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Abstract. The Darboux—Koenigs metrics in 2D are an important class of conformally flat,
non-constant curvature metrics with a single Killing vector and a pair of quadratic Killing
tensors. In [arXiv:1804.06904] it was shown how to derive these by using the conformal
symmetries of the 2D Euclidean metric. In this paper we consider the conformal symmetries
of the 3D Euclidean metric and similarly derive a large family of conformally flat metrics
possessing between 1 and 3 Killing vectors (and therefore not constant curvature), together
with a number of quadratic Killing tensors. We refer to these as generalised Darbouz—Koenigs
metrics. We thus construct multi-parameter families of super-integrable systems in 3 degrees
of freedom. Restricting the parameters increases the isometry algebra, which enables us to
fully determine the Poisson algebra of first integrals. This larger algebra of isometries is then
used to reduce from 3 to 2 degrees of freedom, obtaining Darboux—Koenigs kinetic energies
with potential functions, which are specific cases of the known super-integrable potentials.
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1 Introduction

In recent years there has been a burst of activity in the identification and classification of super-
integrable systems, both classical and quantum (see the review [14] and references therein). Most
of the interest is in Hamiltonians which are in “natural form” (the sum of kinetic and potential
energies), with the kinetic energy being quadratic in momenta. A non-degenerate kinetic energy
is associated with (pseudo-)Riemannian metric, so the leading order term in any integral defines
a Killing tensor for this metric, and itself commutes with the kinetic energy.

For a manifold with coordinates (qi,...,¢n), metric coefficients g;;, with inverse g%, the
geodesic equations are Hamiltonian, with kinetic energy

I w— . .
H = 3 g 1g”pipj, where p; = gk Gik k- (1.1)
7/7]:

For a metric with isometries, the infinitesimal generators (Killing vectors) give rise to first
integrals, which are linear in momenta (Noether constants).

The most common examples found in the literature have kinetic energies which are associated
with flat or constant curvature metrics, so finding the leading order parts of higher order integrals
(the Killing tensors) is straightforward, since, as is well known [8], they are all built as polynomial
expressions in the first order integrals (Killing vectors). Indeed, in this case, (1.1) is actually
the second order Casimir function of the symmetry algebra. However, for the non-constant
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curvature case, there is no algorithmic way known for building Killing tensors. In [6] a new
method was proposed for the “next” class of metrics, namely the conformally flat case.

Conformally flat metrics possess an algebra of conformal symmetries, corresponding to the
particular flat metric to which they are related. In 2 dimensions, as is well known, the conformal
algebra is infinite. For n > 3 this algebra is finite and has mazimal dimension %(n + 1)(n + 2),
which is achieved for conformally flat spaces (which includes flat and constant curvature spaces).
Any two conformally equivalent metrics have the same conformal algebra, so we can describe
this in terms of the corresponding flat metric. In flat spaces, the infinitesimal generators consist
of n translations, $n(n — 1) rotations, 1 scaling and n inversions, totalling (n + 1)(n + 2).
This algebra is isomorphic to so(n + 1,1) (see [3, Vol. 1, p. 143]). Whilst the conformal algebra
in two-dimensional spaces is infinite, there still exists the 6-dimensional subalgebra described
above (with n = 2).

The true symmetries (isometries) of a metric form a subalgebra of the conformal algebra.
The maximum dimension of the algebra of isometries is %n(n + 1), which is realised when the
space is flat or constant curvature. To discuss conformally flat metrics, we wish to avoid the
flat and constant curvature cases, so should not have “too many isometries”. In 2 dimensions
we cannot have more than one Killing vector, since, by a theorem of Darboux and Koenigs, if
such a metric possesses at least two Killing vectors, then it possesses three and the space has
constant curvature (see [9, 10]). Killing vectors correspond to first integrals which are linear in
momenta. Metrics found by Koenigs (see [9, 10, 11]) are characterised by having one linear and
two quadratic first integrals. In modern day jargon, these are super-integrable systems, defined
on spaces which are conformally flat, but not constant curvature. In [6] these systems were
rederived by a new approach which builds higher order integrals as polynomial expressions in
conformal symmetries, together with an important non-constant multiple of the Hamiltonian
itself (see Section 3 below). The Darboux-Koenigs metrics have been further generalised in 2
dimensions, by considering Hamiltonians with one linear and one or more higher order first
integrals (see [13] for the cubic case and [15] for integrals of any integer order).

In this paper, we consider the generalisation to 3 degrees of freedom. There exist N-
dimensional generalisations of Darboux—Koenigs metrics, both in the classical and quantum
domain [1, 2]. In these papers the approach is more geometric and the connection to the 2-
dimensional Darboux—Koenigs metrics is different from the one presented below.

In Section 2 we describe the structure of the 10-dimensional conformal algebra in this case,
and show that it has a particular decomposition introduced in [7]. We show that this algebra
has 4 involutive automorphisms, which play an important role in our calculations. In Section 3
we describe the method introduced in [6] for the construction of (in this paper) quadratic first
integrals out of conformal symmetries. We initially only assume the existence of one Killing
vector K, but in 3 dimensions we can have up to 4 Killing vectors without forcing constant
curvature (although the examples in this paper have at most 3). The calculations give rise
to metrics which depend upon a number of parameters, and degeneration of these parameters
leads to metrics with additional Killing vectors (“over-degeneration” leading to flat or constant
curvature metrics). The significance of the additional Killing vectors is that we can use these
to reduce from 3 to 2 degrees of freedom, using the “Kaluza—Klein reduction” approach de-
scribed in [5]. This process leads to Hamiltonians in 2 degrees of freedom with one linear and
two quadratic first integrals, which are Darboux—Koenigs kinetic energies with the addition of
potential functions, which are compared with those of [9, 10]. With enough Killing vectors, we
can reduce in different ways, leading to the same Darboux—Koenigs kinetic energy, but different
potentials. Within the 3-dimensional framework we give point transformations between these.

Another consequence of having more Killing vectors is that the Poisson algebra of first inte-
grals is simplified, so that we can find the full set of relations. The involutive automorphisms
play a crucial role here, since each algebra is invariant with respect to one of these.
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On the other hand, an example treated in Section 9.2 has only one Killing vector, so reduction
to 2 dimensions results in a metric with no Killing vectors, but with higher order first integrals,
thus leading to a maximally super-integrable system which falls out of the Darboux—Koenigs
and later classifications.

The results on Poisson algebras are given in Sections 4 to 6, whilst those on reductions can
be found in Sections 7 to 10.

2 The 3D Euclidean metric and its conformal algebra

Consider metrics which are conformally related to the standard Euclidean metric in 3 dimensions,
with Cartesian coordinates (q1, g2, q3). The corresponding kinetic energy (1.1) takes the form

H = ¢(q1,q2,93) (pT + p3 + p3)- (2.1)

A conformal invariant X, linear in momenta, will satisfy {X, H} = A(X)H, for some function
A(X). The conformal invariants form a Poisson algebra, which we call the conformal algebra. For
special cases of ©(q1, g2, q3) there will be a subalgebra for which {X, H} = 0, thus forming true
invariants of H. These correspond to infinitesimal isometries (Killing vectors) of the metric.
Constant curvature metrics possess 3n(n + 1) = 6 Killing vectors (when n = 3).

As discussed in the introduction, the conformal algebra of this 3D metric has dimension
3(n+1)(n+2) =10 (when n = 3). A convenient basis is as follows

er = pi1, hi = =2(qip1 + @2p2 + q3p3),

fi= (a3 +a& — ai)p1 — 2q192p2 — 2q143Ds3, (2.2a)
e2 = pa, ha = 2(q1p2 — q2p1),

fo = —Aqigap1 — 2(65 — qi — @3)p2 — 4q243p3, (2:2b)
e3 = ps, hs = —2q3p1 + 2q1p3,

fs = —4qigsp1 — 4qeqsp2 — 2(a3 — ai — 43 )3, (2.2¢)
hy = 4q3p2 — 4q2p3. (2.2d)

The Poisson relations of the ten elements in the conformal algebra (2.2) are given in Table 1.
Note that this is an example of the conformal algebra given in [7, Table 3] corresponding to
the case as = ag = 2, ag = 0. The subalgebra g;, with basis (2.2a) is just a copy of sl(2). We
then make the vector space decomposition of the full algebra g into invariant subspaces under
the action of gy:

g=g91+tg2+93+ 94.

The basis elements for g; have the same subscript and are given in the rows of (2.2).
The algebra (2.2) possesses a number of involutive automorphisms:

L12: (q17q27Q3) = (q27QI>Q3)7 L13: (QI>Q27Q3) = (q3aq27QI)a
3t (q1,92,93) = (91,93, G2),

@ @ @ )
G+a+d E+é+d d+é+a)]

tef: (q1,92,q3) — <

whose actions are given in Table 2.
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Table 1. The 10-dimensional conformal algebra (2.2).

([elm A e m] s [o]m]h][n]
er |02 [ =h | 0 [ 2] —-2n| 0 | —2e5| 20| o0
ha 0 | 2f || 22| 0 | 2/ || —2es| 0 | 25 0
f 0 || =he | =2 | 0 —hs | —fs | 0 0
e 0 | 20 [ =20 o 0 ha des
hs 0 | =4 || o [ -m | o dhg
fo 0 ha 0 0 Afs
es 0 | 2e0 | —2h1 || —des
hs 0 | —4fr || —4ho
f3 0 || —4f
A~ e

Table 2. The involutions of the conformal algebra (2.2).

| Jafmlalalm]lr[alb][n]n]
L12 e2 hi | 2fa e1 —h2 | 2f1 es —1ha f3 —2hs
t13 es hi | fs €2 1ha fe el —hs 2f1 2h2
t23 el h1 fi es hs f3 €2 ha f2 —ha
teg || =fr | —h1 | —ex || —3f2 | ha | —2e2 || —3/fs hs —2e3 ha

2.1 Different choices for the decomposition of g

The first block of Table 2 shows different copies of s[(2), which we might have chosen as our g;.
The remaining blocks are just the corresponding invariant subspaces.

In [7] we showed that the 6-dimensional algebra g 4+ go (which here we call g(?) has two
quadratic Casimirs

C¥ =derfi +h +2e0fs —h3,  C =hihy+eifo — 2efi, (2.3a)

the second of which is derived from a quartic Casimir, which happens to be a perfect square in
this case. In the 6 x 6 matrix representation (the adjoint representation), this is a multiple of the
identity matrix, but in our Poisson representation, it vanishes identically, so the 6-dimensional
Poisson algebra has a quadratic constraint.

Under the action of the involutions, this 6-dimensional algebra is transformed into the first 6
elements found to the right of ¢;; in Table 2 (here labelled g(), and the Casimirs take the form

i =c ™ =_ (2.3b)
C' =2esfy+2esfs+ 3 —4h3, Y =esfo—eafs + Shiha, (2.3¢)
O = derfi+ Wl +2eafs— b3, O = hiha+erfo —2esfi, (2.34)

)

ceh —c®  cleh — el (2.3¢

Each of the Casimirs Céo) and Céij ) represent spaces of constant curvature, whilst each of Cl(lo)

and ij ) identically vanishes, so is a quadratic constraint on the whole 10-dimensional conformal
algebra.
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There are 2 more 6-dimensional algebras:

(he) = <h27h3ah4a€17€27€3>a g(hf) = <h27h37h47f1af2>f3>1 (23f)

g

with Casimirs

=t red+ed, O = erha+ 2eahs — 2e3ha, (2.3g)

Céhf) =2y %(f22 n f??), Cihf) = fsha — fohs — fiha, (2.3h)

which are related through the involution t.y. Again, Cflhe) and Cihf ) vanish identically.

3 Geodesic flows in 3D with linear and quadratic integrals

In this and later sections we seek Hamiltonian functions (2.1) which possess up to 4 first order
invariants (Killing vectors), together with a number of quadratic integrals. In 3 dimensions, if
we have 5 isometries, then we must have 6, so the space has constant curvature. We already
mentioned that in 2 dimensions, Darboux and Koenigs proved that we can only have 1 isometry
(i.e., 2 implied 3). This “gap phenomenon” occurs in all dimensions and is the subject of [12].

Initially we only assume the existence of one Killing vector K, the calculations giving rise to
metrics which depend upon a number of parameters. Degeneration of these parameters leads
to metrics with additional Killing vectors, with “over-degeneration” leading to flat or constant
curvature metrics. We use the method introduced in [6] to construct quadratic invariants out
of conformal invariants.

A quadratic conformal invariant is any expression of the form

10

F = Z Bii XiX; +1(q1, 92, g3) H, (3.1)
ij—1

where f3;; is a symmetric matrix of (constant) coefficients, X; are linear conformal invariants,
and ¥(q1, g2, q3) is an arbitrary function, which satisfies

3
{F.H} = (ZM(QMQ%%)I%) H,

=1

where 11;(q1, g2, q3) are some functions.

We can ask whether there is a choice of 8;; and (g1, g2, ¢3) for which p;(q1,92,93) = 0, in
which case F' is a quadratic invariant. In fact, we have more structure. If both K and F are
invariants, then so are {F, K}, {{F, K}, K}, etc.

3.1 Using the involutions

It follows from the involutions of Table 2, that we can limit our choice of a single first order
invariant to just 3 elements of our algebra: ey, h; and hy. Any other element is equivalent to
one of these. Having fixed this invariant we choose a quadratic conformal invariant (3.1) with
specific form

F=XX;+v¢(q1,92,93)H,

where X; and X; are linear conformal invariants. At this stage we still have some equivalent
choices from involutions which leave our choice of Killing vector invariant. For example, e; is
fixed under the action of 193, while hy is fixed (up to sign) by them all and hy is fixed (up to
sign) by t23 and te.
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3.2 Reductions to two dimensions

In Sections 4, 5 and 6 we present a number of systems in 3 degrees of freedom, which have at least
one first integral of degree one in momenta, as well as 3 independent quadratic integrals. These
systems depend upon a number of parameters and, in full generality, the Poisson algebras are
complicated, but by restricting parameters we can obtain systems with larger isometry algebras
(first order integrals) and this enables us to calculate the full set of Poisson relations. The
involutions play an important role in this calculation.

There is clearly an analogy with the Darboux—Koenigs systems in 2 degrees of freedom, but
we show that there is a much deeper connection. The increased isometry algebra, obtained
by restricting parameters, can be used to reduce the system from 3 to 2 degrees of freedom.
After this process, we find that each of our systems reduces to one particular Darboux—Koenigs
system, but with the addition of a potential. We compare the resulting potentials with those
presented in [9, 10].

We use the particular method of reduction introduced in [5], referred to as the “Kaluza—
Klein reduction”, since it is essentially the reverse procedure to the Kaluza—Klein extension. By
adapting coordinates to a linear first integral, we can reduce from 3 to 2 degrees of freedom. In
principle, the lower-dimensional system would possess vector potential terms, but in the examples
of this paper (and of [5]) these can be removed by gauge transformation. Reduction to 2 degrees
of freedom is not enough. We would like our system to be at least completely integrable and,
preferably, maximally super-integrable. This requires the existence of integrals of the original
system, which commute with the linear integral. We would like to choose our coordinate system
so that the reduced kinetic energy is explicitly conformally related to the standard Cartesian
kinetic energy. We would like to be able to construct any symmetries and a 6-dimensional
subalgebra of conformal symmetries of the corresponding 2-dimensional metric from invariant
combinations of the conformal algebra (2.2). All of these things will be done for the systems
discussed in this paper.

Each additional Killing vector allows us to reduce to 2 dimensions in a different way. From
a given starting point, we always arrive at the same Darboux—Koenigs metric, but the specific
reduction gives us a particular potential function. This allows us to relate different 2-dimensional
potentials by a “rotation” in 3 space.

4 Systems with K = e;

In the case K = e1, we consider the Hamiltonian (2.1) of the form

H = (g2, 43) (T + p3 + p3), (4.1)
and exploit the following chains of length 3, found in the algebra:

{ei}: firr hi— —2e1—0 and {ye1}: fru = 2hg — dep — 0, k=2,3.

We use this to build 3 functions which satisfy {-,e1}: F} — Fy — F3 — 0. If we can find ¢
and Fy, such that {Fy, H} = 0, then, by the Jacobi identity, we automatically have {Fy, H} =
{F3,H} =0.

4.1 F, =exfa+ ¢¥(q1,92,93)H

We consider a metric (4.1) with the chain of functions generated by Fy| = esfo + 1¥(q1, g2, q3)H,
under the action of ey: Fy = %{Fl, e}, F3 = %{Fg, e1}, namely,

F, = 62f2 + l/JH, Fy = eghg =+ %@Dqlﬂ, F3 = 6% + %qulqu. (4.2)
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The conditions {F1, H} = {F3,e1} = 0 lead to

2 2
429 q +q
¥ = 25 2 9 ¢:_2B1 3

+ 2743 (4.3)
g3 + Ba3 + 14343 43

Since H, ej, Fy, F5, F3 are independent first integrals of H, this Hamiltonian is maximally
super-integrable. We also have that H, e;, F3 are in involution.

Remark 4.1 (the Stéckel transform). The Hamiltonian (4.1), with ¢ given by (4.3) can be
regarded as the Stiickel transform of the Euclidean kinetic energy with potential V = ¢!, Such
potentials were classified in [4] and this example corresponds to a reduction of Vi3 ; 1j, given in
[4, Section 5], by equating (q1, 42, ¢3) = (z,y,2) and (a, B8,7) = (as, az, as).

Notice that the resulting metric is invariant under the involution to3 (extended to include
a < ), so we also have the integrals G; = 123(F;). These are not, of course, functionally
independent, but could be useful when considering the Poisson algebra with the involution to3.
In fact, G5 satisfies the simple relation

G3+F3:7H—e%.

The Poisson algebra for the general case seems to be quite complicated. Restricting the param-
eters introduces additional isometries. Setting any two of the parameters to zero reduces the
metric to a flat or constant curvature case. However,

1. Setting just a = 0, we have the isometry algebra (e, e3, h3), satisfying Euclidean relations.

2. Setting just 5 = 0, we have the isometry algebra (ej, ea, ha), satisfying Euclidean relations.
This case is related to that of @ = 0 by the action of the involution uo3.

3. Setting just v = 0, we have the isometry algebra (e1, h1, f1), satisfying the relations of s[(2).

4.1.1 The Poisson algebra of integrals when a = 0
Now we have

@ ai +—q3

B+ 43

Y= and Y =-20 + 27q§, (4.4a)

so we have lost the involutive symmetry (so no integrals G;), but gained additional Killing
vectors, with isometry algebra (e, e3, h3), satisfying the Euclidean relations

{61, 63} = 0, {61, h3} = —263, {63, h3} = 261. (4.4b)

If we define K1 = e1, Ko = e3, K3 = hs, then {Kj, F}} are easily determined, requiring only

the introduction of one additional element Fy = eghy — 48 ng when calculating { Ko, F}} and
{K3s, F5}. The formula for F} is easily determined from Table 1, by considering {es, eafo} =
—eghy. The cubic expressions {F;, F; } can all be written in terms of our linear and quadratic
functions. The full set of Poisson relations is given in Table 3. Adding H, we have an 8-
dimensional algebra obeying constraints:

I =K}+ K+ F3—~H =0, I, = K\ Fy — 2K F + 2K3F5 = 0,

I3 = 4F] —8F|F3 + F? — 166yH* = 0. (4.5)
Remark 4.2. Notice that the first two expressions are related to Céhe) and Cihe) respectively
(see (2.3g)). We could, in fact, use Iy = 0 to eliminate F3 and just write a 6 x 6 table, but Fj
was an integral part of the definition of this case.
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Table 3. The Poisson algebra of first integrals when o« = 0.

K| |Ky| K3 F 2 F3 Fy
Ki|| 0] 0 |—2K,||—2F —2F3 0 0
K, 0| 2K, | —F4 0 0 —4F3
K3 0 0 Fy 0 —AF,
F 0 | —22K1Fy + K3F)) | —2(2K1Fy + Ko Fy) 8(K3Fy — KyI)
Fy 0 —4KF 202Ky Iy + 2K3F3 — K1 F))
F3 0 8Ky Iy
Fy 0

Table 4. The action of t13 on H and its integrals.
HE R R

) N E

1F ‘ Fy ‘ ze‘

Since H is invariant under the action of ¢13, the Poisson algebra has this symmetry. The
action of ¢13 is summarised in Table 4. Several of the entries in Table 3 are related through this
involution. We also have that the constraints (4.5) transform as

nuz: (I, I, I3) — (I, — I, I3).

4.1.2 The Poisson algebra of integrals when v = 0

When v = 0, the Hamiltonian H is invariant under the action of tcy (as is the 3-dimensional
isometry algebra). We define Ky = e1, Ko = hy, K3 = f1, with Fy, F», F3 given by (4.2). The
action of ¢y on Iy and F3 gives us two more quadratic elements, which close the algebra:

B+ a3 +a3)°
2
q;

4Bq1(ai + 45 + a3)

9 4
) Ha F5:f2_
43

Fy = fahs —

H. (4.6)

The action of t.y is summarised in Table 5. A consequence of this is that we can deduce the
entries for {Kj, Fy} and {Kj;, F5} (in Table 6) from those of {Kj;, F>} and {Kj, F3}. The entries
{F3, Fy} and {F», F5} are similarly related. Some of the longer entries are labelled P;; and listed
below.

The longer entries are given by

Py = 8K2(—F1 —2Cx + (204 + ,B)H), Py = —4(K2F4 + 2K3Fy + 4,BK3H),
P34 = —4(K2F2 — KlFl — QIBKIH), P35 = —8K2<F1 + 26H),

where Cx = K1 K3 + %KQQ is the Casimir function of the isometry algebra.
Adding H, we have a 9-dimensional algebra obeying the constraints:

I = KiF) + KoFy — 2K3F; — 28K H = 0,
Iy = K1 Fs + KoF, — 2K3F) + 48K3H = 0,
Is = F1Fy — F3Fy + 2Ko(K( F) + KoFy — 2K3F3) — 28HF, = 0,
Iy = FIFy — FoF5 + 2K (K F5 + KoFy — 2K3Fy) — 28HF, = 0.
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Table 5. The action of t.y on H and its integrals.
([ R [®[R]A[A [A] A5

il ESEa ) e R

—2F, ‘ 4F; ‘

1
1

Table 6. The Poisson algebra of first integrals when v = 0.

L0 3 S (N
Ki|| 0 |2K | —K2 || —2F> —2F3 0 —6F1 —8Ck +4(2a+ B)H | —4F,4
Ky 0 | 2K3 0 —2F5 —4Fs 2F, 4Fs
Ks 0 || —Fy |-3F —4Cx + 2(2a + B)H| —2F% o 0
2 0 S8(KsFs + BK1H) AR Fs A(K\Fs + 48KsH) | —4K2Fs
F> 0 —4K, F3 Poy Pss
F3 0 Psy Pss5
Fy 0 —8K3F5
Fs 0

Remark 4.3. Notice that the first two expressions are related to the Casimir 64(10)7 of the
algebra g(?) of Section 2.1. Under the action of Lef, they obey

(I, Iz, I3, 14) v (312,210, — 514, —213).

4.2 F; = erhs 4+ Y¥1(q1,92,93)H, G1 = e1hs + v¥2(q1,92,93) H

We again take the Hamiltonian (4.1), with first integral K = e;, and consider the chains of
functions generated by

Fi = e1hy +v¥1(q1, q2,93)H, Fy=i{Fi,e1} = erea + 3114, H, (4.7a)
Gi1=eths +¥o(q1, 42, 3)H,  Go=3{Gi,e1} = ere3 + 2124, H, (4.7b)

related through the involution tg3. The conditions {Fi, H} = 0 and {G1,H} = 0 give the
functions
1 a o

= 5 ¢1=—*q7 ¢2:—
Y7 ag + Bas + 2!

% (1.70)

so {Fy,e1} = —5H and {Ga,e1} = —gH. The integrals H, I, Fy, G1, G2 are functionally
independent.

Remark 4.4 (the Stéckel transform). Again, the Hamiltonian (4.1), but with ¢ given by (4.7¢)

can be regarded as the Stéckel transform of the Euclidean kinetic energy with potential V = ¢~ 1.

In the classification of [4], this example corresponds to a reduction of Vig}, given in [4, Section 5],
by equating (q1,¢2,¢3) = (2, 2,y) and (@, B,7) = (a1, a2, as).

This solution has a 3-dimensional isometry algebra
K| =eq, Ky = Bes — aeg, K3 = Bhy — ahg, (4.8a)
satisfying
{Ki,K2} =0, {Ki,K3}=-2Ks, {Ks K3} =2(a’+p%Ki, (4.8b)
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Table 7. The Poisson algebra of first integrals of (4.1), with (4.7c).

[[e[e]s] » [ = A [ o]
Ki| 0] 0 |-2K,||—-2F| iaH —2F, 0 0 0

K| | 0|20K(|2BK% 0 —46F; + 88K 1Ky adH —afH a(0Fy — 2BK3)

Ks 0 | Fs |Fy—2BK} 48K K3 —86F) — 4aFy | —46F, — 4BK 1Ky (A(BF+K1Ks)|  a(6F; — 2BK2K3)

Fy 0 | —2K\F;s 4K3Fs — 88K\ F) | —4K (K \Ky+fBFy)| 8K F) aKi(BFs — 2K>K3)
F 0 |4K}Ky—BK 1 Fy+KyF5) aBK H —20K H aKi(BFy — 2K3)

Iy 0 P3y Psp Psg

F, 0 —2aKoH  |4aKy(0(K? — Fs) — K32)
Fs5 0 26Ky (Fy+28F5—2BK%)
Fg 0

with Casimir

Ck = (o + B*) KT + K3. (4.8¢)
We then find that

aGy1 — F + K1 K3 =0, and aGy — BFy + K1 K9 = 0,

with the integrals H, K, Ko, K3, I} being functionally independent.
We can use (K1, Ky, K3, F1, F3) to generate a Poisson algebra. The action of K; on F; and
the Poisson bracket {Fy, F»} require the introduction of four more quadratic elements:
F3 =2Kshy — aK1hy — 2aq1(Bg2 — ags)H, Fy =2e3 K5 — o(Bg2 — ags)H,
Fs =€} — €5+ agH, Fs = Kahy + (Ba2 — ag3)*H,

satisfying the relations given in Table 7. In this table we have § = o + 82, @ = % and

P3y = 4K, (BFy — 20° K} — 6K3 + 2a°yH),
P35 = 8K (3Fy + BF5 — BKT) — 24K, Fy — 8aK3H,

4 4
P3g = —K3(BFy — 20K — 4K3 + 20°vH) + £K2F3.
o o
This 10-dimensional algebra (including H itself) is constrained by the following relations
I = K1 F5+4+2K3Fy — 4K F = 0, I, =2aK 1 Fg+ KoF5 — KsFy =0,

Is = aKsH + 4K F, — 2K 1 Fy = 0, Iy =8K 1Ky F5 — 8K%K2 +4F3Fy + aF3H =0,
Is = (20® + B?) K} + K5 — (o® + %) Fs — BFy — o®yH = 0.

5 Systems with K = h;

In the case K = hy, we consider the Hamiltonian (2.1) of the form

g2 q3
H=(q1,92,93) (P} + P35 + p3) = 1@ <q1’ q1> (p? +p5 +p3), (5.1)

which is the most general form commuting with h;. This is also generally invariant with re-
spect to the involution t.f, so we choose our functions F; to have this invariance, noting that
tef: (€2, ha, f2) = (=3 f2, ho, —2e€3).
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5.1 Fy = exha + ¥1(q1,92,93)H, F> = faoho + ¥2(q1,92,93)H,
F5 = h2 4+ ¢¥3(q1,92,93)H

With the Hamiltonian (5.1), with first integral K = h;, we consider functions of the form
Py =esho +1(q1,q2,93)H,  Fo = foho +v2(q1,q2,93) H,
Fy = h3 +¥3(q1, 42, 43) H,
and require the conditions {F;, H} = 0 to find
. BEVE +a
(ag3 + 8a3) V@i + @3 + vaad

Vo =2(q} + 63 + 43) 1, Y3 = —

wl::__7(2q%4—q§)4—2ﬁq1\/q%%—q%7 (5.2)
a3/ 4i + a3
41 (B + VWG + 43)
7
If we extend tcs to act on the parameters: (a, 3,7) — (o, 8, —7) then

(H,Fy, Fy, F3) — (H,—1Fy, —2Fy, F3).

Remark 5.1 (the Stéckel transform). Again, the Hamiltonian (5.1), with ¢ given by (5.2) can
be regarded as the Stiickel transform of the Euclidean kinetic energy with potential V = 1.
In the classification of [4], this example corresponds to a reduction of system iii, given in [4,

Section 7], by equating (q1, g2, q3) = (2,y,x) and («a, 8,7) = (as, a4, as).
The integrals H, K, Fi, Fy, F3 are functionally independent. The simpler Poisson relations
are
{F1, K} =2F,  {F),K}=-2F,  {F3K}=0,
{F,F>} =4K(28H — F3). (5.3)
Again, we can restrict the parameters to increase the algebra of isometries:
1. By setting @ = 0, we have the isometry algebra (es3, h1, f3), satisfying the relations of s[(2).
2. By setting 8 = 0, we just have the single isometry h;.

3. By setting v = 0, the metric reduces to that of Section 4.1 (with v = 0) so has the isometry
algebra (eq, hi, f1).

5.1.1 The Poisson algebra of integrals when o = 0

Now we have
oo BVt
BN @G + a3 +ya

with 1; as before, and gain additional Killing vectors, with isometry algebra (hq,es, f3).

If we define K; = hy, Ky = e3, K3 = f3, then {Kj, Fj} are easily determined, requiring only
the introduction of one additional element Fy = —hohy — 4q3y1 H, when calculating {Ks, Fb}
and { K3, F1}. The formula for Fy is easily determined from Table 1, by considering {es, foho} =
—hahy. The cubic expressions {F;, Fj} can all be written in terms of our linear and quadratic
functions. The full set of Poisson relations is given in Table 8. Since H is invariant under the
action of ., the Poisson algebra has this symmetry. The action of . is summarised in Table 9.
Several of the entries in Table 8 are related through this involution.

Adding H, we have an 8-dimensional algebra obeying the constraints:

I = K12 +2KoKs3+ F3—48H =0, I, =KFy —2KoFy +2K3F, = 0.

Remark 5.2. Both of these are Casimirs of the algebra, with the first extending the Casimir
of the isometry algebra and the second being related to CES) of (2.3¢c).
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Table 8. The Poisson algebra of first integrals when o = 0.

Ki| Ky | K3 Fy Fy F3 Fy
Ki|| 0 |-2Ks9| 2K3 || —2F; 2F, 0 0
Ko 0 |—2K1| O Fy 0 4F
K; 0 Fy 0 0 4F,
P 0 [4K,(28H — F3) | 2(KoFy — 2K, F) | 8K»(28H — Fy)
P 0 2KsFy + 2K\ Fy) | 8K3(28H — F)
Py 0 —8(KoFs + K3
Fy 0

Table 9. The action of t.y on H and its integrals.
H | K Ko K3 1] F s | Fy

Lef H —K1 —%Kg —2K2 —lFQ —2F1 F3 F4

6 Systems with K = hy
In the case K = hy, we consider the Hamiltonian (2.1) of the form

H = ¢(q1,92,93) (P} + p5 + p3) = ®(q1,43 + 43) (pT + p3 + p3), (6.1)

which is the most general form commuting with h4. This is also generally invariant with respect
to the involution to3, so we choose our functions F; to have this invariance.

6.1 F, = e} +1YP1(q1,q2,q3)H, F2 = e1ex + ¥2(q1, g2, q3) H,
F; = eies 4+ v¥3(q1,92,q93) H

With the Hamiltonian (6.1), with first integral K = h4, we consider functions of the form
Fi=ei+¢1(q,qe,q3)H, Fo=erea +¥a(q1,q2,93)H,
Fy = ere3 +93(q1, 42, g3) H,
and require the conditions {F;, H} = 0 to find
1
oG+ +a3)+Ba+v

Y1 = —aqi — Bqi, o = — <Oé(h + g) q2, gy = — (aq1 + g) q3,

H=¢(q1,9,q3)(p + p3 +p3) = (p? +p3 +1p3). (6.2)

which clearly transform as (H, F1, Fy, F3) — (H, F1, F3, F) under t23.

Remark 6.1 (the Stéckel transform). The Hamiltonian (6.2), can be regarded as the Stéckel
transform of the Euclidean kinetic energy with potential V = ¢~!. In the classification of [4],
this example corresponds to a reduction of Vg, given in [4, Section 5], by equating (q1, g2, q3) =

(l’,y,Z) and (Oé,ﬁ,’)/) = (a4>a17a5)'

This H has first order symmetries

K1 = hy, Ky = ahy + Pes, K3 = ahs + Bes, (6.3a)
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Table 10. The Poisson algebra of first integrals of (6.2).

K| Ky | Kjz 3 Fy F Fy Fy Fs
Ki|| 0 | -4K3| 4K 0 —4F3 4F, —8F5 |4(Fy — Fg)| 8F;
K, 0 |—a?Ki||4aFs | 20(Fy — Fy) + 382H 2a.F —daFy| —2aF3 0
K3 0 ||4aFy 2aF; 20(Fs — F1) + 3B*H| 0 —2aF, | —4aFy
I3 0 —KoH ~K3H 0 0 0
B 0 taK H ~K,H | —iKsH 0
F3 0 0 —3KyH | —KsH
Fy 0 oK H 0
Fy 0 oK H
Fs 0

Table 11. The action of 123 on H and its integrals.
H Ky | Ky | Ks ||y | Fy | Fy || Fy | F5 | Fg

1923 H —K1 Kg K2 F1 F3 F2 Fﬁ F5 F4

satisfying

{K, Ko} = —4K3, {K1, K3} = 4K, {K3, Ky} = o*Kj. (6.3b)
The action of K; on Fy and F3 introduces three new quadratic elements to our algebra:

Fy = 6% - aq%H, F5 = eses — aqoqsH, I = eg — aq%H, (6.3¢)

giving 9 first integrals, which satisfies the Poisson relations of Table 10. Adding H gives us
a 10-dimensional algebra obeying the constraints:

Il = OZKlFQ - 2K2F5 + 2K3F4 == 0, _[2 == OéKng - 2K2F6 + 2K3F5 == O,
I3 = 4aK Fy — B?K 1 H — 8KoF5 + 8K3F, = 0,
Iy =8F3Fy — 8FyF5 + K1 KoH = 0, Is = 8F3F5 — 82 Fy + K1 K3H = 0.

Remark 6.2. The first three of these are related to the Casimir C ihe) of (2.3g). The elements K;

and F} are built from the algebra g(¢) of Section 2.1. We also have a linear relation F| +Fy+Fg =
~vH, which could be used to eliminate Fg, but this would complicate Table 11.

The Hamiltonian (6.2) is invariant under the action of a3, as is this algebra (see Table 11).
Several of the entries of Table 10 (such as {Ks, Fo} and {K3, F3}) are related through this
involution.

7 Reductions of the system of Section 4.1
We now consider reductions of the Hamiltonian
%4

H= Pl +p5+D3),
aﬁ+ﬁﬁ+vﬁﬁ(l 2+ 3)
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associated with the restrictions of Sections 4.1.1 and 4.1.2. We adapt coordinates to the ap-
propriate invariant, rendering it as P3. The 2-dimensional reduction is then P3 = p, but we
keep the label P; so that we can later transform (in the 3-dimensional context) between these
reductions.

In this first section on reductions we give more detailed calculations. The same methods are
used in later sections, but we omit the details.

7.1 Reductions when o« =0

For the case with (4.4a) and isometry algebra (4.4b) we use respectively Ko = eg and K3 = hg
to reduce to 2 dimensions.

7.1.1 Reduction using the isometry Ko = e3

Our original coordinate system (q1, g2, q3) is already adapted to e3 = p3 = P3. Since {Fh,e3} =
{F3,es} =0, we can reduce these integrals in this case, with

@
H=—2__¢
B+W§(

2,.2
2
©Ds Frmehy— 20y m2-Lg g

B+a3’ a3 3

+p) +

still satisfying {H,e1} = 0, {Fy,e1} = 2F3, {F3,e1} = 0. The system (7.1) is just the Darboux—
Koenigs system of type Dy with the potential of “Type D” in [9].

By considering linear and quadratic conformal elements (in 3D) that Poisson commute
with e3, we can reduce the 10-dimensional conformal algebra to the required 6-dimensional
algebra. For example

e1, ez, ha, e1hy — eshs, h3 —4ei fi, and hi — 8ey fa,
give us the standard 6-dimensional subalgebra of conformal symmetries of 2D space:

Ty = py, 15 = po, T3 = q2p1 — q1p2, Ty = qip1 + q2p2,
Ts = (Q% — @3)p1 + 2q1g2p2, Ts = 2q1q2p1 + (q% - Q%)pz

Remark 7.1 (the reduction of quadratic elements). In the case of quadratic expressions we set
p3 = 0, with only the parts involving p%, p1P2, p% representing a quadratic conformal element of
the 2-dimensional kinetic energy. From the 3 linear and 3 quadratic expressions, we can deduce
6 linear elements. For example,

er = pi1, erh1 — eshg = —2p1(qip1 + qapa) — 213
give us 177 and Tj.

The functions Fy and F3 in (7.1) can be written in terms of these, with T} corresponding to
the single Killing vector:

B
@

Fy=—2TyT5 — 288 H,  Fy=T2- H,
a3
satisfying

(T, B2} = —2F;, {11, F3} =0, {FF}=4T (T + p* —vH).
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7.1.2 Reduction using the isometry K3 = hg

We adapt coordinates to hs:

Q1 =\/G+d, Q2 = q2, Q3 = —1% arctan <Z;> = h3 = P3, (7.2)
and
T (i)
P} + P} 7.3
which is just the Darboux—Koenigs system of type Dy with the potential of “Type B” (parame-
ter bg) in [9].

By considering linear and quadratic conformal elements (in 3D) that Poisson commute
with hs, we can reduce the 10-dimensional conformal algebra to the required 6-dimensional
algebra. For example

hi, €2, fa, €] +e€3, 4ff + f3, and 2e1hg + esha,
give us (setting P3 = 0) the standard conformal algebra for 2D space:

=P, Ty = Ps, T3 = Q2P — Q1 P, Ty = Q1P + Q2 P,
Ts = (Q — Q3) P1 +2Q1Q2 P, Ts = 2Q1Q2P1 + (Q3 — QF) Po.

Furthermore, since e; and e3 are first integrals, so is

nge%+e§:T12+P—?’2.
401
The other independent quadratic integral is F7, which, in these coordinates, takes the form
Q3 — Qi
Jy = —2T\Ts + P} —2(8 - Q1) H.

Q2

From the definition of the constraint I; in (4.5), the integral F3 = —K? — K2 +~vH = —Jo++vH,
8o is not independent.

Remark 7.2 (transformation of potentials). Notice that the change of coordinates (7.2) trans-
forms the Hamiltonian of (7.1) to that of (7.3), preserving the form of the 2-dimensional met-
ric Do, but changing the potential.

Remark 7.3 (reduction with 8 = 0). To get this reduction, we can apply the involution t93 to
the case o = 0.

7.2 Reductions when v =0
Now we have

2.2
72(12%‘ 5 and Y= —26(]1 a5
aqy + 843 QQ

90:

so still have the involutive symmetry to3 (extended to include a <» ). We have also gained
additional Killing vectors, giving us the isometry algebra g1 = (e1, h1, f1). We can therefore
reduce with respect to either h; or fi.
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7.2.1 Reduction using the isometry Ko = h;

We now want to reduce our Hamiltonian (4.1) to the submanifold h; = p. To do this, we choose
canonical coordinates Q);, P; so that hy = P3, which makes H independent of QJ3. It is easy to
see that

{‘h,hl} —0, {”,hl} =0, {-Llloggs,m} =1,
q3 qs3

so clearly we should choose Q3 = —% log g3 and then some convenient functions of z; = &

q3’
Zo = % for ()1, Q2. To obtain a diagonal metric on our reduced space we need the orthogonality

3 .
relation Y ¢70;Q10;Q2 = 0. We choose Q1 = g—;’ and Q2 = s(g—;, %)’ leading to
ig=1
z
((2% + 1)321 + z1228Z2)5(21,22) =0 = s(z1,22)=f (;) .
27 +1

With the point transformation

Q=1 Q2= Vi +as q%) Q3 = —3loggs, (7.4a)
a3 a2
we find
3 [ ey 0 IQ(1+@})
H=) §'PP, 7= 0 Q@O+ -3 |, (74D)
la+e) -l j0+a)

where § = a(l + Q%) + BQ3.

The resulting 2D system

By setting P; = pu, we can consider our Hamiltonian as 2-dimensional, with (upper index)
metric ¥/, given by the 2 x 2 diagonal matrix in (7.4b). However, since we wish to consider this
as an embedding into 3 dimensions, it is better to leave Ps in the formulae, remembering that
we can always set P3 = p if we wish to consider the 2-dimensional reduction. The quadratic
terms P; P3 are incorporated in the formulae by “completing the square”, writing the Hamiltonian
as one with electro-magnetic, vector potential:

2
H= Zgii(Pi — AiPs3)? + h(Q1,Q2) P3, (7.5)
i=1

where

AL @ .
2(1+Q3) 2.(1+Q3) ' AL+ Q)(a(1+Q7) + Q)

Since, for these particular A; we have {P; — A; P, PgA— Ao Ps} = (01 A2 — 2 A1)P3 = 0, we
may redefine the momenta (a gauge transformation) by P; = P; — A; Ps, so that (7.5) takes the

2 e A ~
form H = 3 §P? + h(Q1,Q2)Pi. To incorporate this into the canonical transformation, we
1=

1
must adjust Qs:

Q3= Q3+ M (Q1)+ Mo(Q2)  sothat  {Qs, P — 4;(Q;)P3} =0,



Generalised Darboux—Koenigs Metrics and 3-Dimensional Superintegrable Systems 17

2
leading to M = —% log (1 + Q%), My = i log (lf—é%), giving the point transformation (dropping
the hats):
7 2
q1 Vait+4q
Q=", Q=15 Qy=-flog(qf+¢+a)

q3 q2

In the original 3-dimensional setting we had the isometry algebra g1 = (e, h1, f1). Since
neither of e1, fi commute with A1, we cannot reduce these to the 2-dimensional setting. However,
since {e1 f1,h1} = 0, we can reduce this quadratic element, which takes the form

1 [1+Q3
Q2 1+Q%

Q1Q2P
1+ Q32

erfi=T¢ + <P1 + ) Q1 P3, Ty (1+ Q)P+ QuQ2P,),

) guPZQ

where T7 is a first order, first integral of the kinetic energy Hy =

2
1=
Adapting coordinates to T

By noting that

Q2 Q102 2
Nn=—— yp=log| ——+/1+Q
VI+ Q2 V1+Q2 2
satisfy {y1,71} = 0, {y2, 71 } = 1, we may choose (y1,y2+ B(y1)) as new coordinates, with B(y;)
chosen so that the resulting metric is diagonal. In this way we find

Q: (@@ +@)(+a))
u = y v = 10 )
it O? g Vit Qi+ Q3

in which coordinates 77 and H take the form

1 u?
Ty = py, H:<u2(1+u2)p3+1+u2p12;+

u?sech? v p2,
a + Bu?

4(1 + u2)
The final step is to put Hy into conformal form Hy = ¢(1) (p% —|—p%), in which case, the Laplace—

Beltrami operator takes a very simple form: Ly, = ¢(a,9)(92+£02), with no first order terms. As
a consequence, the coordinates u and v satisfy Lyu = Lo = 0. Solutions of these equations are

u = arctan(u), v =,
which, dropping bars, gives
.2
sin”(2u) 2 2,1 2.2
Ty = H = =+ sech 7.6
1 p?)v 2(a+6)+2(a_6) COS(2U) (pu+pv+ 4seC Upw)v ( )

which has the Dy kinetic energy, with potential (equivalent to the “bs” part of Case B in [9]).
We can see that hy commutes with the 6 functions

e1f1, eafa, e3fs, ha, hg, and hy,

which correspond to the 6-dimensional conformal algebra of our 2D kinetic energy Hp. In the
present coordinates, these take the form

11 = py, Ty = p, cosh vsinu + p, sinh v cos u, T3 = p, cosh v cosu — p, sinh v sinu,

Ty = py sinhvsinu + p, cosh v cos u, T5 = py sinh v cos u — p, cosh v sin u, Ts = pu.-
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We have seen that both J; = F} and Jo = e; fi commute with hy (in the 3D space), so can be
reduced to the 2-dimensional setting. We therefore have that

Ji = 213 + B(cos 2u — cosh 2v) sech? u H — % cos® usech® v p,

Jo=TF — itamh2 vp?,

commute with H.

7.2.2 Reduction using the isometry Kz = f3

We now want to reduce our Hamiltonian (4.1) to the submanifold f; = p, so choose canonical
coordinates );, P; so that fi = P3, which makes H independent of Q3. It is easy to see that we

2 2 2
. . +q3+
should choose Q3 = > and then some convenient functions of z; = £ and 2z, = ql(qliiqi”

q1
G +a3+a3 )
for )1 and Q2. To obtain a diagonal metric on our reduced space we need the orthogonality
3

relation Y ¢“0;,Q10;Q2 = 0, which leads us to
ij=1

5 2 2
3 +4q5 +
Q=25 @=0"27%5

41 793 T 43 03 q1
q V@ + a3

CE+ g+

and

— Q% 2 2 Q% 2 P32
"o <(Q1 PP G@ ey )

From the Casimir C = e f1 + %h%, of our isometry algebra, we obtain

PQ
C=T{+ 2, (7.7)
2

where T7 = Q2 P> corresponds to a Killing vector on the reduced space.

Adapting coordinates to T3
We have

{Q1, T} ={Q3,T1} =0 and {log(Q2), 11} =1,

so must build coordinates out of these, such that the kinetic energy Hj is transformed into
conformal form Ho = ¢(u)(p2 + p2). This is achieved by the choice

u = arctan(Q1), v = log(Q2), w= Q3 = T = py
and

sin?(2u)

B 2(a+ B) + 2(a — B) cos(2u) (pi + 1, + eizvp?v)’ (7.8)

which has the Dy kinetic energy, with potential (equivalent to the “a;” part of Case A in [9]).
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The 6-dimensional conformal algebra

We can identify 3 linear and 3 quadratic conformal elements in the 3D space, which commute
with f1, so can be reduced to the 2-dimensional setting:

e fi + 1hi, fo, f3, ha, eafo — 3h3, esfs + Shi,

leading to
T = po, Ty = e’ (sinupy, + cosupy), T3 = €’ (cos up, — sinupy),
Ty = pu, T5 = e Y(sinup, — cos upy), Ts = e~ (cosupy, + sinupy),

with T} being the sole isometry.

The Hamiltonian (7.8) has 2 independent quadratic integrals, derived from the Casimir (7.7)
and the former integral F5 (see (4.6)), which can be written in terms of the above conformal
elements:

J =T 4 e 2p2, Jo = AT? — 4Be* sec’ u H.

7.2.3 The relationship between these reductions

If we consider the h; reduction to have coordinates (@, v, @), then combining the transformations,
we obtain

u =1, v = 2w + log(cosh v), w = e?” tanh 7,

and the Hamiltonian (7.8) is transformed onto that of (7.6) (with bars). This transformation
preserves the form of the 2-dimensional kinetic energy, but changes the potential, thus relating
two of the potentials obtained in [9].

8 Reductions of the system of Section 4.2

We saw in Section 4.2 that the Hamiltonian

1
I — 22+ p2 4 pl
ags T Bas 7o P T2 RS)

admitted the 3-dimensional isometry algebra (4.8a), with Poisson relations (4.8b). In this section
we reduce this Hamiltonian to a 2D space in two different ways, using the isometries Ko and K3
respectively.

8.1 Reduction using the isometry K, = Be; — aes

We see that

{aga + Bas, Ko} = {q1, K2} =0 and {(];,Kz} =1,

and we need to choose new coordinates (Q1,Q2,Q3), such that Ky = P3 (so the new H is
independent of @)3) and H takes the form

H = 3(Q1, Q) (P} + P3) + V(Q1,Q2) P2,
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which can be achieved in stages as described in Section 7 or by the single canonical transformation
generated by

_ (ag2 + Bgz +7) 2 g2\% @ alag + Bgs +7)
S = (a2+62)% P1+ (Oé —1—5 ) Q1P2+ (,3 ,8(0[2+52) ) P3, (8.1)

which transforms the Hamiltonian to
Py

H —é7
(a2 +52)%Q

P+ P + (8.2)

1
:@(

so the entire Hamiltonian (not just the kinetic energy) has inherited the symmetry K; = (a2 +

ﬁQ)éPg, which is a result of the property {K1, Ko} = 0.

Since Pj is a first integral, we can reduce to the 2-dimensional space with P3 = pu. Again, we
can derive the 6-dimensional conformal algebra from our original 10-dimensional algebra (2.2),
by considering linear and quadratic conformal elements which commute with K5. The 3 linear
elements

aes + Pes, e1, ahg + Bhs give us T = Py, Ty = Py, T3 = QP — Q1 Py,
while the 3 quadratic elements

aKihy +h3Ka,  8(aes + Bes)(afs + Bfs) — (@ + BRI, 4(a® + B*erfi — K3,
factorise (when P3 = 0) to give the 3 remaining conformal elements:

Ti= Q1P+ Q2Ps,  T5=(QF — Q3) P +2Q1Q:2P,
Ts = 2Q1Q2P1 + (Q3 — QF) Po.

The 2-dimensional Hamiltonian (8.2) (with P3 = u) is the D; kinetic energy, with potential
(equivalent to the “bp” part of Case 1 in [10]).

8.1.1 The quadratic integrals

We consider the 2 functions (4.7a) and see that {Fy, K2} = 0, but {F}, K2} # 0. However, it is
easy to see that {(oz2 + 62)F1 — BKlKg,Kg} = {K1, K3} = 0. Noting that

(o + B%)Fy — BK1 K3 = aK1(ahy + Bhs) — sa(o® + 82) gt H,

1 1
and that ahe + Bhz — 2y (a2 + ,82) 675+ 2(a2 + ﬁ2) 2T3 (under the action of the transformation
generated by (8.1)) this integral reduces to

J1 = ToT5 — $Q3H = P(QaPy — Q1P,) — 1Q3H.

The function Fy is more straightforward and reduces to

Jo =TT — %H =PP - %H
In both these formulae, H is the full (8.2) (with potential) and {J;, H} = 0, for each 4, with

{J1, Py} = 4J5.
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8.2 Reduction using the isometry K3 = Bhy — ahg
We see that

{ag + Bgs, K3} = {qi +¢5 + 45, K3} =0  and
1 1 Ba—ags
——tan —— | K3, =1,
{2 o? + B2 <q1\/a2+52
and we again need to choose new coordinates (Q1,Q2,@Q3), such that Ko = P53 (so the new H is
independent of (Y3) and H takes the form

H = @(Q1,Q2)(P2+ P3) + V(Q1,Q2) P,

which can be achieved in stages as described in Section 7 or by the single canonical transformation
generated by

ag+Bas+7 (0 + B8%)qi + (Ba2 — ags)?

S = 1 1 1
(042 +62)§ (a2 +l82)§

P

1 1 Bg2—ags

+ ———tan — | P
2¢/a? + 32 <q1\/a2+52 7

which transforms the Hamiltonian to

1 P2

Q1 (a?+8%)Q1Q3’

so this Hamiltonian has not inherited the symmetry K7, but the kinetic energy has acquired the
symmetry P», which is the reduction of Kj to the 2D space, corresponding to the level set P3 = p.
Again, we can derive the 6-dimensional conformal algebra from our original 10-dimensional

algebra (2.2), by considering linear and quadratic conformal elements which commute with Ks.
The 3 linear elements

H=_—(P}+P;)+ 1 (8.3)

aey + Bes, hi, afo+Bf;  give us
T = Py, Ty = Q1P + Q2 P, Ts = (QF — Q3) P1 + 2Q1Q2 P,
while the 3 quadratic elements
4(P3+h3) +hi, KP4 (o + )KL 4(e® + B2) (B afs)’,
simplify (when P3 = 0) to give the 3 remaining conformal elements:
T = P, T3 = Q2P — Q1 P, Ts = 2Q1Q2P1 + (Q3 — QF) Po.
The 2-dimensional Hamiltonian (8.3) (with P3 = u) is the D; kinetic energy, with potential
(equivalent to the “b3” part of Case 1 in [10]).
8.3 The relationship between these reductions
For this section we change notation for the reduction of Section 8.1, writing the 3D coordinates

as (u,v,w):

) Jlu = pv(vpu - upv) - iUQHU7

1 2
Hy,=—(ps+p3) + Pu )
u 3

(a2 + 2)3u
v

J2u = PuPv — §Hu (84>
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Composing the two point transformations (u,v,w) — (q1,q2,q3) — (Q1,Q2, Q3), we obtain

u=Q1, U=Q2€OS (2va? + 52Qs),

w=———5Q2sin (2v/0? + 42Qs3) — 72

(0% + /32) B(a®+52)
Under the corresponding canonical transformation of the full 6-dimensional phase space, the
Hamiltonian H,, is transformed to Hg, given by (8.3). This means that it preserves the form
of the kinetic energy (associated with D;) and changes the “be” part of the potential of Case 1
in [10] to the “b3” part.
Any other integral F), is transformed to

Fo = FC(?O) + Fg) cos(kQ3) + FC(;) sin(kQs3), for some k.

In the full 6-dimensional phase space, {Hg, Fg} = 0 (noting that the P7 term in H, will interact

with Q3), but in the 2-dimensional reduction (with P3 = 1), we have {Hg, cho)} = 0.
Carrying this out for Jy,, Joy, we find

P2
= P - ) oy
2

The function J2, would lead to something nontrivial, but it would be quartic. However, we can
use the Casimir (4.8¢) of the original isometry algebra:

0
~1Q3H, Sy =0.

3
i+ P

We have thus found that the system (8.4) (together with combinations of its linear integrals)
can be transformed onto the system

2
CK:(a2+/32)%p?,+p12U:(oz +B)g<22+P )

P2
H P+ P 3 ,
@ Ql (P +F) + 4(a?+ B2)Q1Q3

Q1 P? 1
Rig = P(Q2P1 — Q1 P2) — m - ZQSHQ,

5
P2

Rog =P+ 3
Q=0T 2y )03

corresponding to two particular parametric reductions of the potential of Case 1 in [10].

9 Reductions of the system of Section 5.1

We now consider reductions of the Hamiltonian
_ BBV G+ 6
(g3 + BV @G + @ + v d3

We found that we had three cases, corresponding to &« = 0 or § = 0 or v = 0. However, v =0
is just the Hamiltonian discussed in Sections 4.1.2 and 7.2, so we are left with just the first
two. Our first example is the case with @ = 0, which has a 3-dimensional isometry algebra
and reduces to a Hamiltonian with Darboux—Koenigs metric D4. However, in Section 9.2, we
consider the case § = 0, which has only one linear integral hi, with the consequence that the
reduced metric has no Killing vectors at all. Nevertheless, the reduced Hamiltonian commutes
with a pair of functions, one quadratic and the other quartic, so is a maximally super-integrable
system which is outside the Darboux—Koenigs classification.

(p? + p3 + p3).
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9.1 The case when o =0

We now consider the Hamiltonian

o BVE+E
BVG + @3 +ya

which has the isometry algebra K1 = hy, Ko = e3, K3 = f3, satisfying

(p? + p3 +p3),

{K1, K3} = —2K>, {K1, K3} = 2K3, {K2, K3} = —2K.

We can therefore reduce with respect to either K7 or K3. Reduction with respect to Ky would
be equivalent to that with respect to K3 through the action of the involution ¢..

9.1.1 Reduction using the isometry K;

Since K1 = hy, we can again use the transformation (7.4a):
_a

Q1 Q2 = Vit d;

Q3 = —3 log gs,
g3 q2

this time giving

9 2
H= 9 (1+Q})° (P1 + 2(Q1P3 >

B1+@Q3) +1V/1+@QF 1+Q3)
2
2 Q2P3 Pg?
+ (1+Q3) <P2+2(1+Q%)> 00

Here we have already “completed the square” to give the vector potential

[ @ @
vt~ (- antan)

satisfying

{PI — A1P;, P, — Ay P3} = (01Aa — 02 A1) P = 0,

so we can use these to define new momenta (151,152), but must adjust the definition of @3 in
order to keep the transformation canonical:

{Q3+ Mi(Q1) + M2(Q2), P, — AiP3} =0 = Mi{(Q1) = Ay, M5 (Q2) = Ao,

leading to the point transformation

2 2
q1 9 t4q
legv Q2:\/?a Q;;:—ilog(q%-i—q%—i-q%)’

now giving

Q% 2\2 2 2\ p2 P32
H = 1 P, 1 P. —2 .
5u+@@+vaux<(+Q” e T g
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Since {KyK3, K1} = 0, this quantity defines a Killing vector for the 2-dimensional metric,
associated with this Hamiltonian:

2P2
K2K3 =2 <T12 — 4(1Q—2}_g2)> s Wlth TI — \/mPQ’
2

where T} is a first order, first integral of the 2D kinetic energy Hy.
We choose coordinates (u, v, w) so that Ty = p, and Hy = @(u) (p2 + p2):

Q1 = tanu, Q2 = sinh v, Q3 = w,
giving
sin® u

== m(pi +p12, + %SGChQ’UpZ}), (91)

which has the Dy kinetic energy, with potential (equivalent to the “b3” part of Case B in [9]).

The conformal algebra and quadratic integrals

We can see that K1 = hy commutes with the 6 functions

e3fs, eifi, eafa, ho, hz, and hy,

which correspond to the 6-dimensional conformal algebra of our 2D kinetic energy Hp. In the
present coordinates, these take the form

T = py, T5 = p, cosh v sin u + p,, sinh v cos u, T3 = p, cosh v cosu — p, sinh v sin u,

Ty = py, Ts = p, sinh v sinu + p,, cosh v cos u, Ts = py sinh v cos u — p, cosh v sin u.

The element T3 is an invariant of the kinetic energy, but the full expression for Ko K3 = e3f3 is
a quadratic integral for H:

J = %egfg = T12 — itanhQUp?U.

We also have that {F3, K1} = {Fy, K1} = 0 (see Table 8), but F3 = 4.J; — 43H + p2,, so is not
independent. However F} is independent and takes the form

Jo = Fy = —8TyTg + 2(483 cosu + (3 + cos 2u)) csc? usinh v H,
satisfying
{J1,Jo} = 16T T5Ty — 4(4 cosu + (3 + cos 2u)) cosh v esc2uT H

— 4sech v tanh v sinu Typ?,.

9.1.2 Reduction using the isometry K3 = f3

With K3 = f3, it is again possible to choose coordinates such that K3 = Ps3, and to set the
coefficient of P; P, to be zero:

2., 2. 9
q2 g1 + 495 +¢q
Q1= —, Q=1 —=2—2

b
7 V& +a

q3
G+ a3 +q3)

Q3:2(
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giving
i 2

e B(1+ Q%)ﬁlym <(1 +Q3)° P+ Q3P} + Zj:;,g) .
A further change of coordinates

Q1 = tanu, Qy = ¢, Qs = w,
gives

sin? 9 s 1 s s

] m(p“ e (9.2)

which has the Dy kinetic energy, with potential (equivalent to the “a;” part of Case A in [9]).

The conformal algebra and quadratic integrals

We can see that K3 = f3 commutes with the 6 functions
2esfs + hi, de1fi — h3, 8eafs — h3, ho, fi, and fo,

which correspond to the 6-dimensional conformal algebra of our 2D kinetic energy Hy. In the
present coordinates, these take the form

11 = pu, T5 = €’ (py sinu + py cosu), T35 = €’(py cosu — py sinu),

Ty = pu, T5 = e Y(pysinu — p, cosu), Ts = e (py cosu + py sinu).

The element T} is an invariant of the kinetic energy, but the full expression for 2K2 K3 — K7 =
2e3f3 + h? (the Casimir of the isometry algebra) is a quadratic integral for H:

Ji =3 (2K2K3 — K7) =T + 16~ *py,.

We also have that {Fs, K3} = {F3, K3} = 0 (see Table 8), but F3 = 4(J; — SH), so is not
independent. However Fj is independent and takes the form

Jo = Fy = —AT3Ty — (43 cosu + (3 + cos 2u)) csc? u e’ H.

9.1.3 The relationship between these reductions

If we consider the Kj reduction to have coordinates (u, v, w), then combining the transforma-
tions, we obtain

u=au, v = —2w + log(cosh ), w = %e% tanh o,
and the Hamiltonian (9.2) is transformed onto that of (9.1) (with bars). This transformation

preserves the form of the 2-dimensional kinetic energy, but changes the potential, thus relating
two of the potentials obtained in [9].



26 A.P. Fordy and Q. Huang

9.2 The case when 3 =0

We now consider the Hamiltonian

o BBV
AN GG + 45 + 10143

which has the single isometry K1 = hy. We therefore reduce with respect to this by making
an appropriate choice of coordinates @);, which would generally give “vector potential” terms,
which again turn out to be gauge equivalent to zero. We can again incorporate this gauge
transformation into the definition of (Y3, to obtain

(p} + p3 +p3). (9.3)

qz q3 1 2 2 2
= = bl = 771 + + 9
Ql T Q2 \/m Q3 4 0og (ql ds Q3)
giving
_ 0% @4 1)2P (@) )
aQ? +7Q3V/QF +1 1 4(Q3 +1)

The final transformation puts the kinetic energy into the form Hy = @(u, v)(p2 + p3):
Q1 = tanu, Q2 = sinh v, Q3 = w,
giving
sin? usinh? v

1
H = 2 4 p2 + = sech?v 2>. 9.4
asin® u + 7 cos u sinh? v <pu Py P (0.4)

The corresponding metric has no Killing vectors, so we cannot reduce further. However, we can
construct the 6-dimensional conformal algebra from the linear and quadratic invariants of h:

ha, h3, h4, e1f1, eafa, e3fs,

giving
T = py, T = sinwu sinh vp,, + cosu cosh vp,, T3 = cos u sinh vp,, — sin u cosh vp,,,
T4 = sinw cosh vp,, + coswu sinh vp,, Ts = cosu cosh vp, — sinwusinh vp,, Te = py.

We see from (5.3) that hy commutes with F3 and Fj Fb, which therefore give us a quadratic and
a quartic integral for H, which can be written in terms of the conformal algebra:

Jy = T} — ~ cot ucosecu H,
Jo = (2T1T5 — ~ycoshwv cosec? u(l + cos? u) H)2 — Tfpfv sech? v sin® u.

We thus find that the Hamiltonian (9.4) is maximally super-integrable, but that it falls out of the
Darboux—Koenigs classification, since it has no first order integral, together with one quadratic
and one quartic integral.

10 Reductions of the system of Section 6.1

We now consider the Hamiltonian
1
H = i+ 5 +p3),
T BT ) T B )
with symmetry algebra (K1, Ky, K3), defined by (6.3a).
We can therefore reduce with respect to either K7 or K5. Reduction with respect to K3
would be equivalent to that with respect to Ko through the action of the involution uo3.
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10.1 Reduction using the isometry K; = hy

To transform K7 = hy to P3 and to eliminate the P; P, term, we choose coordinates

/ q2
Ql = {41, QQ = Q% + QP%: Q3 - %ar(}tan <q3> )

giving
1 P
H = P+ P} + 23 ) 10.1
@i R g 1oy
Since { K3 + K3, K1} = 0, we use this to build an invariant of (10.1)
20Q1 + )2
K22 + K?? =4 <T12 + (6361622B)P32> s T1 = 2aQ P — (2&@1 + B)PQ,
2

is a first order integral of the kinetic energy.
The change of coordinates

ﬂ:a(Q%+Q%) + BQ1, 5=iarctanw

20 20002 W= Qs

1 1 a’p2
Ti = ps. H = dat + B?)p2 + 24 w .
L= o -+ <( 7 4ot + 62% 4(4ou + B2) cos? (2aw)

With the final step in the transformation,

/82
u:ln(u—i—), v = 4av, w = W,
4o
we obtain
16a2e™ P2
T =4 H= Pt
L= P, dae 4 dary — 52 (p“ TPt G cos? )’

which has the D3 kinetic energy, with potential (equivalent to the “b;” part of Case B in [9]).

10.1.1 The conformal algebra and quadratic integrals
We can see that K7 = hy commutes with the 6 functions
K24+ K3 e2+e2 f2+f2 e, hi, and fy,

which correspond to the 6-dimensional conformal algebra of our 2D kinetic energy Hy. In the
present coordinates, these take the form

Ti=p, Ty=c3" (pu Sing + py cos g) . Ty=e 3 (Pu cosg — pysin %) ,
T4 = Pu, T5 = e%u (pu Sil’l% — Py COS g) ) T6 = e%u (pu COS% + Do Sing) .

The element T3 is an invariant of the kinetic energy, but the full expression for K2 + Kg gives
a quadratic integral for H:

1 v
_r2 ., 2V 2
J1 =17 + 1 sech 5 P
We also have that {F}, K1} = 0 (see Table 10), giving us

Jo =T3 + (62 — 4o sin® g) H.
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10.2 Reduction using the isometry K, = ahs + Be,

To transform Ko = aho + Bes to P3 and to eliminate the P; Py term, we choose coordinates

1 2aq1 +
Qu=w,  Q:=1/agt+ag+ fa, Q3=—2arctan<w>,

« 20q

giving

H=

1 P2 40Q3+ 5 P}
2 2 1 2 2 T 2 2 /-
aQi+ Q5+ 4Q5 40Q5 + B

Since { K3 + K3 + O‘TQK%, K>} =0, we use this to build an invariant of (10.2)

(10.2)

a2 4042 2+4a 2+ 2
K§+K§+ZK12:4 T12+( Q1 @ ’B)Pg ,

4aQ3 + 32

where T} = 7”4%')?52(622131 —a@Q1 )

The change of coordinates,

is a first order integral of the kinetic energy.

1
ﬂ:aQ%%—Q%, v = — arctan ————, w = @3,
@

gives

1 1 p2_
T = Pu, H — 4 17 _|_ 2 2 + g + w )
L= Py U+ <( ot + 5)p 4ot + BQp” (4at + B?) cos? (2aD)

With the final step in the transformation,

/82
uzln(ﬁ—i—), v = 4awv, w = w,
4o
we obtain
16a2e™ P2
T =4 H = T Rt
S daet + 4oy — 52 (p“ TP 1502 cos? 5)

which has the Dj kinetic energy, with the same potential (equivalent to the “b;” part of Case B
in [9]).

11 Conclusions

The purpose of this paper was to extend the method developed in [6] from 2 to 3 degrees of
freedom. The original motivation for [6] was to understand Darboux—Koenigs super-integrable
systems, which are characterised as having ezxactly one first order integral and 2 second order
integrals. These are therefore associated with non-constant curvature metrics, which, in 2 di-
mensions, are necessarily conformally flat. The method of [6] exploited the conformal flatness
by building first integrals from conformal symmetries.

In the current paper we considered 3-dimensional conformally flat metrics and built integrals
from the corresponding conformal algebra (2.2). We initially assumed one first order integral K
and three quadratic ones F;, giving us five integrals in all. A further requirement was involutivity
of three of these and independence of them all, to give us a super-integrable system. These
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requirements are the obvious generalisation of the Darboux—Koenigs systems to 3 degrees of
freedom.

The classification of such systems is a difficult task. As can be seen in the examples, we could
start with a different collection of quadratic integrals to arrive at the same Hamiltonian (in
particular, for the cases with larger symmetry algebras). However, the structure of the conformal
algebra (2.2), with its involutive automorphisms, enabled us to limit the starting choice of Killing
vector to either ej, hy or hy, thus reducing the overall number of choices. We did not tackle
the classification problem, but presented a number of interesting, multi-parameter examples,
which, upon restriction, led to systems with a higher degree of symmetry, which were then
able to be reduced to 2 degrees of freedom. Almost all our examples, upon reduction, had one
linear and two quadratic first integrals, so were inevitably in the Darboux—Koenigs classification.
However, the third dimension is “remembered” through the addition of a potential function, all
of which were just special cases of those classified in [9, 10]. Furthermore, when there existed
two inequivalent symmetries (with respect to involutions of the system under study) we were
able to reduce in two different ways, leading to the introduction of two different potentials, and
the two potentials could be related through a transformation in the 3-dimensional space. This
means that the potentials in the classification of [9, 10] are not fully independent, if we allow
transformations which take us out of the 2-dimensional space.

We see from the results of Section 7, that different parameter restrictions of the 3-parameter
Hamiltonian with conformal factor (4.3) can reduce to different Darboux—Koenigs cases. This
means that the Hamiltonian (4.1), with ¢ given by (4.3), simultaneously contains both Darboux—
Koenigs cases Do and Dy. Furthermore, since there are only 4 metrics in the Darboux—Koenigs
classification, we inevitably arrive at the same metric, from two or more different 3-dimensional
metrics (see the examples of Sections 7.2 and 9.1).

Whilst most of our examples (before reduction) possessed a 3-dimensional isometry algebra,
the Hamiltonian (9.3) had only one first order integral, so the reduced metric had no Killing
vectors at all. Nevertheless, we were able to show that the reduced Hamiltonian was maximally
super-integrable, possessing quadratic and quartic integrals, thus falling out of the Darboux—
Koenigs class of metric.

This paper represents an important first step in our investigations into the use of the confor-
mal algebra to build higher order first integrals. Clearly we need a better understanding of the
underlying structure in order to tackle the important open problem of the classification of such
higher-dimensional superintegrable systems and their reductions.

Reducing from 3 to 2 dimensions, we acquired 1 parameter potentials. It is likely that if
we start from a 4-dimensional system, with a large enough isometry algebra, we could produce
a 2-parameter restriction of the potentials given in [9, 10]. Perhaps the full potential could be
recovered by going to high enough dimensions.
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