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Abstract. In this short note we revisit the ‘shift-desingularization’ version of the [@, R] = 0
theorem for possibly singular symplectic quotients. We take as starting point an elegant
proof due to Szenes—Vergne of the quasi-polynomial behavior of the multiplicity as a function
of the tensor power of the prequantum line bundle. We use the Berline-Vergne index formula
and the stationary phase expansion to compute the quasi-polynomial, adapting an early
approach of Meinrenken.

Key words: symplectic geometry; Hamiltonian G-spaces; symplectic reduction; geometric
quantization; quasi-polynomials; stationary phase

2010 Mathematics Subject Classification: 53D20; 53D50

1 Introduction

Let (M,w) be a compact connected symplectic manifold equipped with an action of a compact
connected Lie group G by symplectomorphisms. Suppose that the action of G is Hamiltonian,
meaning that there is a G-equivariant map, the moment map,

pg: M — g7,
where g* is the dual of the Lie algebra g = Lie(G), satisfying the moment map condition
U Xpw = —d(pg, X),  Xeg. (L.1)

Let (L, VL) be a G-equivariant prequantum line bundle with connection on M, i.e., L is a G-

equivariant Hermitian line bundle with compatible connection V%, (VL)2 = —2miw and the
derivative of the G-action on L satisfies Kostant’s condition

£ — vk = 2mi(u,, X).

Choose a compatible almost complex structure J on M, i.e., w(Jw, Jv) = w(w,v) and w(w, Jv)
=: g(w,v) is a Riemannian metric. Let Dy denote the Dolbeault-Dirac operator twisted by
(L, VL), an elliptic differential operator acting on sections of the spinor bundle N1, M ® L.
The kernel of Dy carries an action of G, and the G-equivariant index is defined to be the
difference indexg(Dy) = ker(D§") —ker (D) of the kernel of Dy, on even/odd degree forms,
regarded as an element of the representation ring R(G).

The quantization-commutes-with-reduction theorem ([@, R] = 0 theorem) describes the mul-
tiplicity of the trivial representation in indexg(Dy) in terms of the symplectic quotient M9 :=
NEI(O) /G. When 0 is a regular value of g, M™¢ is an orbifold and the theorem states that
index (D)% equals the index of the twisted Dolbeault-Dirac operator DTL‘iﬂd on M4 The theo-
rem was first conjectured by Guillemin—Sternberg [3], and the general case (M, G both compact,
0 a regular value) was first proved by Meinrenken [8]. Different proofs of the [@, R] = 0 theorem
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were given by Tian-Zhang [15] and Paradan [11]. The theorem has since been extended in
various directions.

There are versions of the [Q, R] = 0 theorem when 0 is not necessarily a regular value, due
to Meinrenken—Sjamaar [10]; below we will give a precise statement of one of these results,
involving a partial shift desingularization, i.e., indexg(Dr)¢ is related to the index on the
symplectic quotient at a nearby weakly regular value. At the same time, we introduce some
notation that will be of use later on.

Fix a maximal torus 7" with Lie algebra t. Let A C t* be the (real) weight lattice. Given
A € A, the corresponding character T — U(1) is written ¢ — tr = e2mMNX) where t = X, X e t.
Let R C A be the set of roots. We also fix a closed positive Weyl chamber t,, which determines
a set of positive (resp. negative) roots R+. For each relatively open face o C 7, the stabilizer G¢
of points £ € ¢ under the coadjoint action, does not depend on &, and will be denoted G,. If
o1 C 02 then G4, D G4,. Note also that G, is connected and contains the maximal torus 7'
The Lie algebra g, decomposes into its semi-simple and central parts g, = [gs, §o] D 3. The
subspace 3% C t* is defined to be the annihilator of [gs, g5], or equivalently the fixed point set
of the coadjoint G, action. The face o is an open subset of 3%.

Let A = pug(M) Nt be the moment polytope. A well-known theorem in symplectic geometry
states that there is a unique face o C t of minimal dimension such that A C & (briefly, this
is a consequence of (1.1), which implies that djug has constant rank on the top dimensional G-
orbit type stratum, and the complement of the latter has codimension at least 2); o is called the
principal face or principal wall. The corresponding symplectic cross-section, called the principal
cross-section, ¥ = ,u;l(a) is a Hamiltonian G,-space. Moreover the semi-simple part [G,, G|
of G, acts trivially on Y. For further details, see for example [5] and references therein.

Let I C 3’ be the smallest affine subspace containing A. Let t; C t be the annihilator
of the subspace parallel to I, and let T = exp(t;) C T be the corresponding subtorus. By
equation (1.1), t; is the generic infinitesimal stabilizer of Y. In particular T7 acts trivially, hence
the quotient torus 7'/Ty acts on Y. The moment map ;g may have no non-trivial regular values.
But the restriction

pely: Y =1

viewed as a map with codomain I, always has non-trivial regular values, and we will refer to these
as weakly-regqular values. If § is a weakly-regular value, then the reduced space M¢ = u;l(f )/Go
is an orbifold. Let L¢ = L|u_1(£) /Go be the corresponding (orbifold) line bundle over M.

g

Theorem 1.1 ([10], see also [11, 13]). Let (M,w,pqy) be a compact connected Hamiltonian
G-space with moment polytope A. If 0 ¢ A then indexg(Dr)% = 0. Otherwise for every weakly-
reqular value & € A sufficiently close to 0, indexG(DL)G equals the index of the Dolbeault—Dirac
operator Drff on the reduced space Myg.

We will now describe the main result of this article and its relation to Theorem 1.1. Consider
tensor powers L¥ k € Z-g of the prequantum line bundle. For a dominant weight A, let
Xx € R(G) denote the character of the irreducible representation of G with highest weight .
We define the multiplicity function mg(k,\) by the expression

indeXG(DLk): Z mg(k,)\))()\. (1.2)
AeANt:

An important theme in the work of Szenes—Vergne [14] and also in our approach, is that the
function mg(k, \) has more coherent behavior than its restriction to any fixed value of k.

The statement of the result requires some further background on orbifolds, for which we refer
the reader to, for example, [2, Appendix A], [8, Section 2]. A small warning is that we will not
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require the action of isotropy groups in orbifold charts to be effective (this is in agreement with
the references [2, 8] mentioned above). One advantage of permitting this, is that for a locally
free action of a compact Lie group K on a manifold P, the corresponding orbifold P/K has
orbifold charts given automatically by the slice theorem, with the isotropy groups being simply
the isotropy groups for the action of K on P.

In fact all the orbifolds that we will encounter arise naturally as such quotients P/K, and one
could avoid mentioning orbifolds altogether by working instead with suitable K -basic structures
on P. An example is the description of characteristic forms for orbifold vector bundles, which can
be defined in terms of orbifold charts for P/K, or alternatively in terms of K-basic differential
forms on P. In brief, the latter approach goes as follows. One can take the complex (Qpas(P),d)
of K-basic differential forms on P as a working definition of the de Rham complex of P/K (if K
acts freely then P/K is a manifold and pullback of forms from P/K to P is an isomorphism
of complexes (Q(P/K),d) ~ (Qpas(P),d)). A K-equivariant vector bundle £ — P determines
an orbifold vector bundle E/K over P/K. Let 6 be a connection on P with curvature Fy. The
choice of connection determines a Cartan map (cf. [9]) from closed K-equivariant forms «(X)
on P to closed K-basic forms: «(X) — Carg(a) := Iyoca(Fp), where Ily,,, is the projection
onto the horizontal part relative to the connection. The Cartan map induces an isomorphism
from the K-equivariant cohomology of P to the cohomology of the complex of basic differential
forms on P. If o(X) is a K-equivariant characteristic form (constructed via the K-equivariant
analogue of the usual Chern—Weil construction cf. [1, 9]), then one may take Carg(a) € Qpas(P)
as the definition of the corresponding characteristic form for E/K.

Let £ € A be a weakly-regular value. By the moment map equation (1.1), the action of
K = T/Tr on the level set

P =€)

is locally free. The set Sp of elements g € T/T; such that P9 # & is finite. For each g € Sp,
we obtain an orbifold

Sg=PY)(T/T;), T=|] %,
geSp
Note that ¥y = P/(T/T7) = M identifies with the reduced space itself, and more generally ¥,
identifies with a symplectic quotient of Y9. For each g € Sp there is an immersion ¥, — X
induced by P9 — P. Let vs, 5 denote the (orbifold) normal bundle (the quotient vps p/(T/T7)),
which inherits a complex structure from the almost complex structures on Y, Y9. Define the
characteristic form

D(%(llzgyz) = det@(l — g;le_ﬁF”),

where g, denotes the action of g on the normal bundle (defined in terms of an orbifold chart,
or in terms of vpy p), and F, denotes the curvature. Taking the quotient of L|ps we obtain
(orbifold) line bundles

ng = (L|P9)/(T/TI)7 Ly = u ng.
geSp

There is a locally constant function
[ Eg —U (1)

giving the phase of the action of g on Ly, (or equivalently on L|ps). Let d: 3 — Z be the locally
constant function giving the size of a generic isotropy group for ¥ (or equivalently the number
of elements in the generic stabilizer for the T'/T7 action on LIPY).
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Let 6 be a connection for the locally free K = T'/Tr-action on Lges, P?. The curvature Fy
is horizontal and t/t;-valued, hence for any A € (t/t;)* = I, the form (), Fy) is K-basic, hence
descends to X. With the preparations above, we can state the main result of this note.

Theorem 1.2. If0 ¢ A then m(k,0) =0 for all k > 1. If 0 € A then there is a closed polytope
p C A of the same dimension as A and containing the origin such that the following is true.
Let Cy denote the cone

Cy, ={(t,tr) |t € (0,00), 7 € p} CR x t".

Fiz a weakly reqular value £ € A sufficiently close to 0 as in Theorem 1.1. Let P = ,ug_l(g) and
define ¥, Ly, etc. as above. Then for all (k,\) € (Zso x A) N Cy,

k Jh
(. A) = A/ 1gLChLE TA(S) om0
s, d t(vs, )

(1.3)
geESP

Of course this result is also originally due to Meinrenken-Sjamaar [10]. Theorem 1.1 fol-
lows immediately from Theorem 1.2 by applying Kawasaki’s index theorem for orbifolds to
index(DEegd) and comparing with the evaluation of (1.3) at (k, \) = (1,0).

Let us give a brief summary of our approach to deriving Theorem 1.2. Recall that a func-
tion f on a lattice I' in a real vector space V is said to be quasi-polynomial if there is a sub-
lattice IV with T'/T” finite and f restricts to a polynomial function on each coset of I'. More
generally, one says f is quasi-polynomial on a subset I'g C ' if f [ ['g = ¢ [ g for some
quasi-polynomial ¢g. A fundamental fact, originally derived from Theorem 1.1 by Meinrenken—
Sjamaar [10], is that mq is quasi-polynomial on the subset C, N (Zso x A). Our first goal,
in Section 2, is to give an independent proof of this fact, taking as a starting point a formula
for mg due to Szenes—Vergne [14] (inspired by work of Paradan [11]), which they obtained by
a combinatorial rearrangement of the fixed-point formula for the index.

Then in Section 3 we adapt an idea of Meinrenken [7] to compute the quasi-polynomial
mq | Cp using the Berline-Vergne index formula and the principle of stationary phase. The
output of the stationary phase formula is an asymptotic expansion for mg(k, k) in powers
of k (allowing coefficients that are periodic in k). As one knows in advance that mg(k, k) is
quasi-polynomial in k, one concludes that the expansion is exact, yielding Theorem 1.2.

The article of Meinrenken—Sjamaar [10] contains, besides Theorem 1.1, a wealth of detailed
information about singular reduction and [@, R] = 0. Our goal in this short note is much more
modest. We also do not make a great claim of originality, and in particular the debt to [14]
and [7] will be apparent. Part of our motivation stems from the hope that the article of Szenes—
Vergne [14], in combination with this note, will provide a more elementary treatment of the
[@Q, R] = 0 theorem than was previously available.

2 Quasi-polynomials and the multiplicity function

The goal of this section is Theorem 2.2 on the quasi-polynomial behavior of the multiplicity
function, which we prove using results of Szenes—Vergne [14] reviewed below.

The quotient g/t can be identified with the unique Ad(7T')-invariant complement to tin g. Let
t C b C g be a T-invariant subspace. We may similarly identify b/t and g/h with subspaces of g.
The choice of positive roots R determines a complex structure on g/t, whose +i-eigenspace is
identified with the direct sum of the positive root spaces:

0/~ B a-

aER 4+
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We obtain similar complex structures on g/bh, h/t, whose +i-eigenspaces are direct sums of

positive roots spaces. We will write det?c/ Y(a) (resp. detf:/ b(a), det?:/ “(a)) for the determinant of
a complex linear endomorphism a of g/t (resp. g/h, h/t). An example is the endomorphism Ady,

t € T (resp. ady, X € t); in this case we will simply write detg:/ ‘() instead of det%/ Y(Ady)

(resp. det%/t(X) instead of det%/t(adx)), the action of T' (resp. t) on g/t being understood. Then
for example if t = eX € T,

det'(1—t =] -t = J] (1—e2ieX),

O{GR+ QER+
det?'(-x) = ] —2nmifa, X).
a€ER

For A € ANt;, the Weyl character formula says that for t € T,
) - detd (1 -7 = 37 (~)lgetne, (2.1)
weWw

where W is the Weyl group, [(w) is the length of the element w € W, and p is the half sum
of the positive roots. The right-hand-side is an element of R(T') with multiplicity function m)
obtained by Fourier transform. Note that

e m) is anti-symmetric under the p-shifted action of the Weyl group:
ma(w(p + p) = p) = (=1)my ().

e The support of m/\|Ami is {\}, where it takes the value 1.

Conversely these two properties determine my: it is the unique W-anti-symmetric function
on A extending the multiplicity function of x). Applying these observations to the multiplicity
function m¢ defined in (1.2), we make the following definition.

Definition 2.1. Let m(k,—): A — Z be the unique p-shifted W-anti-symmetric function such
that m(k,\) = mq(k,\) for all A € ANt}. The corresponding character Q(k,—): T — C is
defined as the inverse Fourier transform:

Q(k,t) =Y m(k, Nt .

AEA
Using the Weyl character formula (2.1) and the definition of mg, it is easy to verify that
Q(k,t) = > mk, Nt = indexp(Dpe)(1) - det¥ (1 — 7).
AEA

We define

[t =PI © fig

to be the composition of the moment map pg with the projection to t*. Then p is a moment
map for the action of T on M. Suppose t € T is sufficiently generic, so that M* = M. The
Atiyah—Bott—Segal formula for the index yields

= kprp M /1 41
Q(k,t)_FCzA:ﬂt ] /F B (r) det?/'(1 - 1), (2.2)
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where the sum is over connected components F of M7, and pur denotes the constant value of
the moment map p on F. The multiplicity m is obtained by Fourier transform of (2.2).

Key to the approach in [14] is a different expression for m(k, \) that we briefly describe here.
The formula depends on the choice of an invariant inner product on g, as well as a generic point
contained in t and sufficiently close to 0 (see [14, Section 4.1] for the meaning of ‘generic’ here).
Using the inner product we identify t ~ t*. We need some additional notation:

e Let Compy (M) denote the set of connected components of M as H ranges over all
(connected) sub-tori of 7.

e For C € Compp(M), let t¢ C t be its generic infinitesimal stabilizer. Let Ao be the
smallest affine subspace containing the image u(C). In particular Aps is the smallest
affine subspace containing p(M). Note that A¢ is a translate of the annihilator of tc.

e Let vo € A be the orthogonal projection of v onto A¢, and let 70 = y¢ — 7.

The Szenes—Vergne-Paradan formula [14, equation (39)] (see also [14, Proposition 41, Theo-
rem 48]) is a sum of contributions:

m = ch, (2.3)
C

where C' ranges over components C' € Compp(M) such that yo € pg(C). Szenes—Vergne
derive this formula directly from (2.2) using an interesting combinatorial rearrangement, the
main ingredient of which is a decomposition formula for Kostant-type partition functions. The
formula is inspired by, and closely related to, the work of Paradan [11]. The fact that only
a subset of the components in Comps (M) contribute is non-trivial and quite important for
[Q,R] = 0. The proof given by Szenes—Vergne involves studying the asymptotic behavior of
the m¢’s using the Berline—Vergne formula and the principle of stationary phase. It goes back
to results of Paradan [11], who proved a closely related result using transversally elliptic symbols
and K-theoretic methods. Note that Szenes—Vergne assume for simplicity that M7 consists of
isolated fixed points, but it is not difficult to handle the general case with the same methods;
see for example [6, Section 7] for some indications of how this can be done.

For the proof of Theorem 2.2 we do not need the precise definition of the terms m¢ in (2.3),
but we will need the following two crucial properties:

1. The function m¢ restricts to a quasi-polynomial on each A-translate of the set (ZxA)NAc¢,
where

Ac ={(t,tT)[t € Rso, T € Ac} CR x t".

2. Let wt(vc) denote the list of complex weights (for the compatible almost complex struc-
ture J) for the t¢ action on the normal bundle ve. If A € A is in the support of mg(k, —)
then A satisfies the inequality

<TC7)\> > ]{7<7-0770> + <7'C»0’C>a ocC = Z o — Z . (24)
sewt(ve) a€ER ¢
(rc,6)>0 (tcha)>0

See the proof of [14, Theorem 49]. Note that, except for the special case 7 = 0, (2.4) de-
fines a half-space in t*.

We will refer to these two properties as ‘property (a)’, ‘property (b)’ in the proof of the next
result. Theorem 2.2 is a strengthening of [14, Theorem 49] (which says that the function k —
m(k,0) is quasi-polynomial), and our arguments are based on their elegant approach.
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Theorem 2.2 ([10], see also [11, 12, 13]). If 0 ¢ A then m(k,0) =0 for all k > 1. If0 € A
then there is a closed polytope p C A of the same dimension as A and containing the origin such
that m(k, \) is quasi-polynomial on the set of integral points (Z x A) N Cy contained in the cone

Cy, ={(t,tr) |t € (0,00), T € p} C R x t".

Proof. The strategy is based on choosing a suitable v € t} and then analyzing the supports
of the contributions m¢ to m in the corresponding Szenes—Vergne—Paradan formula (2.3) using
property (b). The contribution m¢ appears in (2.3) only if y¢ € pg(M)Nt* = W-A C W-I (recall
by definition I is the smallest affine subspace containing A). Because 7y is chosen generically, the
only C' € Compp (M) which may contribute to (2.3) are those such that the affine subspace A¢
is entirely contained in I or one of its Weyl reflections, and throughout the proof we assume this
is the case.

Suppose 0 € A. We argue that by a suitable choice of v, one can arrange that for all but one
of the contributions, (i) (7¢,v¢) > 0 with equality if and only if 0 € A¢, (ii) (1¢,v¢) > (7o, V1),
where 77 is the orthogonal projection of v onto I, and (iii) (7¢,0¢) > 0. The one special
contribution is denoted m¢, below and corresponds to the subspace Ac, = I. By property (b),
(i) and (iii) imply that for C' # C7, the support of mc(k, —) lies outside kH¢o where Hc is the
half-space

Ho = {¢|{7¢,&) < {1¢,v0)}-

Let p be the intersection of I with all of the half-spaces H¢ for C' # Cj. By (ii), the relative
interior of p, viewed as a polytope in I, contains the point =7, hence in particular is non-empty.
By construction m [ Cy, = mg, | Cy. Then property (a) implies that mc, is quasi-polynomial
on Cy, hence the result.

We claim that one can ensure (i) holds for all C' by choosing v € t sufficiently close to 0.
Indeed let A% be the subspace parallel to A¢, and let ac € Ac be the nearest point in A¢
to 0. Then vo —ac € AOC while 7o, ac are both orthogonal to A%, hence (r¢,7c — ac) =
0 = (ac,vc — ac). These imply (7¢,v¢c) = |lac||? — {ac,7). If 0 € Ac then ac = 0 and this
vanishes. Otherwise we can ensure (7¢,7yc) > 0 by choosing ||v|| < |lac||. Since only finitely
many C' occur, we can choose 7 such that this holds for all C' with 0 ¢ Ac. We now turn to
verifying (ii), (iii), and also handle the case 0 ¢ A along the way.

Suppose y¢ € pg(C), so that m¢c indeed appears in (2.3). If « € R4 and (7¢, ) > 0, then
since v € 7} it follows that (yc,a) > 0. It is a consequence of the cross-section theorem (cf. [5])
that af¢, appears in the list of weights wt(v¢c). Hence

oc = Z J, (2.5)
(SEWt(Vc)flR:‘_c
(r¢,6)>0

where RS denotes the set of positive roots « such that (7¢,a) > 0, and wt(re) — RIS denotes
the list of weights on v¢ with one copy of af, removed for each o € R4 satisfying (7¢, ) > 0.
Hence

<Tc,Uc> >0 (2.6)

and the inequality is strict if at least one weight é contributes in (2.5).

If 0 ¢ A then, choosing v sufficiently close to 0, we can ensure that for each C' such that
0 € Ac we have yo ¢ pg(M) (a fortiori yo ¢ pg(C)), hence me does not appear in (2.3) at all.
On the other hand, by (i), (2.6) and property (b), if 0 ¢ A¢ then me(k,0) = 0 for all £ > 1.
We conclude that if 0 ¢ A then m(k,0) =0 for all £ > 1.
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We turn to the case 0 € A C I. In this case we may choose « such that it is simultaneously
close to 0 and arbitrarily close to vy, the orthogonal projection of v onto 1. Since ¢ = vyo — 7,
(1) < {10,7c) with equality if and only if y¢ = 7. By taking v sufficiently close to I, one
can ensure that (7, vr) < (7¢,v¢) with equality if and only if yo = ;.

We first consider contributions from components C' € Compy (M) such that yo ¢ t. In this
case there exists a negative root o € R_ such that (yo,a) > 0. It follows from the cross-section
theorem that oy, € wt(v¢). Since v € t, (v,a) < 0 and so

(tc,a) = (yo,a) — (v, ) > 0.

As a ¢ R4, we see that 0 = « indeed contributes in (2.5), hence (7¢,0¢) > 0. Moreover since
Yo & €, yo # 1, hence (1¢,vr) < (¢, 7c). This establishes (ii), (iii) for this case.

We are left to consider contributions from C' € Compy (M) such that yo € A = pg(M) Nt
Let Areg C A be the relatively open dense subset of weakly regular values. The connected
components of A, are relatively open polytopes inside the subspace I. Choose a connected
component a C Ay containing 0 in its closure. We may choose v € % such that the orthogonal
projection ~; onto I lies in a. The fibre u;l(’y]) is connected and contained in M77, hence
there is a unique connected component C; C M'! containing ug_l(w). Then Ac, = I and by
property (a), mc, is quasi-polynomial on the set of integral points in Ac = {(¢,t7) [t >0, 7 €
I} O Cy.

The final situation to consider consists of the contributions from C' € Compy (M) such that
Yo € A\ Apeg. In particular yo # 77 hence

(roy 1) < (rey70) 2.7)

establishing (ii) for this case. Let o be the face of 7 containing yc. The subset

U=G,-|J

TOO

where the union is taken over relatively open faces of t} whose closure contains o, is a slice
for the coadjoint G,-action. Let ¥ = g L(U) be the corresponding symplectic cross-section,
cf. [5, Remark 3.7, Theorem 3.8]. Consider the function f = (r¢,u)|ly: Y — R, for which
CNY C Y™ = Crit(f) is a critical submanifold. Note that f|cny = (7¢,7c). A result from
symplectic geometry says that in a suitable tubular neighborhood of C'NY’, the function f takes
the form

f(z1,0 005 20) = (T0,7¢) — WZ 2% (7, 65), (2.8)

J

where §; € wt(venyyy), (1c,0;) # 0, z; is a vector in the subbundle of vcnyy where to acts
with weight 0;, and |z;| denotes its norm with respect to a suitable Hermitian structure.

Let S be the line segment with endpoints 77 and y¢. By convexity S C A. The inverse image
Ky 1(S) C Y is connected since pz has connected fibres. By (2.7), along the line segment S,
[ varies between its absolute minimum (7¢,~7) on the fibre 7' (v7) and its absolute maximum
(Tcy7c) on the fibre g L(y¢). By connectedness of ,u;l(S ) and equation (2.8), there must exist
a d; such that (7¢,d;) > 0.

By the cross-section theorem vy, ar|cny =~ (CNY’) x g#c, where the orthogonal complement g#c
is embedded in TM|cny as the orbit directions. The weights R’® which are removed in (2.5)
can be identified with the weights of the tc-action on vy ar|cny. With this understanding we
have wt(vony,y) C wt(ve) — RIS, Thus §; indeed contributes to (2.5), establishing (iii) for this
case. This completes the proof. |
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Corollary 2.3. Suppose 0 € A and let p C A be as in Theorem 2.2. If € € p is rational and
ng € Zq is the least positive integer such that ne§ € A, then the function

fer ne-Zso — Z, fe(k) = m(k, k§)

is quasi-polynomial. Moreover m [ Cy is the unique quasi-polynomial function such that m(k, k§)
= fe(k) for all rational, weakly regular values & in the relative interior of p.

Remark 2.4. A suitable finite collection of the functions f¢ already fully determines m [ Cj.

3 Stationary phase calculation

Assume 0 € A and let p C A be as in Theorem 2.2, so that m | C, is quasi-polynomial. By
Corollary 2.3, m | Cy is completely determined by the collection of quasi-polynomial functions
fe(k) = m(k, k&), for £ ranging over rational, weakly regular values of yy lying in the relative
interior of p. In this section we use the Berline-Vergne index formula and the stationary phase
expansion to compute the functions f¢, and hence also m | C,. The end result will be the
formula (1.3) in Theorem 1.2.

Let t € T. By the Berline-Vergne formula, for X € t sufficiently small one has Q(k‘, teX ) =
Q+(k, X)) where

det¥ (1 -t~ X), (3.1)

th eklwt2min. X)) (M, 22 X))
Qulk, X) = / : S
Mt D(C(VMt,M7TX)

and Td(Mt, ZT”X ), D(tc (VMt7 M ZT”X ) denote equivariant extensions of the usual Chern-Weil
forms, closed with respect to the differential d + 27ic(Xys), obtained by replacing curvatures
with equivariant curvatures (evaluated at 2*X) in the usual formulas (cf. [1] for details, although
note that we are using the topologist’s convention for characteristic classes).

Let B, denote the ball of radius r > 0 around the origin in g/t. Let j,/; denote the composi-
tion of p1g with the quotient map g — g/t. Let g C g denote the fixed-point set of Ad;. Then B!
is a neighborhood of 0 in g'/t. Recall g'/t, g/g' are equipped with complex structures such
that their +i-eigenspaces are identified with sums of positive root spaces. Equip g/t with the
orientation induced by the complex structure, and let 74 /(X) be a T-equivariant Thom form
with support contained in B, closed for the differential d — t(X ;). Consider the T-equivariant
differential form on g’/t (closed for the differential d + 2mit(Xy ¢)) given by

Cht (b, 22X) = dett/™ (1 — +~1e=¥ ) et (1 - e_X> ron(22X)
' C C X gt /t\g )

The map fg,; restricts to a map M* — g'/t, which we use to pull back the form Ch’(b, 2*X).

Lemma 3.1.

Ch*(b, £ X). (3.2)

tlzek(w+27ri(u7X))Td (Mt, QJX)
@k x)= [ t o
uo A(BY) Dt (vareur FX)

Proof. The pullback of 74t /((X) to 0 € g*/t is the equivariant Euler class, which (since 0 is just
a point) is the function

[ —(e.X)= det®/! (52 X),

t
g
a€RY
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where Rg: C R, is a set of positive roots for gt. Note also that ¢ acts trivially on g'/t, since g’
is the fixed point subspace under the adjoint action. It follows that the pullback of Cht(b7 QT”X )
to 0 € g'/t is the function det%/t(l —t~'e™). Since pullback to {0} = (g'/t)7 is injective on
equivariant cohomology classes, Cht(b, QT”X ), det%/ t(1 —t7le=X ) determine the same class in

T-equivariant cohomology of g'/t. As M is compact, we may make this replacement in (3.1)
without changing the value of the integral. |

Remark 3.2. The reason for the notation is that Cht(b, ZT“X ) is a representative for the t-
twisted Chern character of a Bott element b € K2(g/t), which generates the latter as an R(T) =
K9 (pt)-module. To be more precise, b is the generator whose pullback to 0 € g/t is [A®n_] —
[A°ddn_] € K2(pt), n_ being the direct sum of the negative root spaces.

Since T is compact, there exists a finite set S C T and an open cover {U;|t € S} of T
where U, is a small open ball around ¢ in 7" such that Q(k:,teX) = Qi(k, X) for teX € Uj.
Let o4, t € S be bump functions on t such that {f,o; |t € S} is a partition of unity subordinate
to the cover, where ¢ is the map

t: t—T, X s te™
which we may assume restricts to a diffeomorphism of a small ball around 0 € t onto U;. By
equations (3.1) and (3.2)

Q=" t(01Qr).

tesS
The multiplicity function m is the Fourier transform of Q:
m(k,A) =" / ol(X Qulk, X).
tesS

To do the stationary phase calculation (for k& — oo) following the approach outlined at the
beginning of this section, we now set A = k& where £ € (A ® Q) Np is a rational, weakly regular
value of g contained in the relative interior of p C A as in Corollary 2.3, k € n¢Z~o and ng¢ is
the least positive integer such that ne§ € A. Thus

thTd(M?, 2r X .
m(k, k&) = Zt kf/dXU )/ IZ ( ’ éﬂ' ) Cht(b, 2T7rX)ek(w+27r1<N*€,X>).(3_3)
ug A(BY) D (varar, FX)

Let f(m,X) = (u(m) — & X) viewed as a real-valued function on p_j(B.) x t. According
g/t\or
to the principle of stationary phase, we can include a bump function supported in a small
neighborhood of the critical set of f in the integrand of (3.3), and the error will be o(k~°°). The
derivative

d(m,xo) f = (dmpt, Xo) + (u(m) — &, dx, X)

and in particular Crit(f) C p~(¢) x t. Let x be the pullback by i of a bump function in t*
supported in a small neighborhood of £. Thus

m(k, k&) ~ Zt—ké /ant X)

k t 2m
o L) o, 2 )k, 3.4
L(81) " Db (vare ar, 2 X)

Byt

where ~ denotes equality modulo an o(k~°) error.
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Let Y = ug_l(a) be the cross-section for the principal face. By the cross-section theorem,
a neighborhood N of Y in M is Gs-equivariantly diffeomorphic to

Y x g/g0,

where g/g, ~ g+ is embedded in the orbit directions. Since p~1(£) N ,ug_l(t*) =pg'(§) CY, by
taking r and supp(y) sufficiently small, we can assume that supp(x) N ,u;/lt(B,«) is contained in
a small neighborhood of 5! (€) where the local model Y x g/g is valid, and so we may replace
ug_/lt (BE) with N* in equation (3.4). In the next lemma we use the Thom form to integrate over

the (g/g,)¢ directions.

Lemma 3.3.

i,k ~ Yo [aXon(x)
teS ¢
thTd(Y?, 22X .
y X Lt ( i )ek(w+2m<u—£,X>)det%a/t(1 —t‘le_X). (3.5)
vyt D(C (I/yt7y, TX)

Proof. The neighborhood N of Y in M! is T-equivariantly diffeomorphic to

Y x (g/g0)  =Y" x g'/db,

where gt = (g,)! is the subspace of g, fixed by t. Moreover the almost complex structure
on N! is homotopic to a product almost complex structure, where Y is equipped with an
almost complex structure compatible with the symplectic form in the cross-section, and g/g’
is equipped with the almost complex structure whose +i-eigenspace is identified with a sum of
positive root spaces. Let

p: Nt = Y?
denote the projection. For the normal bundle

Unmtm|nt = Pyt y @ (9/80)/(8/95)" = pryty © g/ (gt + gg),

and again the almost complex structure is homotopic to a product one, using a compatible almost
complex structure on the symplectic vector bundle vy+y, and an almost complex structure
on g/ (glt + gg) whose +i-eigenspace is identified with a sum of positive root spaces. Using the
identifications above we obtain, up to equivariantly exact forms:

1—e X

Db (vareass ZX) e = Dl (vyye, Z2X ) det® 07789 (1 — 41X

Td(M!, 22X) |y = Td(Y", 22X ) detd /% (X) , (3.6)

Since Y*! C ug_l(t*), the pullback of the equivariant Thom form 74 /(X) to Y* is just the
function

det?/ (LX) = det?/% (L1 X )det®/ (oL X).

t /ot .
We recognize det((g: /8 (ﬁX ) as the equivariant Euler class of the trivial bundle Y x g*/gt . Thus
up to an equivariantly exact form, we have

t .
T (X)) = 7p(X)det®/ (4 X)), (3.7)

where 7,(X) is an equivariant Thom form for the vector bundle p: N* =Y x g'/gl. — Y.
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We next want to make the replacements (3.6), (3.7) in equation (3.4), and then use the Thom
form 7,(X) to integrate over the fibres of p: N* — Y'. In the integral over N’ in (3.4), the
integrand has compact support and all terms in the integrand are equivariantly closed except
for the bump function y. By Stokes’ theorem, replacing a form by a cohomologous form in the
integrand leads to an error term containing dy; but dy vanishes near p~!(¢), so the principle
of stationary phase implies the error will be o(k~>°). Let ty+: Y < N* denote the inclusion.
Similarly the formula p,(7,(X)a(X)) = ¢J..(X) applies when «(X) is equivariantly closed. But
writing x = 1 — (1 — x), the principle of stationary phase again shows that we can make this
replacement up to an o(k~°°) error term.

After making these replacements and integrating over the fibre, the form 7, (QT’TX ) disappears.
There are various Lie theoretic factors left over:

Aet® (1 — 1= X 1—e X X
e (Ct ( € ) det?ct/t < e ) det%t’/f(X)detg/g‘t’ ( _X> ’
det%/(g +80) (1 _ tflefX) X 1—e¢

which simplify to detqgf’/ t(1 —tle X ) (one uses that t acts trivially on g’ /t and that (gt +
90)/8" = 85/95)- u

Choose a complementary subtorus 77 so that T' ~ T x T;. The quotient map T — T/T7
induces an isomorphism of groups 77 = T/Ty. By adding additional points if necessary, we
may assume the finite subset S C T is a product Sy x S}, where S; C T, S7 C T} and that
the image of S} in T'/T; contains the set Sp from the introduction. Thus we will write elements
of S as products hg with h € St C T and g € S7 C T}. We may assume the bump function oy
is a product oy, - 04, where oy, (resp. 04) is a bump function on t; (resp. t7), satisfying

> haon =1, > guog =1 (3.8)

= ges!
The next lemma gives a further simplification of (3.5).

Lemma 3.4.

k 2
gL TAY, FX) itamitu-ex)) (3.9)
Ya D(g: (Z/Y97Y, QTKX)

mlk, k) ~ 3 gHe / dX0y(X)

g€esy

Proof. As Tt acts trivially on Y and p(Y') C I, the characteristic forms in (3.5) only depend
on the component of X (resp. t) in t; (resp. T}). Likewise as £ € (A® Q) NI, t~*¢ only depends
on the component g of ¢ in 77. This means the following expression can be split off from (3.5)
and evaluated separately:

> / dXop(X)det®/ (1= h g e ). (3.10)
hes; 'Y
The determinant is given by a product:

H (1 _ h—ag—ae—%ri(a,X)).

g
a€RY

When the product over Rgf is expanded, we obtain an alternating sum of terms of the form
h=SgCe2m(CX)  where ¢ is a sum of a subset of Ri". The elements of Ri" lie in ann(3,), the
annihilator of 3, in t*. Since t* = 35 ® ann(3,) and I C 3%, it follows that either ¢ = 0 or else

C¢1.
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We claim that if ¢ # 0, then the corresponding contribution to (3.10) is 0. Indeed taking the
Fourier transform of the first equation in (3.8), we find that for any [¢] € A/(ANI), the weight
lattice of T, we have

Z hm/ on(X)e 2 ELX) 4 x = §o([¢)),
tr

heSt

where dp is the function on A/(A N I) equal to 1 at 0 and 0 otherwise, obtained by Fourier
transform of the constant function 1 on 77. Thus for ¢ € A,

> h¢ / on(X)e 2MEXNAX = §aq7(C),

heS; tr

where dpn7 is the function on A equal to 1 on AN T and 0 otherwise. In particular if ( ¢ I we
see that the corresponding contribution in (3.10) vanishes.
On the other hand, using equation (3.8), the contribution from ¢ = 0 to (3.10) is

Z/thah(X):l.

heSt
This yields the expression on the right-hand-side of (3.9). |

We can now complete the proof of Theorem 1.2. The fibre P = p~1(£) C Y is smooth, and the
quotient ¥ := Mg = P/G, = P/T} is an orbifold (17} acts locally freely on P). By the coisotropic
embedding theorem, a neighborhood of P in Y is T-equivariantly symplectomorphic to

PxBCPxI,

where By is a small ball around £ in the subspace I C t*, the moment map p is projection to
the second factor, and the symplectic form

wlpxB; = we +d(n —&,0) = we + (dn, 0) + (n — &, Fy),

where we is the pullback of the symplectic form on the reduced space Mg, 7 is the variable
in By, 0 € QY(P,t*)T is a connection on P with curvature Fj = df, and here as well as below
we have omitted pullbacks from the notation. A neighborhood of PY in Y9 is T-equivariantly
symplectomorphic to

P9 x BY = P9 x By,

and T} acts locally freely on P9, with the quotient ¥4 = P9/T} being an orbifold. On the same
neighborhood we have

Td(Y?, 25 X) = priTd(P?, 2 X),
Vysy = Pprivps p = D(% (I/yg,y, 2T7TX) = pr’fD((g:(I/pg,p, 2T7TX)
Below we will omit pr] from the notation.
Take the bump function y to have its support contained in the neighborhood of P where

the above local normal forms are valid. We may then integrate over I instead of By, since x
vanishes outside of P x By by assumption. On supp(x),

R 2mip—E,X)) _ Hlwe(dn.0)+(n—E, Fa)+2miln—£,X))
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Only the top degree part of e¥(d79) contributes to the integral over I; this top degree part is
(—1)"n=D/2kndp. @, where n = dim(I), dny = IIdy®, © = 116, in terms of coordinates on I. The
sign (—1)”(”_1)/ 2 relates the symplectic and product orientations for P9 x I, so will be absorbed
when we use Fubini’s theorem to write the integral over PY x I as an iterated integral. Let
X(n) = x(n+ &), a bump function on I supported near 0. Making these substitutions, as well
as a change of variables  ~ 1+ £ in the integral over I, the asymptotic expression (3.9) for
m(k, k&) simplifies to

k 27
g Td(P?, ¥ X) ok (wet(n.Fp))

S g / dX dne?*nXls (X)x(n) [ © .
29 O J O D 23)

We need the following special case of the stationary phase expansion.

Proposition 3.5 (stationary phase expansion, cf. [4, Lemma 7.7.3]). Let u(X,n) be a Schwartz
function. We have the following asymptotic expansion in k:

o0 . J
. 1 1 i o0 0
X 2mkMX) 0 (X 1) ~ — — 7 )
/{}X(f,l)*d dne u(X,m) knj;j! za:%kanaa)(a u(0,0)

Remark 3.6. To obtain the expression here from the expression appearing in loc. cit., one sets
= (X,n) € R? and A(X,n) = (1, X). Note also that in Hérmander’s notation D = —i(d/dx).

We apply this to the smooth compactly supported function

k 2T

- gLTd(Pg’fX) k(we+(n,Fp))

WX, n) = o,(X © )¢
(X, m) = 04(X)x(n) ps DL(vpsp,2X)

Although this function depends on k, the dependence is quasi-polynomial, and so the expansion
still applies. Since o4(X), X(n) equal 1 in a neighborhood of 0, they have no effect on the
expansion. The 7 derivatives k=19, operate only on the factor k(o) The combined effect of
the operator X, (i/27k)0,,0x« is to replace X with (i/2m)Fy, yielding the asymptotic expansion

gy Td(PI, Fy)

kw,
—— e, 3.11
'D%(Vpg’P,Fg) ( )

m(k, k&) ~ Y g @
g g

(By substituting Fy for X in Td (Pg, X), Df:(l/pg,p, X)~!, we mean to take the Taylor expansion
around X = 0 and substitute the differential form Fy.) At this stage we see that the contribution
of g € S} vanishes unless P9 # &, so that S7 = Sp (Sp is as in Theorem 1.2). As the
characteristic forms Td (Pg, Fg), D(gc(llpg7 p, Fp) appear multiplied by the form ©, which has top
degree in the T} orbit directions, we can replace these characteristic forms with their horizontal
parts. Substituting Fy for X and taking the horizontal part is the definition of the Cartan map
Cary for the locally free action of T} on the space P9, hence the result is the pullback along the
map P9 — X, = PY9/T] of the form

Td(%)
’D(‘%(l/zgg) '

(See our remarks in the introduction regarding characteristic forms for orbifolds.) Similarly the
15* Chern form ¢ (Ly) is obtained by applying the Cartan map to the equivariant symplectic form
wi(X) = w — {11, X), and results in ¢;(Ly) = we — (&, Fp). Hence Ch(Ly) = ec1(F») = ewe—(&Fb),
The integral over the fibres of P9 — X, then gives 1/d, where d: ¥ = UYX, — Z is the locally



Quasi-Polynomials and the Singular [@, R] = 0 Theorem 15

constant function giving the size of the generic stabilizer for the 77 ~ T'/T; action on UPY — ¥.
Equation (3.11) becomes

1 Ch L FTd(Z
m(k, kE) ~ —kf/ 9LOM L) TAE) e r). (3.12)
geSp E VEg Z)
By Corollary 2.3, m(k, k§) is a quasi-polynomial function of k, hence the asymptotic expansion
must be exact, or in other words, ‘~’ in equation (3.12) can be replaced with ‘=". Thus setting
A = k& we have
1gfCh(Ly) Td(2
mk, )= 3 g / L7 (Ly) TAE) ori), (3.13)
ges 5, @ Delve,s)

The right-hand-side of equation (3.13) is quasi-polynomial in (k,A). Hence by Corollary 2.3,
equation (3.13) holds on all of C, (and not only at points (k, A) with A = k¢, £ a rational, weakly
regular value in the relative interior of p). This completes the proof of Theorem 1.2.
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