
Symmetry, Integrability and Geometry: Methods and Applications SIGMA 15 (2019), 081, 7 pages

A Note on the Derivatives of Isotropic Positive

Definite Functions on the Hilbert Sphere

Janin JÄGER
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Abstract. In this note we give a recursive formula for the derivatives of isotropic positive
definite functions on the Hilbert sphere. We then use it to prove a conjecture stated by
Trübner and Ziegel, which says that for a positive definite function on the Hilbert sphere
to be in C2`([0, π]), it is necessary and sufficient for its ∞-Schoenberg sequence to satisfy
∞∑

m=0
amm

` <∞.
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1 Introduction and main results

In the last five years there has been a tremendous number of publications stating new results
on positive definite functions on spheres, see for example [1, 5, 6, 8, 11, 14, 18, 20, 21]. Isotropic
positive definite functions are used in approximation theory, where they are often referred to
as spherical radial basis functions [2, 3, 4, 23] and are for example applied in geostatistics and
physiology [10, 15]. They are also of importance in statistics where they occur as correlation
functions of homogeneous random fields on spheres [16].

A function g : Sd × Sd → R is called positive definite on the d-dimensional sphere

Sd =
{
ξ ∈ Rd+1 : ‖ξ‖2 = 1

}
if it satisfies∑

ξ∈Ξ

∑
ζ∈Ξ

λξλζg(ξ, ζ) ≥ 0,

for any finite subset Ξ ⊂ Sd of distinct points on Sd and all λξ ∈ R. It is called strictly positive
definite if the above inequality is strict unless λξ = 0 for all ξ ∈ Ξ.

Further, a function g : Sd × Sd → R is called isotropic if there exists a univariate function
φ : [0, π]→ R for which

g(ξ, ζ) = φ(ρ(ξ, ζ)), ∀ ξ, ζ ∈ Sd,

where ρ(ξ, ζ) = arccos
(
ξT ζ

)
is the geodesic distance between ξ and ζ.

The class of isotropic positive definite function on spheres has received more attention during
the last years, even though the theory was in fact started by Schoenberg in 1942. He showed
in [19] that:

mailto:janin.jaeger@math.uni-giessen.de
https://doi.org/10.3842/SIGMA.2019.081


2 J. Jäger

Theorem 1 (Schoenberg, [19]). Every φ : [0, π] → R that is positive definite on Sd can be
represented as

φ(θ) =

∞∑
k=0

ak,d
Cλk (cos(θ))

Cλk (1)
, θ ∈ [0, π],

where ak,d ≥ 0, for all k, and
∞∑
k=0

ak,d < ∞, λ := (d − 1)/2, and the Cλk are the Gegenbauer

polynomials as defined in [12, formula (8.930)].

The sequence (ak,d)k∈N0 is referred to as a d-Schoenberg sequence. A criterion for the strict
positive definiteness of such functions was given by Chen et al. in [9].

A variety of 18 open problems on strictly and non-strictly positive definite spherical functions
has been posed in the supplement material of Gneiting’s article [11]. Some of the results on these
problems are described in [1, 8, 18, 20]. This note will provide some additional information to
the known solution of Problem 6.

Problem 6 was concerned with the smoothness properties of the members of the class of
positive definite functions on Sd. Trübner and Ziegel gave a solution to the problem in [20, 22]
and in the course of their proof stated an interesting connection between the existence of the
derivative of such a function at zero and the decay of its d-Schoenberg sequence. The result was
also described in the paper [13, Theorem 1] by Guinness and Fuentes.

Lemma 1 (Trübner and Ziegel, [20, Lemma 2.1a]). Let ` ≥ 1. Suppose φ is positive definite

on Sd with d-Schoenberg sequence (ak,d)k∈N0. Then, φ(2`)(0) exists if and only if
∞∑
k=0

ak,dk
2`

converges.

We show that a different connection holds for functions which are positive definite on all
spheres. This function class is equivalent to the class of functions positive definite on the
Hilbert sphere S∞. For these functions Schoenberg derived a simple representation in [19]. The
characterisation of strictly positive definite functions on S∞ was later completed by Menegatto
in [17].

Theorem 2 (Schoenberg, [19]). A function φ is positive definite on Sd for all d ≥ 1 if and only
if it has the form

φ(θ) =
∞∑
m=0

am(cos(θ))m,

where am ≥ 0, for all m ∈ N0, and
∞∑
m=0

am <∞.

The series (am)m∈N0 is referred to as an ∞-Schoenberg sequence. In this note, we will prove
the following theorem, which was shown to be true for ` ∈ {1, 2} in [20], and in the process
prove an interesting recursion formula for the derivatives of these positive definite functions.

Theorem 3. Let φ be positive definite on S∞ with ∞-Schoenberg sequence (am)m∈N0. Then

φ(2`)(0) exists if and only if
∞∑
m=0

amm
` converges.

The important difference between Lemma 1 and Theorem 3 is the decay property of the
Schoenberg sequence which is connected to the smoothness of the kernel. Theorem 3 is not
the limit of Lemma 1 when d → ∞. An explanation of the discrepancy between the cases Sd
and S∞ is possible using a probabilistic viewpoint. The positive definite functions are used there
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as covariance functions of stationary isotropic Gaussian processes on spheres. The behaviour
of these processes is governed by the decay of the Schoenberg sequences. Faster decay of the
sequence induces higher smoothness of the paths of the process.

As described in [7], processes on the Hilbert sphere have very different properties from those
on Euclidean spheres because the Hilbert sphere is not locally compact. Gaussian processes
on S∞ can be discontinuous and locally deterministic, for exact definitions and explanations
see [7] and the references therein. One might expect local determinism to be a sign of greater
smoothness, as for holomorphic functions in complex analysis, but it is the other way around.
The processes are extremely wild. Therefore even with similarly smooth covariance functions,
the process in S∞ is expected to have Schoenberg sequences with slower decay.

In [20] it was proven that Theorem 3 is equivalent to an interesting series relation introduced
as Conjecture 2.2. The conjecture contained a small typographical error in the sign of the
exponent of 22j , in the second part of the formula. We can now prove the corrected conjecture
which we state in the next lemma, and thereby prove Theorem 3.

Lemma 2. For ` > 1, there is a constant c(`) > 0 such that, as j →∞,

2−2j+1
j∑

n=1

(2n)2`

(
2j

j + n

)
∼ c(`)j`, 2−2j

j∑
n=1

(2n− 1)2`

(
2j − 1

j + n− 1

)
∼ c(`)j`.

In Section 2 we establish necessary preliminary results which allow us to prove Lemma 2.

2 Preliminaries

First we will introduce the following lemma which might prove helpful in other areas of the
discussion of positive definite functions on the Hilbert sphere.

Lemma 3. For φ(x) = cosj(x) and j > `,

φ(`)(x) =
∑

n1+n2=`,
0≤n2≤n1

(−1)n1bjn1,n2
cosj−n1+n2(x) sinn1−n2(x),

where the coefficients can be computed recursively by bj0,0 = 1,

bjn1,n2
= bjn1−1,n2

(j − (n1 − 1) + n2) + bjn1,n2−1(n1 − (n2 − 1)), 0 < n2 < n1,

bjn1,0
= bj`,0 = (j − (n1 − 1))bj`−1,0 =

j!

(j − `)!
,

and in the case of ` even bjn2,n2 = bj`/2,`/2 = bj`/2,`/2−1.

Proof. We prove the result by induction starting with ` = 1.
Let ` = 1 and j ∈ N>1. Then

φ′(x) = −j cosj−1(x) sin(x)

thereby bj1,0 = j. The step of the induction will be proven for odd values of ` and even values
of ` separately.

Let ` be even, show `→ `+ 1. We assume

φ(`)(x) =
∑

n1+n2=`,
n2<n1

(−1)n1bjn1,n2
cosj−n1+n2(x) sinn1−n2(x) + (−1)

`
2 bj`/2,`/2 cosj(x).
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Therefore for j > `+ 1

φ(`+1)(x) =
∑

n1+n2=`,
n2<n1−1

(−1)n1+1bjn1,n2
(j − n1 + n2) cosj−(n1+1)+n2(x) sin(n1+1)−n2(x)

+
∑

n1+n2=`,
0≤n2<n1−1

(−1)n1bjn1,n2
cosj−n1+n2+1(x)(n1 − n2) sinn1−(n2+1)(x)

+ (−1)`/2+1j bj`/2,`/2 cosj−1(x) sin(x)

=
∑

ñ1+ñ2=`+1,
ñ2<ñ1−2

(−1)ñ1bjñ1−1,ñ2
(j − (ñ1 − 1) + ñ2) cosj−ñ1+ñ2(x) sinñ1−ñ2(x)

+
∑

ñ1+ñ2=`+1,
0<ñ2<ñ1

(−1)ñ1bjñ1,ñ2−1 cosj−ñ1+ñ2(x)(ñ1 − (ñ2 − 1)) sinñ1−ñ2(x)

+ (−1)`/2+1j bj`/2,`/2 cosj−1(x) sin(x)

= (−1)`+1bj`,0 cosj−`−1(x) sin`+1(x)(j − `)

+
∑

ñ1+ñ2=`+1,
0<ñ2≤ñ1

(−1)ñ1bjñ1,ñ2
cosj−ñ1+ñ2(x) sinñ1−ñ2(x),

with bñ1,ñ2 as defined above.

Let ` be odd, show `→ `+ 1. We assume

φ(`)(x) =
∑

n1+n2=`,
n2<n1

(−1)n1bjn1,n2
cosj−n1+n2(x) sinn1−n2(x).

Therefore for j > `+ 1

φ(`+1)(x) =
∑

n1+n2=`,
0≤n2<n1

(−1)n1+1bjn1,n2
(j − n1 + n2) cosj−(n1+1)+n2(x) sin(n1+1)−n2(x)

+
∑

n1+n2=`,
0≤n2<n1

(−1)n1bjn1,n2
cosj−n1+(n2+1)(x)(n1 − n2) sinn1−(n2+1)(x)

=
∑

ñ1+ñ2=`+1,
0≤ñ2<ñ1−1

(−1)ñ1bjñ1−1,ñ2
(j − (ñ1 − 1) + ñ2) cosj−ñ1+ñ2(x) sinñ1−ñ2(x)

+
∑

ñ1+ñ2=`+1,
1≤ñ2<ñ1+1

(−1)ñ1bjñ1,ñ2−1 cosj−ñ1+ñ2(x)(ñ1 − (ñ2 − 1)) sinñ1−ñ2(x)

= bj`,0(j − `)(−1)`+1 cosj−`−1(x) sin`+1(x)

+
∑

ñ1+ñ2=`+1,
0<ñ2≤ñ1−1

(−1)ñ1bjñ1,ñ2
cosj−ñ1+ñ2(x) sinñ1−ñ2(x)

+ (−1)(`+1)/2bj(`+1)/2,(`+1)/2 cosj(x),

with bjñ1,ñ2
as defined above. �

Now the behaviour of the coefficients bjn1,n2 for j →∞ is described.
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Lemma 4. The coefficients bjn1,n2 satisfy

bjn1,n2
∼ cn1,n2j

n1 , for j →∞, for fixed n1, n2, (1)

where ∼ means the sequences are asymptotically equivalent. Here cn1,n2 are defined recursively
by c1,1 = 1, cn1,0 = 1 and for n1 > 1, 1 ≤ n2 < n1

cn1,n2 = cn1−1,n2 + (n1 − n2 + 1)cn1,n2−1

and cn1,n1 = cn1,n1−1.

Proof. We show this property by induction over the pairs (n1, n2). For all pairs of coefficients
(n1, 0) we have

bjn1,0
=

j!

(j − n1)!
∼ jn1 ,

further bj1,1 = bj1,0 = j ∼ j1.
We assume (1) holds for all combinations (n1, n2) with n1 ≤ n′ and n2 ≤ n1 and for all pairs

(n′ + 1, n2) up to a certain n2 ≤ n′′ < n′. Then

bjn′+1,n′′+1 = bjn′,n′′+1(j − n′ + n′′ + 1) + bjn′+1,n′′(n
′ + 1− n′′)

∼ cn′,n′′+1j
n′

(j − n′ + n′′ + 1) + cn′+1,n′′jn
′+1(n′ + 1− n′′)

∼
(
cn′,n′′+1 + cn′+1,n′′(n′ + 1− n′′)

)
jn

′+1

∼ cn′+1,n′′+1j
n′+1.

For the last choice of n′′ = n′ we find

bjn′+1,n′+1 = bjn′+1,n′ ∼ cn′+1,n′+1j
n′+1. �

3 Proof of Theorem 3

Proof of Lemma 2. We use the identities of the powers of cos from Gradshteyn and Ryzhik
[12, formulas (1.320.5) and (1.320.7)]

cos2j(x) =
1

22j

{
j−1∑
k=0

2

(
2j

k

)
cos(2(j − k)x) +

(
2j

j

)}
(2)

and

cos2j−1(x) =
1

22j−2

j−1∑
k=0

(
2j − 1

k

)
cos((2j − 2k − 1)x). (3)

Differentiating each side of the above equations 2`-times, using Lemma 3 for the left-hand side,
and evaluating the derivative at zero we find

b2j`,` =
1

22j

j−1∑
k=0

2

(
2j

k

)
(2(j − k))2`

and

b2j−1
`,` =

1

22j−2

j−1∑
k=0

(
2j − 1

k

)
(2j − 2k − 1)2`, for j > `.

The result now follows by applying (1) and rearranging of the coefficients. �
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Proof of Theorem 3. Let φ be positive definite on Sd for all d,

φ(θ) =
∞∑
j=0

aj,1 cos(jθ) =
∞∑
m=0

am cosm(θ), aj,1 ≥ 0.

Employing the Ziegel–Trübner result (Lemma 1), we know that φ2`(0) exists if and only if
∞∑
k=0

ak,1k
2` converges. The following relation between the Schoenberg sequences was proven,

also by Ziegel and Trübner (see [20, Proposition 5.1]):

a2n,1 =

∞∑
j=n

2−2j+1a2j

(
2j

j + n

)
, a2n−1,1 =

∞∑
j=n

2−2ja2j−1

(
2j − 1

j + n− 1

)
.

This yields

∞∑
n=0

an,1n
2` =

∞∑
n=0

a2n,1(2n)2` +
∞∑
n=1

a2n−1,1(2n− 1)2`

=

∞∑
n=0

∞∑
j=n

2−2j+1a2j

(
2j

j + n

)
(2n)2` +

∞∑
n=1

∞∑
j=n

2−2ja2j−1

(
2j − 1

j + n− 1

)
(2n− 1)2`.

This with an,1, am ≥ 0 for all m,n ∈ N0 and after application of Lemma 2, proves the theo-
rem. �
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[15] Jäger J., Klein A., Buhmann M., Skrandies W., Reconstruction of electroencephalographic data using radial
basis functions, Clinical Neurophysiology 127 (2016), 1978–1983.

[16] Lang A., Schwab C., Isotropic Gaussian random fields on the sphere: regularity, fast simulation and stochas-
tic partial differential equations, Ann. Appl. Probab. 25 (2015), 3047–3094, arXiv:1305.1170.

[17] Menegatto V.A., Strictly positive definite kernels on the Hilbert sphere, Appl. Anal. 55 (1994), 91–101.

[18] Nie Z., Ma C., Isotropic positive definite functions on spheres generated from those in Euclidean spaces,
Proc. Amer. Math. Soc. 147 (2019), 3047–3056.

[19] Schoenberg I.J., Positive definite functions on spheres, Duke Math. J. 9 (1942), 96–108.
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