Z" with m; > --- > m,, we denote the irreducible representation of GL(r,C) with

highest weight mie1 + - - - +mye, by (T,(f;), ,g )), the irreducible representation of GL(r, C) with

lowest weight —mqe1—- - -—m,.e, by ( (v éf)v), and form € Z" withmy > --- > my_1 > |m,|
(when n = 2r) or with my > --- > m, 2 0 (when n = 2r + 1), we denote the irreducible
representation of SO(n,C) with lowest weight —mje; — — mp&r by ( [n]v Vr[r? }V). We omit
the superscript () and [n] if there is no confusion.

Next we set G := Sp(r,R), U(q, 5), SO*(2s), or SOg(2,n), and let K€ be the complexification
of their maximal compact subgroups, that is, K¢ = GL(r, C), GL(g,C) x GL(s,C), GL(s,C) or
SO(2,C) x SO(n, C) respectively. Then the irreducible finite-dimensional representations of K
are of the form Vg ), Véf) X V,SS)V, I-Ef ), or Cp,, X VIKL ] respectively, where we normalize the
representation (x™0,C,,,) of SO(2,C) later as in (4.4). Also, under the suitable ordering of
A(g% 5%), Pm(p™) in Theorem 2.1 is given by

‘/((;T)n\iﬂmz,...ﬁmr) V2(172 ) G =Sp(r,C), me 7,
P A -7 G =U(q,s), me Z Mo
Pr(p7) = ) v — V)Y G =80%(2s), m € fo%

(ma1,m1,ma,ma,...;m|sj2)m s/2)(0) —° 'm2
Ceny—my RV G =S00(2,n), m € 7%,

(m1—m2,0,0,...,0)

where, when s < ¢ and m € Z3 ,, we denote V((q) ) = Vrgf) etc., and the character

mi,...,ms,0,...,0
of K€ normalized as (2.20) is given by

Vi G = Sp(r,C),

N Vq(j'_)s(l,l,.. X Vﬁ?(l;,...,l)? G =SU(g, ),

= V((?%Mé?, G = S0*(2s),
RV G = S0y(2,n).

We have the local isomorphism SO*(6) ~ SU(1, 3). Accordingly, we identify the representa-
tion
(3)V _ BV —5Im|

(m1,m2,m3) " 1(2m1—ma—mg,—m1+2ma—ms,—m1—ma+2ms) Xs0*(6)

of U(3) € SO*(6) and the representation

()Y g 173V ~2|m|
(V lXV (2m1 mo—m3,—mi+2mo—m3,—mi— m2+2m3)) ®XSU(1,3)
(1)v (3)Vv
o V | \ b V (ml mo—ma,—mi+ma—ms3,—mi—ma+ms3)
. 1,3 1,3
of S(U(1) x U(3)) c SU(1,3). Also we write Véo) X V((nl),nzms) =: V((no;iim,ng) ~ V(ngr);/mﬁa,

na+a,nz+a)
for any a € R, so that

(3)\/ ~ V(lvg)\/ ~ V(lvg)\/
(m1,m2,m3) = " L(lm|;mi—ma—ma,—mi+ma—ms,—mi—ma+ms) ~ = (0;—ma—m3,—mi—m3,—mi—ma)’
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4.2 Explicit realization of classical groups and bounded symmetric domains

In this subsection, we review and fix the explicit realization of groups
G =Sp(r,R), U(q,s), SO*(2s), SOg(2,n).
First we deal with G = Sp(r,R), U(q, s), and SO*(2s). For these groups we have

(r,3r(r+1),1,r+1), G = Sp(r,R),
(ryn,d,p) = < (min{q, s},¢s,2,q+ s), G =U(q,s),
([5),58(s —1),4,2(s — 1)), G =SO*(2s).

We realize these groups as

0 I 0 I 0 I
Sp(T,R):Z{QGGL(%C):Q(_I O)tg=<_l 0),g<1 0)

(0 5)a}
Ulg, s) := {g €GL(¢+5,C): g <€q —015> g = (Ig _OIS> } ,
SO*(25) := {g € GL(25,C): g (? g) g — (? g) g (_OIS g) _ (_OIS g) g}.

Then K is isomorphic to U(r), U(q) x U(s), and U(s) respectively. We embed K into G as

k — <IS tk()l) > G= Sp(?“, R)) SO*(QS)a

ki 0
(klka) = (01 k2> ’ G= U(Qa S)‘

Clearly these extend to the embeddings of complexified Lie groups K€ — G®. When G =
Sp(r,R) or SO*(2s), we sometimes write the elements of K or KC as (k,tkfl), and deal with
these inclusions in a unified way. Similarly, p* is isomorphic to Sym(r,C), M(q,s;C) and
Skew(s, C) respectively. We embed p* into g€ as x ~ (J%). Then the rational action of G
on pT is given by

<CCL Z):x:(a:c+b)(c:c+d)_1, (Z Z) €G, weph.
The Jordan triple system structure on p™ is given by

Qa)y =ay'z, zyep’,
the inner product (2.1) is given by

1 1, G = Sp(r,R), U(Q7S)7
T = - Tr(zy™), r,yept, €=
(ly)pe = 2 Trew’) ver {2, G = S0%(2s),
the Bergman operator B: D x D — K€ is given by
B(Sﬂ,y) = (I - ‘Ty*a (I - y*x)il)) T,y € p+)

the quasi-inverse is given by

r¥ = .T(I - y*x)il = (I - xy*)ilxa T,y € era
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and the bounded symmetric domain D is given by
D = {x €pt: I —xx*is positive definite}.

Let (r, V) be an irreducible representation of K€ with K-invariant inner product (- )r
Then G acts on O(D, V) as

7 ((Z Z) > fw) =7(a* + xb*, (cx +d) ') f((az + b)(cx + d) 1),

where we regard (a* + xb*, (cx + d)_l) as the lift on K€, and this action preserves the inner
product

fa =C; / —xz* 1, I— x*;p)f(x)’g(x))Tdet(I _ $$*)_p/gd$.

Especially, for G = Sp(r,R) or SO*(2s), let (1,V) = (X*’\,(C) be a 1-dimensional represen-
tation of KC, normalized as in (2.20), that is,

x(k) := det (k).

Then the G-invariant inner product on #,(D,C) = H,(D) is given by
(f,9)n = Oy / f(x)g(z) det(I — za*)PPV/ede, (4.1)

which converges for any polynomial f, g if A > p—1. When G = U(q, s), we define (X*)‘1*A2, C)
as

X2k, k) = det(kp) M det(ko) 2, (4.2)
and write the corresponding representation of G as H M+xg (D). Then again the G-invariant
inner product is given by (4.1) with A = A; + Aa.

Next we deal with G = SO¢(2,n) case with n > 3. In this case, we have

(T7na dvp) = (27na n— 27 TL)

We realize this group as

12 0 t IQ 0
SOp(2,n) := {geSL(Q—i—n,R):g( >g:< >}
0 -1, 0 -1, ],

as usual, where the subscript 0 means the identity component. We have K ~ SO(2) x SO(n),
embedded into G as (ki, k2) — (kol ko2)’ and pt ~ C", embedded into g€ as

0 0 bty
z— 10 0 —1lz |,

r —1lx 0

where we regard x as a column vector. For z = Yx1,...,2,),y = (y1,...,yn) € pT, we write

@) i=al+-+a22,  q(x,y) =oy + o+ Ty (4.3)
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Then the Jordan triple system structure on p™ is given by
Q2)y = 2q(x,7)z — q(x)y,  z,yep’,
the inner product (2.1) is given by
(zly)p+ = 2q(x,7), wz,yep’,
the generic norm is given by
h(z,y) =1-2(2,9) +q(@)aly), z,yep,
the Bergman operator B: D x D — End(p*) ~ M (n,C) is given by
B(x,y) = h(z,y)I = 2(1 — q(@, 7)) (zy" = §'z) +2(ey" = 7')",  wyepT,
the quasi-inverse is given by
o =h(z,y) Nz —q@)y), wyept,

and the bounded symmetric domain D is the connected component of {h(z,x) > 0} which
contains the origin.

Let (1,V) = (X_A,(C) be a 1-dimensional representation of K€, where X is normalized as
in (2.20), that is,

X <eXp (a <\% _\F» ,I<:2> — e, a€C, ky€SOn,C). (4.4)

Then the G-action on O(D) preserves the inner product

— _ A—n
(o = Cn [ )@ (1= 2al7) + la(w)) " do. (15)
By Theorem 2.1, the space of K-finite vectors O(D) 7 = P(p™) is decomposed as
Pe) = @ Pub= @ xRV (4.6)
mez mez?

and by (2.25), for f = fm € Pm(p™), the ratio of this norm and the Fischer norm (2.13) is given
by

Ml _ 1 ! |
Hme% ()‘)mm*Q ()‘)ml ()‘ - nT_Q)m

2

(4.7)

When n = 1,2, we have s0(2, 1) ~ sl(2,R), which is of real rank 1, or s0(2, 2) =~ sl(2,R) ®sl(2, R),
which is not simple, and thus their properties are a bit different from those of n > 3 cases.
However, for convenience, we use the same inner product as (4.5), so that

HA(Dsog(2,1)) = Har(DsL2,r))> HA(Dsoy(2,2)) = Ha(Dsp2.r)) ¥ HA(Dsp2.r))-

When n = 1, the space of K-finite vectors O(D)z = P(p*) is decomposed as

P@?) = Clel = DT = D P14
=0 =0
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(so that we only allow m; = mg and m; = mg + 1 cases). Then for f = f; € P([q |
2 b

D

N~

the ratio of two norms is given by

IAIR _ 1 2!

IAlE N1 (A+3) 1] 2\

When n = 2, the space of K-finite vectors O(D)z = P(pT) is decomposed as

P(er) = C[:L'l,:b'g] = @ (C(.%'l + —lxg)ml (.%'1 —V —1$2)m2 =: @ Pm(er)
me(ZZO)2 mE(Zzo)z

(we do not assume my > ms), and for f = fm € Pm(p™), the ratio of two norms is given by

IfmlX 1
[l Vs Vs

That is, when n = 1, 2 the range of summation in (4.6) changes, but the formula of the norm (4.7)

does not change.

4.3 Root systems of exceptional Lie algebras

First we consider the Lie algebra e7(_o5). We take a Cartan subalgebra h C 50(2) @ ¢s C e7(_25),
and we take three kinds of basis {71, 7v2,73,€1,€2,€3,€4} C ([]C)v, {5@, e ,55(;)} C (hc)v eC
(i = 1,2) such that the simple system of positive roots is given by

(11— 2) + 5(—e1— €2 —e3 — £4)

(=0 + 60 4 65 4 88 — 50 — 50 — 50 4 500y,

a1 =

NI—= N

ay=e3—eq =0 =50, az=ez+es =050 -6,
=3 —e3 =300 6 o) 16 — 6V + 60 — 6\ + 5,
5 = &1 — &9 = 5§i) — 59,

a6 = (72 —73) —e1 = L (=617 + 057 — o) 4+ 81 + of) + 8 — o8 — 5,

B =10 = B0 080~ 89— 0 0 — o0 60 o) = o9 4 52
where @7(_25) is the unique non-compact simple root. Here, the expression in the basis {71, 72, 73,
€1,€9,€3,64} C (b«:)\/ is a modification of the one used in [50]. Next let

134 = a1 + oz + oy = (ﬁi) — 5éi), Q456 = Q4 + Q5 + Qg = 5éi) — (5§i),

Q93445 = Q9 + a3 + 204 + a5 = (S%Z) — (Séz),

and
Bazr) =71 Bso(210) = 13 = Ber_agys  Beorny = 3(72+73) + 3(—e1 —e2 —e3 + £4),
Bau(agy = 057 — 65 = 1(=6 4 6 — 62 45 4+ 62 + 587 + 6@ + 61,
Baor12) = 3(01 + 08 — o) — oV — oV — 5V + 61V 1 5{V) = 6P 4 6 = 8o, .

We realize sl(2,R) @ s0(2,10),u(1) @ eg(—14),5u(2,6),51(2) © s0%(12) C ey(_g5) such that the
simple systems of positive roots are given by

H(sl(2,R) © 50(2,10)) = {Bai2,r) } U {2, a3, 4, a5, a6, Bso(2,10) 5
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I(u(1) ® eg(—14)) = {2, a3, 4, 5, 6, Beg 14}
(su(2,6)) = {23445, Bsu(2,6)> X5 134, 2, 56, A3},

H(su(2) © 50%(12)) = {a23445} U {5, 2134, @2, Qa56, O3, Bs0+(12) }

where for g simple of Hermitian type and for a choice of a system of positive roots 3y is the
unique non-compact simple root. Next let

Bso(2,8) = (71 +72) + 3 ( €1 — €2 — €3 — €4),

Bao2,8y = 5(71 +73) + 5(—€1 — €2 — €3 + €4),

Bauizay = 08 = 08 = By,

Bauazy = 1 (807 4680 — 68 — 58 — 610 4 60 — 589 4 5{V).

We realize u(1) ©s0(2,8),u(1) ©50(2,8)', su(2,4) O su(2), su(2) ©su(4,2) C eg_14) such that the
simple systems of positive roots are given by

(u(1) ®s0(2,8)) = {az, a3, as, as, Bso(2,8) }
I(u(1) ®s0(2,8)) = {az, ag, a4, as, Bso2,8) 1
M(su(2,4) © su(2)) = {23445, Bsu(2,4)> @2, Qas6, 3} U {5},
M(su(2) ® su(4,2)) = {23445} U {2, aus6, @3, Bsu(a,2), a5}
Then su(2,4) @ su(2) = e6(—14) N su(2,6), su(2) @ su(4,2) = eg(—14) N (su(2) ® s0*(12)) holds.
Next we take another simple system of positive roots of e7(_gs) as

u

o) = 5§ B 5§i) = (123445, oy = 5§i) — 54(3) = as,
oy = (=610 4657 — 680 — 610 4 680 4 680 4 610 — 5{),
/ 5(1) — 5(1) = (X134, Oé:r:) = 5é2) — 5é2) = Oé% = 66(31) — (5§Z) = (X456,

1 1 1 1 1 1 1 2 2
Bems)=%(6§>+6§>—6§)—6£>—6é>—6é>+6$>+6é>)=6§>+6§%
and let
(o33 = o) + by + 20 + 20 + af = 68 — 50) =
445
1 1 2 2 2 2 2 2 2 2
By =00 =850 =500 — o — 6 + 6 + 67 + 60 + 07 + 5Y),

To this choice corresponds another realization of eg(fl 1y C e7(—25) such that the simple system
of positive roots is given by

H(eé(_m)) = {0/2,aé,aipaé,aéaﬁeg(,m)}-

In addition let
Baa.ry = 5(1) _ (5(1) _ %(_(5(2) + 5(2) + 5§2) + 5512) + (55()2) + 5(2) + 5(2) _ (5;2))7
Baurz) = 0 — 85" = %(6(2) 05 — 68 460 + 6P + 52 + 6% 6P = B
Baor(10) = 3 (687 4+ 68 — 641 — 6{1 — 61 4 6 4 6 — 6{V) = 62 4 68,

6(—14)’

and we realize s[(2,R) @ su(1,5),u(1) & s0*(10) C e%(,14) such that the systems of positive roots
are given by

(sl(2,R) @ su(1,5)) = {Bai2,ry } U {Beu1,5) 2, vy, a5, g},

H(u(l) D 50*(10)) = {0/27 0417 0/57 O‘%? 550*(10)}'
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Then sl(2,R) @ su(1,5) = eé(_m) Nsu(2,6), u(l) ® so*(10) = e%(_14) N (su(2) @ s0*(12)) holds.
The Vogan diagrams for each Lie algebra are as in Fig. 1, and the roots in Ay+ (e7(_a5)) are
described in Fig. 2 (quoted from [10, Appendix]), where each arrow with label j means that
adding the simple root «; to the root at the source of the arrow we get the root at the target of
the arrow. The pattern of the vertices represents the roots in A+ of each subalgebra.

Next we give the set of strongly orthogonal roots {71,...,7,} and the central character dy
of each Lie algebra. First, for e7_g5) we have

(6 a8 4680 6 — o) —aih — 6l — 5M

71(97(—25)) =M= 5 s(s )
(81" + o) — o8 — oV 58D + 58" — 6t — 6{V) = 68 + o7,
( ( )
1 8
)

72(?7(—25)) =72 =

[N w\»—t w\»—t

’73(27(_25)) =73 (5 2 + 5%1) - 5§1) - (54(11) — (Sél) - 5((31) + 5&1) + 1) b
= 1(08 + 67 + 67 + 57 + 68 + 60).

Next, for sl(2,R), s0(2,10) and eg_14) we have

71(sl(2,R)) = 1, 71(50(2,10)) = 72, Y2(s50(2,10)) = 13,
Y1(e6(—14)) = %(1+W2)+l(€1+€2+63+€4)
72(36 12)) = 3(n1 +72) — 3(e1 + €2 + €3+ €4),

dXﬁ[(Z,R) =1y, dXso(2,10) = 5(72 +73)5 dXeg(_14) =127 + 72 +73),

and the character of 3e7(_25>(e6(_14)) ~ u(1) is given by

dxua) = §(=71 + 72 +73)-
We write %(72 —v3) =: €9. Then we have

71(s1(2,R)) = 2dXai2r) = AXeg(_1ay — 2dXu(1);

71(50(2,10)) = dXso(2,10) + €0 = %(dXeg(_M) + 4dxy(1)) + €05

Y2(50(2, 10)) = dXso(2,10) = 5 (dXeg_ 1) + 4dxu(1)) — €0

Y1(e6(-14)) = AXsi(2,R) T §dX50(2,10) + 3(e0+e1+e2+e3+24)
= 2dXeg_1a) T 5(60 + €1 + €2 + €3+ €4),

Y2(e(—14)) = AXsi2,R) + 3dXs0(2,10) + 5(€0 — €1 — €2 — €3 — £4)
= %dx%(fl@ + 3(g0 — €1 — €2 — €3 — €4).

Let V(E(?]avl 02,03,04) be the irreducible representation of so(10) with lowest weight —ageg —

aje1 — ageg — ages — ageq. Then as u(l) @ u(1) @ so(10)-modules we have

P (b (1(2,R))) =~ —2mdxaz,r) = —m(dXeg_1a) — 2dXu(1))5
Ploms ) (07 (50(2,10))) = = (m1 + ma)dxao2,10) B ViV, 00.00)

~ —5(m1 +ma)(dxeg .,y + 4dxua)) B ‘/([rn()l]va,o 0,0,0)"
Plnnma) (0T (e6(—14))) = —(m1 + ma) (dxsi2,r) + 39Xs0(2,10))

5 /L0

m1+m2 ml mo m1 mo ml mo ml mo
2 2 2 2 2

~ —3(my + ma)dye, ., K V(“‘” )

mitmg my—my ,mi_my my_mp mj_my
T2 2 2 2
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(o) ag,)
e7(—25) o/ o o o o °
) / / / (r
ag aé) afl) aé) 046) 627(_25)
[0}
s[(2,R) @ s0(2,10) 3 3 o o o/a2
Bsi(2,R) Bso(2,10) 6 Qs a4\o
o3
0
o] a2
u{1) & ea(-1a) 0 L0 L0 L0 o
oy as oy Qs °§>'/<)—14)
511(2’ 6) o ° o o o o o
Q23445 Byu06) 45 @134 a2 Q456 a3
Il ' Il | I | I
o o oy o ag 0o
445
L4 ﬁso*(12)
su(2) @ so0™(12) o o o o o o
(23445 as 134 a2 Q456 a3
Il Il I I | I
ay o oy oy ag  Qagg
445
O O
u(1) @ s0(2,8), L s

[ o —-
Bso(2,8) @3 g .

as Qa5

su(2,4) @ su(2) o . o o o o
23445 Bsu(24) @2 Ouse 03 as

su(2) @ su(4,2) o o o o . o
23445 Q2 ause @3 Baua2) @

sl(2,R) @ su(l,5) ° ° o o ) o
Bsi2,Ry Bou(1,5) o) o g

L4 550*(10)

u(l) @ s0*(10) ° ° o °
ol o a a

Figure 1. Vogan diagrams.

Next we consider su(2,6), su(2) @ s0*(12). We have

Mol = 16 — 60 + 60 4+ 0% + 0 4 6 + 8P —60),
6t = 10 4657 4 687 + 67 + 68 + 68 — 6P + (),
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[ 1 Q 3 ® 4 % 5 %4 6 @
2 2 2
N<2 K<2 g
4 4
® <5 B mH
3 3 3
<" @< @Bt a<i @
1 1 1 IT 1
Dt oot -0
3T 3
Ap+ (sl(2,R) @ s0(2,10)) = {0, 0} 0.2 o
Ap+ (u(1) ® eg—14)) = {X, B, ®, D}
Ap+(5u(2,6)) = {0, ®, ®} !
Ay (su(2) @ s0™(12)) = {1, X, H} ©
Ayt (u(1) @ 50(2,8)) = (K, ®} 5
Ay (u(1) @ 50(2,8)) = {8, &} S
Ap+(su(2,4) @ su(2) = {®, ®} 6
Ayt (su(2) @ su(4,2)) = {X, B} B
o<l <L ¥ m m @
2/ 2/ 2!
M<? < m
4! 4!
NS m @
3’ 3’ 3’
< gL o<t o< g
v i 1'T 1'T v
o<l o ot oE 0o
3'T 3’
D<@
A+ (u(1) @ eg_qyy) = {X, 8B, ®, &} v
Ay (5u(2,6)) = {©,®, 0} n
Ay (su(2) ® s0"(12)) = {0, X, H} 5
Ap+(s1(2,R) @ su(1,5)) = {®, ®} |
Ap+(u(1) @ 507(10)) = {X, B} 6
]

Figure 2. Description of Ag’(en_%)).
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dXsu(2,6) = AXso*(12) = AXer(—25) = 1(301" + 308 — o) — 6V — 6V — 6 — 61D — 5(V)
=107 + 67 + 67 + 50 + 6 + 6.

i (s0*(12)) = S (6 4 689 4+ 6§ 4 1) — 60 — 5{1 — 61D — 5y = 6@ 4 50,
ya(s0*(12)) = 1 (68 4 657 — 61 — 6{1) 4 610 4 68 — 60 — 50y = 61 4 52
1(s07(12)) = 3 (81" + 03 — 6" — o — a5 — o¢" + 7 - 60") = 7 + 67,
5
)

Let V20V Vil BV | be the irreducible s(u(2) @ u(6)) ~ su(2) & u(6)-module

(a1,a23a3,.sa8)? " (bi ba) (b3
with lowest weight —(alég ) -+ agéél)), —(b (5§ ) -4 b85(2)) respectively. We also write

(2,6)v ~ 1726V (2)v (G)V 2)v (6)v
V(al,az;a37~.~,a8) - V(a1+c,a2+0;a3+0--~7a8+0)’ V(bl,bz) X V(bs,m,bs) - V(b1+d ba+d) ‘/(b?n- .
¢,d € R. Then as s(u(2) ® u(6)) ~ su(2) @ u(6)-modules we have

bs) for any

26V
P(mlva)(p+(5u(2’ 6))) - ‘/(ml,mQ;O,O,O,O,—mQ,—ml)

(2)v (6)v

~

- my—mg —mjtmg (M1+M2 mi+mg mjt+mg mitmg
2 2 0 2 2 2

T
my—mgy —mj+mg )
3 T 2

~ V(Q)V V(G)V
— "(m1—ma2,0 ) (m1+m2 mi+mg mj+mg mjtmg my—mg —T"1+m2)
T L

(2,6
P(ml,mz,mg)(p+(50 ( ))) V(mlz—m2+m3 m1+m2+m3 ml m2 mg ml m2 m3

—m1+mg—mg —m1+m2 mg —mqj— m2+m3 —mi1—mgo+mg
2 ’ 2 ’ 2 ’ 2

(2,6)V
(0,0;—m2—m3,—ma—m3,—m1—m3,—mi—m3,—mi—ma,—m;—mz2)

o VOV g OV

(0,0) (m1,m1,m2,ma,m3,m3)"

Next we consider u(1) @ so0(2,8). We have

7 (s0(2,8)) = %(’Yl +72)+%(81+€2+83+84)
V2(s0(2,8)) = %(’Yl +72) — %(81 + &2+ 3+ €4),
M(50(2,8)") = 3(71 +73) + 3(e1 + €2 + £3 — €u),
Y2(s50(2,8)") = 5(71 +93) — 5(61 +ea+e3—€4),
AXeo2) = 3N +72),  dXeozsy = 371 +73),

and the character of 3¢, _,, (50(2,8)) ~ u(1) is given by

dxuay = §(1 — 72 + 273).-

Especially we have

71(50(2,8)) = dXeo(2,8) + 5(€1 + €2 + €3+ €4),
72(50(2,8)) = dXso(2,8) — l(51 +e2 +e3+ey4),
71(50(2,8)") = 3(dXeo(2,8) + 3dxu(1)) + 3(e1 + €2 + €3 — €4),
72(50(2,8)") = 3 (dXso(2,8) + 3dxu(1)) — (€1 + &2 + €3 — €4).
Let V([Sjv@ a3,04) be the irreducible representation of s0(8) with lowest weight —aje1 — agses —

ases — agey. Then as u(l) @ u(l) @ so(8)-modules we have

P(ml,mz)(p+(50(2v 8))) (ml + m2)dX50(2 8) IZ V([m}12m2 m12m2 m12m2 my— m2>

2
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10
P(ml,mg)(p+(’50(2a 8),))2%(m1+m2)(dX50(2,8)+3qu(1)>&V<[m1]vm2 m)—mg mi—mo 7m1+m2)'
2 ’ 2 ’ 2 2

)

Next we consider su(2,4) @ su(2). We have

5050, p(euz, 4y = o) — o)

vi(su(4,2) = L (60 4 659 4 680 — 58 — 60 — 50 4 550 — 510y,
(e, 2) = 007+ 68— 60+ o0 ) 60— o) 100,

dqu(2,4) = dXsu(4,2) = dX26<714> = 3(25§1) + 2551) - 5é1) - 56(51) - 5§1) - 55(41))'

m(su(2,4))

(2,4)V @)V . . . .
Let 1/(%)%%’%@77&?))&V(%M) be the 1rr(?;1;1)cv1ble s(u(2) @u((;l))g@ﬁu@)(;gcidule with lovve(szngelght
_(0451 +---tas 58 ) We also write Vv(a17,a2;a57a6,a7,a8)g‘/(a;g,azl) = Vv(al’-i—b,ag—ﬁ—b;ag,—i-b, ﬁ‘/(ag—&-c,azﬁ-c)

ae+b,a7+b,ag+b)
for any b,c € R. Then as s(u(2) & u(4)) & su(2)-modules we have

2.4 2
Pl ns) (B (642040) 2 Vi 00, ) @ Vi)
2,4)V 2)v
P(ml,mg)(p+(5u(4’ 2))) = V((ml)wLmQ mi+mo ‘X V((rrzl mo 7m1+m2)
P} ’ P} ) 2 2
mi—mo 7m1+m2 —mj]—mg 7m17m2)
2 ’ 2 ’ 2 ’ 2
~ 2V RO

(0,0;—ma,—m1,~m1—ma,~mi—mz) = " (m1—mg,0)°

Finally we consider s[(2,R) & su(1,5), u(1) & s0*(10). We have
) = 16 468 16 46 + 82 4 60 + 6 —61Y),
)) Lo — 68 4+ 87 1+ 07 + 68 + 6 — 6P + 6{)),

1 (50*(10)) = %(5(1) 5(1) _|_5§1) i 51(11) _ 5é ) _ 5((31) _ 5§1) _ 52(;1)) _ 5:(32) i 5512)’
) =3

va(s0*(10)) = L (81 4+ 681 — 68 — 61 4+ 6 4 580 — 680 — 5{1) = 612 4 612,
AXatzm) = 3057 = 680) = (=6 4652 + 67 4+ 60 4+ 68 4+ 68 + 6P — 52,
s = 697 o) o) o 48

= 55017 — 568 + 3857 + 3057 + 365 + 35 + 3057 + 56,
AXsor10) = & (5617 + 5680 — 680 — 51 — g — 6 — 6LV — 56{))

= 16 + 62 + 6 + 5 + 8,
dxury = 75 (507 — 385 — 8" — o — o — ) — 8 4 35) = § (517 — 83+ 67),

where dx,(1) is the character of By, (s0*(10)). Especially we have

1(sK(2,R)) = 2dxaiar) = —3dxuqn) + 3 (057 + 057 + 057 + 650 +617),
nlou(1,5)) = 6" = &7 = 3y + 3 (657 + 017 + 87+ 057 - 7).
71(50%(10)) = dyeizp) + %(551) n 5&1) i 5511) _ 5é1) _ 5él) _ 551)) _ 5§2) i 54(12)’
75(50%(10)) = dyeizp) + %(551) _ 5&1) _ 5511) +5§1) n 5él) _ 551)) _ 5;2) i 5((32).
Let 1/(211’;5(1);.”7&7), V(%?,Y.,bﬂ be the irreducible s(u(1) & u(5)) ~ u(5)-module with lowest weight

—(alégl) +a35§1) +-- '+a75§1)), —(b35§2) +-- ‘+b75$2)) respectively. We also write v 5)\/

(a ;a3,.. 7) -
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(1,5)V

(a1-+caste.ante) for any ¢ € R. Then as u(l) ®s(u(l) du(5)) ~u(l) & u(5)-modules we have

Po(p (s1(2,R))) = —2mdxgyzz) = 3mdxy) X v((;’i?Vm nm )

15 5
Prn(p™ (su(1,5))) = V((m;o),z)/,o,o,fm) =~ =3mdxya) X vor

Pl oy (b (50* (10))) = — (1 + ma)dxaiam B VDY

mj—mg mj-—mg —mjtmg —mjtmy —m1—M2)
I R R R R

>~ —(my + ma)dXs(2,r) X VoY

(0;—ma,—ma,—m1,—mi,—mi—mz)

~ V(S)v

(m1,m1,m2,m2,0)"

4.4 Exceptional Jordan triple systems

When g = e7(_25), we have pt = Herm(3,0)C. In this subsection we consider the Jordan
triple system structure of Herm(3,Q)* and its subsystems. For z € Herm(3,0)%, the adjoint
element z! is defined by

T . .
&1 x3 9 §283 — 121 Tod1 — 313 2371 — oo
B3 Eo my | = wime — 333 &3 — wady d3de— x|, & €C, x;€QF (4.8)
ro 1 &3 123 — &owa wow3 — &1 §162 — 1373

where z + # is the (C-linear) conjugate in the octonion O, so that (zz* + z%z) = (detz)I
holds, where det x = %Tr (mxﬁ) is the determinant polynomial in the sense of Jordan algebras.
Then for x,y € Herm(3,Q)C the Freudenthal product x x y is defined by

Xy = (x+y)*—af —yf (4.9)

so that = x z = 2zf. Also let (z]y) := Tr(z%), where y — 7 is the complex conjugate with
respect to the real form Herm(3,Q) C Herm(3,Q)C. Then the Jordan triple system structure of
Herm(3,0)C is given by

Q(z)y := (zly)z — 2% x 7,
and the generic norm h(z,y) is given by
hz,y) :=1—(z|ly) + (wﬁ\yﬁ) — (det z)(det y).

We have the linear isomorphism

C® M(1,2;0)¢ @ Herm(2,0)¢ = Herm(3,0)%, (211, 219, 722) — <t?1 ?2) ,(4.10)
12 T22

and Herm(2,0)C ~ C'° as Jordan algebras, on which SO(10) acts such that it preserves the

quadratic form det (i} é ) = &1& — xz, and the sesqui-linear inner product induced from

Herm(3,Q)C. For x5 € M(1,2;0)C and y1; € C, yo € Herm(2,0)C, we have

0 (( 0 5612)) (yn 0 ) _ (Re@(xlz(mti"u)) 0 )
‘212 0 0 oo 0 y11'd12z12)

where Reg «x is the real part of = in the sense of the octonion Q@ (x +— Reg x is C-linear).
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Next, for a while we consider simple Euclidean Jordan algebras of rank 3, Herm(3, K), where
K =R,C,H, 0. Then we have the linear isomorphism

M(1,3;K') @ Herm(3,K’) ~ Skew(3,K') @ Herm(3, K') — Herm(3, K),

&1 x3 Zo &1 x3+azj T —agy
(a1,a2,a3), | T3 & 1 — | £3 —asj &2 r1+aij |,
T2 T1 &3 T2 +ag) T1—ay &3

where (K,K') = (C,R), (H,C), (O,H), j € K is an imaginary unit of the Cayley-Dickson
extension K = K' @ K'j, and « — & is the conjugate in K. Let = x y and (z|y) be the
Freudenthal product and the inner product on Herm(3,KK) defined by the same formula as in
the case of Herm(3, Q). Then by [49, 50] we have

(a,x) x (byy) = (—(ay+ bx),x Xy — (t&b—l—ti)a)),
((a,x)|(b,y)) = 2Rex (atl;) + Reg Tr(zy),

where Regs x is the real part of x in K. We note that in [49, 50] the Freudenthal product is
normalized such that z x z = %, but in this paper we use the different normalization. Then
since

Qz)y = (z|ly)x — 2* x y = zy, z,y € Herm(3,K'), K' =R,C,H (4.11)
holds, we have
Q((a,2))(b,y) = (a'ba — azy + ba* + Regs Tr(zy)a,
Tyx + (taa) x y + 2Regs Tr (atlA))a: — zlab — tI;a:c),
and especially we have

Q((a,0))(0,y) = (0, ('aa) xy),  Q((0,2))(b,0) = (ba*,0).

Now we return to the case (K,K’) = (O, H), and extend the above formula holomorphically in
(a, x), anti-holomorphically in (b,y). Since we have the isomorphism H ~ {a € M(2,C): aJy =
Joa} where Jo := (% §), M(1,3;H) and Herm(3, H) are naturally identified with

M(1,3;H) ~ {a € M(2,6;C): aJs = Joa} C M(2,6;C),
Herm(3,H) ~ {z € Herm(6,C): zJs = JsT} =: Herm(3, H)’,

J2 0 0
where Jg := < 82 {)2 ;) >, and we again identify Herm(3, H)" with
2

Herm(3, H)" ~ {z € Skew(6,C): z.Js = JsT} C Skew(6,C)
via z + 2.Js. Now we define a quadratic map Skew(6,C) — Skew(6,C), = +— =7 by
(@) = (=D PE ((wig)ijeqropgrsy), 1<k <I<6, (4.12)
so that zz” = z#2 = Pf(2)I holds. Then # in Herm(3, H)" and # in Skew(6,C) are related as
(29 gt = (Jox)¥, Jg (@) = (xJ6), r € Herm(3, H)'.
For z,y € Skew(6,C) we define

#

)F — o~y

rxy:=(zx+y
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Then we have the equality
%Tr(xy)a: + 27 % y = zyz.

Now we identify Herm(3, Q)¢ ~ M(2,6;C) @ Skew(6,C) via the above isomorphism. Then the
Jordan triple system structure is induced on M (2, 6;C) @ Skew(6,C) as

Q((a,z))(b,y) = (ab*a — azy* + Jobx? + + Tr(zy*)a,
zy*z + (‘adoa) x y* + Tr(ab*)x — z'ab — b ax).
Especially we have
Q(a,0)(0,9) = (0, (‘ahra) xy),  Q((0,2))(b,0) = (Joba™,0).
The group S(U(2) x U(6)) ~ SU(2) x U(6) acts on M(2,6;C) @ Skew(6,C) by
(kl, kQ)(a, {L‘) = (klakgl, det(kQ)_lk'thk'Q), (kl, kQ) S S(U(2> X U(G)),
(I1,12) (a, x) = (det(la)*l1aly?, lax'ly), (I1,12) € SU(2) x U(6).

Next we consider M (1,2; )%, which is the p*-part of g = ¢g(—14)- Lhe Jordan triple system

C

structure and the generic norm are the restriction of those of Herm(3,0)~ via the identifica-

tion (4.10), so that for z,y,z € M(1,2;(O))C,
Q)y ==z(z),  Bla,y)z=2z—2(92) — 2(z) + =((("52) ") =)

holds. Then we have the isomorphism M (1,2; Q)¢ ~ Q€ @ OF ~ C® @ C8. Similarly, we have
the isomorphism

M(1,2;0)C ~ M(2,4;C) ® M(4,2;C) C M(2,6;C) & Skew(6,C),

where the inclusion is given by (a,z) — ((0,a), (2 —Sx )). Then the Jordan triple system struc-
ture of M(2,4;C) @ M (4,2;C) is given by

Q(a,2)(b.y) = (ab'a — Job(ay's)™ + Te(ay™)a — azy’,
xy*r — (tana)#ﬂJg + Tr(ab®)x — b*am),

where we define the linear map Skew(4,C) — Skew(4,C), x + z by

0 a b e\ 0 —f e —d

—a 0 d e |l f 0 —c b

b —d 0 f| |- ¢ 0 —al’ (4.13)
—c —e —f 0 d —-b a 0

Especially we have
Q((a,0))(0,y) = (0, —(‘adoa)*7ha),  Q((0,2))(b,0) = (—=Job(zJo'x)",0).
The group S(U(2) x U(4)) x SU(2) acts on M(2,4;C) @& M(4,2;C) by
(k1. ko, k3)(a,2) = (kraky ', det(ko) ‘hoxks ).

Finally, let M (1,2;0)% c Herm(3,0Q)C be the pt-part of 68(714) C e7(—25)- Then we have the
isomorphism

M(1,2;0)% ~ C & Skew(5,C) @ M(1,5;C) € M(2,6;C) ® Skew (6, C) ~ Herm(3,0)C,



Construction of Intertwining Operators 43

where the inclusion is given by (o, z,a) — ((£9),(&2)). Then the Jordan triple system struc-
ture is given by

Q((a,z,a))(B,y,b) = (aﬂa + %Tr(xy*)a +BtPf(x),

t

x  _t\# B B
zy*x + a Proj ((ya 0a> ) + (aff + ab*)x — z'ab — b*ax,
ab*a + 1 Tr(zy*)a — azy* + ﬁPf(ac)),

where Proj: Skew(6,C) — Skew(5,C) is defined by (ﬁ_ot“) — x, and for z € Skew(5,C),
Pf(x) € M(1,5;C) is defined by

(PE(2))k := (—1)* Pf ((ij)i jefr,...50\ (k})- (4.14)
Especially we have
Q((0,2,0))(8,0,b) = (b'Pf(z),0, BPf(x)).

The group U(1) x S(U(1) x U(5 )) U(1) x U(5) acts on C & Skew(5,C) @ M(1,5;C) by

(k1. det(ko) ™, ko) (e, 7, a) = (kia, k1 det(ko) ' koz'ko, det(ke) " 'aky ),
(ky,det(ko) ™ ko) € U(1) x S(U(1) x U(5)),
1/2

(I, o) (v, z,a) = (173 det(lo) 2, oa'ly, 1§ det(l2)aly ), (I1,12) € U(1) x U(5).

5 Explicit calculation of intertwining operators

5.1 Normal derivative case

In this subsection, we find a sufficient condition for F7, to become a normal derivative, that
is, a differential operator in the direction of p2 , and a sufficient condition for F;, to become
a multiplication operator. Let G D G1 be two real reductive groups of Hermitian type satisfying
the assumption (3.1), (7,V) be an irreducible finite-dimensional representation of K€ such
that H,(D, V) is holomorphic discrete, and let (p, W) C P(p3,V) be an irreducible submodule
of Kf. Let K(zo) € W@ W C P(ps,V) @ W =~ P(py,Hom(W,V)) be the Kr-invariant
polynomial in the sense of (3.3). Here we regard W both as a submodule of P(pJ, V) and as an
abstract KC-module. Then the following holds.

Theorem 5.1.

(1) Assume that there exists an irreducible subrepresentation V' C P(pt,V) of K such that
W CcV'NP(ps,V)C P+, V). Then the linear map

f(x1,22)

x2=0

Fi: 0:(D,V) = 0D, W),  (Fif)(m) =K (;@)

intertwines the Gl—action.

(2) Suppose (G, Gy) is a symmetric pair. We take a subrepresentation Vi C V of K| such that
W C P(ps, V1) C P(pg,V). Assume that (22)QW0%2 = 29 and 7(B(z2,y1))|v, = Iy, for
any xra € p;, Y1 € pf. Then the linear map

Frp: O,(D1,W) = O.(D,V), (Frpf) (@1, x2) = K(x2) f(21)

intertwines the G’l—action.
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Proof. (1) Since e+ I, is the reproducing kernel of P(p*, V) with respect to the inner
product (-,-)p, the projection of @2+ I, onto any subrepresentation of P(p™, V) is non-zero.
Let Ky/(z,2) € P(p™ x pT,End(V)) be the orthogonal projection of e!®*)s*+ Iy, onto V’/ with
respect to the inner product (-, ). Then we have

2 (21,22)" = <K(Pr0j2('))ve('lz)"+IV>+ = (K(Projy(+)), Ky (:, 2)) .-

7

Then since the map f — <f, Ky (-, z)>% in End(V”) intertwines the K-action, by Schur’s lemma,
there exists a constant C such that
F7(21,22)" = CK(Projy(21, 22)), S E (21, 7) = CK(22)".

Since the intertwining property does not change by scalar multiplication, we may omit C. Then
the corresponding F7, intertwines the (g1, K7)-action. Since this is a finite-order differential
operator, this extends to the operator between the spaces of all holomorphic functions, and the
claim follows.

(2) By the assumption, we have

Fro(aiwy) = (eW1v Iy (7(B(wa, 11))K ((w2)2)72)) ")
= (@bt Iy, K (22)")

ﬁ?yl

ﬁ?yl '

Then since K(x2)* € P(p3, Hom(W,V)) ~ Hom(P(p3, V), W) and the orthogonal projection of
WUt [ onto W C P(ps, W) is Iy, we have

FTp(:L‘Q;’wl) = <Iw,K(l‘2)*> L = K(l‘g)
Then the corresponding F, intertwines the (g1, Kl)—action. Since this is a multiplication op-

erator, this extends to the operator between the spaces of all holomorphic functions, and the
claim follows. [}

Especially, if G is simple and (7, V), (p, W) are of the form (r,V) = (7'0 Qx V), (p,W) =
(p0®x\;~{’l\,W) respectively, then since P (p3 , Hom (W®X|Z‘,V®X*/\))K1 ~P(p3, Hom (W, V))fﬁ
holds for any A, K(z2) does not depend on A. Therefore F7, and Fr, intertwine G1-action for
any A.

The condition in Theorem 5.1(1) is the same as [32, Lemma 5.5(3)] when (G,Gy) is of
split rank 1 (i.e., (G,G1) = (U(g,s),U(q,s — 1) x U(1)), (SO*(2s),S0"(2(s — 1)) x SO(2)),
or (SO¢(2,2s),U(1,s))), and (7,V) is 1-dimensional. That is also satisfied when (G,G1) =
(U(g,5), U(g, ') x U(s")) with 5/ + 5" = s, (SO*(25), U(s—1,1)), or (Eg_14), U(L) x Sping(2.8))
(up to covering), and (7, V) is 1-dimensional. That is,

Corollary 5.2. Let (G,G1) = (U(q,s),U(q,s") x U(s")), (SO*(2s),SO*(2(s — 1)) x SO(2)),
(S0*(2s),U(s—1,1)), (SO0(2,2s),U(1,s)) or (Eg—14), U(1) x Sping(2,8)) (up to covering), and
(1,V) = (x " C) be 1-dimensional. Then for any subrepresentation W C P(p3) of K€, the
differential operator

Fopi OAD) = 0,(Du W), (e =K (5 )

intertwines the él—action.
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Proof. Since it is already proved for (G,G1) = (U(q,s),U(1)xU(qg—1,s)), (SO*(2s),SO*(2(s—
1)) x SO(2)), or (SO¢(2,2s5),U(1,s)) in [32], we only deal with (G,G1) = (U(q,s),U(q,s’) x
U(s")), (SO*(2s),U(s — 1,1)) and (Eg(_14), U(1) x Spiny(2,8)). In the first case we have p* =
M(q,s;C), pf = M(q,s’;C), p; = M(q,s";C), and

P = P PulrH= P R,

mez‘fj{q’s} mez‘ji‘{q’s}
+\ + (QV (s")
Ppi)= P Pabd)= EH Va BV
mGfo{q’S//} mer_ﬂf{q’SN}

Then by comparing the weights for GL(g, C), we get Pm(p3 ) C Pm(p™). Therefore for any W =
Pm(py) @ x N C Pps,x ), if we set V! = Pr(pt) @ x™* € P(p*, x ), then W C V’ holds,
and the condition in Theorem 5.1(1) is satisfied. In the second case we have p*t = Skew(s, C),
py = C* ! p3 = Skew(s — 1,C), and

+y +\ _ (s)v
P(p )_ @ Pm(p )_ @ ‘/(ml,ml,mz,mg,..‘,mLs/QJ,mLS/QJ(,0))’

mezls/? mez e/
+) +\ (s—1)v
Ppy) = @ Pu(ps) = @ V(m,m,nz,mw-,nus_n/zj MY (s—1)/2) (0))”
nezl /2] nezl /2]

Then by the branching law of U(s) | U(s — 1), we can show that abstractly Pn(p3) C Pm(pT)
implies

My ZNp 2mp 2Ny 2mg2 - 2MmMp 2Ny 2 My 2ny 20,

So(ma, oo omy) = (ng,. ., ny), s=2r+1,

My >ny>my>2ny>2mg > 2 Me1 > Np1 > myp 2 02>my,

So(ma, ..o ,my) = (ng,. .. np—1,0), s =2r.

Therefore (W =)Pm(p3) @ X C Pm(p™) ® x (= V') holds as a concrete submodule, and the
condition in Theorem 5.1(1) is satisfied. In the third case P, m,)(p™) is isomorphic to

3
+\ o 3(mitma) [10]v
P(m1,m2)(p )_ C6(—14) ‘Xv(m1+m2 mi{—mg mji—mg mjp—mg ml—m2)7
2 ’ 2 ’ 2 ’ 2 ’ 2

and by [48, Theorem 1.1] we can show

o

(m1+m2 mp—mg mj—mg mj—mg mMmi—Mmgy
b b bl

T2 ) 50(2)Pso(8)

ma2
= @ @ @ Vlmv X V<[87l\i2m2 ko, Ay My —my ,kz) :

k1=0 |y <mzm2  |l—ka|<ma—k1 >
kg—m1;m2€Zl_k2_m2+klezz

Therefore a u(1) ® u(1) @ so(8)-submodule in P, n,)(pT) has a lowest weight of the form

_%(ml + m2>dX26(_14) —leg — (%(ml —mg) + k1)€1
— %(m1 — mg)&‘g — %(ml — m2)53 — k264
= —1(m1 4+ m2) (271 + 72 +13) — 3172 — 13)
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(%( m2 —|— k1)€1 — *(ml m2)€2 — l(T)’Ll — mg)Eg — koey
= —1(m1 +ma)y1 — F(m1 +ma +20)y2 — 3(m1 +mo — 20)7y3
(%( 7712 + kl)fil — %(ml 7712)82 — %(ml — m2)€3 — koea.

On the other hand, P(nhm)(p;“) has the lowest weight
—%(nl +n2)(y1 +73) — %(nl —n2)(e] + e+ e3 —€4).
Therefore if P(nlm)(p; ) € Py ,my)(pT) abstractly, then we have

n1 + ng = my + ma, l:—%(ml—l—mg), k1 =0,

1
ni—ng =mi —ma, ko = —5(m1 — ma),

and especially (n1,n2) = (m1, ms) holds. Therefore (W =)Pp(pd)@x* C Pm(pT)@x = V')
holds as a concrete submodule, and the condition in Theorem 5.1(1) is also satisfied. n

Next we consider F;,. We again consider

(U(a,9),U(a,5) x U(s") (Case 1),
(SO*(2s5),S0*(2(s — 1)) x SO(2)) (Case 2),
(G,G1) =< (SO*(2s),U(s — 1,1)) (Case 3),
(800(2 25) U(l,s)) (Case 4),
(Eg(—14), U(1) x Sping(2,8)) (Case 5)

(up to covering). Then p+ = M(q, s;C), Skew(s,C), Skew(s,C), C>* and M(1,2;0)® respec-
tively. We realize G; C G such that

({yl = <y 0) ty € M(q,s’;C)} (Case 1),

8) :y € Skew(s — 1,@)} (Case 2),

<

——
<
=
I

o

<

—

Il
/I—\/—\

- O

= o0p = { z>:y€M(s—1,1;(C)} (Case 3),
Y
{yl (2 Y, Ft ) ty € (Cs} (Case 4),
[ {v1 = (y,0): y € OF} (Case 5),
({xg = (O a:) cx € M(q,s”;(C)} (Case 1),
{xQ = (_Otm ﬁ) cx € M(s—1, I;C)} (Case 2),
+ _ ()L
by = (p1)" = {xg = (E g) : x € Skew(s — 1,(C)} (Case 3),

{xg = t(%tx, —@%) cx € (CS} (Case 4),
{zo=(0,2): z € OF} (Case 5).

7
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Then for (y1,x9) € py x p3, (22)2W)?2 = 24 holds since

(o) (2) 6 0)-o (Case ),

Qy1)r2 = 0 vy

and the Bergman operators are computed as

B(xa,11) = (Iq - (0 x) <16> ’ <Is _ <y0> (0 x)>_1>
Sl 1) e

0 =z y* 0 I,1 O
B(xa,y1) = Is — <_t$ O> <0 O) = <txy* 1) € KT (Case 2),
0 0 —vy Is_ Y
B(zg,y1) = I — <:g 0) (y* Oy) = < 01 x1y> € Kf (Case 3),
B(w2, 1) = h(@2, y1)Jas — 2(1 — q(22, 1)) (w2y} — U1 'w2) + 2(2y} — 7, '22)”
_ 1 ry* —y'e —V—1(zy* — 7'z
=T s — 9 * t = L P B -
2 (z2y1 — Y1 '22) 2 2 <ﬁ(xy* _ ytx) —(zy* — ytx)

:;<\/1_71 _ﬁ) <_(myfs_ytx) ?) G _g>eEnd(p+) (Case 4),
for Cases 1-4, and
Blarme=(a 2)-0 (1) =)@ 2 ((7)0 2)
o ()& =) () e )

= (Zl z9 — 21(516)) = (2’1 22) <(1) _:gl)$> ) z = (21 2:2) S er

for Case 5. That is, each B(z9,1) sits in the nilpotent radical of the parabolic subgroup of K©
whose Levi subgroup is K (1C. Therefore, for the representation

XU(q S))\2 ® (Vk( A Vrgf)) (Case 1),
V= XS,C;*(Q 5) & V(S[)z\;]v (Cases 2, 3),

X500(2,25) © Vim (Case 4),

XEg 14 @ ([711(2,\7/711 ,,,,, my  (Caseb)
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of K€, if we take the subrepresentation

of KT

XU q s/\Q ® (V(q mt) X V(En ')+1» 7ms)) (Case 1),

XSO* 2s) (ngsu,l 1) & C—ms) (Case 2),

V= 3 @ ) (Case 3),

XS_JSO(2,2S) ® Vi) (Case 4),

XE?( 14) ® ([Tif%l, my) (Case 5),
(Xg?l 2 ® (Vk(q) V((nsl) m! ))) X V((,\le et Aatms) (Case 1),
(XSAO*g( )@ Vi) BC_a . (Case 2),
= V0t @ Vi B o) (Case 3),
52\1 50) ®(CK VrEf)V) (Case 4),
(Xsp)\mOTQOS) V([yi]v m4)) X XU?J; 210 (Case 5)

, then 7(B(x2,y1))|v; = Iy, holds. Thus we have proved the following.

Corollary 5.3.

(1)

5.2

Let (G, Gh) = (U(g,9),Ula,s') x U(s")), and (1,V) = (x * ™ @ (7" &), W' ©
V,Ef)). Then for any subrepresentation W C P(p;,Véqw = v X v )

(m17"'7ms) (ms/+17'~-7m8)

of KT, the multiplication operator Frp: Ox 12, (D1, W) = O 40, (D, V), (Frpf)(21,22)
= K(z2) f(x1) intertwines the G1-action.

Let (G, G1) = (SO*(2s),S0%(2(s—1))xSO(2)), and (7, V) = (x *@rw, ViY). Then for

any subrepresentation W C P(pQ , ((s DV &C,ms) of f(l , the multiplication operator

HMs— 1)

Frp: OX(D1, W) = O\(D,V), ( Tpf)($1,x2) = K(x2) f(x1) intertwines the G -action.

Let (G,G1) = (SO*(2s),U(s — 1,1)), and (1,V) = (x *® Tr({f)v, Iﬁf)v). Then for any
subrepresentation W C P(p2 ,V((:LQ v me) X (C_ml) of f(ic, the multiplication operator

Frp: Ox(D1,W) = Ox (D, V), ( Tpf)($1,x2) = K(22) f(z1) intertwines the G1-action.
272

Let (G, G1) = (S00(2,25),U(1,5)), and (1,V) = (x * ® T 2]V IESW) Then for any sub-
representation W C P(p2 ,Vn(rl ) fK(lc, the multiplication opemtor Frp: Ox(D1, W) —

Oxi0(D, V), (Frpf)(z1,2) = K(22) f(21) intertwines the G1-action.

Let (G,G1) = (Eg(—14), U(1) x Sping(2,8)) (up to covering), and (1,V) = (x 71[1110]\/,
V,EO]V). Then for any subrepresentation W C P(p2 ,V([:lj];l 4)) of f((lc, the multiplica-
tion operator Frp: Ox(D1, W) = O\(D, V), (Frpf)(21,22) = K(acg)f(xl) intertwines the
G1-action.

T for (G, G1) = (Go X Go, AGy)

In this subsection we find the operator F;, for (G, G1) = (Go x Go, AGy), where Gy is a simple
Lie group of Hermitian type, although it is already done by Peng—Zhang [45] (see also, e.g.,
[1, 43, 44]). We denote the complexified Lie algebra of Gy by g§ = pd @ £ o po - Similarly,
we denote the objects such as D C pt, h(z,y) € P(pT x pT), p € Z for Gy by writing the
subscript 0. Then we have

pT = {(z0,w0): wo € pf},  p3 = {(w0,—x0): 0 EP} CpT =pd B pg.
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We identify pg and pj, p5 via z¢ = (z0,20) and ¢ — (¢, —20) respectively. Then for
x = (zr,7rRr) € pT, the projection onto p3 is given by

x9 = Projs((zr,zR)) = %(CBL — ZR).

_Let (1,V) = (7L W 7R, VL ® Vg) be a finite-dimensional irreducible representation of K =
Ko x Ko. We take an irreducible KY ~ K&-submodule W C P(pd, V). Let K(z2) € P(p],
Hom(W, V)) be a K§-invariant polynomial in the sense of (3.3). Then the function Fr (2L, 2R) €

P(pT, Hom(V,W)) in Theorem 3.10(1) is given by

(zrlzr), ++(IR|ZR) vd
F:p(ZL, ZR = <e I\/ (%(JZL — .CCR))>7A_L®7A_R7$L7IR.

We rewrite K (%) as K(z2), so that

" (zr|2L) ++(IR|ZR) +
FTP(ZL, ZR) = <e Pg I\/7 (QZL — xR)>’?LX|7A'R7$L7$R.
Now we assume (7, V) = (XaAﬁx(;“, C) is 1-dimensional, with A, i > po—1 so that (Do) and
H, (Do) are holomorphic discrete, and let W := Py (pd) ® xo ATH with k € 7", . We realize W
in P(pd) ® x~* 7 with the variable ys, and write K(z2) = K(x2,v2) € P(pd x pg). Then if
K(zr — zRr,y2) € P(pd) @ P(pd) ® Pi(py) is expanded as

K(zr — 2R, y2) Z Z Kmpn(zr, 2R y2)

mGZ+7L nEZ

e P @ Pm(pg ) ® Palpy) @ Pilpg ),

70 70
meZ, neZ

then by (2.24) and (2.25) we have

(z )+ +(zrlzR)
Fro (2o, 2mip2) = ) Z PERTTN Kn(2L, 2R3 v2))
mGZ nEZ

=ZZ

meZ nle0

TLXTR,ZL, TR

——FK n\ZL,2R3Y2)-
mdo(ﬂ)ndo mn( )

Now we write Kmn (2L, 2r; ¥2) = Kmn(y2; 21, 2r). Then by Theorem 3.10, the linear map

Fiy: Ha(Do) g, R H,u(Do) gy — Hora(Do, P(pd)) 7z,

o 0
Fastn) = 5 g tomn (5,05,

mEZrO nle0

f(xln fUR)
TL=TR=Y1

intertwines the A(go, Ko)-action. Since this is a finite-order differential operator because
Kmn(y2; 2, 2r) = 0 unless |m| + |n| = degK, this is well-defined as an operator between
the space of all holomorphic functions, and this is meromorphically continued for all A, u € C.
Therefore in order to compute the intertwining operator, we want to compute the expansion
of K(x, — xp,y2) € P(pg) @ P(pg) ® Pilpg). Then since this is K§-invariant, its orthogonal
projection Kmn (=L, 2r;Y2) € Pm(pd) @ Pu(pd) @ Pilpg) is also K§-invariant, that is,

ICm,n(l:rL,lxR;yg) = lCm,n(xL,:):R;l*yg), Tr,TR,Y2 € pS_, l e RBC

Such polynomials are uniquely determined by the values on pff 0® pff 0@ pff 0-
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Lemma 5.4. If Ki(zp, 7R y2), Ko(zr,mR;y2) € P(pg ® g EB%) satisfy

]Cj(liUL, l‘/L‘Ra ?/2) = ICj(JIL,fER; l*y2)7 TL, TR, Y2 € pa_a S KS:7 .7 = ]-7 27
Ki(zr, xr; y2) = Ka(zL, TR; Y2), TL, TR, Y2 € P
then Ki(xp,xRr;y2) = Ka(zp, xR; y2) holds for any xr, xR, y2 € pg -
Therefore it suffices to compute the expansion on p;ﬁ 0-
Proof. Since f(f(): acts transitively on an open dense subset of par, by f((()c-invariance of ICj it
suffices to show K1 = Ky on pj @ py @ pt .. We consider B(te, te) € End(p{), where ¢ € C and

e € p{o C pg is a maximal tripotent. Then B(te,te) = Blte,te)* € Ad|psr (K§) € End(pg)
holds if |t| # 1. Moreover, for =z + 2, € pJT“’O @ (]JJT“’O)L = pg we have

Blte, te)(wr +x1) = (1= [t])2wr + (1 — [t[}) 2.
Therefore, for |t| # 1, x1, 2R € g, y2 € pff’o we have
2 _
Ki(@r,zriy2) = Kj(zr, zr; (1 — [t[*) Blte, te) ')

= le((l - |t|2)QB(te,te)_11:L, (1 - |t|2)2B(te,te)_1xR; yg)
=Kj(zer+ (1= |tz 2rr + (L= ) zr192),

where we write x, = xpr +2p1, TR = TRT + TR1 € pJTFO @ (pJTFO)l = p(')'r. Especially, by taking
a limit |t| — 1, we have

Kj(xr,xr;y2) = Kj(xrT, TRT; Y2)-

Therefore, 1 = K9 on pJTFO S3) pJTFO &) pJTFO implies K1 = K2 on paL @ par &) p”TL,O, and also on
Py Py P - n

Now we additionally assume that k = (k,..., k) with k € Z>(. Then up to constant we have

K(za,12) = A(x2)FA(y)* if 29,40 € p}'o. Then for xp, xR, ys € p;o, by (2.12), Proposition 2.2
and (2.26) we have

K(zr — 2r,y2) = Az, — 2r) Aya)F = A(wr) Ay)FAe — P(x, /) ag)"
TN dl(go’ro’bo) (do.ro) ~1/2
= Aler)" Ak ) (—k)m,dowq)mo’ V(P(ep " )eR).
70 / m,dy

meZ0,
By [8, Lemma XIV.1.2],
A(xL)kq)l(go,ro) (P(.’E;l/Q).%'R) _ A(xL)k(I)EgO,TO) (P(x}%/Q)le)

holds. This lies in Pm(p$ o) as a polynomial in xr, and lies in Pj_ (p% o) as a polynomial in x,,

where k—m* := (k—my,, k=1, ..., k—m1). Now let \I!,(cd_o;;ﬂ{m(xL,xR;yg) € P(pgxpgxg)
be the polynomial satisfying
d d «
U lar o ys) = OO0 (s Uye), vLa e € P, L€ K,

‘Ij(dwo)m(xb TR; y2) = A(CUL)kA(m)k@ggOM) (P(wll/Q)wR), TL,TR,Y2 € pjf_,O'

k—m*,
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Such polynomials are unique by the previous lemma. Then we have

d]([go,ro,bo) (do.ro)
Kz —2ry2) = Y (=F)mdo U

() home.m(TLs TR; Y2).
To m,do

meZ°,
We write
(d07T0) . . (do,ro) .
\Ijk—m*,m(xLa TR; ?/2) = ‘I’k_m*7m(y2, XL, .CUR).

Then using this expansion, we get

% (_k)m,do dl(gmm’b()) (do,ro)
FTp(zL7ZR;y2) = Z ng \Ilkfm*,m(y%zlan)'

mez'P, Ve-m?.do (#)m.do ( o )m,do

We note that the sum is finite because (—k)mq4, = 0 if m; > k, and the above formula is
symmetric under the exchange of (21, A) and (zg, 1) up to signature, because

do, do,
\I',(Cfrffl),m(ya; 2L, ZR) = ‘Iffnfj,ﬁzn (y2; 2R, 2L.),
d(do,ro,bo) d(do,ro,O) d,(cd_o’r‘l’o)
(—F)mdo 7 = (=F)mdo gy = (=" (=F)k-m* do 7rgrr
(E)m,do ( 0 )m,do ( ro )k_m*,do
d(do,rmbo)
ki *
= (—l)kr(—k)k—m*,do%a
(E)k‘fm*,do

the latter of which follows from the proof of [41, Proposition 2.6]. Therefore we have proved the
following.

Theorem 5.5. Let k € Z>q. Then the linear map
Tkt O(Do) M Ou(Do) = Oxynu(Do, P,y (87)),

(P "™

()\)kfm*,do (M)m,do (%8) m,dp

‘F;,u,kf(ylvy2> = Z

mEZT&L
(do,ro) 0 0

x U . —, —— Tr,x
k—m*,m <y2 ava 8%}{) I f( L, R)

(y1 € Do,y2 € p;) intertwines the Aéo—action.

This gives essentially the same result as in [45]. If Gp is of tube type, ie., Go = Gor,
then P(k,...,k)(P(T) is 1-dimensional, and we have (9,\+M(D0,73(k7m’k)(p6r)) ~ O,\J:M+2k(D0) via
fA(y)* — f, and thus it gives the intertwining operator Ikt Ox(Do) ¥ Ou(Do) —
Ox+tpt26(Do)s

(_k)md dggoﬂ‘mbo) (do,r0) 0 o
Faunf ) = = N e frsvey f(zr,zR),
Aok Z (A)k—m*,do (1) m,do (%’)m’do k—m*m \ 931’ Org T

70
mEZ++
where we write

(P;(cd_o;:ﬂ)’m(xLwa) = W‘I’&ﬁ{m(wb zriye) = Alzr) o™ (P(a} /) xR).



52 R. Nakahama

Also, if Gy = U(s, 1), then g(> (y2; 21, TR) = (tygﬂ)k_m ("y2zr)™ holds, and thus Ik’

k—m,m

Ox(Do) K O, (Dg) — Ox1 (Do, P(C*)) becomes

[e'e) _k . 1 a k—m 8 m
Frnf W) =) ()\)()m! (tyzaxL) <ty2595R>

k—m (/1) feLor).
m=0 —m m

TL=TR=Y1

This coincides with the Rankin—Cohen bidifferential operator (see [3, Theorem 7.1], [32, Theo-
rem 8.1(2)]).

5.3 F,, for (G,G1) = (Sp(s,R),Sp(s’,R) x Sp(s”,R)),
(U(g,s),U(q’,s") xU(q",s")), (SO*(2s),SO*(2s") x SO*(2s")),
(E6(_14), SL(2, R) X SU(]., 5)), (E7(_25), SL(2, R) X Sp1n0(2, 10))

In this subsection we set

(G,G1) = (G,G11 x Ga2)

(Sp(s,R),Sp(s’,R) x Sp(s”",R)) (s=¢5+5") (Case d = 1),
U(0.9). U ) x U ") (q=d +q"s =5 1) (Case d=2)
= ¢ (SO*(2s),50*(2s") x SO*(QS”)) (s=s+5") (Case d = 4),
(Eg(-14), SL(2,R) x SU(1,5)) (Case d = 6),
(Br(_a5), SL(2, R) x Sping(2, 10)) (Case d = 8)

(up to covering). Then the maximal compact subgroups (K, K1) = (K, K11 X K92) C (G, G11 X
G92) are given by

(K, K1) = (K, K11 x K29)

(U(s),U(s") x U(s")) (Cases d = 1,4),
_ )W) xU(s),(U(d) x U(s") x (U(¢") x U(s"))) (Case d =2),

(U(1) x Spin(10),U(1) x S(U(1) x U(5))) (Case d = 6),

(U(1) x Eg, U(1) x (U(1) x Spin(10))) (Case d = 8)

(up to covering). Also we have

(Sym(s, C) (Case d =1),
M(q,s; C) (Case d = 2),

pt = < Skew(s, C) (Case d = 4),
M(1,2;0)¢  (Case d = 6),
Herm(3,0)¢ (Case d = 8),

and pf = pf, @ pdy =gt N, p3 =ply == (p7)* are realized as

(Sym(s’,C), M(s',s";C),Sym(s”,C)) (Case d = 1),
(M(q',s";C), (M (¢, s";C) & M(q",s";C)), M(q", s";C)) (Case d =2),
(11, pTas $) = { (Skew(s', C), M(s', 8"; C), Skew(s", C)) (Case d = 4),
(C,Skew(5,C), M (1,5;C)) (Case d = 6),
(C,M(1,2;0), Herm(2,0)°) (Case d = 8)

Ford = 1,4,6,8, let x, x11 and 22 be the characters of KC, Kﬁ and K(QCZ respectively, normalized
as (2.20). Then we have x|k,; = xj; (j = 1,2). Similarly, for d = 2, let XA TA2 X1_1>\1_)\2 and
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X2_2>‘1_’\2 be the characters of K€, K and KS; respectively, as (4.2). Then similarly we have
XN = x0T (F=1,2).

Now let (1,V) = (x*,C) = (x ***2,C) with X sufficiently large, W C P(p},) ® X be an
irreducible K = K x K5-submodule, and K(z2) € P (pf,, Hom (W, x™*)) be the K{-invariant
polynomial in the sense of (3.3). For x3 = x12 € pg = pi5, w1 = wiy + waz € pf = pJ; O py, we
want to compute

Frp(xo;wr) = Frp(12; win, wao)

:< y1|w1)p+IW (h(Q(xQ)yhyl)f/\/2K((x2)Q(yl)12))*>

(y1i1|wit) + +(y22|waz) +
= <e P11 P

ﬁ7y1
22 IW7
(M(Q(z12) (Y11 + y22), Y11 + y22) ~ V2K ((a12) QW1 Fo22)712) )™

Py11,Y22”

Now since we have Q(z12)y11 € p;Q, Q(z12)y22 € pfl, it holds that

X(B(Q(z12)y11 + Q(212)y22, Y11 + Y22))
X(B(Q(z12)y22, y11))x(B(Q(r12)y11, Y22))
h(Q(z12)y22, y11)R(Q(T12) Y11, Y22)
hQ(x12)Y11, Y22)* = haa(Q(z12)y11, Y22)?, (5.1)

where we have used (2.8) at the 2nd equality, [6, Part V, Propositions IV.3.4 and IV.3.5] at the
4th equality, and x|x,, = X22 at the last equality. Moreover we have the following.

h(Q(z12)(y11 + y22), Y11 + y22) =

Lemma 5.6.

(219)@W11T922)212 — B(Q(212)y11, Y22) L 12.

Proof. By the definition of the quasi-inverse, we have

(212) QW1 H¥22)%12 = B(215, Q(y11 + y22)212) " (212 — Q(212)Q(Y11 + Y22)712)

= B(Q(z12)(y11 + y22), y11 + y22) (212 — Q(212)(Qy11) + Q(y11, y22) + Q(y22))712)
= B(Q(z12)y11 + Q(x12)y22,y11 + y22)71(9612 — Q(z12)Q(Y11, Y22)T12)

= B(Q(z12)y11,y22) " B(Q(w12)y22, y11) " (w12 — Q(212)Q(y11, y22)712),

where we have used Lemma 3.9(2), (2.8), and Q(z12)y;; € pg—j,S—j’ Q(yjj)ri2 =0 (j = 1,2),
which follows from case-by-case analysis. Thus it suffices to show

B(Q($12)y227y11)_1(3612 - Q(x12)Q(yllay22)x12) = T12-

This follows from

B(Q(x12)y22, y11)x12 = 12 — D(Q(Z12)Yy22, Y11)T12 + Q(Q(Z12)Y22) Q(Y11) 712
= 212 — Q(Q(712)y22, T12)y11 + Q(Q(Z12)Yy22)0
= z12 — Q(712) D(y22, T12)y11
=112 — Q(212)Q (Y11, Y22)T12,

where we have used [6, Part V, Proposition 1.2.1 (J3.1)] at the 3rd equality. [ |

Therefore we have

(y11wir) +  (y22lwa2) +
(e Plie

Frp(x12; w11, we2) = P22 Iy,
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(h22(Q(z12)y11, y22) K(B(Q(212)y11, ¥22) " '212))")

Py11,Y22”

Now we write (p, W) = (p11 X pa2, W11 ® Waz). Then we have

(y11|wir) +  (yazlwaz) +
Frp(w12; w11, wa2) = (e e P22 Ty, RWag s

(ha2(Q(z12)y11, y22) K (B(Q(12)y11, y22) '712)) ")

(yrrwin) +  (yoo|w22) +
= <e p1le

pQQIWu‘XWm? (K(x12)p22(B(Q($12)y117 y22)))*>
(y1rwin) +  (y2z|w22)

=K(z12){e e

_ K(l’m) (<e(y11|w11)

p118¥p22,y11,y22

p118p22,y11,y22

P32 Iy Wz » Ty B p22(B(y22, Q(212)y11)))
(w22|Q(x12)y11)

p11X¥p22,y11,y22

+ +
p p
oy e 22IWH>ﬁl17Z/11 X IW?Q)

(y11lwir) + (y111Q(w12)waz) +
= K(leg) (<e P11 IWll’e pHIW11>f)11,y11 & IW?Q)’
where we have used (3.3) at the 2nd equality, and the 4th equality holds since poo(B(y22,
Z2)) is the reproducing kernel of H,,, (D22, Wa2), where 229 = Q(x12)y11. In the following we
omit MIyy,,. Now we assume s’ < s’ whend =1, ¢ <s” whend =2,2 < <" when d =4,
and set W = Wy K Way as

W = Pgt1, i p,.0)(M(s, " C)) @ x
————

l

NV iy g (1 . )
= (V(l) ®xi7 )X (V(k+1,...,k;+1,k,...,k,o,_._,()) @ Xa2 ) (d=1),
l /7[ " _ !

W =Py (M, s";C)RP(M(¢",s;C) @ x M

/ s’ —(M1+E)=)X " s’ A —
= RV xR (TR, g exat ) d=2),
—~—

q/

W Pt g gy (M(s',s";C)) @ x (1)
Pt o) M(s', 8", C)) @ x> (2)

(s")v —A—2k (s")V A
Voo @xai ) & (V(k—i-l,lc,...7k70,...,0) ® Xao ) (1)

~

’ d — 4,
o (s")v —\—2k (€ Y ( / ) )
(V(z,...,z,o) ®xii )W (V(kJrl,...,kJrl,k,O,...,o) © Xoz ) (2) s #3
N———’

s/

W = Py oy g) (M(3,5"5C)) @ x

~ (173 - (s")Vv -\
=~ (V(kl,kg,kg) ®x77) X (V(kl,kg,kg,o,...,o) ® X23')

= (Vio by stk @300 B (V4 0,0 ©008) (i/::%) :
W = P s, ) (Skew(5,C)) @ x

~ xR (V(E)l;f;c\g/,—kg,—kl,—kl,—klfkg) ®X33) (d = 6),
W = Py ko) (M(1,2;0)) @ x

= (XQQAJI;ICQ N V([m]*v)) (d=8),

where k € Zsg, and I € {0,1,...,s' —1}ifd=1,1€ Z"M i g = 2 1 € Zog if d = 4
with ' # 3, (k1, ko, ks) € Z3, if d = 4 with s’ = 3, (k1,k2) € Z% | if d = 6,8, and we denote
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=(1,...,1,0,...,0). We note that when d =4, s" = 3, we 1dentily ~ ,3) up to
l 1 1,0 0). W h hend=4,s =3 identify SO*(6) ~ SU(1,3

covering. We write

p

é(i) <)<3712) (d=1),
g? (@12)K K{? (1) (d =2),
K0 m) (d=4, (1)),
K(z12) = K%k W B (212) (d =4, (2) € P(pf, Hom (W, x ™)),
Ki oy (T12) (d=4,5 =3),
ngl o (d =6),
\K(k1 kQ)(a:12) (d=8),

where the superscripts mean dy = di2. Then P(pfl) ® Wiy is decomposed under K ﬁ as

P(PE) ® Wiy =~ @ VQ(;)V ® V((l; Y ® X1_1A :

mezy
~ (s")V —A—k o
~ P D Vemn®xia (d=1),
meZs | 1€{0,1}*, 1=l
m+lezy,
! / ' ! —(A1+k)—A
P(pf;) @ Wiy ~ @ ( xgg)\/@‘/éf))@(@(q)@vl(s)@xn( 1+k) 2)
meZnnn{q ,s'}
s @@ B e ey
meZ‘f‘j{q"S’} nezs
P(Pﬁ) ® Wip ~ EB )v ® V(s )v 0 ®X1—>\ 2k
mez!?/?!
~ (s")Vv —2—2k .
- @ @ 4 (mi+l1,m1,ma+l2, ® X11 (d =4 (1))7
mez* /2 1e(Zs0) (<721, lj=1 M2 st 2y Hia 2
0<l; <mJ 1—m; m g 21 Glrgr y21))
\Y _
PE oW @ VY eV, ox
mezif/
~ (s")V —A—2k _
= @ @ Vo mtmi -ty matt, 2 X1 (d=41(2)),
mezl /e o)/, =t et

0<l;<mj—mjyq1
0l oo i ' 0dd ™1s! /2T /2) (E=lar/2))

N (3)v Y
,P(pii_l) ®@ Wiy =~ @ me(]) ® ‘/(k1 k2,k3) ® X11

m=0

o0
(3)v Y
@ @ V(k1+m m1,ke+m—ma,kz+m—ms3) © X1

m=0 me(Z>¢)?, |m|=m
0<m;<kj—kji1

(3)V Y
@ ‘/(lﬁ+m2+m3,k2+m1+m37k3+m1+m2) ® X1 s’ =3/’

me(Z»o)?
OSmj Skj_kj—Q—l

1

12
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Ppi) © Wiy ~ @X—A m—ka=2m (d=6,8),

where Cnm,1 are the Littlewood—Richardson coefficients, and for d = 4 we write mg = 400,
m|g /2141 = 0. Also, when d = 4, s’ = 3, under the identification SO*(6) ~ SU(1,3) up to
covering, we have

(3)Vv
(k1+ma+msz,ka+mi+ms,ks+mi+ma)
~ V( 3)V
(0;—k2—ks—2m1—mo—msz,—k1—ks—m1—2ma—m3,—ki—ka—mi1—ma—2ms3)
~ V( 3)V
(m1+m2+m3, ka—ks—m1,—k1—k3—ma,—ki—ka—m3)’
(z11ly11) + — ) .
Then we expand e P Iy, € (9(pir1 X Pl End(Wll)) according to the above decomposi-

tion as

Z KE111)71(2’11§ yi1) (d=1),

m,1

Z Kg)n (z115911)  (d=2),
ZKml z11;911) (d=4 (1)),
ZKE?,—I(ZHQ y1i1) (d=4(2),

m,l
ZKSEI{(ZH; y11) (d=4,s =3),

m
oo

(211ly11)_+
p
e 11 IW11 =

1

m!
m=0

(z11910)™ (d=6,8).

Therefore by [42] and (2.24), we have

(y11lwi) + (y111Q(z12)w22) +
P11 [ Pin [ .
)<e Wi, € Wi >P117y11

1
Z Z A+Ek+ ) m-@.

mezy | 1e{0,1}, 1=l
!
m+1€Zy |

Frp(w12; w11, wa2) = K(z12

XK(2<) )+(1) (x12)KEi?1(5512w§2t9512; wi1) (d=1),

2 2 GrErD

min{q/,s’} n
meZ,

n 1,2

XKEi)k) (212)K{? (221 K (212821, w11) - (d = 2),

_ 1
- > > (A + 2k + (1,0, .. ’

++0))m
+1—(1,0,...,0),4
mezt" /2 1e(Z50) ¢ /2, 1=t ’ ( )
0<l;<mj_1—m;

XKEk)-H o) (“712)K$),1(1_x12w32t$12; wi1) (d=4, (1)),

Z Z A+2k+1+(1,...,01,0)mo1— _na
mEZ}FS_:_/QJ IE(Z>O)’V‘S,/2], |1|:l ( ( ))m 1 (0,...,07 l),4
0<l;<mj—m;t1

9 4 . d=4,(2)
XKEk)Jrl,...,kJrl,k)(xlz)KEn),—l(_xl?w22t$12;wll) < ’

S. even
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( 1
mEijr/% 16(Z>0)’—s’/2"7 = ( )m .4 ( L2J )
0<l;<mj—m;i1
OSZ[S’/Q]

I=lrs /21

2 \ ) d=4 (2)
XKy (212K (— 120 1z wn) ( siodd |’

1
me(§>0)3 (A + (k1 + ko, k1 + k3, k2 + k3)) (g mami) 2
0<m;<kj—kji1

2 2 ¥ d=4
XKEki,kz,kg)(x12)K£11),I<(_3712w22t37123 w1) (S/ _ 3> ,
N 1 | — m 1 (4)
Z m% (w11w22 Pf(CL“12)) K(kl,kz)(‘rw) (d =6),
m=0 moiee
N 1 |y s m 1-(6)
Z S (w11 Reg (212 (W22'212))) K ko) (T12) (d=8),

3
Il
=)

where for d = 4 with s’ odd, we identify m = (ml,...,mLs//QJ) € Zf;r/% with (my,..

mLS//QJ,O) S ZE;_/z], and for 1 = (ll, R JLs’/QJvl(s’/Q]) S (Zzo){s//ﬂ, we write I/ = (ll, ceey ZLS’/QJ)
€ (Zso)¥'/4. Also, for d = 6, Pf(z19) is defined in (4.14). By Theorem 3.10, by substitu-
ting wiy, woo with 89‘?11, Fosy+ We get the intertwining operator from (H1)g, to Hy, and by
Theorem 3.12, this extends to the intertwining operator between the spaces of all holomorphic
functions if H; is holomorphic discrete. Moreover, for the cases when the norm of H; is com-
puted in [42], then by Theorem 3.13, this continues meromorphically for all A € C. Therefore
we have the following.

Theorem 5.7.

(1) Let (G,G1) = (Sp(s,R),Sp(s’,R) x Sp(s”,R)) with s =s"+ ", s’ < s". Let k € Z>p, and
1€{0,...,s —1}. Then the linear map
Foaka: Oaik(Din, V) o R ON(Dag, VI )~ —s OA(D)x
Akl YA+ELS Vg K11 ANE22 V41, k+1,k,...,k,0,...,0)/ K22 A K>
N

l s/—1 s!"—s'

11 T12 1
f g
LS (thQ x22> Z Z A+ E+ () mr1—a1

meZs, 1e{0,1}, 1=
!
m+l€Zs |

(2) () 9, . 0

X Kk<s,>+<l>(l’12)Km71 (wlz Oy T12; 8:1:11) f(x11,222)
intertwines the (gl,f(l)—actian. If s =" or k=0 or (k1) = (1,0) or A > §", then this
extends to the map between the spaces of all holomorphic functions.

(2) Let (G,G1) = (U(g,s),U(q,s") x U(¢",s")) with ¢ = ¢ +q", s ="+ 5", ¢ <s". Let
k€ Z>o, and 1€ fo{q Y Then the linear map

Fakds O +k)+20 (Dn, CK Vl(s )) g

K
X O, 42 (D22, Vl(q " Vv((li..?,k,(),...,O))Rgg — Oxe (D)

—~—

q/
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T T12
f —
kLS <$21 $22> Z Z (A + A2 + k; + D12

min{q/,s’} N
meZ,

. _
0 0
X Kgi?...,k)(wlz)KEQ)(fm)Kg?“ (xl? <8x22> ra 39511> f(@11, w22)

intertwines the (g1, K1)-action. If ¢ = s" or k=0 or1=(0,...,0) or %' > ¢" and
1=(,....0)7 or ‘NMi+Xo+k+ly>¢+5—1and M+ o+ 1y > ¢"+5" =17, then this
extends to the map between the spaces of all holomorphic functions.

(3) Let (G,G1) = (SO*(2s),S0%(2s") x SO*(25")) with s = s’ +5",2 < s < 3". Let k,l € Z>g.
Then the linear map

. (s')V (s")V
Famis Oz (D, Vol o) e BOAD22, Vil vo0) iy — OND) s
——

s/

11 Ti2\ _ !
fAklf< t x22>— > > (A+2k+(1,0,..

0))m
+1-(1,0,...,0),4
EZLg /2] 1€(Z>0)“ 21 1|=1 ’ ( )
0<l;<my;_1—m;

(2) (4) 9, 0
X K sk, (£12) Ky ) (9512 gy "12 83:11) f(z11, 222)

intertwines the (g1, K1)-action. Here we identify m = (my,..., mg/2)) € ijr/% with
(m1,...,mg/9,0) € ZBI/Q] when " is odd. If 8 =" ork=0o0r %" =s+1andl=0"
or A >2s"—3 or %" =5 +1 and \+k > 25" — 37, then this extends to the map between
the spaces of all holomorphic functions.

(4) Let (G,G1) = (SO*(2s5),50%(25") x SO*(25")) with s =§' +5",3 < s <§". Let k € Z>o,
and | € Z~q. Then the linear maps

. (s")V (s")v
Fakl O/\+2k(D11>‘/(z:g...,z,o)) &O/\(D%V(kﬂ k+l,k,0,...,0))f(22 O\(D) ¢
W

s/

-7:>\klf< o 9012)

I12 Z22

- Z Z ()\+2k+l+(l7--jl=0))m1(o 0,—1),4
mezf;/% IE(Z>O)’—S,/2~‘7 |1‘:l geeeyUy )
0<lj<mj—mji1

0 0
% Kgi)-l—l,...,k—i-l,k)($12)K£ﬁ371 (fﬁwatfflz >f(9311,9322) (s': even),

O0x11
]:,\klf< o 9012)

$12 Z22

1
N Z Z A2k + 2 merva (AN +2k+1—-21]2]+1
mezﬁim 16(Zso) ¥ /2, 1=t ( Jm I4 ( L2J )
0<lj<mj—mji1

sy
0=lrst /21

(2) (4) 94 0 .
X K i (T12) Ky ) <$128a:22t$12’ 83:11) f(z11,92)  (s': odd)

intertwine the (gl,f(l)—action. Here if s is odd, then for 1 = (l1,...,1|¢/2],1[s/21) €
(Z0)1*'/?, we write I = (I, sl o)) € (Zs)' 2 If s = 5" or A > 28" — 3 or
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“'=4¢54+1and N+ k > 25" — 37, then this extends to the map between the spaces of all
holomorphic functions.

(5) Let (G,G1) = (SO*(2(3 + ")), S0%(6) x SO*(25")) with 3 < s". Let (k1 ky, ks) € Z3 ..

Then the linear maps

(3)Vv (s")V
Fk ko kst Ox (D117 V(kl ko, k3))f{11 O (D22= V(kl,kQ,k3,o,...,o))k22 — OA(D)Rv

Tl T12 Z 1
f =
A,klykz,k3f (_tg;lz $22> me(Zao)? ()\ + (k‘l + k‘Q, k:l + k:g, k‘g + k‘g))(m?”m%ml)’g
>0
0<m;<kj—kji1

0 0
X K§27,€2,k3)(:v12)K§ﬁ),; <£E12(%22t$12; 33611) f(@11, 222)

intertwine the (gl,Kl) action. If " =3 or ks = ks =0 or “" =4 and k1 = ko = k3” or
A> 25" =3 or " =4 and X\ + k3 > 25" — 37, then this extends to the map between the

spaces of all holomorphic functions.
(6) Let (G,G1) = (Eg(—14),SL(2,R) x SU(1,5)) (up to covering). Let (ki,ks) € Z% ,. Then

the linear map

1,5)Vv
f)\khk‘g O/\+k1+k2(D11)IZO/\(D22>‘/(E) 362, ko, —k1,—k1,—k1— k:z)) —>0)\( )

Tk k 2f($117$1273322)

00 1 o o . m @)
Pf K
Z:: A+ /<:1 + ko) m! (83511 092 (x12)> (k1 ) (F12).f (11, 222)

mO

(x11 € C, x12 € Skew(5,C), w92 € M(1,5;C)) intertwines the Gy -action.
(7) Let (G,G1) = (Ez(_25), SL(2,R) X Sping(2,10)) (up to covering). Let (ki,kz) € Z3 . Then
the linear map
Fakiket Oxnthrrks (D11) g,

[10v ; )
X OM_M <D22;V kithy ki—hy ky—ka ki—ky k1—ks) ) OA(D)[O
2 3 T3 T3 T3 3 22

> 1

T Ti2\
Fxdraf <9612 9022) B mZ:O A+ k1 +E2)m

1 (0 9 4. "
X — <Re@ <x12 ((%zztxn))) Kgi)hkg)(wu)f(a?u,xm)

intertwines the (gl, Kl)—action. If ko =0 or A > 9, then this extends to the map between
the spaces of all holomorphic functions.

When d =4 and s’ = 3, for (k1, ko, ks3) = (k+ 1, k, k) and m,l1,ls € Z>¢, I + lo = | we have

! 0
K 2115y
T 26+ 00 omracrimya mttn (F113911)
= 1 K(Z)/
Ot 2k + 1,2k + 1, 2K)) sty 104a)2 | (20mth=D),

(3) (3) ~ 1B (3)
€ Vv(m—f—ll,m l2) Vv(m—‘rll myla) ‘/(k—l—m—l—ll,k-l—m,k—i—lz) ® ‘/(k-l—m—f—ll,k-i—m k+l2)’

(k+l,k,k) (211; yll)
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and therefore the results in (3) and (5) coincide. Similarly, for (k1, k2, k3) = (k+ 1,k + 1, k) and
m,li,lo € ZZO, l1 +15 =1 we have

L o)
K .
O 2k 2 N+ 2k 1= D)y, Fome— () (F113811)

- 1 K%’ (z11;y11)
Ot @k 4 2025 1 1,2k 4 D) ometsttpya (Od—lam=i). (et kL) 115

(3) (3)
€ Virtmi—tni—15) @ Vonttmri—ts i-12)

~ 13 (3)
= V(k+m+l,k+m+l—zl,k+z—lg) ® V(k+m+z ktmAl—ly k+1—lp)

and therefore the results in (4) and (5) coincide.
When d = 1,4, if “¢’ =", 1 =07 or “k: =1 = 07, then we have K(z12) = det(x12)¥, and

when d = 2, if 1 = (I,...,]) and “¢ = s" or k = 0” and “¢" = ¢’ or | = 07, then we have

K(z12, 221) = det(x12)* det(z21)!, and in these cases e( o )pﬁ is expanded as

211\y11)+
ZK (211, y11) Z‘P (z11911);

where égﬁ)(znyﬁ) is defined in (2.15), (2.17). Therefore, when (G,G1) = (Sp(s,R), Sp(s/,R) x
Sp(s”,R)), the intertwining operator is reduced to

Fak: Orir(D11) K Oxir(Das) — Ox(D), (5.2)
T T2 k 1 = (1) 0 d
— det SRS (O R N ’
(Farf) (9312 x22> et(r12) ZZ/ O+ B ( g tr19 pr f(x11, x22)
mezs

(k=0if &' # 5"), when (G,G1) = (U(g,5),U(q,s') x U(¢",5")),

Fakd: Okttt (D11) B O, 114 (g (D22) = O,y 40, (D),

T11 212 k z 1
= det det
(J—-}\’k’lf) (IL‘21 1322) ¢ (xw) © ($21) z:{q (>\1 + )\2 + k + l)m 2
m Zn’llll S
t t
- 0 0
<8 (o0 (5 o (5, ) ) o o

(k=0if¢ #5",1=0if ¢’ # &), and when (G,G1) = (SO*(2s),S0*(2s") x SO*(2s")),

Fak: Orion(D11) K Oxyor(Daz) — Oz(D),
1
(Fakf) ( o m) = det(x12)* > O+ 2K)ma

1o oo ‘) A+ 2k)ma
mez!®/?

~ 0 0
X (I)rﬁ) < T1o t$12> f(z11,222) (5.4)

0x92 Ox11

(k=0if s #§").
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54 F,, for (G,G1) = (Sp(s,R),U(s’,s”)), (SO*(2s),U(s’,s")),
(E6(_]_4), U(l) X SO*(]_O)), (E7(_25), U(].) X E6(—14))

In this subsection we set

(Sp(s,R),U(s',s")) (s=5+45") (Cased=1),
(G.Gh) = (SO*(2s),U(s', s ))* (s=s+5") (Cased=4),
(Eg(—14), U(1) x SO*(10)) (Case d = 6),
(Er(—25), U(1) x Eg(_14)) (Case d = 8)

(up to covering). Then the maximal compact subgroups (K, K1) = (K, K11 X Ka2) C (G, G)
are given by
(U(s),U(s") x U(s")) (Cases d = 1,4),
(K, Kl) = (K, Kll X KQQ) = (U(l) X Spin(lO), U(l) X U(5)) (Case d= 6),
(U(1) x E,U(1) x U(1) x Spin(10)) (Case d = 8).

(up to covering). Also we have

Sym(s, C) (Case d = 1),
+ ) Skew(s,C) (Case d = 4),
P M(1,2;0)¢  (Case d = 6),
Herm(3,0)¢ (Case d = 8),
and pf =ply: =af NpT, p3 =pf, ®p3, = (p])" are realized as
(Sym(s’,C), M(s',s";C),Sym(s”,C))  (Case d=1),
Lo (Skew(s',C), M(s,s";C),Skew(s”,C)) (Case d =4),
(P11, P12 P2) = , .
(C,Skew(5,C), M (1,5;C)) (Case d = 6),
(C,M(1,2;0), Herm(2,0)°) (Case d = 8).

Now let (1,V) = (x* (C) with A sufficiently large, W = Wiy K W, C (P(p],) X P(pdy)) ®

A be an irreducible Kl = KH X KQQ -submodule, and K(z2) = K(z11 + z22) € P(pn %)
p22, Hom (VV, X ’\)) be the K1 -invariant polynomial in the sense of (3.3). For xy = x11 + 22 €
p; = pfl ® p;Q, w] = Wiz € pf = pﬁ, we want to compute

(y1l1) ) e
Frp(za;w1) = Frp(211, 222; w12) = (e N I, (h(@2, Q(y1)w2) V2K ((w2)@W1)r2))")

< (y12|wi2) +

v Iy, (h(z11+ 222, Q(12) (T11 + m22)) V2K (w11 + 99 QW2 (F11¥m22)) )™

P2 Ty, (haa (222, Q(y12)w11) MK ((211) @QW12)722 - (299) @urz)ean)) ™)

where we have used the similar argument to (5.1) at the last equality. Now we assume that
W =Wy B Wa C P(pd) @ x = is of the form

W = Wit B Waz = (Pir,...iy (1) @ xi7) B (Prp) @ x23').

where x11, Xx22 are as in the previous subsection, and

pA7y1

pyy12

(y12|wi2)

= <e R y
PyY12

S (d=1),

i €Z>y (d=1,6,80rd=4,5": even), Lenr” |s"/2] (d=4),
=0 (d=4,5": 0dd), L 1 (d=6),

2 (d =8).
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Then the polynomial K is of the form
K(z11 + 292) = A($11)kK§d) (722),

where A(x11) is the determinant polynomial of the Jordan algebra pf; when d = 1,6,8 or d = 4

with s’ even, and de) (v22) € P(pg, Hom (Pi(pgy) ® X235 Xa5') ) is Ky-invariant in the sense

of (3.3). Then we have

Fr (w11, 223 w12)

(y12|wi2) - z z11))*
— <e y12{W12 pE[WQQ, (hgz(ﬂfgz,Q(ym)fEll) )\A((gjll)Q(yw) 22)kK§d)((x22)Q(y12) 11)) >ﬁ,y12‘

Now since

A((211)@W2)722) = 3 (P((211)9W2)22)) = xq1 (B(a11, Q(y12)222) "' Pl11))
= hi1(z11, Q(y12)722) T A(211) = h(711, Q(y12)722) ' AlT11)
= h(222, Q(y12)711) " A11) = hoa (222, Q(y12)x11) ' A211),
where P is as (2.11), and we have used [6, Part V, Proposition I11.3.1, (J6.1)] at the 2nd equality,

X|K;; = Xj; at the 4th, 6th equalities, and [6, Part V, Propositions IV.3.4 and IV.3.5] at the 5th
equality, we have

Frp(w11, w225 wi2)

(y12|w12) o 21\ ¥
= A(mn)k<e e '“Efwzm (h22(3722,Q(y12)3?11) A kKl(d)((9622)Q(y12) “)) >ﬁ7y12-
Next we put A + k =: p, Q(y12)r11 =: 222, and we want to find the expansion formula

of h(xgg,222)_“K§d)((x22)222). For a while we omit the subscript 22. We realize Wy =
Pi(p3y) ® X35 as a space of polynomials in y, and write de) (x) = de) (z,9) € P(pgy x pgy). We

normalize Kl(d) (z,y) as

(zly),+

de) (z,y) = Projj, (e *"22) = Projj (e(x‘y)pﬁz)

9

and for x,y, z € p3, and n,1 € Z:LNJF, we define ICS? (z;Y,2) € Pa(ply) X Pi(pdy) X P(p3,) by

/Cffg (z;y,2) := Proj, , Proj, 5 (e(xlyﬁ)%) = Proj; 5 (Kﬁld) (x,y + z))
= Proj, , (de) (z, y)e(w‘z)@z)7

where Proj,, ., is the orthogonal projection onto Pn(pga) with respect to the variable z. Clearly

K9 is non-zero only if Py appears abstractly in the decomposition of P;®P. Then the following

n,l

holds.

Proposition 5.8.

Ma, ) MK @7 y) = Y ((/:L))lecﬂ(x;y,Z)z ST (Vo1 K 23y, 2).
nEZT./l El

T‘II
Yt nezZl

Proof. By (2.26) we have

37 (ah(z, 2) KD (@, y) = hlz, 2) P h(z®,y) " = hiz,y + 2) 7"

N
1ezr’,
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= Z ('u)n’dK()SEyﬂ*Z Z Z nd’Cn]xy’ )a

nezy’, nezy’ 1ezr,

where the 2nd equality follows from (2.3). Then by projecting both sides to P; with respect to
the variable gy and dividing by (p)1,4, we get the desired formula. [

Corollary 5.9. When we define ICEffl (z;2) € P(pgq ¥ @, Hom (Py(pdy) ® Xz5' X93')) a5

(z]2)

=

Kﬂ (r;2) = Proj, , (e P32 Kgd) (:1:)),

then it holds that
h(z, z)_HKgd) (2%) = Z (u+ l)n_Ldleﬂ (x; 2).

N
nGZ;+
Therefore we have

Frp(x11, 225 wi2)

(y12|w12) "
= Ae)* Y A+ k4 Doogale "0 Iy, K (222 Qaiz) o))

,,,//
nez’ |

:ﬁvle'

From now on we consider the cases d = 1,4. In these cases we have
4 —(A+2k)=A
((C&Vz(ls ))®X1( ) (d=1),

W = (P, (1) @ xa7) B (Pi(p32) © xo5 g{ Jex
((k k)\P11 11) ( 22 22) (C&Vlgs ))®X1 =)

()

n,l
(y12,y21) is isomorphic to that as functions on T3z, namely Pn(pga), which has the lowest
weight —2n when d = 1 case, —n? when d = 4 case. Moreover, Ky 1(%22; y2177,y12) is non-
zero only if Pn(p3,) appears abstractly in the decomposition of P(pj5) ® Pi(ps,). Therefore by
the result of [42] and (2.24), we get

By the GL(s”, C)-invariance, the representation containing K. | (za2; y2125,y12) as functions on

Frp(w11, 2225 wi2)

At k+Dn_
det(l‘n)k Z ( ((>\—|-]{?+ ))) L1 /C(l)(.%'gz, w12x11w12) (d:l),
_ ez} 2
- A k+1D,_ .
Pf(ajn)k Z (/(\+k+l)) 124 IC(4) (m22;—tw12x11w12) (dz 4)
EZLS”/QJ (n—1)2,2
++
( 1 1) t _
det(z11)" Ko (w99; "wie T w d=1),
(z11) HEZZ;" 2 (4 k414 1) " nt (2223 ‘wiTTwia) - ( )
F+
= 1
Pt Y e b )@=
nez!® /% nold
++
1 1)
det(z11)* T K1 (2225 swioTiiwi2)  (d=1),
HGXZ: Atk+1+3),,, ™
l; <n7(12j<sﬁ
l; <n]<l g (81587
- 1 1) _
Pf(z11)" K Too: WiaTTTW d=4).
(211) %;/m DA h+1=Dnis n,l( 22; 'wiaT1Tw12)  ( )
nEZJrJr
lj<n; (1<j<[s'/2])
Li<ng<l;_ |y /) (L8'/2]41<5<]s" /2])
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Here the condition I; <nj <l;_y (' +1<j<s")orl; <n; < Li—ls /2] (L%’J +1<5< L%/J)

appears only when s’ < s” or | £| < | 2| respectively. Next we consider d = 6 case. In this
pp y : 5 p y

case we have

W = (Px(C) R P,(M(1,5C))) ® x * = (V((E)\L/ LL Ly ® Xgo- (10)) X X&E\Sgkigl

27272227 2

(5)v —A—k+1 —A+3k—31
(V(l,l,l,l 0 @ Xso*(m)) X Xu(1)

Then x’fle(leQ(yu)xu)% Kj(z22) is decomposed as

(w22/Qy12)w11) — 1
ahie TR K (200) = oy Z — (222|Q(y12)211) % Ki(w22)

= 1) Z $22\Q(y12)1‘11) "Ki(z22),

P

and as a function of (x11,x22), we have

1 _
25 K (@2 Qyr)z11) = xlf1m(x22\Q(y12)xu)Z+ 'Ky (wa2)

€ (Prrn—1(pf)) X Pu(p3;)) ® ~ v((n)n ) © Ny (IEL)Z < X[—](A;g%_gz’

and by the K(lc—invariance, as a function of yo, xlflﬁ(3”22|Q(y12):E11)ZJZKl($22) sits in the
: 22

space with the same lowest weight. Therefore we have

Frp(w11, 2225 w12)

=z Z(A +k+)n <e(y12'”12)p1+2 Iy, (

n=l

(:m\Q(ylz)xll)@lK’(x”))*>

b
(n o l)‘ ﬁ?y12

AN+Ek+Dm 1 e\ \ T
=k, Z Ot bt Do —'(acllmgg Pf(w12)) Ki(x22)

1 1
= Z Ohti—2)n (33115622 Pf(w12)) " Ki(22),

where Pf(wi2) is as (4.14). Next we consider d = 8 case. In this case we have

C _ 10]v Ak pok—2p
W = (Px(C) K Py (Herm(2,0)%)) @ ~ V([h 112700 0.0) X XEq 11 2 X Xu() .

Then x’fﬁ(mz‘Q(ym)xu)%Kgfl),lz)($22) = xlﬁA(l‘zz)be(w‘Q(ym)xll)%KEZBI)—JQ,O) (z22) (under suit-

able normalization) is decomposed as

(r22]Q(y12)711)
ahe T KE?)I (z92) = 2¥; Z /C% (222; Q(y12)x11)
nEZ
8
leﬁA(me)lz > ’an)l loma—lo). (L —1a,0) (%223 @(Y12)T11),
neZi+

and as a function of (x11,x22), we have

I’fﬂcg (722; Q(y12)711) = $11A($22)12/C5n)1 lna—la), (11 —1p,0)(T22; @(y12)711)
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B —A—k+[1|-3|n| —A+2k—2]1
€ (Pk+|n\—|1|(¥‘ir1) X Pn(p3a)) © = V([nl} 12,0,0,0,0) R XEg(_14) bIx Xu() !

On the other hand, by using the multi-minuscule rule [47, Corollary 2.16], we can show that
H

[10]v ey
A U (D1, 1/(11712,070’070))[(1 is decomposed as

+ [10}\/ 2
Ppi2) © Vi, 21,0000 X XEg(_14)
n_3
[10}v “A—k—5 —gm|
@ V m1+m2 ,momy my—mg My M m2) ®V’(ll 12,0,0,0,0) ‘XXE6( 14)
meZi+ 2 2 2 2

10]v k-1l 3m
@ @ V[ ﬂj +m mj—m X XE ! ‘
(%+k1,k47 12 2+k2, 6(—14)

4 |pl—
R L RN
2+ki<ma ) ’
k3<mi—mo

~

12

8
n7

—_—

Therefore K71 (z22; Q(y12)11) is non-zero only if (ng,ng) is of the form

—la=m+ky, ng—lo=ky (m, k1, ks € Z>o, k1 + ks =11 — 2, ky <m)

(in this case m; = mg = m, ko = k3 = 0). Therefore, if we assume [42, Conjecture 5.11] on the
norms of holomorphic discrete series representations of Eg_14) is true, then we have

Frp(w11, w225 w12)

= 2, Z A+E+ l)n—1,8<6(y12‘w12)p+ IWQQ,’CHS%(I‘Q% 122, Q(y12)$11)*> )
’ Psy12

m=0 k17k4€ZZO
ki+ka=l1—12
ka<m

(>‘ +k + ll)m+k1 l1+l2(>‘ +k+ l2 - )
()‘ +k + ll)m+k1 l1+l2 ()‘ +k+h— 3)m+k1 l1+l2()‘ +k+l— )k4(>‘ +k+1l— 7)k4

8
X A(x22)l Kgnz+k17k4)7(11712’0) (.%'22; Q(w12)x11)

1

k l

=X A((L‘QQ) 2

11 mzo k1,k4Z€Z>o A+E+0—=3)mt, A+ E+12— Tk,

k1+ka=l1—12
ka<m

(8) et
X ’C(m+k1,k4) (11—12,0) (w22 711 "12w12).

By Theorem 3.10, by substituting w2 with %12, we get the intertwining operator from (H;) i
to Hz, and by Theorem 3.12, this extends to the intertwining operator between the spaces of
all holomorphic functions if H; is holomorphic discrete. Also, by Theorem 3.13, this continues
meromorphically for all A € C. Therefore we get the following.

Theorem 5.10.

(1) Let (G,G1) = (Sp(s,R),U(s',s")) with s = s'+5". Let k € Zso, 1 € Z%'_. Then the linear
map

Fakd: Opporyr (D1, CH Vg(ls )y = 0\(D),
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T T12 k 1
F = det(z E
( ““f)( > (1) A+k+1+3),

w1y w2 ,
nezy

lj<n; (1<j<s)
L<n; <l (s/+1<5<s")

T
n( 1[0 0
X Ky (9522, 1 <8:n12> $118$12) f(z12)
intertwines the él-action.

(2) Let (G,Gy) = (SO*(QS) U(s',s") with s =" +s". Let k € Z>o if ' is even, k=0 if s

18 odd, cmcllEZL /QJ.

Then the linear map

L (DL CRVE) = 0A(D),

Fakl: @(%M)Jra
1

T12 k
F =Pf
(Fakrf) ( Lr 1:22> (211) z; A+k+1— 114
nezls" /2]
+

L<n; (1<j<|s'/2))
Li<ng<l;_ |y /) (18'/2]4+1<5< 8" /2])

t
4 0 0
x ,Cf‘ni (9022; (8:7512) 17116)3:12) f(y12)

intertwines the é’l—action.
(3) Let (G,G1) = (Eg(—14), U(1) x SO*(10)) (up to covering). Let k,l € Z>o. Then the linear

map
f)\,k,l O)\+k (Dl,(c & V((i)i 11 _L)) IX X&?l-l)—Sk‘—?)l — O)\(D)7
2’2’ 2
e 1
ok
(Fapaf) (@11, 212, 22) = 27 — A+ k+1—2),

1 0 m
x — | z11722"Pf <8>> Ki(x22) f(x12)
T12

) intertwines the G1-action.

(xn eC, x19 € SkeW(5,C), To9 € M(1,5,(C
Let k € Z>o, 1 € 72 .

(4) Let (G,G1) = (Eq(—25),U(1) x Eg(_14)) (up to covering).
assume that the conjecture on the morms of holomorphic discrete series representations

4) [42, Conjecture 5.11] is true. Then the linear map

A2k—2]1
) B = 0aD),

We

Of E6

. 0]
Fawrs Oy (D1 Vi, 21,0000

T11  T12
]:
( Aklf)(mz SU22>
1

=k det(za2)
11 mZ:O kl,lmze%o A+E+0—=3)mr, A+ E+12— Tk,

k1+ka=l1—12
ka<m

—

¢
(8) ' 9\ o
X K(m+klvk4) (l1—12,0) <x227 11 <8x12> 81’12) J(@2)

intertwines the G’l—action.
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For d = 1,4,8, if 1 = (I,...,l) (when d = 4 and s” is odd, additionally assume | = 0), we
have Kgd)({[,‘m) = A(l’zg)l, and ICI(,ld}(mQQ;ZQQ) = A([EQQ)ZKE,:QI(ZL‘QQ,ZQQ) = A(:L‘gg)lq)gldzl(l‘ggz&)

holds, where o (x22235) is defined in (2.15), (2.17). Therefore by replacing n —1 = m, the
intertwining operators are rewritten as, when (G, G1) = (Sp(s,R),U(s, s")),

Faki: Oogam+oan(D1) = Ox(D),

(.7:)\ k lf) (l’u $12> = det(xu)k det(xgg)l

w1y w2
1 = (1) 0 t< 0 )
X Oy | — — , 5.5
Z v A+ E+T+3) 1 <4x113$12 e 012 fler2) (5:5)
mezin (") m,

when (G, G1) = (SO*(2s),U(s',s")),

VSWRE O(% )(Dl) — O\(D),

+k)+(5+

(Fapaf) ( x12> = Pf(x11)" Pf(222)"

1321 22

L s (0 0
X Z ()\+k+l—1)m,4¢m ( Tg | G- f(z12),  (5.6)

min{|s’/2],|s""/2]}
meZ

and when (G, G1) = (E7(_g5), U(1) X Eg(_14)),
Farl: Oxgr(D1) X XU(AJ)FQIC 1 0\(D),

(Fakif) (:CH a?12>

5612 Z22

l R
= 2%, det(xg) mg_o Sy l ~ <£C11 Reg <3$12 <x22 <3x12>>>> f(z12).

(This holds without the assumption [42, Conjecture 5.11] since the norm of Hjyyri;(D1) is
computed in [7].)

5.5 F,, for (G,G1) = (SU(3,3),S0%(6)), (Er(_25),SU(2,6))
In this subsection we set

(SU(3,3),S0%(6)) ~ (SU(3,3),SU(1,3)) (Case dy = 1),

(Ga Gl) =
{(E7(_25), SU(2,6)) (Case dy = 4)

(up to covering). We can also compute for (G,G1) = (SO*(12),SO*(6) x SO*(6)) in a similar
way, but we omit this case since this is contained in Theorem 5.7 (5). Then the maximal compact
subgroups are

(S(UB) xU3)),U(3)) = (S(UB) xU3)),S(U) xU(3))) (Casedy=1),

(K,K;) = {
(U(1) x Eg, S(U(2) x U(6))) (Case dg = 4)

(up to covering), and p*, p} := gT NpT, ps := (p])* are realized as

+  JHerm(3,C)® ~ M(3,C) (Caseds=1),
P Herm(3,0)% (Case dy = 4),
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Skew(3,R)€ ~ (R?’)C ~ M(1,3;C) (Case dy =1),
Skew (3, H)® ~ (H?’)C M(2,6;C) (Case dy =4),

~ ) Sym o~ Sym( ,C) (Case da = 1),
| Her ~ Skew(6,C) (Case dy =4).
Ky ~ S(U(1) x U(3)) resp. S(U(2) x U(6)) acts on pj @ p3 ~ M(1,3;C) ® Sym(3,C) resp.

M (2,6; C) EB Skew( ,C) by
(]ﬁ, kz).(xl, .%'2) = (klxle_I, det(kg)_Q/ak‘g.%thg),

where ¢ = 1if dy = 1, ¢ = 2 if dy = 4. Let x, x1 be the characters of KC, Kic respectively,
normalized as (2.20), and also let x2 be the character of KT normalized as (2.20) with respect
to the Lie algebra pJ @ €5 @ p, . Then x|k, = Xf/s = x2 holds.

Now let (7,V) = (x*,C) with X sufficiently large, W C P(p5) ® x> be an irreducible
KT-submodule, and K(x2) € P(p5, Hom(W, x~*)) be the K -invariant polynomial in the sense
of (3.3). For z3 € p5, wy € p], we want to compute

(y1lwr) _ 2o\
Frp(maywr) = (e "1 Iy, (M(Q(w2)yn, y1) 2K ((w2) 201)72) ) Y5
First we compute h(Q(z2)y1,y1) 2 and (2)QW1)22
Lemma 5.11. For x € Sym(3,C), y; € M(1,3;C),
(1) h(@Q(r2)yry1) = det (I — a5yiwr) "
(2) (2)200)72 = det(r2) ! (I — chyizn) ~'oh)"
For x4 € Skew(6,C), y1 € M(2,6;C),
(3) h(Q(x2)y1,y1) = det (I — x#yfl]gﬁ).
(4) (22)20%2 = Pi(ay) ™ (1 ~ a i Jogn) '),
Here z! on Sym(3,C) is defined in (4.8), 27 on Skew(6,C) is defined in (4.12), and Jp =
(%)
Proof. (1), (3) Let o € Sym(3,C)
we have Q(x2)y1 = ﬁxﬁz € M(1,3;C)
h(Q(w2)y1,y1) = ha(Q(z2)yr, y1)**

[ (- mnkyy)” = det (1 - 2lyim)’ (dz = 1),
det (I — Joyiz] y{) =det (1 - xg#yfjgﬁ) (dy =4).

resp. Skew(6,C), y1 € M(1,3;C) resp. M(2,6;C). Then

2/e

resp. Jgﬁa:# € M(2,6;C), and since x|k, = x7' , we get

(2), (4) Let 2o € Herm(3,K'), y1 € M(1,3;K') with K’ = R,H. Then we have Q(y1)z2 =
("g191) x x2 € Herm(3,K'), where = x y is as (4.9), and hence

(@)Q(yl)wz = 1y (I _ ((@1211) % $2)x2)71
By (4.11), it holds that

("hyr) x x2 = det(z2) ™" (i) x (zh)f = det(za) ' (— 291y125 + Regr (l’gt@lyﬁﬂ?g)
= —ﬂﬁﬂgt@lylx;l + (ylu’vﬁgt?)l)ﬂ&g_l’
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where det(x2) means the determinant polynomial in the sense of Jordan algebras when K’ = H,
and thus we have

I=(("gn) x w2)xo =1+ 952 ‘i — (yl»’vgt%)f.

Now it holds that

(I = (("g11) % 902)3172)71 =(1- ylxgtyl)* (- xﬁgtﬁly1)7

since
(I + 28511 — (nah'in) 1) (I — 25ty
=1 — 25yab iy — (nah'on) (1 — 25um)

=1- (ylxﬁgtﬁl)xﬁgtﬁlyl - (ylfvgtﬁl) (I - $ﬂ2ty1y1) (1- 1$ﬁ2ty1)f

Therefore we get
(22)200%2 = 4y (I — ((Ygagn) x w2)a2) " = (1 — yaabln) o (I - 37:12@191)
= det(w2) " det (1 — 2351y1) ™ 2d) (1 — 2blgnn) ~'al) ™'
= det(z2) ((I —:vgtym)_lwﬁz)ﬁ-

Then by complexifying holomorphically in xs, anti-holomorphically in y; (as in Section 4.4 for
K’ = H), we get the desired formulas. |

Now we set
W = Pi(p3) ®x
(1,3)V

(3)Vv ~ —2A _
~ {VQ((kl’)kmks) ® Xl V2(0 —ka—k3,—k1—k3,—k1—k2) ®X1 (d2 = 1),
2,6

Vv
V0,05 ko — ks, —ka— s ks — k3 — ks — kK1 — kg — k1 — k) © X1t (d2

and denote K(zg2) = KEZ??k27k3)($2). Then by the previous lemma,

h(Q(z2)y1, yl)_’\/2KEij?k2’k3) ((wg)Qwn)a2)

{det (1- yfm%)”Kgika oy (det(@2) (1 = 2hyizn) ' ah)f) 1 (d2 = 1),
det (I — yiJogiad) 2K | (PEe) (1 — 2B yihom) " af)®) (da=14)
det(z2) " det (I — yi7iah) Kgllc)l,m,kg)((([_xgyfﬁ)_lxg)ﬁ) (d2 = 1),
P (25) "% det (T — y; Joyiall) ™ /\/QKE?L,Qkg)(((l—x#yfbﬁ)_lx#)#) (dy = 4).

Then since the map f(zq) — f(x2 #)) yields P(kl’k%kg)(p;) — P(k1+k27k1+k37k2+k3)(p;), we write

K(d2) (xﬁ(#)) K(d2) (x

(k1,k2,k3) (k1 +ko,k1+ks,ka+ks3) ) Then we have

— d =
W(Qw2)yr, y1) MK, () Q0)2)
- e —Ay-(1 o1
{det(xz) Il det (I — yigiah) ng)1+k2,k1+k3,k2+k3)((j — dhyign) " ad) (dy = 1),
—X/2 Y
Pf(xQ) |k| det (I Z/1 J2y1$2 ) / ng)1+k2,k1+k3,k2+k3)((]— — Q:#yl J2y1) q;#) (d2 — 4)
Now for z9, 22 € p; = Sym(3,C) resp. Skew(6,C) let

(d2) . o : Ltr(wa23) 1o (d2)
n,(k1+k2,k1+k3,k2+k3)(xQ’ z) i=Proj, , (eE : K(k1+k2,k‘1+k3,k2+k3)(xQ))
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S P(p;‘ X g, Hom (VV, X_’\)).

This is non-zero only if ny > ki + ko, no > k1 + k3, ng > ko + k3 holds. Then by Corollary 5.9
we have

— d =
h(Q(z2)y1, 1) A/2ngj?k27k3)((w2)62(y1) 2)
= Z ()\ + (kl + k27 kl + kS) k2 + k3))(nl7]“171927”2*1?1*k3,n3—k27k3)7d2

nEZi+
— 1) 2. _
{det(x2) |k|IC(n)’(k1+k2,k1+k3,k2+k‘3) (1,‘2, tylyl) (d2 = 1),
- 4 #. _
Pf(z2) |k|]Cn,(k1+k2,k1+k3,k2+k3) (x2 v_tylj2y1) (d2 = 4).

We define K(mdfl)(,(xz; y1) € P(py x E» Hom (W, x™)) by

@y ... — — k| 4~ (1) g.¢
Km,k(x27y1) T det(w2) ‘ IIC(kl+I€2+mg,k1+k3+m2,k2+k3+ml), (.%'27 ylyl)’

(k1+ka,k1+k3,ka+k3)
(4) . ._ —|k|4~(4) #. ¢
Km,k(x2’ yl) T Pf(x2) IC(kl+k2+m3,k1+k3+m2,k2+k3+m1), (ZBQ ’ y1J2y1)’
(k1+k2,k1+k3,ko+k3)

so that
3 K (g5 51) = {det(m)—|k|eltr<x§fz:1)QihiZ’klM&kz%S)(xg) (dp =1),
me@ao)d Pf(wy) Moz MRV LIK(D ik (@) (d2=4)
B em%yIKa,k%kS)(@) (dy = 1),
B {ei“"nyi“KEii,kQ,kg)<x2> (d> = 4).
Then we get

— d z
MQw2)y1 1) A/QKEkT,)kg,ks)((@)Q(yl) 2)

mG(Zzo)s
. + (dg)/ . . .
Now as a function of z3 € py, K | (x2;y1) sits in
) <p+) ~ BV
(k’l+m2+m37k2+m1+m37k3+m1+m2) 2/ — 2(k1+m2+m3,k2+m1+m3,k3+m1+m2)
~ V(1,3)V
— "2(0;—k2—ks—2m1—mao—msz,—k1—ks—m1—2ma—m3,— ki —ka—mi1—ma—2ms3)
~ V(lag)v

2(|ml;—ko—k3z—ma1,—k1—kz—ma,—k1—ka—m3)

for do = 1 case, and

+
P(kl +ma+ms,ko+mi+ms,ks+mi+ma) (pQ )

~ V(276)V

= 7 (0;—ka—ks—2mi1—ma—m3,—k1—k3—m1—2mo—mgz,—ki —ka—mi1—ma—2ms3)?

~ V(276)V

— " (|ml|,|m|;—k2—k3—m1,—ka—k3—m1,—ki1—kz—mao,—k1—kz—mao,—k1—ka—m3,—k1—ka—m3)

for do = 4 case, and by the Kj-invariance, as a function of 1, ICI(ﬁQll/(xg; y1) sits in the space

with the same lowest weight,

p 3V

2(Im|;—ko—k3z—my1,—k1—k3z—ma,—k1—ka—m3)



Construction of Intertwining Operators 71

(1,3)v (1,3)Vv ~
C Vaimnl:0.0,—ml) @ Va(0reka—ks,—k kgt —ka) = Pelml (F1) @ Plry s g (P3)

for do = 1 case, and

(2,6)v

(jm|,|m|;—ko—ks—m1,—ka—ks—m1,—k1—ks—ma,—k1—kz—ma,—k1—ka—ms3,—k1—ka—m3)
(2,6)V (2,6)V

C V(|m|7\m\;0,0,0,0,—|m|,—|m\) ® (0;—ko—k3,—k1—k3z,—k1—k2)?

=~ P(jml,m)) (P1) @ Pk ko ) (P2)

for do = 4 case. ICI(Tdle’(xQ; y1) is non-zero only if these inclusions hold, that is, 0 < my < k1 — ko,

0 < mg < kg — k3, 0 < mg hold. Therefore by the result of [42] and (2.24) we get

FTp(xQ;wl)
(y1]w1) N
- Z (A (k1 4 kg, By + ks, ko + k3))(m37m2,m1),d2 <e St Iw, ]Cfgfll/(l‘z; v1) >ﬁ7y1
me(Z>g)3
Oémjﬁkagkjﬂ
Z (A + (k1 + k2, k1 + k3, k2 + k3)) (mag,ma,mi) 1 @ (@oiw1) (do=1)
E(Z )3 (2A + Q(kl + k27 kl + k37 k? + k3))2(m3,m2,m1),2 m,k ’ ’
m >0
_ 0<m;<k;j—Fkj1
3 A+ (ks o+ ks by o+ g, b 4 K3)) mamami) 4 yay (rrw)  (dy = 4)
ooy (A (k1 + ko, k1 4 k3, k2 4 £3)2) (my mamn)ze. ’
m >0
L0<m; <kj—kj1
( 1 (1) < 1 )
K xg; swy | (d2 = 1),
mE(zZ£0)3 ()\ + (kl + ko, ki + k3, ko + /{73) + %)(m3,m2,m1),2 m,k 2 ( )
_ ) 0Sm;<kj—kj1
a 1 (ay
K To;w do =4
E(EZ: o O Gt oo b Ks Bo + Rs) = 1y ) 2 mil2i01) {2 =4
m >0
0<m;<kj—kj+1

By Theorem 3.10, by substituting w; with 8%1’ we get the intertwining operator from () i
to Hy, and by Theorem 3.12, this extends to the intertwining operator between the spaces of
all holomorphic functions if H; is holomorphic discrete. Also, by Theorem 3.13, this continues
meromorphically for all A € C. Therefore we have the following.

Theorem 5.12.
(1) Let (G,G1) = (SU(3,3),S0*(6)), and k € Z3 . Then the linear map

F)\,k: O)\(Dlvv(g})v ) — O)\(D>7

2(k1,k2,k3)
1
(Faxf)(z1,22) =
me(zzgo)3 (>\ + (k1 o+ kg, by o+ ks, Ko o+ k) + %)(mg,mz,mﬂa

0<m;<kj—kji1
ay (10
<K (a2 g ) S

(z1 € Skew(3,C) ~ M(1,3;C), zo € Sym(3,C)) intertwines the Gy -action.
(2) Let (G,G1) = (E7(_a5),SU(2,6)) (up to covering), and k € Z% ,. Then the linear map

. (2,6)v
Fak: Oa(D1, V(O,O;—kg—k3,—k2—k3,—k1—k3,—k1—k‘3,—k1—k‘zy—kl—k‘z)) — OA(D),
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1
F T1,T9) =
(Faxf) (w1, 22) m6(§>0)3 A+ (ky + K, by + ks, ko + k3) — 1) (g ma.mr) 2

Ogmjgkj—kj_._l
4)/ 0
x K (3725 6x1> f(@1)
(r1 € M(2,6;C), x9 € Skew(6,C)) intertwines the G4 -action.
Especially, if k = (k, k, k), m = (0,0, m), then we have
K,(ﬁfl){/(@; Y1)

- 1 —§ am
det(z2) "** det (z ) ‘I’E:r)boo) (zhyin) = gdet(%)k(ng%) (do =1),

f
2
P(a) % P ()28 (e Jo71) = L Ph(w)* PE (grad u)™  (da = 4).

Therefore, for (G,G1) = (SU(3,3),S0%(6)) we get

Fak: Oxgar(D1) = OA(D),

> 1 (10 o)
Fiuforsan) =detoal 3 !<4axlx3 (a)) e

m:O

(z1 € M(1,3;C), 2 € Sym(3,C)), and for (G, G1) = (Er(—25),SU(2,6)) we get

Frk: Oxyor(D1) = Ox(D),

(Fawf) (w1, 22) = Pf(an)" Z (A + 211 — D (_771? o (38 &l <8§31>> )

0

(1 € M(2,6;C), z2 € Skew(6,C)).

5.6 F,, for (G,G1) = (SU(s,s),Sp(s,R)), (SU(s,s),SO*(2s))

In this subsection we set

(SU(s, s),Sp(s,R)) (Case 1),

(G,G1) = { *
(SU(s, s),50*(2s)) (Cases 2,3)

with s > 2. Then the maximal compact subgroups are (K,K;) = (S(U(s) x U(s)),U(s)),
and p7, Pf = g<lc npt, p;r = (Jof)L are realized as

ot = M(s,C), (67, p1) = {(Sym(s,(C), Skew(s,C)) (Case 1),
(Skew (s, C),Sym(s,C)) (Cases 2,3).
Let x, x1 be the characters of KC, Kic respectively, normalized as (2.20). Then for k € K; =
Ul(s), x(k) = det(k), x1(k) = det(k)'/¢ holds, where e = 1 for Case 1, ¢ = 2 for Cases 2, 3.
Now let (1,V) = (X_’\,(C) with A sufficiently large, W C P(p3) ® x~* be an irreducible
KT-submodule, and K(x2) € P(p5, Hom(W, x~*)) be the K -invariant polynomial in the sense
of (3.3). For x9 € pé", w1 € pf, we want to compute

Frp(zo;w) = <e(y1|w1)'”+[w (h(Q(m)yl»yl)_/\/QK(( )Q(yl)m)) >p,y1
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<e(y1|w1)pi‘r I, (det(f _ xzyi%QyT)*’\ﬂK(xz(I — yi$2y>1k$2)71))*>ﬁ,y1'

Now we consider W of the form

Pt kt1,k,....k) (Skew(s, C)) @ x V<(gsl)> ®x; "
l
W = (kezzo if steven, k=0if s: odd, I =0,1,..., [%] —1) (Case 1),

Plist oy (Sym(s, ©)) @ x X = VEN @xi? ™ (k1€ Zs) (Case 2),
P, i,y (Sym(s, C)) @ x~* ~ ‘/((282”'72[70) @x1 " (k1€ Zsg) (Case 3),

where we denote (1,...,1,0,...,0) =: (I). Then H.\(D1, W)y, becomes multiplicity-free un-
——

~ l ~
der K;. However, when (G,G1) = (SU(3,3),S0*(6)) this list does not exhaust all Kj-multipli-
city-free submodules of H, (D). For this pair see Theorem 5.12(1). We write the polynomial
K(z) as

K (22) = Pf(w2) 'K} (2) (Case 1),
b)) (Case2),
)

10 (22) (Case 3).

s s 4
Let W(’) stand for V<(2l)>v, ‘/((21?(\)/,...,0) and V(() and let K’(l)(:cg) stand for KED)(LUQ),

ngl,%),._.,o)( 2) and KEZ) )(:zg) respectively, so that

Frp(xo;wr) = det (o)*e/?

(y1|w1) v e v e a—
x (e Iy, (det(I — wayiaay)) (/\+k£)/2K/(z) (w2(I — yizayiaa) 1))*>ﬁ’yl'
Now we put A+ke =: p, and find the expansion of det([—:ngy{xgy’f)_“/zK'(l) (xz(l—yikxgy’fazg)_l)

by using the expansion of e2 tr(362?Jf362?’f)1{’(l)(:cg). Since P(p5) and P(p]) ® W(’l) are decomposed
under K; as

P(ps @ Pm(Skew(s, C)) @ V (Case 1),

mezls/2J meZL s/2)
Pps @ Pm(Sym(s, C)) EB V (Cases 2,3),

m€Z++ mezs.
P(pl @ ng © V(Qslgv - @ @ ‘/2(2_\(1 (Case 1),

mEZS mEZS 16{0 1}& |1| 21
m-+1ezZs |
s)V
Pe1)® @ Vin w ® (21)0, -0)
mezl
~ (s)v

N @ @ ‘/v(m1+ll7m1,m2+l2,m27,,,’ (Case 2)7

mezl*/2 16(Z50)*/?, II=21 mss2)H s/2) M s/2) Glrs/21))
<l;<mj_1—m;

Pp) ® W(,l) = V(S’z)v ® V((zz) 21,0)

—r



74

R. Nakahama

~ (s)v 3
- @ @ V(m1+2l,m1+21—l17m2+2l7m2+2l—l27---7 (Cabe 3)’
mezl* (2 16(Z0) /21, =21 M s/2)F2m 2+ 2= s /2) (2=1s/21))
0<l;<mj—m;1

0<ls/27 if s: odd
. 1 o . . . .
and since e2 tr(”ylx?yl)K’(l) (z2) is KT = GL(s, C)-invariant, this is decomposed as

1 * *
egtr(xzylxzyl)K’(l)(m) = Z Kwr (x2;y1),
W//

where Ky (x2;y1) € (W/RW")K ic, and W runs over all irreducible K -modules which appear
commonly in P(p5) and P(p]) @ W(’l), namely,

> D Kmalezsn)

[s/2] 1
mezZy

e% tr(aczyi‘myf)K/(l) (562) =

41
Z Z ICEHJ)(IEQ; y1) (Case 1),
mezL?/? 16{0,1}1+/2), |1j=1

m1ezle/?)

Z Z K&:?)(mg;yl) (Case 2),
mezt* /2 1e(Z50) /21, 1|=t (5.7)
OSljSmj_lfmj
> > kG @) (Case 3),
mez (2 1E(Z50) /7], 1=

Sli<my—mjiq
Ogl(s/g] if s: odd

where for Cases 2, 3, we put mg = +00, m|s/2)11 = 0, and K 1(22;y1) sits in

C

<V<s>v Ok )Kl
(2m+1)2 (2m+1)2

s)V
C P 1(Skew(s, )z, @ Pz (Sym(s, C))y, @ Vi) (Case 1),
Ky
(s)v ® V(s)v
2(m1+l1,m17m2+l2,m2,..., 2(m1+l1,m1,m2+l2,m2,...,
myss2)Hs2)ms/2) Glrs/21)) mss2 sz ms/2) Glrs/21))

- P(m1+l1,m1,m2+l2,m2,---7

(Sym(s,C))z, ® Pom(Skew(s, C))y, @ V5o
mis/2)His/2pms/2) Glrs/21))

(21,0,...0) (Case 2),

K
(s)v (s)v
V?(ml—l—l,ml—i-l—ll,mg—i—l,mz—‘rl—lg,..., ® V2(m1+l,m1+l—ll,m2+l,m2+l—l2,...,
myss2)Hm s o) H—1s/2) Gl=l[s/21)) myss2)Hm s o) H—1s/2) Gl=l[s/21))
- ,P(m1+l,m1+lfl1,m2+l,m2+l7l2,..., (Sym(s7 C))$2

m g2 Hm s o H—ls/2) (I=[s/27))

® Pam(Skew(s, C))y, ® V((ZSZ?.\./.,QZ,O)

(Case 3).
Then det(] — xgyfmgy{)*“/QK’(l) (z2(I — yjzoyfwe) ') is expanded as follows.
Proposition 5.13.

(1) For Case 1,

det(I — @ﬁ@ﬁ)fﬂﬂ}(%) (z2(1 — yizayiaza) ™)
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= > Z mm Yarm) = Y Dt D)mer 2 KR (221 1).

mezls/? 1 mEZﬂzJ 1

(2) For Case 2,

det(I — zoyix2yy)” “/QKEl)o )($2(I — Yizayiza) )

= Z Z mHQ 5111411)(132;.@1)

107 ) k)
mezle/2) 1 0),2

= > D (u+(0,... 70))m+1_(z,o,...,o),2/C$f) (z2591),

mezi?(?) 1

where we identify m = (ma,...,m|s2|) € foj with (my,...,m|),0) € ZEJ/FQ] if s is
odd.

(3) For Case 3 with s even,

det (I — $2yik$2yf)7“/2K8,)m’l,0) (z2(I — yizayizs) ™)
N

s—1 5/2
(B + Dm1+(T..D2 (14

= X X, BD2 00
me Zs/2 1 yerel oy )7

s/2—1
Z Z +1+( l 0))m-1+(... ,01)2’Cfn )1(9527y1)
meze/? 1 N

s/2 1 s/2—1

(4) For Case 3 with s odd, there exist monic polynomials pm, —1(n) € Clu] of degree | — 59
such that

det(I — wayiaay;) MK o) (@2l = yizayizs) )
\/

51 Ls/2]
(1 + Dm-v1 .. D) ,2Pm—1(1) _(1,9)
= > > K -1(@2391)
(40,02 e
mezt?(? 1 L),
1572
= > D (r+2D)mr2pm (s )’C(’)(fﬁz,yl)
ZLS/2J 1
+

where for 1= (I1,...,15/2),11s/21) € (Z:0)*/?1, we put U = (lyoeslisp2)) € (Zso) /2.

First we prove Proposition 5.13 when s is even. Let s = 2r. We realize

Vgl;)v ~ Py (Skew(2r, C)) (Case 1),

W(/l) - %2 Pu,...0)(Sym(2r,C)) (Case 2),

Vo o0 = P.00)(Sym(2r,C))  (Case 3)

as a space of polynomials in wsy, and write K,(z) (z2) = K’(l)(xg, wy) € P(pg x g), Kmi(z2;91) =
Km1(72;y1,w2) € P(ps x pf x p3). Now we define Rest: P(p5) — P(M(r,C)) by

(Rest f)(z) := f (ﬁx 3)-
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We find Rest(W(’l))

Lemma 5.14.
(1) For Case 1, Rest(Pyy(Skew(2r,C))) = Pyy (M (r, C)).
(2) For Case 2, Rest(P0,...0)(Sym(2r,C))) = P,..0)(M(r,C)).

2r—1 r— 1

(3) For Case 3, Rest(P(m@)(Sym(%, Q) = P(Ql 2 (M (r,C)).
Proof. Since W/, and P(M(r,C)) are decomposed under U(r) x U(r) as

0
Py (Skew(2r,C)) = ViV ~ PV VS

P10...0)(Sym(2r, C)) = VG~ PV BVE)

~ 172V —~ (r)v (r)
Pi,...1,0)(Sym(2r,C)) =V, ~ O Ver....ou6) X Vior,. 2120- k)

2r—1 7 k=0

T 2r—1 r—1 r—1

PM(r,C) = P PuM(rC)=~ P Vi BV,
mezy mez’; ,

and Rest(W(’l)) appears commonly in both decomposition, only £ = [ component remains. B

Now we write Rest(W(’l)) Wiy ()((:Fm 0) <3Fy 0))
Next we consider P(M (r,C) @ M(r,C)), on which U(r) x U
by

Ky (@, y) € (Wi W) T rxu,

( UT)— KxLXKzLXKRaCtS

flx,2) = f(kfokp k) 2kr) (koo kor kRr) € Ko x K. x KR).

Under this action we expand et"(@¥" )K’(’Z)( w) as

etr(@y”) (l)zw Z ZKmlxzy, w),

meZ’ |
where 1 runs over the same sets as (5.7), and as functions on (z, 2), Kg)l(x, z;y,w) sits in

VA RV BV C P(M(r,C))e © Py (M(r, ©)). (Case 1),

Varrt B V00 0022 8 Varli g © Paa(M(r.©))e © Prg,.,(M(r,C): - (Case 2),

v ZEL V((Q? gy 2r v )l+21 R CPm(M(r,C))e @ Py, 211y (M(r,C)). (Case 3).
Now we claim the following.

Lemma 5.15. Ky, ((q&cg); <:t(1yg)’< Q w)) = K( ) (@, 23 yz*y, w) holds, and these are

linearly independent.

To prove this, we prepare some notations. For m € Z', ,, as (2.16) let
m; —m; — i+ +
L= =D qen (i), )

2

5(2)
Dy (t1y ..., typ) = —
(m; +r—1i)! det ((t; J)i,j)

—

=1
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be the renormalized Schur polynomial, so that for z € M(r,C), s (x) = s (t1,....t;) €
P (M (r,C))AV () holds, where ty, ..., t, are the eigenvalues of z. Next, for (y, z) € Sym(2r, C) x
Skew(2r, C) (resp. Sym(2r + 1,C) x Skew(2r + 1, C)), when the eigenvalues of yz are t1, —t1, t2,
—ta, ..., tp,—t, (vesp. t1, —t1,t2, —ta, ..., by, —t,,0), we define

B ((y2)%) = BR' ((29)?) = W (8,...,12). (5.9)
For a while we realize Sp(r,C), O(2r,C) as all linear automorphisms on C2?" preserving the

bilinear forms (_OI (I)) and (? (I] ) respectively. Then the following holds.

Lemma 5.16.
(1) For z € Sym(2r,C),

2
&)Eﬁ)/ <<:U <—0[ é)) ) € Pro (Sym(27", (C))SP(T,(C) ~ (Vv((Qm))z)Sp(r ,C)
(2) For x € Skew(2r,C),
5(2)/ 0 1Y\’ 0(2r,C) , (1/(2r)v\O(2r,C)
P 7 € Pam(Skew(2r, C)) (V(zm) ) _

Proof. (1) Follows from [51, Proposition 7.6] with (G, K,H,L) = (Sp(2r,R),U(2r),Sp(r,C),
Sp(r)). (2) Follows from [51, Proposition 8.3] with (G, K, H,L) = (SO*(4r),U(2r),SO(2r,C),
SO(2r)). [ |

Proof of Lemma 5.15. We define two linear maps «, 8 by

a: P(M(r,C))RP(M(r,C)) @ P(M(r,C)) — P(M(r,C)), flz;y,w) — f(L;y,1),
B: P(M(r,C))XP(M(r,C)) @ P(M(r,C)) — P(M(r,C)), f(z;y,w)— f(x;1,x%).

Then by the U(r) x U(r) x U(r)-invariance of K )1, we have

K21, 1y, 1) € Pen(M(r,C)AT0) = COR) (1),
where {2 (y) is defined in (2.15), (2.16). Therefore it holds that
O‘(Kgl(m’mwfc*y’w)) = KEI21),1(I7[ y*, 1) € F)()

Next, as a function of x, under the action of K; = AU(r) C K, X K., and Kp, Kg)l(x, Y, Y)
sits in

(v o vy BV, (Case 1),
Kﬁ?l(x,x;y,y) € (V( i V(Yg )) X VrglJ)rlR (Case 2),
(Vrg)v ® V((er) 21 l)) R Vél) or  (Case 3),

and also in P(M(r,C)),. Hence it holds that

(Pm+l(M(T7 C))x X Pm+1( (7“ (C))y)AU(r)

=CcK®? (z,y) (Cases 1, 2),
K (2, 250,y) € ] AU(r)
(pm—l+2l(M(T7 (C)):r X Pm—l+2l( (Ta (C))y)

= CKS&HM(JC, y) (Case 3).
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Therefore we get

BKE (z, 2 ya*y, w))

K? ) — Ccp? 2 Lo
:Kﬁ?l(%x;w*,x*)e{c m1(z,27) =C m+l(x) (Cases 1, 2),

CKY | p(z,2%) =CdP |, (22)  (Case 3).

Next we consider K 1(z2;y1, w2). We have

Km, <<_OI é) S Y1, <_OI é)) € Pz (Sym(2r, C))Sp(C)

:ccén?’((yl (_OI é>>2> (Case 1),

0 I 0o I
(<I 0) y Y1, (I 0>> € 732111(SI{GW(27"7 (C))O(2r,(C)

2
o~ 2) 0 I
=Copy <<y1 <I 0)) > (Cases 2, 3).
Especially we get
0O z\ (0 y 0 w
(o (2 5):( ) (4 5))
_ 0 I\ (0 y 0 I (2)(,2

Next, we regard Pm(ps) as the complex conjugate representation of K- = GL(2r,C) with
respect to the real form

K

—

{k: € GL(2r,C): k (? é) _ (? é) k:} ~ GL(2r,R)  (Case 1),

{k € GL(2r,C): k (_OI é) _ (_OI é) k} ~ GL(r,H) (Cases 2, 3).

Then the linear map f(y) — f(( % §)y* (2 ¢)) induces the linear isomorphism P (p3) =~
Pm(p3 ). Therefore,

(4,1) (0 I 0 I\ ,/0 I
Ko (“’ <I 0)’(1 0)*2\1 o

c (V(%)v o2 )v)o(”’@ _ (V(2r)\/ )O(%C)

(2m+1)? (2(m+1))?
- 0 I\’
= Pa(m+1) (Skew (27, (C))O(%,C) = (C‘I’fl)-lu <<x2 (I O>> ) (Case 1),
(1,4) (0 I 0 I\ (0 I
K (”32’ <—I o> ’ (—I 0)2\~1 0
(2r)v (2r)v Sp(r,C) (2r)v Sp(r,C)
€ (V2(m1+l1,ml,m2+l2,mg,...,mr—‘rlr,mr) ® ‘/(QI,O,...,O)) ’ - (Vv(Q(m—s—l))Q) ’

2
= Pm1)2(Sym(2r, (C))Sp(r,C) - C‘i)fl)-lu <<x2 (_OI é)) > (Case 2),
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1 [ (0 I 0 I\ (0 I
Kmr1<”’<—1 0>’<—1 0)"2\-1 0

(2r)v (2r)v Sp(r,C)
(V 2(mi+l,mi+l=l1,mo+l,mo+l—lo,....mp+l,m+1-1;) ® ‘/(21,...,2l,l))
_ (1/(2r)V p(r,C)
- (‘/(2(m71+21))2)
2 0o 1\’
r /
= Pm—1+21)2 (Sym(2r, (C))Sp( C) — (C(I)En) Lol <<x2 (—I 0)) > (Case 3).

Especially, we have
0 2\ (0 y

(e (8 (8 )

0 =z 0 I

= (e 6): (o)

Therefore both Ky 1 ((ﬁx g); ( y y)a

7( 07 :1;*)) . {C(I)%n}rl( 2) (Cases 1, 2),
Fz 0 (C<I>m 1+2l( ?)  (Case 3).

9 16’)) and K( : (@, z; yz*y, w) sits in

o (€O (42)) N 57 (€O, 1y (2)),

and since {®p,(2?)}m are linearly independent,

@ @ ))ﬂﬁ ( )(25—)1(952))

meZl

is a direct sum. Finally, we have

e

(AN g, (2 0. (0 )
O \\s 0) 5w 0
_ r(:):y zy*) (l)(x ,w)_e r(z(yz*y)*) (l)(x7w)7

and projecting both sides to each component, we get the claim. |

Proof of Proposition 5.13 (s = 27: even). We write

det( — wayiwayt) MKy (22(I — yiwayizs) ™", yo) Z Zle Kma(w2;91,92),
mezZn

and find the functions C 1(1t). From this expression, we have

det(I — zy*xy*) "K] )(m(I—y*xy*m)_l,w)
et (1 0 =z 0 y\'/0 =z 0 v\ —m/2
N Fa 0/ \+ly 0/ \Flx 0)\£ly 0
<K 0 = I 0 y\/0 =z 0 y\/0 =z - 0 w
O\ \Fz 0 +ty 0) \Fz 0)\xly 0) \Fz 0 "\Fw 0

— Z ZCm,l(H)’CmJ<<:F2z ug

mGZTFJr 1
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On the other hand, we can regard det(I —zy*)~ “K’(’l)( z(I—y*z)™, w) as the reproducing kernel
of the holomorphic discrete series representation of U (r,7). Thus by [42] it holds that

det(I — :Uy*)_“KEZ; (z(I —y*z) " w)

=2 > M)mHQK(Q (@, 23y, w) (Case 1),
mEZT 1 (
det([ —xy )_MKEIQ,)O,..., )(Z(I N y*a:)_l,w)
Z Z Hem 12 $)1(377 Z Y, w) (Case 2)
mGZr (l 0,...,0),2

det(I — xy )_HKg?,...,Ql,l) (Z(I — y*x)_l,w)
——

1 T

i 14+(1,....0),2
Z Z Jmot (0.0 Kg?l(az,z;y,w) (Case 3).

mGZT l N+l ( " 7l10))2
r—1

Therefore substituting (z, z;y, w) with (z,x;yx*y,w) and comparing with the above formula,
we can determine Cp, 1(p). [

When s = 2r + 1 is odd, we compute the expansion by restricting the function for s = 2r + 2
to s = 2r + 1. We redefine the restriction map

Rest: P(Sym(2r +2,C)) — P(Sym(2r + 1,C)),
Rest: P(Skew(2r +2,C)) — P(Skew(2r + 1,C))

(we use the same symbol) by (Rest f)(z) := f(%9), and let

(2r+1)v

(2r+2)v
Vv .,21,0)

Proj: V& R V((2r+1)v y@r2v

(2r+1)v (2r+2)Vv
21) g (21,0,...,0) |4

? V(2l,0,...,0)’ (21,...,21,0)

— V.
(we use the same symbol) be the U(2r 4 1)-equivariant orthogonal projection.

Proof of Proposition 5.13 (s = 2r 4+ 1: odd). First we deal with Case 1. Since
Pom+1(Skew(2r +1,C))  (2my41 + 141 = 0),

Rest(Pam+1(Skew(2r +2,C))) = {{0} (2myi1 + ly1 > 0),

by projecting o3 tr(m?yf“yf)K%) (z2) to each component with respect to xo € Skew(2r + 2, C), if
2myp41 + 41 = 0 we get

Rest ®@Rest ® Proj (ICl(ﬁﬁ)(QTH) (22; yl)) = IC(4’P(2T+1)(332; Y1)

m,

Therefore by restricting det(/ — xgyfoyi‘)_“/QK%) (xg(l - y{xgyi‘xg)_l) for s =2r+2tos =
2r + 1, we get the claim. Next we deal with Case 2. In this case we have

Rest (P(m1+l1,m17m2+l2,m2,...,(Sym@r +2, (C)))

mMr41 +l'r+1 »mr+1)

2r+1
c D  PalSym@r+1,0) = D Vaar Y,
2r 41 2r 41
neZ} neZi’}
mj+lj>ng; 1>m; mj+lj>ng; 1>m;

mj>na; >mjp1+l1 mj2ng;2mit1+lt
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and if m,41 =0,

Rest @ Proj (Pom(Skew(2r +2,€)) © V)

(21,0,...,0
2r+1)Vv
= Pom(Skew(2r + 1,C)) @ V(glfowﬁo)
o V(2r+1)\/
o @ (2m1+4k1,2my,2mo+ka,2ma,....2my+kp,2me k1)

kG(ZZQ)’"‘H, |k|=21
0<kj<mj;_1—m;

and onl V(QTH)V
Y V(@my+201,2my 2ma+212,2mo ... 2me 421, 2my 20041

) appears commonly in both decomposition.
Therefore when m,4; = 0 we have

Rest @Rest ® Proj ((P(m1+ll7m17m2+l27m2’“_, (Sym(2r +2,C))a,

ez +lr7m7‘ »l'r+1 70)

® P (Skew (2r +2,C)),, ® Vo 2y

) GL(2r+2,(C)>

= (p(ml-i-ll,m1,mz+l2,m2,...,(Sym<27a + 17 C))$2

my +l7"1m7‘ 7lr+1)

>GL(2r+1,(C)

2r4+1
® Pom(Skew(2r +1,0)),, © Vit Y

)
and hence

Rest ®Rest ® Pl"Oj (’Cgl:‘ll)(ZTJrZ) (CCQ; yl)) — K(l,‘ll)(QrJrl)(xQ; yl)

m,

holds. Therefore the claim follows. Finally we deal with Case 3. In this case we have

Rest (P, +1my +1—ky o Hlma 41 —ks...., (Sym(2r +2,C)))
Myp1+Hlmep1+l—kry1)

2r+1)Vv
c P Pa(Sym(2r +1,C)) = - Vo Y,
2r+1 2r+1
neZi} neZi}
mji+l>ng;_1>m;+l—k; mj+l>ng; 1 2>m;+l—k;j
mj+lfkj2n2j2mj+1+l mj+lfkj2n2j2mj+1+l

and if m,41 =0,

. r 2r+1
Rest @ Proj (Pam (Skew(2r +2,C)) ® xqgi,f:‘;%)) = Pom(Skew(2r +1,C)) ® V((QI:;LVO)

. V(2r+1)v
- @ (2m1+2l,2m1+21—l1,2m2+2l,2m2+2l—12,...,2mr+2l,2mr+2l—lr,2l—lr+1)'
1€(Z50)" 1, 1|=21
0<lj<mj—mj1
OflrJrl

Therefore when m,; = 0 we have

ReSt ®ReSt ® PI'Oj ((P (m1+l,m1+l—k1,m2+l,m2+l—]€2,..., (Sym(QT + 2’ (C))xQ
mr+lymr+l*kryl7l*kr+1)

Y GL(2r+2,C)
® Pam(Skew (21 +2,C))y, ®@ V((21+2)l\6)> )

C &b (P(ml+l,m1+l—l1,m2+l,m2+l—lg,..., (Sym(2r +1,C))a,
IE(ZZO)T+17 ‘1|=l mr—l—l,mr—&-l—lr,l—lﬂrl)

kj<lj<mj—myjy1
0<lr11<kr41

>GL(2r+1,(C)

2r+1
® P (Skew(2r + 1,C)),, ® Vor 0

)
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and hence there exist constants ¢y k1 such that

o 1~(1,4)(2r+2 1,4)(2r+1
Rest ®Rest @ Proj (ICEHJI({ T+ )(;z;z;yl)) = Z Cm,k,llcgn’,)l( H_ )(332;111)
1€(Zo)™t, N|=t
kj<lj<m;—mji1
0<lyrr1<kri1
holds. Comparing two expansion of e3 tr(xzyfxzyI)KEll’)wl’O) (x2),

2 tr(azzyi‘fmyT)KEllB.(vZ,Z:ar)l) (x2) = Rest ®Wﬂ3roj(e% tr(“f?yfmyi‘)KEll’)”(?’ng) (z2))

_ > Rest@Rest® Proj (Ko & (was 1))

m,—k
MEZ] | ke(Zzo)™H, [k|=l
0<k;<m;j—m;i1
OSkr-Fl

— Z Z Z Cm,k,llcl(i:él_)l(2r+1) (w25 1)

mEZY | ke(Zxo)™ ', [kl=l 1€(Zx)™t, I=1
0<kj<mj—mji1 kj<lj<mj—mjiq
0<kri1 0<lyry1<kri1

— Z Z Z Cm,k,licr(lll’fl_)l(zﬂrl) (w25 1)

meZl | 1€(Zxo)™ T, |I=l ke(Zx0)™ 1, |k|=l

0<lj<mj—m;i1 0<k; <l;
0<ly41 lrp1<krt1
and
1
L tr(zayfwayy) e (D(2r+1) _ L4)(@2r+1),
ez2 (z2y7 I)K(l,...,l,()) ($2) = ’Cm,—l (ch,yl),
meZl | 16(Zx0)"t, 1=l
0<lj<mj—mjty
OSlrJrl
we get

Z Cmk1 = L.

K€ (Zxo)™ 1, [K|=l
0<k; <l
lr+1<krt1

Therefore we have

det(I — asgyfzcgyf)_“/QKE;}'(%ZESI)(IL‘2(I — yiwayias) ")

= Rest ®Rest ® Proj( det(] — xgyfmgyf)_“/QKEI{)“(?ZSF)Q) (z2(I — yizoyiae) ™))

= > > (420 mw2(pp+1=7)k,
meZl | ke(Zxo)™ 1, [k|=l
0<kj<m;j—m;i1
OSkT‘+1

x Rest ®@Rest @ Proj (K42 (2: 1))

m,—

= > > > cme ) (4 + 20)mw 2(B+ 1= 7)1k,

mEZY | ke(Zxo)" ', [k|=l 1€(Zx0)", [1|=1
0<kj<mj—mji1 k;j<l;<m;—mji1
0<kr+1 0<lyr+1<kr41

X Kﬁ’ff)l@rﬂ)(xz; Y1)

=2 > S gt 2w L=k

meZl | 1€(Z>0)™ 1, =1 ke(Zxo)™ T, [k|=!
0<l;<mj—mjq1 0<Ek;<l;
OglrJrl l'r'+1 SkT‘Jrl
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T2; Y1)

Z Z (M + 2l>m71’,2

meZ | 1€(Zx0)"t, 1=l
0<li<mj—m;it1
0§l1~+1

X Z Cmpi(p+20+m =)y _wo(p+1—7)g, Kl 4)1(2”1)( T2;Y1),
ke(Zso)™tY, k=i
0<k; <,
lrg1<kri1
where for k = (k1,...,kr k1) € (Z0)™™, we put K = (ki1,..., k) € (Z>0)", and similar
for 1, I'. Now we put

v ’Cfllj,fl_)l(2r+1)(

Pm,—1(p) = > cmt (B + 20+ m =)y yo(p+1—= 7)1 gy
kE(Zx0)" ", [k|=l
0<k;<l;
lr+l§k7'+1
Then this is a monic polynomial of degree [ — [,11, and we have

det(I — zoyizayy) ™ “/QKE )(2;531)(902(1 — Yizoyiza) )

Z Z (M+21)m I',2¥Pm, I(M)K"(lfl)(gr-ﬂ)( 2;3/1)-

mEZL | 1€(Zx0)" T, 1=l
0<lj<mj—mji1
Oglr+1

Therefore the claim follows. [ |

Therefore, by using the results of [42] and (2.24), for Case 1,

r(y;w* 4,1
FTp(x2;U)1 Pf .I'Q kzz )\‘i‘k‘f’ m+1 0,2 < tr(y1 1)IW’ICEH71)<1.2;y1)>'H/\+k(D17W(/l>)7yl

)\‘1‘]‘“‘ (1)) mt1— 41
f(z2) ZZ O\ = ICI(‘IIJ)("EQ;wl)

+k + ) (m+1-
1 (4,1)
= Pf(x9)* ZZ T Ko (w25 w1),
T A+k+ () — §)m+17<l>,2 7
for Case 2,
Frp(x2;w1) = det(x) ZZ (A+ 2k +( 1 0))m41-(10,...,0),2
x { 3w g lC()7)>
€ W (CC27 Y1 H2A+4k(D17W(ll))7y1
(X + 2k + (1,0,. 0))m+17(1 0,...,0),2 (1,4)
= det( K, ;
et(zz) ZZ (2X + 4k + (21,0, ...,0))2(mt1)— (200,004 ™" (2 w1)
1 (1,4)
= det(:cg) Z - 1 Ky (z2;w1)
%: 1 22[m| ()\ + 2k + (la 0, 70) + §)m+1—(l,0,...,0),2 7
1 (1,4) 1
= det(:cg)k Z Z 1 ,Cm’l (xQ; ’U)1> )
m 1 ()\ + 2k + (la 0,... 70) + §)m+1—(l,0,...,0),2 7 2

for Case 3 with s even, s/2—1
s/2—1

—
Fr (w95 wy, ws) = det(z2)" Z Z()\ + 2k + 14 (1., 1,0)mo14+@...00),2

m ]
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1 . 14
X <ez tr(ylw1)IW,/C( _) ($2§y1)>H2A+4k(th(/l)),y

(AN+2k+14(1,. 7l70))m—1—(0 0,0),2 (1,4)
— det( Ko
et(z2) Z Z (A + 4k + 21+ (21,...,20,0))2(m—-1)4(0,...0204 (725 01)

1 a9
= det(z9)" ZZ — T K 21 (225 w1)
T2k L (e LO) F 5) 00y
1 (1,4) 1
= det ()" Z Z T Ko (225 5wr).
— & (/\+2k+l+(l,...,ljo)+§)mfl+(omo’l)y2 ’

and for Case 3 with s odd,

Frp(wa; wi, wp) = det(22) > Y (A + 2k + 2)m_v 20m,—1(A + 2Kk)

m ]

><<e ry1wi) 1, IC( )(x2’y1)>H2/\+4k(D1,W(ll>)7y

_ k (A + 2K + 2D m—v 20m,~1(A + 2k)
- det) ; z1: A+ 4k + dDsmo1a (2A + 4k + 20 =2 [5] +1)

201-2l[5/2
X Kfi:zl_)l(wz; w1)
1
—d k
et(z2) Z Z 2l (A 2k 4204 3) A2k [5]+1),,

¥Pm, l()‘+2k)
(A+2k+l-H+§)

lcfrll:zl_)l(xz; wy)

I=ls /21
1

= det(x9)" s
; 2 (A +2k+ 20+ %)m—m A2k +1=[5]+ 1)1—5(5/21
Spm,fl()\ + 2k) IC(IA) (1’2' lwl)
i) :

X Y
(A+2k+1-[3]+ %)z-qsm o

By Theorem 3.10, by substituting w; with 8%1, we get the intertwining operator from (H1)z,
to Hj, and by Theorem 3.12, this extends to the intertwining operator between the spaces of
all holomorphic functions if H; is holomorphic discrete. Also, by Theorem 3.13, this continues
meromorphically for all A € C. Therefore we have the following.

Theorem 5.17.

(1) Let (G,G1) = (SU(s,s),Sp(s,R)) with s > 2. Let k € Z>¢ if s is even, k =0 if s is odd,
and l € {O , [%1 — 1} Then the linear map

Farl: Oxyr (Dl,‘/((;l)) ) = OA(D),

1
(Faaf) (@1 + m2) = Pf(x2)" Z Z ANtk
el 100117, 1= O+ k() -
m+1ez*>

0
X ]Cl(ﬁ:}) <x2; 8:1,‘1> f(fL‘l)

%) m-+1—(),2

(z1 € Sym(s,C), x5 € Skew(s,C)) intertwines the Gy-action.



Construction of Intertwining Operators 85

(2) Let (G,G1) = (SU(s,s),S0%(2s)) with s > 2, and k,l € Z>o. Then the linear map

Faki: Oangar (Dlyv(g?(\)/,._.70)) — Ox(D),

(Fakaf) (@1 + @) = det(z)* > >

mEZL 3/211€(Zx0)*/21, |1|=l
0<lj<mj_1—m;

1 (14)< 1 0 )
X K. To; ——
()\+2k+(l,O,...,0)+%)mH_(l’O,_._’O)’Q ml "2 99z, )

(1 € Skew(s,C),zo € Sym(s,C)) intertwines the Gi-action. Here we identify m =
(m1,...,m|s2]) € foj with (ma, ..., m|s2],0) € Z[ 5/21 if s is odd.
(3) Let (G,G1) = (SU(s,s),S0%(2s)) with s > 2 even, and k,l € Z>o. Then the linear map

Fakl 02A+4k<D1>V((2l) 2 0)) — O\(D),
(Fapif) (@1 + x2) = det(xa)" Z Z

mez?/? 1E(Z20)2, l|=l
<l;j<mj—mji1

1 (1,4) < 1 0 >
X K To; —— x
A2k + 140 b0+ D) oone ™\ 20 fa)

(z1 € Skew(s, C), x5 € Sym(s,C)) intertwines the Gy-action.

Proposition 5.18. Let (G,G1) = (SU(s, s),SO*(2s)) with s > 2 odd, and k,l € Z>o. Then
there exist monic polynomials pm, —1(1) € Clu] of degree | — 1491 such that the linear map

Fagd: Oaxiar (D1, V((zl)v a0)) = OA(D),
(Fagaf) (@1 + x2) = det(w2)F Z Z

mEZLs/2J 1€(Zx0)!/21, 1=t
0<l; <mJ mj41

y gpm7_1()\ + 2k)
A+2k+20+3), o A+ 2k +1= 3] +1), ., (V+2k+1=[3]+3),,,

1 0
) (a: ) f)
T1

(21 € Skew(s, C), zo € Sym(s, C)) intertwines the G -action. Here forl= (Iy,... ALsja)s Ursya)) €
(Z0)[*/21, we put V = (I, .. i) € (Zso) 572,

Later we prove ¢m —1(p) = (H +1 - L%J + %)l—lr e in Section 7.
In Theorem 5.17, if [ = 0, then these maps are reduced to

f)\k: OA+I<:(D1) — OA(D),

)

1 = (2)r o \?
(Farf)(21 + x2) = Pf(a2)F E;/qu)g ((@%J )f(xl) (5.10)
€Ly "

when G = Sp(s,R), and

Fri: Oangar(D1) = Ox(D),
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_ v 1 2y <1 8>2
Prales v =delerft 8 gy o ( sre) | fa) G

when G; = SO*(25) where 2 ((xgwl) ) is defined in (5.8), (5.9). We note that the difference
between 8— in G1 = Sp(s, R) case and % (% in G1 = SO*(2s) case is caused by the difference of
the normalization of the inner product on Sym(s C) and Skew(s,C). In fact, on Sym(s,C) we

o _ (145 o 19 _ (sgn(i—i) 9
have 5 = (=5 Wij)zj’ and on Skew(s,C) we have 5 = (T%)ij’

so both are similar.

5.7 F,, for (G,G1) = (SOo(2,n),S0¢(2,n’) x SO(n")),
(Eg(_14), SU(2, 4) X SU(2)), (E7(_25), SU(2) X SO*(]_Z))

In this subsection we set

(SO0(2,n),S00(2,n') x SO(n")) (n=n'+n") (Casel),
(6.G1) = { (o 14,5U(2,4) x SU(2) (Case 2),
(Er(—25),SU(2) x SO*(12)) (Case 3)

(up to covering). Then the maximal compact subgroups (K, K1) C (G,G1) are given by

(SO(2) x SO(n),SO(2) x SO(n’) x SO(n")) (Case 1),
(K, K1) =< (U(1) x Spin(10), S(U(2) x U(4)) x SU(2)) (Case 2),
(U(1) x Eg,SU(2) x U(6)) (Case 3)

(up to covering). Also we have

cr (Case 1),
pt =< M(1,2,0)C (Case 2),
Herm(3,0)% (Case 3),

1

and Pf = g<1c npt, p;r = (pf) are realized as

((C”/, (C"") (Case 1),
(b{,p3) = (M(2,4,C), M(4,2;C)) (Case 2),
(Skew(6,C), M(2,6;C)) (Case 3).

Let , x1 be the characters of KC, Kic respectively, normalized as (2.20), and also let x2 be
the character of KT normalized as (2.20) with respect to the Lie algebra pj @ £ @ p,. Then
X|x, = x1 = x2 holds. .

Now let (7,V) = (x~*,C) with X sufficiently large, W C P(p3) ® x* be an irreducible K-
submodule, and K(z2) € P(p;,Hom (VV, X_)‘)) be the Kic—invariant polynomial in the sense
of (3.3). For x9 € p;, w1 € pf, we want to compute

Frp(x2;w1) = (e e 1)"+Iw (h (372,Q(yl)ﬂfz)*A/ZK((1’2)Q(yl)m))*>ﬁ,y1‘

Now for y1 € p; and x5 € p3, Q(y1)x2 € py is given by
2q(y1,T2)y1 — q(y1)T2 = —q(y1)T2  (Case 1),

Qy1)w2 = —(ty1J2y1)#aTzJ2 (Case 2),
Joza(y1)* (Case 3),
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where ¢(+) in Case 1 is as (4.3), 7 in Cases 2 and 3 are defined in (4.13) and (4.12) respectively,
and Jo = (% §) € Skew(2,C). Similarly, h(z2, Q(y1)x2)~ M2 = hy(xa, Q(y1)x2)~M? is given by

(1 — 2q(z2, —a(@D)a2) + q(@2)a(—q(Fr)z2)) > (Case 1),
ha(wa, Q(yr)w2) ™% = det (1o + Jotea(yy Jogn) Fan) ™2 (Case 2),
det (2 + «’132(3/T)#t$2=]2)7>\/2 (Case 3)
(1 + 2q(z2)a(m) + alx2)?q(@1)?) > (Case 1),
= | det (J2 - tm2(yfj2ﬁ)#$2)i/\/2 (Case 2),
det (J5 — x2(yf)#t$2)_)\/2 (Case 3)
{(1 +q(z2)q(yr)) (Case 1),
=q(@-Pf (t$2(yszﬁ)#$2))i>\ (Case 2),
(1- Pf(@(yf)#t@))i)\ (Case 3)

= (1 - L@l Qyn)az)ys)

and (x2)@W%2 € p is given by

(1+ q(22)q(1)) "% (22 + q(22)q(Fr)2z2) (Case 1),
($2)Q(y1)x2 =< 29 (Ig + Jgtxg(yi‘ng)#xg)_l (Case 2),
(I + xz(yf)#txgjg)_lxg (Case 3)

(1 + q(z2)q(71)) "2 (Case 1),

- (1 - Pf xg yl ngl)#l’Q)) lxg (Case 2),

(1 — Pf(za(y; #targ))f To (Case 3)

= (1= $(22|Qy1)z2)p+) " za.

Therefore if K(x2) is homogeneous of degree k, then we have

h(w2, Qy1)w2) MK ((22)9W)72)
— (1= L2 Q1)) ) K ((1 = L(wa]Qyn)w2)ps ) o)

= (1 - 3(@20Qy)z2)ps) T K(wa) = Y “*mf“)’"(;<x2|c2<y1>xz>p+)mr<<xz>,
m=0

and hence we have

Frp(wgw) =Y W(e(y”wl)ﬁlw, ((5(z21Qy1)a2)p+ ) "K(22))") 5, -

m=0

Now we set

W = P(k:l,k)Q)(p )X T~ xg PRk g ol V([ ]762707 0) (Case 1),
— (2:4)V (2)v

W= P(kh’f?)(p Jox = (x V(O,O;*kz,fkl,fklsz,fklsz)) & V(k1 k2,0) (Case 2),

W =Pu0)(p3) ® X A V((k,z)\)/ﬁ (XIA®V((§)7\§/7§’§7§7_§)) (Case 3),

where for Case 1, if n”/ = 1 we assume k; = ko or ky = ko + 1 so that (ki, ko) = ([5, LéJ) for

some | € Z>p, and regard V([knl_];z 0,..,0) trivial. Also, if n” = 2 we do not assume ki > ko
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(see Section 4.2). Then K(z2) = KE{dQ)(mQ) is homogeneous of degree |k|, where k = (k1, k2) for
Cases 1, 2, and k = (k,0) for Case 3. Also, we have

(blQu)z)) " Ke e (@ Pkl e @ Palrd) @ Pul) -

mez: ezl
|m|=2m+]k| [n|=2m

where r; = 2 for Cases 1, 2, and r; = 3 for Case 3. This space is computed as

( @ X;|m| X (C[n’} X V[n”]v

(m1—ma2,0,...,0)

mGZ?H_
|m|=2m+ k|
2 @ —|n|—|k| X V[n']\/ X V[” v )Kl
Xl (7L1771270, ) ) (kl kQ’O’ ’0)

neZiJr

[n|=2m
_ 2m—|k| n [n"]v —2m—[k| n [V o
—(x1 RCMTRVE 2 o0 @ X1 5 CIT R Vg, ;@7,...,0))

for Case 1 (if n’ or n” equals 1 or 2, then the range of m, n changes, but the result does not
change),

(2,4)Vv (2)v
( @ ‘/(0,0;—m2,—m1,—m1—m2,—m1—mz) > Vv(m1—m2,0)

mGZf_
|m|=2m+ k]|
® @ X C(2) ® V(2 4)v X V(Q)V ki
m,nz,O 0,—n2,—n1) (0,0;—ko,—k1,—k1—ko,—k1—k2) (k1—k2,0)
neZ++
[n|=2m

_( (24) vV
- (m,m;—ka,—k1,—m—ki—ko,—m—ki— ) (k1—k2,0)

o VAV Ol >K1
(mm —ko,—k1,—m—ki1—ko,—m—ki1—k2) (k1—k2,0)

. (2,4)v ~ 1/ (24)V

for Case 2 (we note that Vimmi—ks,—ki, e Y S —— as S(U(2) x U(4))-
—m—k1—ka,—m—ki1—k2) —2m—k1—ka,—2m—ki—k2)
modules), and
(2)v (6)v
( @ V(m1 —m2,0) X V<m142-m27m142-M27m142-M2’m1'§M2’m1;M2’ngml)
m622+Jr
|m|=2m+k

(6)v 2)v (6)V K
® @ IEanl7n1,nz7n27n$7n5) ®VY(/€,0) Izv(k k k k k k))

2722222227 2
neZ
\n|:2m
(2)v (6)v )V (6)\/ K
(V(kO) &V( +E5 mtE mtk m+§§—§)®v(k0) gV( +E5 mt+E mtk m+§§—§)>
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for Case 3. Therefore by using the results of [42] and (2.24) we have

' i Atk +ko)m 1
0 )‘+k1 +k2)(mm)n 2m'
n''—2
X (§($2‘Q(w1)x2)p+) ngl,k2))(x2) (Case 1),
i (>\ + k1 + k‘g)m
FTP(Z‘Q; wl) = { m=0 ( 1 (kl + k2, k1 + ko, ki, k’z))(m,m,o,o),z
X ﬁ(%(m’@(wﬁxz)ﬁ) ng)l7k2)(x2)’ (Case 2),
i A+ E)m
0 (k k 0))(m,m,0),4
1 m
[~ @(%(@@(wl)@)ﬁ) KE?O) (z2) (Case 3)
(& 1 (—].)m m m (n”—2)
mzo (A+ k1 + ka — H)m @) alwn) Ky, oy (w2) - (Case 1),
00 1 .
_ = * T\ # )
— mZ:O CE 1) Pf (xQ(lezwl) xz) K(khkg)(a:g) (Case 2),
- 1 m
*\Ft (2)
Z m Pf (552(1”1) 372) K(k,O) (z2) (Case 3).

\m=0

By Theorem 3.10, by substituting w; w1th , we get the intertwining operator from (Hj) z i
to Hz, and by Theorem 3.12, this extends to the intertwining operator between the spaces of
all holomorphic functions if H; is holomorphic discrete. Also, by Theorem 3.13, this continues
meromorphically for all A € C. Therefore we have the following.

Theorem 5.19.

"+ n", and (kl,kg) S Z?H- if

(1) Let (G,G1) = (SOp(2,m),S0¢(2,n") x SO(n")) n
= |) for some | € Z>q if 0" = 1.

n’ > 3, (k:l,k‘g) S (ZZO)Q if n' = 2 k‘l,kg
Then the linear map

m

N~

f/\,kh’@: O)\+k1+k2(D1) X Vv([]? ]\;2’0’ .,0) — O)\<D)7
(Faer ko f) (1, 22)
oo 1 (_1)m < b >m (n'—2)
B ’ )"\ 5,0 ) K 2) f (2 5.12
m=0 ()\ kit k- nTiz)m m! a(@2)"q 0r1 (khkz)( 2) f(21) ( )

(r1 € C”/, To € C””) intertwines the él—action.

(2) Let (G,G1) = (Eg(—14),SU(2,4) x SU(2)) (up to covering), and (k1,k2) € Z3 ,. Then the

linear map

. (2,4)v (2)v
F)‘vklvk2 : 0)‘ (D17 ‘/(0,0;7]62,7]61,7]617]62,71617]62)) & ‘/( —ko 0) - O)‘(D)’
(Frger e ) (@1, 2)

. 1 t/ 9 o \7" m @

(x1 € M(2,4;C), 29 € M(4,2;C)) intertwines the G1-action.
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(3) Let (G,G1) = (Er(—25),SU(2) x SO*(12)) (up to covering), and k € Z>o. Then the linear
map

f)\,k: O)\(Dlav(g)\li kE k k k)) &V((Iiz)\)/ - OA(D)a

(21 € Skew(6,C), 29 € M(2,6;C)) intertwines the Gy-action.

6 Behavior of F;, when A is a pole

In this section, we look at the behavior of F) when A\ is a pole. For simplicity we only treat
the case that both G and G are classical and both H and H; are of scalar type. In this case,

the underlying (g, K)-module of the holomorphic discrete series representation H (D) of scalar
type is decomposed as

Ha(D)g =O0x(D)g =P = @ Pmlp?),

T
mezl

and by (2.22), (2.25), its analytic continuation Oy (D)3 is reducible if and only if

/\E%Z, )\S%(r—l) (G =Sp(r,R), r >2, (r,d) = (r,1))

A €Z, A<min{q,s} — 1 (G =SU(qg,s), (r,d) = (min{gq, s}, 2)),
xez, A<2(|5]-1) (G =80*(2s), (r,d) =(|5],4)),

ANEZ, A< 252 (G =S0¢(2,n), n: even, (r,d) =(2,n—2)),
ANEZ,A<S0or AEZ+ 35, A< 22 (G =80¢(2,n), n:odd, (r,d) = (2,n—2)).

For these A and for ¢ =1,2,...,r, let

mezZl
mi< (-1~

Also, since 50(2,1) =~ 5l(2,R) and Ox(Dgoy(2,1)) = Oar(Dsr2,r)) (see Section 4.2), for A € Z<o
we write

—2) —2A 50(271)
sI(2,R) _ n B " )My (A)  (2X: even),
M7 (2)0) = G_B()Pm(Psl(z,R)) = E_BOP(P;HQJ)(Pso(zJ)) = {Mgo(Z,l)()\) (2): odd),

Then the composition series are given by, when G = Sp(r,R) with r > 2,

1_3()\) D D Mpaxpan0p41(A) D {0} (A€ Z),
J,Q()\) DR Mmax{Q)\,l}+1()‘) > {0} ()‘ €L + %)’

OA(D)[( D MQ[
O,\(D)R D) MQL

]—1()\) 3M2[
J()\) D) MZL

N3

N3

when G = SU(q, s),
O/\(D)f( 2 Mmin{q,s}()‘) 2 Mmin{q,s}fl()‘) D D Mmax{)\,O}Jrl()‘) 2 {0}7
when G = SO*(2s),

OXD)g DM (M) D M5y 1 (A) DD Mo 370142 (A) 2 {0},

s
2
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and when G = SO¢(2,n) with n # 2,

O\(D) i D Ma(X) D My(X) D {0} (n: even, A € Z, A <0),
O\(D)z D Ma(N) D {0} (n:even, A€ Z, 1 <\ <252
O\(D) i D Mi(XN) D {0} (n:odd, A€ Z, A <0),
O\(D); D Mz()) D {0} (n:odd, A€ Z+ 1, X< 252)

(see [7]). For G = Ul(q, s) case, we use the same symbol M;(A; + A2) C O 4x,(D) as in the
G = SU(gq, s) case. We also write My(X) = M_1(X) = {0}, M, 1(A) = My42(X) = Ox(D) z. We
note that when G = 800(2, 2), we have OA(DSOO(ZQ))R ~ O)\(DSL(Q,R))[( X O)\(DSL(ZR))R? and
its submodules are given by tensor products of M; [(2’R)()\) or Ox(Dsr2,r)) -

First we consider (G,G1) = (G, G x Ga2) = (U(g,8),U(d',s') x U(¢",s")), and let H =
O)\1+)\2(D), Hl = O(A1+k)+()\2+l)(D11) X O(/\1+l)+(/\2+k)(D22)7 where k£ = 0 if q’ 75 8//, =0
if ¢" # s'. Without loss of generality we may assume ¢’ < ¢”,s’,s”. Then the intertwining
operator

A~

Fakls Ontk)+00+0) (D11) B O 10y 4 (aotk) (D22) = O 4, (D)
is given by (5.3),

1
MF+X+E+Dme

T21 T22

(Foktf) (xn m) = det(z12)" det(z91)! )

q/
++

o (0N 0
X Oy | 12 ((%22> 21 (83711> f(x11, z22).

The poles are at A\; + Ao +k +1 € Z<y_1. We write Ay + Ao + k + [ =: p. Then the order of
poles are ¢’ — max{p,0}.
Now we consider the residue of F) j;. Since as a function of w1 and ws, we have

me7Z

2 * *
(I)En) (x12w22x21w11) € ,Pm(p;rl)unl X ,Pm(péa)wzw

if f(x11,222) € Pr(p];) X Pi(psy) and m satisfies m; > k; or m; > I; for some j, then we have

= (2) tr o tr o
O | 12 (awm> T2l (311?11> f(z11,222) = 0.

Therefore, if f € MY (1) KO, (D22) gz, + Ou(D11) g, B MY (1), then it holds that

i+1
Tl T12 k z 1
F = det(z det(x
( A’k’lf) (l‘gl x22> ( 12) ( 21) Z, ()\1 + )\2 + k + l)m,2
mGZ?H_
mi11<i—p

o (9N D
X O | 212 (8$22> 21 <8:1;11> f(x11, 222).

This has a pole of order i — max{p,0} at A\; + A2 + k + [ = p. Therefore

(.7:"§\’R7lf) (1:11 3312> = ( lim (v1 +vg — Ay — o)l (7 4 ) (:EH :EIQ)

T21 T22 vi,v2)=(A1,)2) 21 T22
= lim det(a:lg)k det(xgl)l

(l/l,VQ)—)()\l,)\Q)
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(Vl 4+ 19— A — Az)i—max{mo} = (2) t i 3 i
X Z/ (1/1 + vy +k+ l)m72 SOy | 212 Y Z21 D211 f(xn, mgg)

q
mEZ#_'_
mi41<i—p

is well-defined for f € M () ® Ou(Da2) g, + Ou(D11) g, B M (1). Similarly, Ty is
well-defined on M (1) B O (D22) g, + Op(D11) g, B M (1), and therefore Fy ; ; is trivial
on M (u) K Ou(D22)g,, + Ou(D11) g, X M7 (). That is, the linear map
Fire: (M (1) B Ou(Da2) g, + Ou(Di1) g, B M (1))
/(M (1) B Op(D22) g, + Ou(Di1) g, BM* (1)) — O, (D)

is well-defined. Moreover, if f € MF (1) ® MP2 (1), then for (g11,922) € 9T; @ g%, we have

d(p%;i+k)+(y2+l) X p?ii+l)+(l,2+k)) (9117 gZQ)f
€ MY () ®O(Da) g, +O(D1) g, B M (1)

for generic (v1,15). Therefore taking the limit (v1,1v2) — (A1, A2) in the both sides of
ATy 10 (911, g22) (V1 + 19 — Ap — Ag) O F 4y
_ i—max{p,0
= (Vl + v — )\1 - >\2)Z max{p }fu,k,ld(p%ll,i+k)+(yz+l) X p?i?+l)+(y2+k))(9115922)f>

we get
dT>\1+)\2 (gllv 922)‘F§\,k:,lf = ‘Fg\,k,ld(p?;\i+k)+()\2+l) X p%§\21+l)+()\2+k)) (gll) gZQ)f‘

We note that if f € M} (1) ®O(Dag) g, +O(D11) g WM (1) is not in Mlgj_ll(,u) XM (1),
then this does not hold since we cannot take the limits of (vq +v9 — A\ — )\g)l_max{“’?}ﬁ,,k,l and

d(p%}/;k)ﬂyﬁl) X p?3f+l)+(u2+k)) (911, 922) f separately. Therefore the restriction of ff\’k’l,

Fhawa: (M () B ME )/ (M () B MEE () + MEL () B ME2 1)
~ (M} () /M (1) 8 (M (1) /M= (1) — Or,, (D)

intertwines the (gl,f(l)—action. Similar phenomena also occur for (G,G1) = (G, G11 X Ga2) =
(Sp(s,R),Sp(s’,R) x Sp(s”,R)), (SO*(2s),S0*(2s") x SO*(25")), (SOp(2,2 + n”),S0p(2,2) x
SO(n")).

Theorem 6.1.

(1) Let (G,G1) = (Sp(s,R),Sp(s’,R) x Sp(s”,R)) with s = s’ + ", s < §". Let k € Z>g
(k=0ifs #s"). We assume p:=\+k € 3Z, p < (s —1). Then fors' > 1, for p € Z,
max{0, [u|} <i < [5],

~§,k = lim (v — )\)i_maX{O’L”J}fyyk:
v—A

(M3}, (1) ®Ou(Da2) g, + Ou(D1) g, B M (1))
/(M52 (1) ® Ou(Da2) g, + Ou(D11) g, B M3, (1)) — OA(D)g,

and for s’ > 2, for p € 7 + %, max{0, [u|} <i < L%J?

ff\ e o= lim (v — )\)i_maX{O’L”J}fyyk:
) v—A
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(M2gz‘141r2(/~‘) X OM(D%)RQQ + Ou(Dll)f(u X M2gz242r2(ﬂ))
/(M3 (1) ® Op(D22) g, + Ou(Dr1) g, B M3 (1)) — OA(D)g

are well-defined (F, is as (5.2)), and their restriction

Fin: (MEH () /M3 (1) B (M$2 (1) /M52 (1)) — OA(D) i (€ Z),
Fies (MSS () /ME (1)) B (M52, (1) /M2 (1)) — Ox(D)z  (LEZ+3),

intertwine the (g1, K1)-action.

Let (G,G1) = (U(q,s),U(q',s") x U(q",s")) with g = ¢ +¢", s’ =5"+5", ¢ <", 5,5".
Let kil €Z>o (k=01if¢d #s",1=04f¢" #5). Weassume p:=M +X o+ k+1€Z,
w<q —1. Let max{0,u} <i <¢q. Then

ﬁl = l _ )\ _ )\ i—max{O,u}fV .
Akl (V1,V2)1—I>I(1/\1,A2)(V1 + v 1 2) Kl

(ME (1) ®Ou(Da2) g, + Ou(D11) g, WM (1))
[(MP (1) B OL(Da2) g, + Ou(Di1) g, B M (1)) — Oy 40, (D)

is well-defined (Fy s as (5.3)), and its restriction
Fawas (M () /M (1)) B (M (1) /M (1)) — Oxy0a(D)

intertwines the (g1, Kl)—action.
Let (G,G1) = (SO*(2s),S0*(2s") x SO*(2s")) with s = ' +5",2 < ¢ <s". Let k € Z>g
(k=01ifs #£5"). We assume p:=A+2k€Z, u < Q(L%IJ —1). Let max {0, [4]} <i <
L%J Then
ﬁi,k = Vh_I)I}\(V — )\)ifmax{o’[“/ﬂ}]:l,’k:
(ML (1) R Ou(Da2) g, + O(Di1) g, B MEE (1))
/(M (1) B Op(Daz) g, + Ou(D11) g, B M (1)) — Ox(D) ¢
is well-defined (Fy is as (5.4)), and its restriction

P (M () /MEY (1)) B (MFZ (1) /M (1) — OA(D) g

intertwines the (g1, K1)-action.

Let (G,G1) = (SO¢(2,2+n"),S00(2,2) x SO(n")) ~ (SO0(2,2+n"),SL(2,R) x SL(2,R) x
SO(n")) (up to covering). Let (ki,k2) € Z%,. We assume p:= X+ k1 + ko € Z, pu < 0.
Then

-0 - .
Nki,ke ]:)\7’{"17]92 .

(Mlgll(:u) X OM(D22)R22 + OH(DH)RH R Mfm (M)) X V([knl—]\lizﬂwwo) — OA(D)R’

P ks = L (v = A) P o ((0u(D11) g, ®OU(Da2) )
/(M (1) B Ou(Do2) g, + Ou(Din) g, BMPP(0)) BV ) — Ox(D)g
are well-defined (Fy g, k, is as (5.12)). Moreover,

P bkt (Ou(D11) g, /M (1)) R (Ou(Da2) g, /ME (1))
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[n//]v
BV k0,00 — OAD) g

and the restriction

ke MP ()R MP2 () RV — 0M(D)g

intertwine the (g1, K1)-action.

Next we consider the case (G,G1)

(Sp(s,R),U(s',s")), and let H = O\(D), H1 =
On+2k)+(a+21)(D1). Without loss of generality we may assume s’ < s”. Then the intertwining
operator

Fari: Opgar)+or2n(D1) — Ox(D)
is given by (5.5),

(Fapif) (txll :Uu) = det(x11)" det(w29)’
Ti2 T2

<y : T (L Ki9> fas)
2 ki b, e oy ) ) 1002
mesy | ’

The poles are at 2(A+k +1) € Z<cy_oif &' > 2, at 20N+ k +1) € 2Z<o — 1 if &' = 1. We write
A+ k + 1 =: u. Then the order of poles are

{ZJ—mMWJM}(MGE,
Bw —max{0, [u]} (n€Z+13).

Now we consider the residue of F) ;. Since as a function of wia, ég)(xllﬁxggwIQ) S
Pom (P )wy, holds, if f(x12) € Pk(p]) and m satisfies 2m; > k; for some j, then we have

t
=) (1 0 9 _
Pm <4m118w12 v22 (83612)) f(@12) =0.

Therefore, if s’ > 2, 2u < s’ —2is even and f €

M3}, ,(2u), then it holds that

(Fapf) (txll :n12> = det(211)" det(w22)’
Ti2 T2

D> b (gl (52) ) st
mezy | ’

moit2<i—u

Mgl

and if s’ > 1, 2u < s’ — 2 is odd and f € Mj; (2u), then it holds that

(P f) (twn $l2> = det(azn)k det(xgg)l
T12 T2

S L 50 (L, 2 Y 2 ) stan)

w | 211 =——222 | =— 12),

~, A+k+1+3) ., 47 91, \ B 2
meZy ’

ma;p1<i—[pu]
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These have a pole of order i — max{0, [p]} at A+ k + [ = p. Therefore if u € Z, then

(]}imf) <l’11 x12> = lim (v — )‘)i_max{o’m}(fu,k,zf) (9011 £B12>

21 X22 2 T21 X22

= lim det(mlg)k det(ﬂjgl)l
v—A

(V o )\)ifmax{o,f,u]} - (1) 1 P t( o >
W [ ~wn s ([
g Z (I/ + k + l + %)m 1 4$11 81’12 v22 83712 f(x12)

/

mEZj‘Jr
moi+2<i—p

is well-defined on Z\IQE’Z.lJr2(2,u)7 and is trivial on M3!(2u). That is, the linear map
ﬁi,k,ﬁ M3} o (20) M3} (2p1) — OX(D) g
is well-defined. Moreover, if i = L%J, then

~ / 2
F s 0D /M2, () — Ox(D)z
2
is clearly intertwining since (v — \) s’/ QJ*maX{O’[“1}fy7k7l does not have a pole at v = X, and
even if i < | %], since Ap(utor)+ (a0 (91) M54 (2p) € M3}, 5(2p) holds for any g1 € g% and for
generic v, the restriction

Fipa: M, (20)/M5} (2p) — Ox(D) g

is also intertwining. Similarly, if p € Z + %, then

(ﬁ§\7k7lf) (.’L’ll .Z'lg) -— lim (V o )‘)i_maX{()’{u-‘}(‘Fl/,k,lf) <1’11 $12>

Tro1 I922 v—A €r21 T22
= lim det(mu)kdet(ml)l

v

(I/ o )\)i—max{(),]'u'\} - (1) 1 o t< ) >
oW (= —
. Z, (v+k+1+3). ., 47 01,7 \ D1y fler)

mEZf‘H_
mai1<i—[p]

is well-defined on M3}, | (2p)/M3} {(2u), and is intertwining if i = (%’ or if it is restricted
on M3 (2p)/M3}! | (2p). Similar phenomena also occur for (G,Gi) = (SO*(2s),U(s,s")),
(SO¢(2,1),800(2,n") x SO(n")) (n': even), that is, a residue of F,, gives a well-defined map
from some submodule M C O(D1)y,, and is trivial on the 2nd smaller submodule, and more-
over, the restricted map to the 1st smaller submodule than M is intertwining. On the other
hand, for (G,G1) = (SU(s, s),Sp(s,R)), (SU(s,s),SO*(2s)), (SOp(2,n),S0¢(2,n") x SO(n"))
(n': odd), a residue of F;, gives a well-defined map from some submodule M C O(D1),, and
is trivial on the 1st smaller submodule. In this case this map is not intertwining except for the
one from (the quotient module of) whole O(D1)g, -

Theorem 6.2.

(1) Let (G,G1) = (Sp(s,R),U(s",8")) with s = ' + 8", s < §". Let k,l € Z>o. We assume
pi=A+k+1€3Z, n<i(s—2). Then for s’ > 2, for u € Z, max{0, [pu]} <i < L%J,

s = lim (v = 2)ms O F, o ML (20) /M5! (20) = OA(D)g,
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and for s’ > 1, for p € Z + %, max{0, [u]} <i < [ L

Flr = lim (v NS00I F, o NS (200 /M3 (200) — OA(D)
are well-defined (Fa k1 is as (5.5)). Moreover,

~|s"/2

fAL,k{lJ: O2u(D1)f< /MgE |

~[s'/2
J—“Lk’/ﬂ: O2M(D1)K1/M§F 1-1

(2u) — O\(D)z (€D,
(2/1) —>O)\(D)f{ (MEZ—F%),
and the restriction

Flaas M, n)/ME (20) » O\D)g (1€ ),
i,k,l: M;il (QM)/Még@l 1( M) — OA(D)[( (M cZ+ %)

ntertwine the (gl,f(l)—action.

Let (G,G1) = (SO*(2s),U(s",s")) with s = s +s",2 < <" Letk,l € Z>o (k=0
if 8 is odd, | = 0 if s is odd). We assume p == A+ k+1€ Z, p < 2[%/J — 1. Let
maX{O, L%J} << L%J Then

B o= lim (v = N O F e MEL, () /M) (1) — OA(D)g
is well-defined (Fx ., is as (5.6)). Moreover,
j—fk,/fj : Ou(Dl)kl/Miii/J (1) — OX(D)g»
2

and the restriction
- L ) s
/\,k,l 21+1( )/MQQzl (/’[’) — O)\(D>}~( <maX {Oa ’75—‘ } S (3 S \‘2J>

intertwine the (g1, K1)-action. (We note that Mgi JH( p) =40} forp=1,3,..., QL%J -1,
]:LM/J

and hence the restriction of Akl is trivial for these p.)

Let (G,G1) = (SU(s, s),Sp(s,R)) with s > 2. Let k € Z>o (k=0 if s is odd). We assume
,u::)\—i—keZ—i-%, w < L%J —%. LetmaX{O,u—%} <1< L%J Then

Fig = lim (v = 2O F s M () /M3 (1) — OA(D) g
is well-defined (Fy, is as (5.10)). Moreover,
Fitds OuDg, /M3, () — OA(D)z

intertwines the (gl, fﬁ)—action.

Let (G,Gy) = (SU(s, 5),SO*(2s)) with s > 2. k € Z>o. We assume p:=\+2k € Z+ 1,
< L%J — % Let max{O,ujL%} <3< L%J Then
i—max 1
F = lim (v = TS E, o MEL (20 /M (20) — OA(D)z

is well-defined (Fy, is as (5.11)). Moreover,

LA Oo(D) g, [MEL (2u) — OA(D)g

intertwines the (gl, Kl)—action.
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(5) Let (G,Gy) = (SOO(Q,H),SOO(Q,TIL’)XSO(n’:)) withn =n'+n",n' # 2. Let (ki, ko) € Z2 .
We assume p:= A+ ki1 + ka < ”T_z, ,LL—"T_Q € Z. Then

F)\ K1,k - ]:)\77?1,162: M§0(27n)( )|Z V([ ]\122,0, .,0) — O)\(D) 2

Pkt = I (= N Fo et (Ou(D1) /M () RV () —OA(D)
are well-defined (Fy g, k, s as (5.12)). Moreover,

Fbotst (0D, M () VT o) — OA(D)
and the restriction

Fkwks M) () V([knl }k2,07 0 — O\D)g (n <0, n': even)

intertwine the (gl,Rl)—action.

We can also do similar computation when G is exceptional, or when the representation
Ou(D1, W) of G1 is not of scalar type, but we omit the detail. On the other hand, for
(G,G1) = (U(g, 5),U(q, s') x U(s")), (SO*(2s),S0"(2(s — 1)) x SO(2)), (SO*(2s),U(s — 1,1)),
(SO0(2,25),U(1,s)) and (Eg—14),U(1) x Sping(2,8)), as in Section 5.1, the intertwining op-
erators O,(D1) — Ox(D) are given by multiplication operators, and do not depend on the
parameter A. Therefore there are no poles, and hence such phenomena do not occur.

7 Explicit calculation of intertwining operators: remaining case

In this section we again set (G,G1) = (SU(s,s),S0"(2s)) with s = 2r + 1 > 2 odd, and for
k,l € Z>0o, we determine the Gi-intertwining operator

Faki: Oaxiar(Dr, V((S)V 20) — OA(D).

Let Kg ) 1oy(x2) € P(Sym(s,C), Hom (V((Ql)v 21,0)7C)) be the KT-invariant polynomial in the

sense of (3.3), and let IC( _)l(xg,yl) € P(Sym(s,@) x Skew (s, C), Hom (‘/((282.\./.721’0),(C)) be the
(1)

orthogonal projection of e2 tr(“yl”yl)K(L 0) (z2) onto

Kt
V(S)V V(S)
2(m1+l,m1+l—ll,m2+l,m2+l—l2w, 2(m1+lma+H—l,ma+l,ma+l—lz,...,
m'r+l7m7‘+l*lryl*lr+l) m’!‘+l my+l— l'r;l l7‘+1)

C ,P(m1+l,m1+lfl1,m2+l,m2+lfl2,..‘, (Sym(s, C))z, ® Pam(Skew(s, C))y, @ V((Qz) .,21,0)°
mr+l7m'r+l_lryl_lr+1)

Then we proved in Proposition 5.18 that there exist monic polynomials ¢p, —1(1) € Clu] of
degree [ — I, such that the intertwining operator is given by

(Fakaf) (@1 + 29) = det(z)® Y >

meZly 16(Zxo)" 1, (U=
0<lj<mj—m;i1
OSlT+1

y O, 1\ + 2k)
A2k +20+5) o, A+ 2k+l—r+1)  (A+2k+l-r+3),_,
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XK(14) < 2758(9 )f(ﬂfl)

(z1 € Skew(s,C), 72 € Sym(s,C)). Here for 1 = (I1,...,lr,ly41) € (Z>0)", we put I =
(l1,...,1y) € (Z>0)". In this section we want to prove

Lemma 7.1. ¢n (@) = (,u +l—r+ %)Z—ZTH'

To do this, first we consider the reducibility of

OM(DMV(ES)V ))K —OuH(Dl’V((f). - é))fﬁ'

By [42, Theorem 6.2(6)], this is reducible if and only if p € Z, u < 2r —l—1 and p # 2r — 20— 1.
Moreover, if u =2r — 1 —¢—1with¢=0,1,...,l — 1, then

(s)V (s)V
@ @ V(m1+z,m1+l—11,m2+l,m2+5—lz,..., C OQT—l—i—l(Dl’V(z,...,z,()))fq
meZ | 1e(Zsq) ™, 1|=1 me+lmpe+l—lpl—lr41)
Ogljémjfmj+1
1=l f1<i

is an irreducible (g1, K 1)-submodule, and the quotient Oy, —;—;_1 (D17 V(gs)vl 0)) 7 /Mf is infinites-
imally unitary.

Proof of Lemma 7.1. Fori=0,1,...,[—1,let \= -2k —[+4+r— and consider the map

27
Flp= 31_}11; (v+2k+1—1r+ %)i+1fy,k,l3 Oay—a1—2i—1 (D1, V((;,?MQZ,O))RI — Ox\(D) g,

(Fiaf) (@1 +m9) = det(a2)* >

ZLs/2J 1€(Z0)™ 1, 1=t
0< <m] mj41

l lr+1>l+1
.1
a(=l+r—i—35 19
x——emolltroizy) K00 (s o ) )
(7" — 1+ l)m_1/72 (5 - Z)l—lr+1 (1)l—lr+1—i—1
This is well-defined, and intertwines the G1-action. Then since IC ( 25 axl) f(z1) = 0 holds
iffe V}fnl—&—% n1+2l—ky ,na+2l,na4+2—ka,...;np+20nm 42—k, 21—k 1 1) with n; < 2mj, n; —k;j < 2mj; — 2l;,
or 2] 1 < 20 — 21,41, we have
= (s)v 2
KerFk:l > @ @ ‘/(n1+2l,n1+2l—k1,n2+2l,n2+21—k2,..., 2 M27:‘
neZl | ke(Zso)"™ 1, |k|=21 2l np+20—kp,2l—kpy 1)

0<kj<nj—nji1
2A—kp1<2i+1

Now we prove that Ker ]:“,f;l = (’)gr_gl_gi_l(Dl,1/((2?.\./.’2170))1%1 holds. Let M C Ogy_91_9;_1 (Dl,

‘/’((2813\/,210 )Kl/M22zl be any irreducible (gl,Kl) module, and M C Ooy_91—9i— 1(D1,V((2‘?v’2l 0))

be the preimage of M. Then M contains a K- type which is annihilated by the quotient map
of dpoy_91_9; l(p1 ). That is, the preimage M contains a K- type Vas such that

Vi ¢ M3, dpar—2—2i-1(p7)Vir C M3}
Then since the action dpgr,gl,gi,l(pf) is given by 1st order differential operators of constant

coefficients, in general we have

d (VY
P2r—21-2i—1P1 )V (501 420 n1 +20— k1 no+2lma+20—ka, ... 2L e 42l —kp 20—kt 1)
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(s)v (s)V

C V4201 421k g+ 20+ 2k sty 24 20—y 20—y s1) D V(0,.0,-1,-1)

_ @ V(S)V

- (n1+2l,n1+217k1,n2+2l,n2+217k2,..,,nr+2l,nr+2l7kr,217]674_1)761']'

1<i<j<s
i—l:h j-vth
holds, where e;; = (0,..., 1 ,..., 1,...,0), and this is non-zero unless n = (0,...,0), k =
) J ) ’ ) ’ ) ) ) ) ) )

(0,...,0,—20). Thus Vj; must be of the form

_ 6V
VM - Vv(n1+2l,n1+2l—k1,n2+2l,n2+21—k2,...,nr+2l,nr+2l—kr,ZZ—kT_;,_l)
for some n, k with 2/ — k.41 = 2¢ + 1, and hence Vjy C Ker ]:7C ; holds. Therefore we have
(Ker]:',i’l)/Mgil N M # {0}, and by the irreducibility of M, we get Ker]:",iJ > M. Since
Ogr_gf_gi_l (D17‘/((QSZ?'\./.,2[70)) i /M%Zl is infinitesimally unitary, this is completely reducible, and
any Ki-type of this module is contained in some irreducible submodule. Therefore we have

Ker .7:",21 = Ogp_91—2i_1 (Dl, V((Q?.v..,zl,o)>klv that is, .7:'}“ = 0 holds. Thus ¢m, —1 (—l +r—i— %)

=0 holds if [ — l,41 >4+ 1. Since ¢m, _1() is monic of degree I — I, 41, we get Lemma 7.1. W

Hence we have proved the following.

Theorem 7.2. Let (G,G1) = (SU(s,s),S0*(2s)) with s > 2 odd, and k,l € Z>o. Then the
linear map

Fagi: Oxiar (D1, ‘/((2?-Y~72l,0)) — O0\(D),
(Fagaf) (@1 + x2) = det(w2)F Z Z

mez 2 1€(Zz0) /7, 1=
0<li<mj—m;i1
0<irs/21

1 (1,4) < 1 )
- 5 K\ 22555 ) f(21)
A+2k+20+3) A +2k+1— 5]+ 1)l—z(sm , 591
(21 € Skew(s, C), o € Sym(s,C)) intertwines the G1-action. Here forl= (ly, ... Asj2)ysy21) €
(Z0)1*21, we put V = (Iy, .. ljsj)) € (Zs0)L5/2).
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