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Abstract. Singular nonsymmetric Macdonald polynomials are constructed by use of the
representation theory of the Hecke algebras of the symmetric groups. These polynomials
are labeled by quasistaircase partitions and are associated to special parameter values (g, t).
For N variables, there are singular polynomials for any pair of positive integers m and n,
with 2 < n < N, and parameters values (g,t) satisfying ¢*t® = 1 exactly when a = rm and
b = rn, for some integer r. The coefficients of nonsymmetric Macdonald polynomials with
respect to the basis of monomials {xa} are rational functions of ¢ and t. In this paper,
we present the construction of subspaces of singular nonsymmetric Macdonald polynomials
specialized to particular values of (g,t). The key part of this construction is to show the
coefficients have no poles at the special values of (g,t). Moreover, this subspace of singular
Macdonald polynomials for the special values of the parameters is an irreducible module for
the Hecke algebra of type An_1.
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pairs
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1 Introduction

The Hecke algebra Hy(t) of the symmetric group Sy acting on {1,2,..., N} has representa-
tions on polynomials in N variables as well as on finite-dimensional spaces spanned by reverse
standard Young tableaux (RSYT) of shape 7, for each partition 7 of N. Among the different
polynomials related to the Hecke algebra, the nonsymmetric Macdonald polynomials are defined
as homogeneous eigenvectors of the Cherednik operators.

In any structure of algebra and analysis that involves parameters, it is always crucial to know
the effect of different parameter values, for instance, when shifted nonsymmetric Macdonald
polynomials become homogeneous (see [9, Proposition 2, p. 9]). Here we are concerned with
parameters giving rise to singular nonsymmetric Macdonald polynomials. We analyze the situa-
tions where the Cherednik operators coincide with Jucys—Murphy elements of the Hecke algebra.
It is remarkable that this leads directly to singular polynomials, which are defined to be in the
joint kernels of Dunkl operators. We already looked at singular Macdonald polynomials in our
work with Jean-Gabriel Luque in [2], where the singular polynomials form the basic ingredient
of the projection map described there.
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In this paper we construct spaces of nonsymmetric Macdonald polynomials which admit
a representation isomorphic to the representation on finite-dimensional spaces spanned by RSYT
for certain shape 7 and parameter values (¢, t). Furthermore, the partitions that arise are related
to quasistaircases. As a very initial example, let N = 10 and consider the quasistaircase partition
A= (4,3,3,2,2,0,0,0,0,0). In this case, we will look at RSYT of shape 7 = (5,2,2,1) and
parameter values satisfying ¢t3 = 1.

It is known that the quasistaircases exhaust all singular nonsymmetric Jack polynomials and
we suspect that this also holds for singular nonsymmetric Macdonald polynomials [5]. By use of
quasistaircases we will construct these subspaces. The idea is that, once we fix certain partition 7
and parameter values (g, t), for each RSYT of shape 7, denoted by S, there is a label a(S) such
that the associated set of nonsymmetric Macdonald polynomials {M, s} is a basis of isotype 7

and the spectral vectors satisfy that () = [tCTS[i]]i]il. The partition 7 will be of the form
T= (dn—l, (n—1)K-1 VK), for some specific parameters d, n, K, and vk, and the specialization
of the parameter will be of the form w = (¢,t) = (wu*"/g, um/g), where m and n are integers
such that g = ged(m,n) and u is not a root of unity and u # 0. With this idea in mind, we
state our main theorem now.

Theorem 1.1. The polynomials {Ma(g)i S € Tab.} specialized to (q,t) = w are a basis of
1sotype T and are singular.

This paper covers an explanation of all the concepts involved in Theorem 1.1, as well as the
presentation of its proof. The presentation begins in Section 2 with a concise overview of the
background needed in this paper. This section includes some combinatorial definitions, together
with an exposition of the representation theory of the Hecke algebra and of nonsymmetric
Macdonald polynomials and singular polynomials. In Section 3, we introduce the quasistaircase
partitions and the specialization that we will be considering through this paper. Section 4 is
dedicated to introduce the concept of the equipolar property since it will simplify notably our
study. We warn the reader that the sketch of the proof of Theorem 1.1 is included in Section 4.1.
The rest of the paper is dedicated to prove some technical results. In Section 5, we use the critical
pair method and we present the minimal set of configurations that need to be checked. This
is done in Section 6, where we finish our study by carefully analyzing the critical pairs for the
quasistaircase partitions. Finally, we wrap up the paper with some concluding remarks and an
illustrative example in Section 7.

2 Background

This paper relates concepts and uses notation from different areas. In this section we set up the
foundations and the notation by reviewing the basic definitions and results that are involved in
our study. The section is split according to the different areas.

2.1 Combinatorics

Let us start with the combinatorial objects. For more details, see [12, 13].

A partition T = (11,...,7n) is a nonincreasing sequence such that 7; > 0, for all i. The length
of a partition 7 is the number of nonzero parts of 7, (1) = max{i: 7; > 0}. Moreover, we say
that 7 is a partition of n, or that the size of 7 is n, if ), 7; = n. We denote by 7 Fn or 1| =n
if 7 is a partition of n and by Par(n) the set of partitions of n. We consider the following partial
order on partitions. For 7, € Par(n), we say that 7 dominates 7, and we write 7 > =, if 7 #

j J
and > 7 > >, forall 1 <j <mn.
i=1 i=1
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A composition a = (aq,...,ay) is any permutation of a partition. We denote by a™ the
unique nonincreasing rearrangement of o such that o™ is a partition. We say that « is a com-
position of n, or that has size n, if |a| = |a™| = n.

The definition of the partial order on partitions applies also for compositions since it does not
use that the sequences are weakly decreasing. We continue using the symbol > for this order
for compositions. Moreover, it can be used to define another order. For o and 8 compositions,
we write a> 3 if || = |8, a # 3, and either a™ = 81, or ™ = T and a = .

Remark. Notice that, by definition, the partitions and compositions appearing in this paper
are allowed to have zeros and are standardized to have N entries in total (including the zeros).
However, we omit the zero entries in those partitions for which they are not relevant. We mostly
work with Par(NV), the set of partitions 7 = (71,...,7n5) with >, = N.

Given a composition «, we associate to it a rank function ro = (ro(1),74(2),...,7a(N)) by
setting
ra(i) =#{k: 1 <EkE<N,ar >a;} +#{k: 1 <k <14, o = a;}, (2.1)

for 1 < i < N, where we use the notation #A to denote the size of the set A. It is important
to point out that r, is a permutation of {1,2,..., N}. Moreover, r, = (1,2,..., N) if and only
if  is a partition. Therefore, ot satisfies that oz;fa (i) = Qs for1 <i<N.

A Ferrers diagram of shape T € Par(n) is obtained by drawing 7; boxes from bottom to top,
all shifted to the left (corresponding to French notation). That is, we draw boxes at points (i, ),
for 1 <i</{(r) and 1 < j < 7;, in the zy-plane. We define two fillings of a Ferrers diagram of
shape 7 € Par(n). A reverse standard Young tableau (RSYT) is a filling such that the entries
are exactly {1,2,...,n} and are decreasing in rows and columns when reading from left to right
and from bottom to top. A reverse row-ordered standard Young tableau is a filling such that the
entries are exactly {1,2,...,n} and are decreasing in rows, with no condition on the columns.
Our main objects are the RSYT, and therefore we denote by Tab, the set of RSYT of shape 7
and by V, the space with orthogonal basis given by Tab;, i.e., V; = spanR(t){S: S €Tab,}. We
also denote by RSTab, the set of reverse row-ordered standard Young tableaux of shape 7. Note
that Tab, C RSTab,.

We finish this subsection introducing useful notation for the tableaux in Tab,. Let S € Tab,,
for some partition 7 = N. The entry i of S is at coordinates (rowsli], cols|i]), where rows|i]
denotes the row in which ¢ appears (counting from bottom to top) and cols[i] denotes the
column in which ¢ appears (counting from left to right). Moreover, the content of the entry is
CTsli] = cols[i] — rowg[i]. Then, each S € Tab; is uniquely determined by its content vector
4]3]1
CTs = [CTsli]]Y,. For instance, S = (716
1,3,0,—1,2,1,0].

Given S € Tab,, we define S to be the RSYT obtained by exchanging i and i + 1 in the
case that rows[i] < rows[i + 1] and colg[i] > colg[i 4+ 1]. We refer this map S 2% S() as a step.
We reserve the notation Ss;, which again exchange ¢ and ¢ + 1, for the case in which Ss; is not
a RSYT. We also set up that d[i] = CTg[i] — CTs[i + 1], since it will appear several times.

There is a partial order on Tab, related to the inversion number:

inv(S) = #{(4,5): 1 <i < j <N, rowg[i] < rows[j]}.

(23

2| has shape 7 = (4,3) and content vector CTg =

We denote by Sy the inv-mazimal element of Tab,, which has the numbers N, N—1,..., 1 entered
column-by-column, and by S the inv-minimal element of Tab,, which has these numbers entered
row-by-row. Note that inv(S;) = 0 and that inv(S®)) = inv(S) — 1.

6[4]2 3[2]1
Example. For the shape (4,3), So = L715]3[1] with inv(Sg) = 6, and S; = [716]5]4] with
inv(S;) = 0.

w
-3
ot




4 L. Colmenarejo and C.F. Dunkl

2.2 The Hecke algebra and its representations

Let t be a formal parameter (or a complex number not a root of unity). The Hecke algebra H (t)

is the associative algebra generated by {7T1,T5,...,Tn_1} subject to the relations
(T; + 1)(T; —t) =0, for 1<i<N-1,
TiTinT; =T TiTivq,  for 1<i<N -2
T;T; =151, for 1<i<j—1<N-2.

The irreducible modules of Hx(t) are indexed by partitions of N. In fact, there is a repre-
sentation of Hy(t) on V;, which we denote by 7 (slight abuse of notation).
Following [3], we describe the representation in terms of the actions of T; on the basis elements.

For S € Tab, and 4, with 1 <1i < N,
(I) If rows [1] = rOWS[i =+ 1], then ST(E) = tS
(II) If colg[i] = colg[i + 1], then ST(T;) = —S.

(IT) If rowsli] < rows[i + 1] and colg[i] > cols[i + 1], then S7(T;) = §®) + =L,

. . dli]+1_q)(gdlil—1_1 i dli] (p—1
(IV) If CTs[i] — CTg[i + 1] < —2, then S7(T}) = & (tdm>f1)2 )§(0) 4 LD,

Observe that the last case can be obtained from Case (III) by interchanging S and S@ and
applying the relation (7(T;) + I)(7(T;) — tI) = 0, where I denotes the identity operator on V.
We will refer to the formulas (I)-(IV) as the action formulas for 7(T;).

Consider the following inner product on V. For S,S" € Tab,, (S,S"): = ds s - ¥(S, t), with

1— tCTS[j]—CTS[i]—l 1— tCTg[j]—CTg[i]-i-l
7(S7 t) = H ( ) ( D) ) )
i (1 — tCTsD]—CTS[l])
CTs[5]—CTs[i]>2

and extended by linearity. Note that this inner product satisfies that (f71;,9) = (f, ¢1;), for
f,g € V;, and that it is invariant under the transformation t — t=1.
For Hy(t), a set of Jucys—Murphy elements is defined by the following recursive formula:

on =1,
1
¢i = TiginT,, for 1<i<N.

In [8], there is described another set of Jucys—Murphy elements. The set described here is nicely

linked to singularity and seems easier to manipulate in this setup. Next, we describe the action
of this set of Jucys—Murphy elements on RSYT.

Proposition 2.1. For 1 <i < N and S € Tab,, S7(¢;) = t<Tslis,

Proof. Arguing by induction, for i = N, the result is trivially true since CTg[N] = 0 and
én = 1. Now, suppose that S7(¢pip1) = t<TsUHIS for all S € Tab,. We want to prove that
St(¢i) = tCTslilS. For that, we study the different cases according to the action formulas
of 7(T5):
(I) If rows|i] = rows[i + 1], then S7(¢;) = %ST(TZ-)T(@H)T(E) = ¢CTsli+1]+1§ — 4CTslig,
(I) If cols[i] = colsi + 1], then S7(¢;) = +ST(T;)7(¢i+1)7(T;) = +CTslitlls = ¢CTslis,
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(IT1)—(IV) We compute these two cases at the same time. Let 7 and ® be the matrices
of 7(T;) and 7(¢;+1) respectively, with respect to the basis [S, S(i)]. That is,

1-1¢

T — 11— 0 L - $CTsli+1] 0
Tl =ot)t—0) o(1—1t)|" - 0 $CTs[i] |
(1-0)? l—o
where o = ¢tCTslitl]=CTslil - A gimple calculation shows that %’T@’T = [tCTg’[i] tCTs([)i |- W

The Hecke algebra H () also acts on polynomials. Let us denote by P the ring of polynomials
K[z1,...,zn], where K = Q(¢) (or Q(¢,q) later on). We denote by x the set of variables
N

{z1,...,zn} and, for a composition «, 2% = [] z;" is a monomial of degree |a|. The ring of
polynomials P is graded and we denote by 73,: tlhe component of homogeneous polynomials of
degree n > 0, i.e., P, is the span over K of the monomials x¢, for a a composition of n.

We first describe the action of the transposition s; = (i, + 1), for 1 < ¢ < N — 1. For
a composition «a, as; is the composition obtained by exchanging «; and «;41. For a polynomial
p € P, p(x)s; = p(xs;), that is the polynomial obtained by exchanging x; and z;,1. Finally, for
1 <i < N —1, the operator T; acts on p € P by

p(z) — p(zsi)
Ti — Ti41

p(x)T; = (1 — t)xiq + tp(xs;).

It can be shown straightforwardly that these operators satisfy the defining relations of Hy ().
Moreover, ps; = p if and only if pT; = tp, and pT; = —p if and only if p(z) = (tz; — xit1)po(x),
where pg € P satisfies pgs; = po.

Remark. Note we are using the notation 7T; in some different ways. On one side, there is the
abstract T;, generator of Hy(t), for which 7(7;) denotes the representation as an operator on
a finite-dimensional vector space, for a given partition 7. On the other side, T; also denotes
an operator on the infinite-dimensional space of polynomials. Technically, we should denote it
like p(T;) since this is another representation of H (t). However, one uses T; in both cases since
the meaning is clear from the context.

Each space P, can be completely decomposed into subspaces irreducible and invariant under
the action of T; in Hy(t). These subspaces have bases of {¢;}-simultaneous eigenvectors (or
even made up of Macdonald polynomials). Since this is one of the key points of this paper, we
introduce the following concept.

Definition 2.2. A basis {ps: S € Tab;} of an invariant subspace of P, is called a basis of
isotype T if each ps transforms under the action formulas for T; instead of 7(7;) (i.e., repla-
cing 7(T;) by T; in the action formulas).

The next result is a consequence of Proposition 2.1.

Corollary 2.3. Let {gs: S € Tab;} be a set of polynomials that transforms under the formula
actions of {T;}. Then, gsp; = t“Tslilgs, for all S and all i.

The key point here is to figure out when a subspace can have a basis of isotype 7 made up
of Macdonald polynomials, which we introduce in next section.
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2.3 Nonsymmetric Macdonald polynomials and singular polynomials

In the literature, the different versions of the Macdonald polynomials are usually defined over
the double affine Hecke algebra Hy(q,t), where ¢ and t are parameters. For our purpose, it is
enough to consider the Hecke algebra Hy(t) together with an extra parameter g. Therefore, we
work over the field K = Q(g,t). Note that the action and representations defined in Section 2.2
do not involve ¢, and keep the same. Moreover, we focus our attention on the nonsymmetric
Macdonald polynomials. First, we recall three families of operators [1, 9].

Given p € P, the shift operator is defined as

pr(z) = plgen, x1,22, ..., TN_1).

This operator is commonly denoted by w, but we reserve that notation for the roots of unity
that appear later on the paper. The Cherednik operators are defined, for 1 <i < N, as

&=t AT T Ty T -+ T,

where the operator TZ._1 = %(Tz + 1 —1t) is obtained from 7;. Note that & = %TiﬁiHTi and that
the operators & commute with each other. Finally, the Dunkl operators are defined recursively
by Dy = %(1 —én),and for 1 <i< N—-1,D; = %TiDiHTi. It is a nontrivial but very useful
result that D; maps P,, to P,_1.

For a composition «, the nonsymmetric Macdonald polynomials M, are defined as the basis of
simultaneous eigenfunctions for the Cherednik operators with >-leading term ¢*t*x®, where ¢*t*
denotes integer powers of ¢ and ¢, not necessarily the same. That is, for 1 <¢ < N,

Mot = ¢tV 0Oy,
where the eigenvalues (, (i) = ¢ tN ") form the spectral vector Co = [Ca(1), ..., Ca(NV)].
The following result presents two relations that will be very useful in our study.

Proposition 2.4 ([8]). Let p; = CEZ((;*(J;)) = ¢quit1=graD=ra(i+1)  Then for1 <i< N —1,

o if a; < g1, Cas; = (Ca)si and

Ma,—ri = Masi - MOH

L= p
(1 = pit)(t — pi)
(1—pi)?

o if a; = g1, then MT; = tM,.

pi(1—1)
(1= pi)

Mes, T; = M, + My,

The next result presents an expansion of the nonsymmetric Macdonald polynomial empha-
sizing its leading term.

Proposition 2.5 ([8]). The nonsymmetric Macdonald polynomials are of the form:

My (z) = ¢"t" =z + Z Aa (g, t)xﬂ,

arf

where the coefficients Aq 5(q,t) are rational functions of ¢ and t and whose denominators are of
the form (1 — q“tb).

Remark. Usually in the literature, the nonsymmetric Macdonald polynomials are normalized so
its leading coefficient is 1. In our presentation, we consider the construction of the nonsymmetric
Macdonald polynomials that uses the Yang—Baxter graph [7], and so the multiples of ¢ and ¢ in
the leading coeflicient come from the raising operator.
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We say that the parameters (g,t) are generic parameters if ¢ # 1 and ¢*t® # 1, for a,b € 7Z
with |b] < N and |a| + |b] > 0.

Singular polynomials appear as a tool used to construct projection maps for vector-valued
Macdonald polynomials and to find factorizations connected with highest weight symmetric
polynomials [2]. In the most general setting, a polynomial p € P is said to be singular if there
exist some specialization of (gq,t) for which p§; = p¢;, for all 1 < ¢ < N. When it comes to
nonsymmetric Macdonald polynomials, we have the following equivalent definition.

Definition 2.6. A nonsymmetric Macdonald polynomial M, is said to be singular for a specific
value of (g¢,t) if the coefficients A, 5(q,t) of M, have no poles at (¢,t) and M,D; = 0, for
1<¢<N.

This formulation of singularity is closely related to the problem of when a shifted (nonhomo-
geneous) Macdonald polynomial reduces to a homogeneous one (see [9, Proposition 2, p. 271]).

The following result shows why the definition for singular polynomials in general coincides
with Definition 2.6.

Lemma 2.7. Let p be a polynomial and (q,t) be some fized value. Then p&; = po; for all i if
and only if pD; = 0 for all 1.

Proof. The definition of Dy shows that pDy = 0 if and only if p§{x = p = poén (since ¢y = 1).
Arguing by induction, suppose the statement holds for k£ < ¢ < N. Then,

pDy =0 <= pI}Dp1Ty =0 <= pI}Dpy1 =0 <= pTi&rr1 = plpdri1
> PpTp&pi1 Ty = pTpop1 Ty < tp&p = tpdy.

This completes the induction. |

We finish this section with an example that illustrates the setup presented.

Example. Consider the isotype 7 = (3,1) and the special value qt> = —1. There are three
RSYTs of shape 7, together with their content and their «(S)-label:

Content [—1,2,1,0] [2,—1,1,0] [2,1,—1,0]
a(S)-labels (2,0,0,0) (0,2,0,0) (0,0,2,0)

The spectral vector for (2,0,0,0) is [q2t3,t2,t, 1], which equals [t‘l,tQ,t, 1] when ¢ =t
Similar relations hold for (0,2,0,0) and (0,0,2,0). The polynomials Mg, Moo20, and Moozo
are indeed singular and one need only to show that none of Masggo, Mo200, Moo20, and Mooz
have poles at qt> = —1 (an easy computation). Then, MogT3 = —Mog20 when qt?> = —1 which
follows from the general formula (see Proposition 2.4)

243 242 244
(1 -t t(1—qg“t?) (1 —q°t
Mooz0Ts = = ( 2t3)M0020 ( )g 2 )M0002,
—q (1—q%?)
where we notice that the coefficients reduce to —1 and 0 when specialized to ¢ = —t 2.

We use the term poles to mean the one-dimensional varieties in the (g, t)-space C? defined by the denominators
of rational functions of (g, t).
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3 The quasistaircase partitions and the specialization

The nonsymmetric Macdonald polynomials indexed by the quasistaircase and specialized to
a family of parameters are our main object of study in this paper. The quasistaircase partitions
can be seen as a generalization of the staircase partitions, which are, in turn, a generalization
of the rectangle, which have been studied before. The formula for the specialization of the Jack
and Macdonald polynomials in connection with quasistaircases was introduced by Jolicoeur and
Luque [10]. Moreover, it lead to a collaboration between two of the authors of this paper [9,
Section 8], in which they study the rectangular singular polynomials. Furthermore, it provides
another link between nonsymmetric and symmetric polynomials.

In this section, we introduce both the quasistaircase partitions and the specialization, together
with useful notation and properties.

The quasistaircase partition associated to the parameters m, n, d, K, N is the partition

A= (((d+ K —1)m)"s, ((d+ K —2)m)*" 1, ..., (dm)"*, 071, (3.1)

where vg = N — (dn—1) — (K —1)(n—1), so that 1 <vg <n—1 and X has N entries in total
(including the zero entries).

From now on, A refers to a quasistaircase partitions with the parameters described in (3.1),
unless specified otherwise. We also associate to A two other partitions and a permutation of
itself.

Definition 3.1. Let A be a quasistaircase partition. The isotype partition associated to A is
the partition defined by 7 = (dn —1,(n — 1)KL, VK), which is a partition of N with length
(1) = K + 1. We also define another partition v = (vy,v1,...,Vk+1) recursively by taking
v =N —(dn—1),and vjy1 = v; —(n—1), for 1 < j < K — 1. For consistency, we take
vp = N and vi4q = 0. Attached to this partition, we consider the intervals of integers given by
I; =[vj+1,vj_4], for 1 < j < K + 1. Intervals are a key object in our study and so, from now
on, we denote by [a, b] the interval of integers [a,b] N Z.

Observe that if i € I, then A\; =0, and if i € I, then \; = (d+ j — 2)m, for 2 < j < K + 1.
We also note that v, — 1, = (n—1)(b—a), for 1 <a,b < K.

Example. Consider A = (303,011), for which N = 14, n =12, m = 30, d = 1, and K = 1.
Therefore, following the definitions above, 7 = (11,3) and v = (14, 3,0). Moreover, we have two
intervals in this case, I) = [4, 14] and I = [1, 3].

Definition 3.2. For S € RSTab,, we define a permutation «(S) of A by setting its entries as
o (S); = (d + rowsli] — 2)m, %f rows|i] > 1,
0, if rowg[i] = 1.
Note that for Sq, a(S;) = A.
Lemma 3.3. For S € RSTab, and 1 <i < N, the rank function associated to «(S) is

K+1
‘ Z Tu — colsfi] + 1, if rows[i] > 1,
Ta(S) (2> = \ u=rowg][i]
N + 1 — colg]i], if rowg[i] = 1.
Proof. If rows[i] = 1, then the entries at positions (1, cols[i]), (1, colg[i] +1),...,(1,nd — 1) are

equal to a(S); and the entries in the rest of rows are greater. Thus,

K+1
To(s) (i) = nd — 1 — (colg[i] — 1) + Z Tu = N + 1 — colg[i].

u=2
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K+1
If rows[i] > 2, there are exactly Tyow,[;j —cols[i]+1 parts of a(S) equal to a(S); and > 7,
u=rowg[¢]+1
K+1
parts that are greater than a(S);. Therefore, ro)(i) = > 7y — colg[i] + 1. [ |

u=rows ]

Now that the family of partitions is described, we look at the parameters ¢ and ¢ and specialize
them.

Definition 3.4. Consider two integers m and n such that m > 1 and 2 < n < N. Let
g = ged(m,n) and w € C be such that w™/9 is a primitive ¢ root of unity, i.e., w = exp (277,2’“

with ged(k, g) = 1. Define the following specialization of the parameters q and t: w = (q,t) =
(wu‘"/g, um/g) where u is not a root of unity and u # 0.

~—

For the rest of the paper, F(q,t)|- denotes the specialization of F(q,t) in w. Note that
(q,t) = w implies ¢"t" = 1. In fact, we have the following result.

Lemma 3.5. If there exist integers a,b such that q“tb‘w =1, then there exists p € Z such that
a=pm and b= pn.

Proof. By hypothesis w®u~%/9+tbm/9 — 1 and, since u is not a root of unity, —a% + b% = 0.
From ged (%, %) =1, it follows that a = p’% and b = p’%, for some p’ € Z.

Thus, 1 = w® = exp (%%ﬂ) = exp (%p/). Moreover, since ged(k,g) = 1, p’ = pg with
p € Z. Hence a = pm and b = pn. |

In fact, to describe all the possibilities for w, it suffices to let 1 < k < g. The following result
shows that under certain conditions, we can simplify the specialization of w = (g, 1).

Lemma 3.6. Suppose w = (q,t) = (wu*”/g,um/g), where g = ged(m,n), u is not a root of
unity and u # 0, and w = exp (%) with ged(k, g) = 1. Then we can write the factorization as
(q,t) = (exp (Lik/)(u’)_"/g, (W)™/9), with ged(k',g) =1 and 1 < k' < g, and v’ is not a root

m
of unity again.

Proof. Set k' = k — 219 with z; € Z such that 1 <k’ < g, that is, 21 = LEJ By definition of
ged, there exist z, 23 € Z such that zom + z3n = g. Replace u by yu’ where 1) = exp (%zlzgg),
then (Yu/)™9 = (u')™/9 and

wu—n/g = exp (27;‘.1(]{,‘ — nZ123)> (u/)—n/g

—oxp (20— salg = zam) ) ()0 = xp (2T ) )

This completes the proof. |

Note that Lemma 3.6 shows that the number of connected components of the solution set
for @ in (C\{0})? equals ¢(g), where ¢ is the Euler function.

Since we study nonsymmetric Macdonald polynomials, the study of the spectral vectors
associated is important. The spectral vector for «(S) has a nice description when specialized.

Proposition 3.7. For 1 <i < N, (ys)(i)|w = +CTs[i]
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Proof. By the definition of the spectral vector, (ys)(i) = ¢*®itN=ra () Now, we specialize
it to w. If rows[i] = 1, then (s (i) = geolslil=1 — ¢CTslil  Otherwise, the exponent of ¢ is
(d — 2 + rowg[i])m, and then the exponent of ¢ under the specialization is

K+1
N —n(d—2+rows[i]) = | > 7, —colgli] +1
u=rowsg|i]
= —n(d — 2 + rows]i]) + cols[i] — 1 + (nd — 1) + (rows[i] — 2)(n — 1)
= colg[i] — rowg[i] = CTs[i]. [ |

4 The equipolar property

The equipolar property appears in this work with the purpose of working with polynomials
whose hook length products hq¢(c, tq) vanish at w, but for which the poles do not occur when
the set of variables is small enough. This property allows us to produce a minimal list of labels «
that have to be analyzed.

Definition 4.1. Let o and 8 be compositions. We say that M, and Mg are w-equipolar if
at = pT and either both M, and Mg have no poles at w or both have at least one pole at w.

By Proposition 2.5, the coefficient A, g(q,t) is the coefficient of 2% in M, which is a rational
function of ¢, t whose denominator is of the form 1 — ¢%t®. Whether M, has a pole at w depends
on the presence of a factor 1 — ¢™Pt"?, for some integer p > 1, in the denominator. However, the
action of T; by itself introduces no new poles because £77; is a polynomial in = with coefficients

in Z][t], for any composition 7. Recall also that p; = C‘ZS(J;)I).

Proposition 4.2. If p;|o # tT! and p;|w # 1, then M, and M,s, are w-equipolar.

Proof. Since the relation is symmetric in « # as;, we assume that a; < «a;41. Moreover, to
simplify the notation, we also assume that all the expressions depending on ¢ and ¢ appearing
in this proof are evaluated at w. By the relations described in Proposition 2.4,

1-—t
My = MoT; + M.,
1L —pi
Ma: ( p) Masiiri_ pl( )( p) s

(1= pit)(t — pi) (1 = pit)(t — pi)

Then, the transformation M, — M,s, is invertible for generic parameters (g,t) and introduces
no pole at w provided that p; # t*! and p; # 1. |

Remark. The condition p;|» # 1 is necessary for the validity of the proof, even though it is
always true for quasistaircases. For instance, for o = (O,m, 1"‘1), goz—orgra)=ra(2) — gmyn
However, « is not of staircase type.

4.1 Back to Theorem 1.1

In the introduction we state our main theorem and the goal of this paper. Now, it is time to
get back to it. Let us recall it.

Theorem (Theorem 1.1). The polynomials {Mys): S € Tab;} specialized to (q,t) = w are
a basis of isotype T and are singular.

See [13] for more details about hook length products.
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We have already done part of its proof. First of all, the action formulas for 7(7;) follow from
the spectral vector relations described in Proposition 3.7.

By the definition of singular polynomials, Definition 2.6, we need to show that for 1 <: < N,
Mys)&i = Mys)¢i- Our idea is to show that no M, ) has a pole at @ and that if colg[i] =
cols[i + 1], for some i and S, then M, g)s, has no pole at w. This way, we conclude that
Mys)Ti = —Mys), and so M) = Mys)¢i, for 1 <@ < N, by Proposition 2.1.

These results will take up the rest of the paper. We finish this section with the gist of our
approach and how far we are.

Given S € RSTab,, consider the pair (a(S),CTs). The next two results tell us what happen
when CTg[i] — CTg[i + 1] > 2.

Corollary 4.3. Let S € RSTab; be such that CTgli] — CTg[i + 1] # 0,%1. Then, Mys) and
M ss;) are w-equipolar.

Starting at S, there is a sequence of steps that end up at S, where each step links S’ to §'s;
with rowg[i] < rowg[i + 1] and colg[i] > colg/[i + 1]. Thus, CTg[i] — CTg/[i + 1] > 2 and so,
M sy and My /s,y are w-equipolar. By an inductive argument on inv(S’), we have the following
result.

Corollary 4.4. Let S € Tab;. Then, M (s) and M) are w-equipolar and, equivalently,
Mys,) and M) are w-equipolar.

This means that while there exists some i such that CTg[i] — CTg[i + 1] > 2, we must apply
the step s;. In this algorithm, the steps s; are under control until no more steps are possible. In
the end, the resulting pair («(S'), CTg/) satisfies that CTy[i] < CTg[i + 1] + 1, for 1 <i < N.
Therefore, now we have to understand what happens when CTg[i] < CTg[i + 1] + 1.

5 Critical pairs and the minimal set of configurations

According to the end of the previous section, we are concerned with tableaux with CTg[i + 1] =
CTsgli] + 1, for which Corollary 4.3 do not apply. These tableaux are of the form Ss; where
S € Tab; and colg[i] = colg[i + 1]. The rest of the paper is dedicated to prove the following
result.

Theorem 5.1. Let 7 as in Definition 3.1. For S € Tab, with colg[i] = colg[i + 1] for some i, the
nonsymmetric Macdonald polynomials Mys)y and Myss,) in N variables have no poles at w@.

Our technique for proving the absence of a pole for a polynomial M, is to show that the
spectral vector ¢, is different from the spectral vector of each element of {3: o > ,¢(5) < N}.
We use the critical pair method to establish this.

Consider two compositions of N, a and 3, such that for all 4, (4 (7) — (3(i)| = 0. This means
that

qaithra(i) - qﬁithrg(i) ‘w _ qaithra(i) (1 o qﬁifaitra(i)frg(i)) ‘w = 0.

Therefore, by applying Lemma 3.5, there exist integers p; such that 3; — a; = mp; and r,(i) —
rg(i) = np;, for all 7. This motivates the following definition.

Definition 5.2. Let (m,n) € N2 be a pair with n > 2, and take N’ > N. We say that the pair
of compositions of N’ (e, B) is an (m,n)-critical pair if o > 8 and there exists p € ZN' such
that 8 = a +mp and ro —rg = np.
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Remark. Trailing zeros can be adjoined to a and § without changing the criticality property.
In fact, if oy = 0 = f;, for i > ig, then rq(i) = ¢ = r3(i) and p; = 0. In other words, the
definition is independent of N’ as long as N’ is sufficiently large. For fixed o and f3, it is enough
to take N’ > max{l(a),¢(8)}. For this paper, N’ is implicit and large enough unless otherwise
is specified.

Critical pairs were introduced in [6] by one of the authors of this paper. We use the algorithm
included in [6] to produce the second element of the pair when we have the first element of the
pair as input. In [11], there is a known formula for the least common multiple of the denominators
of the coeflicients of M, which involves a certain hook product. However, it assumes that the
number of variables is at least |«|. Thus, we need a method of handling a restricted number of
variables which shows that there is no 8 such that ¢(3) < ¢(a) and (o, 8) is a critical pair.

The following is an easy consequence of the definition of critical pairs, Definition 5.2.

Lemma 5.3. Let (o, 3) be a (m,n)-critical pair. If (%)a is a composition of N, then (%)ﬁ

is a composition of N', for some N' > N. Moreover, ((%)a, (i)ﬁ) is a (1,n)-critical pair.

m
Conversely, if (¢/, ') is a (1,n)-critical pair, then (ma’,mp’) is a (m,n)-critical pair.

We present two other consequences of this definition.

Lemma 5.4. Let (o, 8) be a (m,n)-critical pair. If there exist i and p such that o; = iy, for
1<u< b, and ﬂz = /Bi-i-p; then /B’H-U = Bh fOT 1<u< p-

Proof. Consider the equation (rg(i + p) — ra(i + p))m = n(o; — B;) and subtract from it
(rg(i) —ra(i))m = n(a; — B;). Now, use that ro(i+p) —r4(i) = p to obtain that rg(i+p) — (i)
= p. Moreover, by the definition of the rank function (2.1), rg(i + p) — rg(i) = #{u:i <u <
i+ p, By = Pi}. Thus, i < u < i+ pimplies that £, = G;. |

Lemma 5.5. Let (o, 8) be a (m,n)-critical pair with 3; = 0 for some i > {(c). Then, 5 =0,
for all 3 > 1.

Proof. From a; = ; = 0, it follows that 73(:) = i. Now, by definition of the rank function (2.1),
ra(t) =#{j: 7 <4,8; >0} +#{j: j >1i,8; > 0}. Thus, #{j: j >1i,5; >0} =0. |

The next result sets up a sufficient condition for having no poles, and that will be used to
prove Theorem 5.1.

Proposition 5.6. Let a be a composition. Suppose that there is no v, with £(y) < N, such
that (a,7y) is an (m,n)-critical pair. Then, M, has no poles at w. That is, the coefficients
Aap(q,t)|w, with a > B, are well-defined.

Proof. By the >-triangularity of the operators &;, there are coefficients b, g(g,t) such that

2% = baa(q )Mo + Y bap(q,t) Mg,

B<a

where by o = ¢/t for some j,j € Z. For each 8 < a with £(8) < N, there is at least one
index i[B] such that ¢ie1tN a8 — gBis1N=rsGlB]) £ 0 at w, or else (a, B) is a (m, n)-critical
pair. Define the operator

&g — gPite1gN—rs(il8])

7:1 = - - - - )
Blgx qislEN=ra(i[B]) — gBis1¢N—rp(ilB])

for which %7, = ba,a(q,t)Ma. Each factor of 7, maps M, to M, and, for any 5 < «, Mg is
annihilated by at least one factor. Moreover, by construction, the operator 7, has no poles at w
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and [] (qo‘i[ﬁl tN=ralB]) _ gBilsl tN_Tﬁ(i[ﬁ]))Ma has (g, t)-polynomial coefficients. Note that none
B<a
of the terms in the prefactor vanish at .

The formulation shows that A, g(g,t) is a polynomials in ¢ and ¢ divided by a prefactor that
does not vanish at w, and so it has no poles. |

The rest of the section is dedicated to providing a minimal list of " € RSTab,, so that My ss))
is w-equipolar with M. For that, we look at the possible end configurations, starting with Ss;
with S € Tab, and colg[i] = cols[i + 1].

In Definition 3.1, we associate two partitions, 7 and v, to the quasistaircase partition A\. We
can define v in terms of 7 in a more general setting without 7 being the isotype partition of
a quasistaircase partition Given an arbitrary partition 7 of N, we define a sequence v by setting

=Nandy; =N — Z i, for 1 < j < £(7). This sequence is related to the inv-minimal RSYT
bySl[z 1] =vi andSl[z | =v;+ 1, for 1 <i < {(7).
Definition 5.7. Let S € RSTab,. We say that S has the property V(j, k), for some specific j

and k, if by interchanging the entries S[j, k] and S[j + 1, k] we obtain a RSYT. We denote this
new RSYT by S when the values of j and k are clear from the context.

That is, except for the entries at (j, k) and (5 + 1,k), S agrees with an RSYT. Note that
S[j, k] > S[j+ 1, k]. It is not necessarily true that performing a vertical interchange on an RSYT
leads to such an S, as we can see in the following example.

51211
Example. Interchanging the entries with coordinates (1,2) and (2,2) in =11 produces
2 ;l 1 , which is not in RSTab,.

We need one more definition, in this case, of a particular element among the subset of RSTab,
satisfying the property V (7, k).

Definition 5.8. For 1 < j < /() and 1 < k < 7j41, there exists a distinguished element
©,1 € RSTab, with the property V( k). We describe ©; ;, by rows as follows. For i # j,j + 1,
the i** row of ©; 1, agrees with the ith row of S;. For j and j + 1, the corresponding rows of O; 1
are filled with v;_1,v;_1 —1,...,v;41 + 1 in a particular way depending on the value of k. We
describe them in the following table in which the first row indicated the column index, the
second row indicates the entries in the (j+ 1) row, and the third row the entries in the j' row.
In order to make the table more readable, we denote by dots --- when we fill with consecutive
integers, and we leave empty spots where the entries are zeros.
In general, for 1 < k < 7j41,

1 kE—1 k E+1 Tj4+1 T;
Vj—l—k+1 Z/j_1—2k‘—|-3 Z/j_1—2k‘—|-2 I/j—k‘ I/j+1—|—1
Vi1 e Vi —k+2 via—-2k+1 viq—-2k - vi—k+1

We also have two special cases. For k = 1, we just read the table starting from the k* column.

For k = 7j11, in the (j + 1) row, all the entries after the entry in the (7;41)" are zero entries.

Remark. The elements ©; ; are extremal which means that we get to the stage when we cannot
apply more steps s;, 1nterchanglng i and i+ 1, legally in the sense that rowsl[i] < rowg[i+ 1] and
colg[i] > cols[i + 1].
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Let us see an example.

Example. Consider the tableau S of shape 7 = (43) and described below on the left. Then, we
can consider its extremal element for j = k = 2, O3, which has the property V(2,2), and that
we include on the right.

817121 71621
S=|11]6 |5]|3 O20=| 8|5 | 4
121109 |4 1211111019

Our first result claims that (7,74 1) can be interchanged in S preserving the property V' (j, k)
provided that rowg[i] < rows[i +1] and that at least one of the rows is not the j* or the (j+ 1)
row.

Lemma 5.9. Let S be a reverse row-ordered standard tableau that has the property V(j,k) and
such that rows[i] < rows[i + 1] and {rows[i], rows[i + 1]} # {j,7 + 1}. Then, S%) = Ss; also has
the property V (4, k).

Proof. The argument has several cases, each more or less obvious. These cases can be briefly
described by rows[i + 1] < j; rows[i] > j + 1; rows[i] < j and rows[i + 1] > j; or rowg[i] < j+1
and rows[i + 1] > j + 1.

We prove the case when S[j 4+ 1, k] =i+ 1, and leave the other cases for the reader.

By hypothesis rows[i] < j and S[j,k] =i+ 1 > S[j 4+ 1,k]. This implies that S[j + 1, k] < i
and Ss;[j + 1,k] =i > Ss;[j, k]. Also, cols[i] = colg[i] < colg[i + 1] = cols[i + 1]. Thus, S® has
the property V (5, k). |

Next, we consider the possible transformations of the rows of S with property V' (j, k) other
than j'" and (j + 1)*" rows.

Proposition 5.10. Let S € Tab, be such that cols[u] = cols[u + 1] = k, for some u, and set
j = rowslu+1]. Then, Ss, has the property V(j, k) and there is a series of steps as in Lemma 5.9
s0 that Ss,, is transformed to S', where S’ agrees with S1 except in the j and (j + 1) rows.

Proof. We proceed by rows, starting with the 15 row, unless j = 1. Suppose the process has
arrived at S’ with S'[a,b] = Si[a,b], for 1 < a < ap < jand 1 < b < 7,, and for a = ag and
b < by < 74, with possibly by = 0. Then, v = §'[ag, by] < Si[ao, bo] and the entry v + 1 in '
must satisfy rowg/[v + 1] > rows/[v] and colg/[v + 1] < colg/[v]. Applying Lemma 5.9, S's, has
the property V(j,k). Continuing in this way leads to S” which agrees with S; in rows with
index < j, and every entry in rows with index > j is less than v;_; + 1. Let z be the largest
entry in 5" and (j 4 1)*™® rows, which is an entry with row index > j + 1 in S; and satisfies

z=max (({S"[;,b)]1 <b< 7 U{S"[j + L,V'][1 <V < 7541}) N1, v41]).

If the intersection is empty, then this part of the process is done. Otherwise rowgr[z+1] > j+1
and rowgr[z] < j + 1. Applying once more Lemma 5.9, S”s, has the property V(j, k) and the
maximum is increased by 1, one step closer to the upper limit v; 411 = Si[j + 2, 1].

If the entries in [vj11+1,vj_1] are in the j*" and (j+ 1) rows of S”, then the process is done.
Otherwise, one of these values is replaced by v;1. Let y be the replaced entry, i.e. y = S"[a,b],
for some a > j + 1. If y = vj;1 + 1, then S”s, 1 has v moved to a row with index > j + 1.
Otherwise, rows/[y —1] = j or j+1, and S”s,_; replaces y by y — 1 in a row with index > j+1
in S”. Repeat this process until y = vj1; + 1. |

This proof describes a process for the 15' row. We apply it now to all the rows after the
(7 + 1) row until these rows agree with the corresponding rows of S;. Once this is done, we
describe the values appearing in the 5 and (5 + 1) rows.
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Proposition 5.11. Let S € RSTab, such that it has the property V(j, k) and each row of S
except the 7™ and (j + 1)™ rows agrees with the corresponding rows of Si. Then,

S[j, k] = vj_1 + 1 — 2k,
S[j + 1,]€] =Vj-1 +2— 2]{,

U {8l sl Sl + 18]} = [vj—1 — 2k + 3,054,
1<s<k

LSl 81,85 + L, 8]} = [vj41 + 1,51 — 2K].

s>k

Furthermore, if we consider the subtableauz of S given by {S[u,v]: j <u<j+ 1,1 <v <k}
and {S[u,v]: j <u<j+ 1,k <v <7,}, we observe that their entries can be arranged to be in
row-by-row order, so that the property V (j, k) is preserved in each step and the resulting tableau
18 @jvk'

Proof. By hypothesis, the entries in the 5 and (j + 1)'" rows of S comprise the interval
[Vj+1 + 1,vj_1]. Let my = S[j, k] and mg = S[j + 1, k]. Then, m; < mg and by row-strictness,
S[j,b] > mo and S[j + 1,b] > mag, for 1 < b < k. Observe that by the property V(j, k),
Definition 5.7, the tableau with m; and msy interchanged is an RSYT.

Similarly, S[j,b] < m1 and S[j + 1,b] < mq, for b > k. Thus, the first 2k — 2 entries with
column index < k, are in the interval [mg +1,7;_1]. Since the entries of S are pairwise distinct,
it follows that 2k —2 < v;_1 — ma. Analogously, the 7; + 7;;1 — 2k entries of S in columns with
index > k are in the interval [v;41 + 1, m; — 1]. Thus,

Tj+7'j+1*2k§m1 — Vjt1 —1=m *(I/jfl —Tj *Tj+1+1).

These inequalities imply that v;_1 +1 — 2k < m; < mg < vj_1 + 2 — 2k, and we conclude that
my =vj_1+1—2k and mo = vj_1 +2 — 2k.

This also shows that the first k —1 columns form an RSYT with entries v;_1 +3 —2k---v;_4
and can be transformed to row-by-row order. In the same way, the last 7; — k columns form an
RSYT with entries vj4q +1---v;_1 + 1 — 2k. |

10| 8

, which has the property V(1,4). Then, the
12[11]9[5[4[2]1]

Example. Consider S =

row-by-row rearrangement of type ©1 4 is given by 98|7 .

12[11]10] 5 | 4 3|2\

6 Critical pairs for the quasistaircase partitions

This section includes a series of technical results that lead us to finish our study.

Let S € RSTab, with the property V(j, k), for some j and k. Applying Corollary 4.3 and
Propositions 5.10 and 5.11, M) and My(e, ) are w-equipolar. For Ok, a(0; ) is defined as
follows: ‘

1) if i < wvjyq1 or i > vjq (or equivalently, rowe, , [i] # j,j + 1), then a(©;x); = A,
2) ifvjpi+1<i<vj—korvj1—2k+2<i<vj_;—k+1, then a(0;); =m(d+j— 1),

3) iij—k+1§i§Vj_1—2k+lor Vj_l—k+2§i§1/j—1 thena(@j,k)i:m(d+j_2)
for j > 1, and a(©;y); =0 for j = 1.
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Applying Lemma 5.3, we can assume that m = 1 in «(0,}), and we denote the resulting
composition by p.
Let us see an example.

Example. Consider A = (4,4,3,3,3, 2, 2,2,07), the quasistaircase with n =4, d =2, m = 1.
Suppose we apply sg to Sp, then Spsg has property V(2,2). Then,

8089: 128 @2,2:
13]10] 5 71613
14 9
15117 4|3|2|1\ 15141312|11|10|9\

and p = a(B22) = (4,4,3,2,2,3,3,2,07). Observe that the location of the two out-of-order
entries, [2,2] and [3, 2], stays the same. We will show that (a(O22), 3) is the only (1, 4)-critical
pair where 3 = (4,4,3,0,0,0,0,3,1%). Note that £(8) = 17 = 15 + 2.

Now, we want to present an equivalent characterization of the critical pairs, for which we
need the following definition.

Definition 6.1. Given a composition «, we define the sequence R, by setting Ry (i) = r4(7)
+ na, for 1 <i < /{l(a), and R, (i) =1, for i > l().

We use this definition to give another characterization of the critical pairs.

Lemma 6.2. The pair (o, B) is a (1,n)-critical pair if and only if o > B and Ra(i) = Rg(i),
foralli>1.

Our goal in this section is to analyze the (1,n)-critical pairs of the form (u, ). For that,
consider a composition 3 such that u > 8 and R, = Rg. We refer to these two assumptions as
usual hypothesis. We assume them for 8 with respect to u, but we occasionally replace u by A.

Once we analyze the (1,n)-critical pairs (p, 3), we show that there are no (1, n)-critical pairs
of the form (A, 3). This allows us to conclude that M) has no poles in w for any number of
variables > £(\). Taking the idea from [4], our main tool is applying the maximum principle for
the cardinality of the sets {i: §; = ¢}, for all ¢ > 0.

The arguments in this section are complicated and involve case-by-case studies. That is why
this section is split into subsections as follows. In Section 6.1, we define the set B, to which we
will apply the maximum principle, together with some notation. We also include some useful
properties. In Section 6.2, we describe the consequences for A of assuming that § satisfies the
usual hypothesis with respect to A. The last two sections, Sections 6.3 and 6.4, study the
pair (u, 8) for j > 1 and j = 1, respectively. For that, we will do an analysis in terms of different
intervals, so we can estimate the size of the set B and the implications about the possible S.

6.1 The set B

For ¢ > 0, let B, = {i: 8; = ¢,1 < i < N}. In order not to overload the notation, we
include ¢ as a subindex of B only when is not clear from the context. Moreover, for intervals
[p1,p2] and [ps,pa], we say [p1,p2] < [ps,ps] if p2 < ps — 1. In particular, this implies that
#[p1, p2] + #[p3, pa] < #[p1,pal.

For u # j,7+1, by Lemma 5.4, BN, is either empty or an interval that we denote by [ay,, by].
Define s, = vy—1 — b, and t,, = v,—1 — a. Therefore, for u # 1, K+ 1,0 < s, <t, <n—2and
tik+1 < vk —1and t; < nd — 2. Moreover, #[ay, by] = #[su, tu)-
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Proposition 6.3. Let u,u +p # j,j + 1 be such that BN I, and B NI, are nonempty and
BNI; =9, foru<s <u+p (void if p=1). Then sy4p—1ty, =p+1 and [sy, ty] < [Sutps tutp)-

Proof. By definition, R, (by+p) = butp + iy, and Ry (ay) = ay + 1, , and by hypothesis,
Rg(ay) = rg(ay)+nc = 1+rg(byyp)+nc = Rg(butp)+1. Since R, = Rg, Ry (ay) —Ryu(bysp) =1
and then, 1 = ay — bytp + n(a, — Hp,,,)- Thus,

(Vufl - tu) - (Vu+p71 - Squp) =1- n(MGu - /‘Lbu+p)'

Ifu>1, then vy 1 —vyyp-1 = p(n—1) and pa, — o, ,, = (d+u—2)—(d+u+p—2) = —p which
implies sy1p—t, = p+1. Foru =1, v9—1v, = nd—1+(p—1)(n—1) and pa, — s, = —(d+p—1)
and again s14, —t1 =p+ 1. Thus ¢, < syqp — 1 and [sy, tu] < [Sutps tutp]- [ |

We use Proposition 6.3 to estimate the size of B.

Corollary 6.4. If BN (I; Ulj1) = @ and B has a nonempty intersection with at least two
intervals I, withu # j, j+1, then #B < n—2. If, additionally, BNl 1 # & then #B < vk —1.

Proof. Suppose BN I,, # @, for uy > ug > --- > w,, with p > 2. By Proposition 6.3,

P
[Sups tu,] K -+ LK [Sugs tug] K [Suy, tuy ], and so #B = Y~ (ty, — su; +1). Notice that the intervals
i=1
are contained in [0, ¢,, ]. Furthermore, t,, <n—2, foru; < K+1, or t,, = vg—1, foru; = K+1.

The case u; = 1 is not possible because p > 2. Note also that there is at least one gap, and
therefore, #B < #[0,n—2] —1=n—2,foru; > K+ 1, and #B <vg—1,foru; =K +1. W

Remark. Proposition 6.3 and Corollary 6.4 apply to A without the exclusion w,u+p # 7,5+ 1.

6.2 Consequences of the usual hypothesis for A\

In this section we show that A > 3 and Ry = Rg imply that 3 = A.
Lemma 6.5. If R\ = Rg, then 3,41 = 0.

Proof. On one hand, since ¢(\) = v1, Ry(v1 +1) = 11 + 1. On the other hand, by definition,
Rg(vi +1) =rg(v1 + 1) + nBy,41. Setting B, 41 = b, we obtain that

rg(v1+1)=vi+1—-nb,+1
= +1—#{i:1<i<v, Bi<bl+#{i:i>v1+1, 5; >b}
b—1
> +1-> #{ir1<i<u, fi=s} v +1—bn—1).
s=0

By Corollary 6.4, #{i: 1 <i < vy, f; = s} < n — 1 because the bound i < vy excludes I; and
the other intervals satisfy #I, < n — 1. Thus, —nb = rg(v1 +1) —v1 — 1 > —b(n — 1), and
therefore, b = 0. |

Remark. Note that by Lemma 5.5 this implies that 5; = 0 for ¢ > vy.
Lemma 6.6. If A\ > 8 and Ry = Rg, then B is a permutation of \.

Proof. Since ¢(\) = 11 and A > 3, we have that ¢(8) > 1. However, by Lemma 6.5, we also

have that ¢(5) < v;. Therefore, we conclude that ¢(3) = v1. Moreover, d < 5; < d+ K — 1, for

1<i<wy. For2<i< K+1,let D;={s: fs =d+1i—2} and m; = #D; — (v;—1 — v4). By
K+1

Corollary 6.4, m; < 0. Also > m; = 0 and thus m; = 0, for all 4, and g1 = \. |
i=2
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We are ready to prove the following result.
Proposition 6.7. If A\> 3, R\ = Rz and 7 = X, then 8 = A.

Proof. By definition, R)(vk) = vk + n(d + K — 1), and since Ry = Rg, we also have that
Ry\(vi) = rg(vk) + nBuy. Suppose B, = d+u— 2, with u < K + 1. Using that #{s: s >
d+u—2} =#{s: BF >d+u—2} =v,, we obtain that

ra(vi) =#{s: s <vk, Bs=d+u—2} +#{s: Bs >d+u—2}
=#{s:s<vk, Bs=d+u—2} + v, vk + vy,
Putting all together, we get the inequality v +n(d+ K — 1) — n(d + u — 2) < vk + vy, which

contradicts the condition 8,, < A .. Therefore, f,,, = d+ K — 1 and rg(vg) = vix. The
hypothesis A > 8 implies that 5; <d+ K —1and so, 8; =d+ K — 1, for 1 <i < vg.

K+1
Arguing inductively, suppose 5; = A;, fori € |J Is. The possible nonzero values of 5 on I,
s=u+1
are d+ s — 2, for 2 < s < u. Consider Rg(vy—1) = Rx(Vu—1) = Vu—1 + n(d+u — 2). A similar
argument shows that 8; = d 4+ u — 2, for ¢ € I, and therefore § = A. |

6.3 The pairs (a(©;),3): Case j > 1
In this case, we look at the set I; U I;j;q, with j > 1, by splitting it into four intervals. These
intervals, together with their key properties, are:
o £y =[vjq1+1,v;—k|, with By = @, for k = 7j41. Fori € Ey, py =d+j—1and r,(i) = .
Moreover, #FE1 = Tj41 — k.
o h=[vj—k+1,vj1 —2k+1]. Fori€ Ey, uyj =d+ j—2 and r,(i) = i + k. Moreover,

#EQZTL—]{?.
o Fy=[vj_1—2k+2,vj_1—k+1]. Ifi € F3, uy =d+j—1and r,(i) = i —n+k. Moreover,
4Ey = .

o [y = [Vj—l —k—|—2,1/j_1}, with F4 = @, for k = 1. For i € Ej, w; =d+7—2and Tu(i) = 1.
Moreover, #E, =k — 1.

Recall that our goal is to describe the possible compositions 3 such that R, = Rg. We claim
that there is a unique such S and that is of the form:

(i +1 fori € I, with 1 < u < j,
d+j—1 forie E1UEy,

Bi=1<0 for i € By U Ej3,
i for ¢ € I,, with u > j + 1,
1 for vy <i < N +j.

To prove that such 8 satisfies Rg = R,, it suffices to check a few cases:

o Ifi <wvjiqorie Ey, then \; = 3; and r,,(i) = i = r3(i). Note that if Ey = E3 is excluded,
then § is nonincreasing.

o If i > vj_y or i € Ejy, then rg(i) = i —n. As a consequence, Rg(i) = r5(i) + nf; =
i—n+n(p+1) = R,(0).

o Ifi =min Fy, then Rg(i) = N+j—n+1land R,(i) =v;+1+n(d+j—2) = N+j—n+1.

o If i = max F3, then Rg(i) = N +j and R, (i) =vj +n(d+j—1) =N +j.
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The challenge is to prove the uniqueness of 3.

Our first step is to extend the maximum principle to B N (I; U Ij41). For that, we describe
the analogues of the intervals [ay, b,] and [s,,t,] for BN E;,; 1 <i < 4.

e BNEy = [aj41,bj41] and [sj11, 1] = [Vj=bj41, vj—ajpa], with k < s541 <tjp0 < 7401

o BNEy =[a},b] and [s}, 1] = [vjo1 —k = b}, vj1 —k —aj], with k =1 < s <t/ <n—2.

3%
e BNEs=|a ﬁ_171);“] and [si 1,854 = [vjo1 —k+1 =0 ,vj-1 —k+1—a},], with
0< s <thy, <k—1

e BNEy= [aj,bj] and [Sj,tj] = [l/jfl — bj,ijl —aj], with 0 < 8; <t; < k—2.

If BN E; is empty for some ¢, the corresponding interval is omitted. We introduce a shorthand
notation for the possible states of BN Ey: set b = (bi)f:1 where b; =1if BNE; # &, b; =0
if BN E; = @, and b; = % if either is possible.

We list here the consequences of the rank equation Rg = R, according to the possible values
of b.

o For b= (11 %), a} = bji1 +n—k+1and sj41 =t + 2, so then [s},t}] < [sj41,t541].

Note also that 7,(a}) = aj + k.

e For b = (xx11), a; —,bg+1 +k+1and sj; =t; + 2, so then [s;,2;] < [s},4,t},,]. Note

also that 7, (b}, ,) = b —n+k.

e For b = (101%), @’ = bjy1 + n —k+ 1 and sj41 =t + 1. Moreover, [s,,,t ] and

[8j+1,tj+1] are contiguous and #(B N (E1 U E3)) = #[s) 1, tj41]. Also bj11 = v; —k and
aj,y =vj—1 — 2k + 2 since #Ey =n — k.

o For b = (x101), a; = b; + k + 1 and s; = t; + 1. Then [s;, ;] and [s’,#}] are contiguous
and #(B N (Ex U Ey)) = #[sj,t7]. Also b, =vj_1 — 2k + 1 and a; = v 1—k‘+2

o Forb:(*11*),(1;-“:bg»—i—landtjﬂ—sj. A]SO(I_H—I/] 1—2k+2,b; =vj1 —2k+1
and s’ =k — 1. Thus, #(B N (B2 U E3)) = #[s),, ] + 1.

We give more detail on those cases with more non-empty intersection.
o For b= (x111), s | =t; + 2 and [s;, ;] < [s],,,t}]. Furthermore,
#BN(EyUE3UE) = (t; —s; + 1)+ (t; — 854 +2) =t — s+ 1 = #[s, 1],

giving an upper bound of n — 1.

o For b= (111%), sj11 =t; + 2 and [s}, 1, ] < [sjt1,tj4+1]. Moreover,

#BN (E1U By UEs) = (tjp1 — sj1 + 1) + (¢ — shyq +2)

=tj41 = Sjy1 + 1= #[s) 1, 4.
o For b= (1111), [sj,t;] < [8]41,t;] < [8j+41,tj41]. Furthermore,

#Bﬂ(E1UE2UE3UE4):(tj+1—8j+1—|—1)+(;~ ]+1+2)+( SJ+1)
= tj41— 85 = #[sj, tj41] — L.

The next three results give us an estimate for the size of B, obtained by studying the cases
depending on its intersection with the intervals F;. The bounds for #B are analyzed by argu-
ments depending on which of the intersections of B with Ey, Es, F3, E4 are non-empty. Some
of the 16 possibilities can be combined for this purpose. Our first result cover the case when
BN (EyUEs) =@ and it can be obtained reproducing the proof for Proposition 6.3 and Corol-
lary 6.4. Note that the case B C Ej U E4 implies the states (100%) or (x001) and is treated in
the following result.
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Corollary 6.8. If b = (100%) or b = (x001) and BN I, # & for at least one value of u, then
#B <n—2. If, additionally, BN Ixy1 # &, then #B < vg — 1.

Observe that if b = (1001), then s; 41 = t; + 2 and [s;,t;] < [s;41,t41]. Moreover, the case
B C Ey U E4 implies the states (100%) or (x001) and it is treated in Corollary 6.8.

Now, we look at the case in which B N (E2 U E3) # @, splitting it into two cases depending
on the intersection of B with the intervals I,.

Proposition 6.9. If BN (Ey U E3) # & and at least one BN I, # &, for some u # j,j + 1,
then #B <n — 2.

Proof. First, we consider the case BN I, # @&, with v > j 4+ 1 such that BN I, = &,
for j +1 < s < u. We look at the possible configurations of b starting from the left. If
b = (1 * xx), by Proposition 6.3, s, —tj11 =u —j > 2 and [sj41,tj41] < [Su,ty]. Furthermore,
#BN(E1UEUE3UEy) = #[s) 1, tj+1] or #[s;j,tj41] — 1, depending on BN Ey. If b = (01xx),
then the rank equations show that s, — t; l+u—j >3 and [s),t; + 1] < [sy,tu]. If
b = (x11x), then #(B N (B2 U E3)) = #[s} 4, t;] + 1. Finally, if b = (001%), then s, >t} | +2
and [s%, 1,1, 1] < [su,tu].

Now, consider the other case, BN I, # &, with u < j such that BN I; = @, for j > s > u.
Again, we look at the possible configurations of b starting now from the right. If b = (% * x1),
then s; —t, = j —u+ 1, even when u = 1, and [sy,t,] < [s;,t;]. If b = (% * 10), then
i1 —tu=J—u+2>3. Thus, [sy,t,] < [s]4 l,t;H] and #(BN (B U E3)) = #[s), 1 —1,1]
or #[s’ 1,1 4]. Finally if b = (¥100) then s’ —t, = j —u+ 12> 2 and [sy, t,] < [s},t}].

In all cases, B has the same cardinality as a union of disjoint subintervals of [0,n — 2],
with gaps of at least one between adjacent subintervals. Thus, #B < n — 2 and < vg — 1, if
BNlIg4 # 9. |

Now, we consider the case in which B N (Ey U E3) # @ but the intersection of B with the
intervals I, is empty.

Proposition 6.10. We list here the exceptional cases, for which BN I, = &, for u # j,j + 1.

e For b= (0x%x0), #B < n with #B = n if and only if B = Ey U Es.

e Forb=(1110), #B <n — 1.

e Forb=(0111), #B <n — 1.

Finally, if we are not in any case included in Corollary 6.8 or Propositions 6.9 and 6.10,
B C I, for some u# j,j+1or B C E,, with1 <s<4.

Our next step is to analyze the implications of these results with respect to the possible

compositions [. First, we notice that since we are assuming j > 1, we know that for u,
() =v1=N—(nd—1), and so p; =0, for i > v1. Next lemma tells us this information for .

Lemma 6.11. Fither 5; =0 for allt >v1+1 or ; =1 forvi +1 < i < 4(B). Moreover, in
the last case, rg(r1 +1) =vi+1—nand {i: 1 <i<w,[; =0} = E; U E3.

Proof. Let b = (,,41. By the rank equation, rg(v1 + 1) + nb = (11 + 1), since Rg = R, and
tn+1 = 0. Then, v; +1 —nb = rg(v; + 1) > 1. By definition,

T’g(Vl-Fl):Vl—i-l—#{i:lgiﬁl/l,ﬁi<b}+#{i:i>l/1,ﬂi>b}.

We already know that #{i: 1 <i < vy, 5; = ¢} < n — 1, with one possible exception of n, in
which we have exactly Fs U E3, by Proposition 6.10. Since we are considering subsets of [1, 1],
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then it is not possible to have #{i: 1 <i < vy, B; = ¢} > n. Moreover, the interval [v; + 1, N]
is excluded here, so values in [n + 1,nd — 1] are excluded. Thus,

b—1

#{i:lgigul,ﬂi<b}zz#{izﬁi:c,lgigul}

c=0
<(n-1)(b-1)+n=bn—1)+1.

Putting all together,
vi+l—-nb=rgr1+1)>v1+1—-#{i: 1 <i<w, i <b} >v1 —b(n—1).

That is nb —1 < b(n — 1), and so b < 1. If b = 0, then rg(v; + 1) = v1 + 1 which implies
#{i:i> v, B; >0} =0and f; =0 for i > vq. Otherwise, b =1 and rg(v1 +1) =v1 +1—n.
According to the notation described in Section 6.1, let By = {i: 1 < i < vy, §; = 0}. By the
results about the size of B presented in Section 6.1, #By < n and #{i: i > vq, §; > 1} =0. We
conclude then that #By = n and By = Fy U E3. Furthermore, 11 + 1 < i < ¢(f) implies g; = 1
because the values 8; > 1 and 3; = 0 are excluded. [ |

In fact, we also know the length of § for the last case in Lemma 6.11 as we show in the
following proposition.

Proposition 6.12. If 8,41 = 1, then {(3) = N + j.

Proof. By Lemma 6.11, igp = min{i: f; = 0} = minEy = v; — k + 1. Then rg(ip) = 1 +
#{i: 1 < i <UP), fi >0} =L(B) + 1 —n and the rank equation Rg(ig) = R, (i) implies that
n(d+j—2) =rgio) —ru(io) = €(B)+1—n—(io+ k) = £(B) +1 —n —v; — 1. Substitute
vj=N —(nd—1)—(j —1)(n — 1) in the last equation and obtain ¢(3) = N + j. |

We are ready to prove how is S in this last case.

Theorem 6.13. If Rg =R, p> 3, j > 1 and By, 11 = 1, then

7% for i < min Fs,
Bi=140 for min Fy < i < max Fj3,
wi+1 for max Fs <i < N+ j.

Notice that the description is given in terms of Es and F3 to avoid awkwardness with F; = &
or F4 = @, when k = 7j,1 or 1, respectively.

Proof. By Lemma 6.11 and Proposition 6.12, 5; = 1 for 1 +1 < i < N +j and, by hypothesis,
B; = 0 for ¢« < N + j if and only if ¢ € Ey U E3. Thus, we consider the values of 5 on
J = [1,min Fy — 1] U [max E3 + 1,14]. First, we show that d+ 1< 3, <d+ K — 1, for i € J.
Suppose i € I, with I; = E4 and I = Ey. Then, R, (i) = Rg(i) = i+n(d+u—2). Moreover,
i € J implies that rg(i) < v1 —n and then, i +n(d +u —2) < v; —n+np;. This last inequality
translates into:

nBi >i+n(d+u—2)+n—vi=(—vy)+vy—vi+nd+u—1)
=(l—v)+nd+u—1)—(u—1)(n—1)=( —vy) +nd+u—1.
Since i — v, > 1, we have that 8; > d + 1.

Let C; = {s: Bs =d+i—2}, fori < K+ 1, and mjy =n—1—#C; for 3 <i < K and
myy1 = Vg — #Cky1. By the maximum principle and the fact that p > 3, it follows that
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m; > 0, for all 7. Note that the set E5 U F3 is excluded here. There are two equations satisfied
by the m;’s:

K+1 K+1
Y #Ci=vi—n and Y #Ci(d+i—2)= |8 - (j+nd—1).
i=3 i=3
K+1
Simplifying the first equation, we get that >  m; = 1, and simplifying the second equation,
i=3

k+1
which requires more computation, we get that Y m;(d+i—2)=d+j— 1.

The unique solution is m;1 = 1 and m; = O,Z f(?;r i # j+1, implying that #C; = n—1. Thus,
Ci = Iy, for some g(i) # j,j + 1, and Cj41 = E1 U Ey, since #Cj11 = n — 2. The obvious
modifications are made here if v <n —1or j= K. If i > j+ 1, then rg(vy;)—1) = v;—1 and
78(Vg(i)—1) = Tu(Vg(iy—1) = n[(d+1i—2) —d+g(i) — 2)]. Therefore, n(i—g(i)) = (Vi-1 —Vg5)-1) =
(n —1)(g(i) — i) and i = g(i), thus By = p, for u € Iy, If i < j, then r5(vyi)—1) = vi-1 —n
and 75(Vg(i)-1) — Tu(Vg@)—1) = nl(d +i—2) =1~ (d + g(i) — 2)]. Thus, g(i) = i — 1 and
Bu=d+g(i) —1=py,+1, for u € Iyz. [

It remains to show the other case described in Lemma 6.11. The next results show that if
Buvi+1 =0, then g = p. Let us start with a lemma.

Lemma 6.14. Let ¢ and ¢ be two different indexing parameters such that their corresponding
sets B, = {i: 5; = ¢} and By = {i: 5; = '} satisfy that B.UBy = I; U1, with By N Ey # &.
Then, B. = F1 U FE3 and By = Eo U Ey, or B. = E1 U Ey and By = Es U E3. Moreover, in the
latter case, #By = n.

Proof. If #B. < n — 2, then #B. > n, which means that B, = Fs U Fj5.

The cases b = (1010) and (1110) allow #B = n — 1 and imply that Ey C B and that
b’ = (0111) and (0101), respectively.

The case (1000) is excluded because #E; = 7j11 — k < 741 — 1, as well as b’ = (0001)
because #E; = k — 1 < n — 2. Finally, b = (1110) and b’ = (0111) can not occur because the
state (x11x) implies t;‘+1 = s;. and B, , okr1=c=f,_, okt2="C. |

We are ready to prove that g = p, under the conditions established for this case.
Theorem 6.15. If Rg =R, n > 3, j > 1 and £(B) < vy, then B = p.

Proof. Since u> 5,d < p; <d+ K —1for 1 <i <.

K+1
Let C; = {s: Bs =d+i—2} and m; = #C; — (Vi1 —v;), for 2 <i < K+1. Then >  m; =0
=2
K41 '
and Y m;(d+1i—2) = 0. We also have that mg; < 0 because u > . For 2 < i < K, by
i=2

the study about the size of B presented in Section 6.1, we know that v;_1 — v; = n — 1, and
this implies that m; < 1 and that at most one value of ¢ allows m; = 1. Now, this is impossible
because the sums would imply there exists u such that m, = —1 and (d+i—2)— (d+u—2) = 0.

The previous argument shows that the level sets of g are permutations of the level sets of p.
That is, C; = Iy for some g(i) # j,j + 1. Since 8 is a permutation of u, rg(vyuy—1) = vi—1
and the rank equation gives rg(vyu)—1) — u(Vg@y—1) = n[(d +1i —2) — (d + g(i) — 2)] and
n(i —g(i)) = (Vi1 — vy(i)—1) = (n — 1)(g(é) — 7). We conclude then that i = g(i).

As a consequence, #Cj =n—1=#Cjy1,or #Cj11 =vi if j = K, and C;UCj41 = [;UTj44.
If i €e CjN(E2UEyY) or i € Cjp1N(EUE3), then rg(i) = r,(7). Therefore, i = min B; = min
or else rg(i) —ru(i) = vj+1—i =mnand i = vj41 ¢ Ey when i € Ey, or rg(i) — ru(i) =
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vi+l—(i—n+k)=mn,i€ E3sandi=vj+1—k € Ey. Thus C; N Ey # @ and we apply
Lemma 6.14 taking B = C; and B, = Cj41 to conclude that C; = Es UE, and Cj41 = E1UE3.
The case Cj = Ey U E3 is impossible since #(FE2 U E3) =n. Thus 8 = p. |

We finish the case j > 1 with the following theorem.

Theorem 6.16. For j > 1, if (u, ) is an (1,n)-critical pair, then £(3) = N + j.

6.4 The pairs (a(®;),3): Case j =1

In this case, p has length ¢(u) = N —k+1, with & < n—1. It turns out that § in the critical pair
(i, B) is a permutation of A = u™, and differs from p only in the arrangement of the values d
and 0. Moreover, () = N + 1.

The relevant subdivision of I1 U Is and its properties are:

o By =+ 1,v1 —kland Ey = @ if k = . Fori € By, u; = d and r,(i) = i. Moreover,
#El :Tg—k‘.

o Fy=[v1—k+1,N—2k+1]. Fori € Es, u; = 0 and r,(i) = i+k. Moreover, #E> = nd—k.

o B3 =[N—-2k+2 N—Fk+1]. Fori € E3, y; = d and r,(i) = i — nd + k. Moreover,

4Es = k.
e By =[N—-—k+2 N]and By, =@ if k =1. Fori € Ey, p; = 0 and r,(i) = i. Moreover,
YE =k —1.

Furthermore, the intervals [ay, by, for B N (I U I2) are of the form:

e BN E) = lag, by] and [so,to] = [11 — bo, 11 — ag], with k < 59 <t <715 — 1.

e BNEy=|a},by] and [s],t]] =[N —k—=V|,N —k—da}], with k — 1 < s} <t} <nd-2.
e BN E3=[a), by and [s5,t5] = [N —k+1—0b5, N —k+1—ab], with 0 < s, <t, <k-—1.
e BNEy=lai,b] and [s1,t1] =[N — b1, N —aq], with 0 < s1 <t; <k —2.

Using the same shorthand notation, the analysis of the sequence b depends on the intersection
of B with the I, intervals. Since the arguments for j > 1 apply here when FE5 is not involved,
we summarize the results that we can extend from the case j > 1.

First, suppose BN I, # @ and BN I; = & for 2 < s < u. This implies that 79 = n — 1. The
following result resumes part of the information we know about b.

Proposition 6.17. Suppose BNI, # @ and BNI; = @ for 2 < s < u.
o Ifb=(1x%x%x), then s, —ta =u—1> 1 and [sa,ta] < [su, tw].
o Ifb=(01x%x), then s, —t) =u > 2 and [s},t] + 1] < [sy, tw].
o Ifb = (001x), then s, —th =u—1>1 and [sh, th] < Sy, tu].
e Ifb=(0001), then s, —t1 =u > 2 and [s1,t1] < [Su, tu].
There a few more configurations for which we know more details.

Proposition 6.18.

o Forb = (11x%%), so =t + 2 and [s],t]] < [s2,ta].

e For b = (x11x), th, = s} and #B N (F2 U E3) = #[s),t]] + 1. Notice that this implies also
that al, = b} +1 = N — 2k + 2, so this configuration is possible for only one value of c.

o Forb = (xx11), sh =t1 +2 and [s1,t1] < [sh, t}].
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e Forb = (101%), ab —ba =nd —k+1=#FEy+ 1. Then, by =v1 —k, al, = N —2k+2 and
sg =th + 1. Therefore, #(B N (E1 U E3)) = #|[s, ta].

e Forb=(x101), a1 — by =k+1=#F3+1, thusby =N —2k+1, a1 =N —2k+2 and
sy =t1 4+ 1. Therefore, #(B N (E2U Ey)) = #[s1,t}].

o Forb= (1001), So =11+ 2, [Sl,tl] <K [82,152}.

From these relations it follows that if BN I, # @ and that BN (I3 U I2) = [§,t] # @, with
[3,%] < [su,tu]- Then, we have the following result.

Corollary 6.19. Suppose BN I, # & and BNIy = & for 2 < s < u. Then, for j =1,
#B<n—-2and #B <vig —1, if BNIg41 # 2.

Now, suppose BN I, = @, for all u > 2. The following bounds are combinations of the
relations among the intervals stated in Proposition 6.18.

Proposition 6.20.

e Forb= (x0%0), BC E1UE3 and #B <n —1.

e For b= (1110), #B <n — 1.

e forb=(1111), #B <n —2.

e For b = (100%) and (x001), #B < n — 2 since #B < #[s1,t1] + #[s2,to] with 0 < 51 <
t1<k—2and k <s9 <ty <n-—2.

o Forb=(0%0%), BC EF2UEy4 and #B <dn — 1.

e Forb=(0111), #B < dn — 1.

e For b= (0110), #B < dn.

Lemma 6.21. Set ip = min Fy = vy — k+ 1. If i <o, then B; # Bi,.

Proof. Consider B = {i: 1 < i < N,f; = (B;,}. By definition and the fact that a} = i, it
follows that t{ = nd — 2. If BN E; # &, then b = (11 * ) and the inequality [s5, 5] < [s1,t1]
holds. However, this implies that s; < n — 2, which is contrary to s; >t +2. If BN 1, # & for
some u > 2, then [s],t] + 1] < [sq, tu] because s, < n — 2. [ |

The goal of the remaining discussion is to show that either 8 = p or £(8) = N + 1 and § is
the unique solution of Rg = R, and p > f3.

Proposition 6.22. Consider ic = min By = vy —k+ 1. Then, B;, =0 and {(5) < N + 1.

Proof. Recalling that Rg = R, and noticing that p;, = 0, we have that Rg(ig) = v1 + 1. Let
b = Bi,. Thus rg(ip) = 1 + 1 — nb. First we show b < 1. Consider By = {i: 1 <i < N, f5; = s},
for s > 0. By Lemma 6.21,

m+1—nb=rglip) =1+#{i: 1 <i <N, B >by+#{i:i> N, 8; > b}
b
2N+172#BS2N+1fndfb(n71)zylfb(nfl).
s=0

The cardinalities in the formula for 73(ig) are computed by changing to the set-theoretic com-
plement; then b of the numbers # B, satisfy #B; < n — 1 and by Proposition 6.20, at most one
satisfies #B5 < dn. Thus 0 < b < 1. The only possibility for #B; = nd is s = b. If this bound
is not achieved then #B; = nd — 1 or n — 1 where the bound nd — 1 is possible only once, and
the inequality becomes r35(ig) > v1 + 1 — b(n — 1), implying that b = 0.
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Suppose b = 1, then By = Ey U E3 and 3 # 1 for i € E = [1, min E5 — 1] U [max E3 + 1, N].
Thus By C E. Set m~1 = #{i > N: ; > 1}. Then,

m+1l-—n=rglio) =1+#{i€ E: B >1} + ms1 = 1+ E — #By + ms1, (6.1)

and #By =N —nd+n—vi+ms=1=n—1+m1.

The equation (6.1) is only possible if mg = n — 1 and m~1 = 0. Therefore, Sy < 1 and
By = I, for some v > 2. This implies that 5; > 0, for v, 1 < i < N, and 3; > 0 also for
N < i <L(B). Thus, rg(vu—1) = 4(B), Rg(vu—1) = €(B) = Ru(vu—1) = vy—1 + n(d+u —2) =
N+u—1,and ¢(f) = N+u—1> N. However, but Sy41 =0 else R,(N +1) = N +1 and,
since #{i < N+1: 5 >1} =(N+1)—(n—1), Rg(N+1)=N+2—-n+nfns1 =N +2.
Then, ¢(8) < N and we get to a contradiction.

This proves that b = 0. Thus rg(ip) = v1 + 1 and #{i: 5; > 0} = v;. Consider m~n =
#{i:i>N,5; >0}. Then, 1 +1=N+1—#By+m-y > N+1—nd+msy =v1 + m=n,
which means m~y < 1. If msy = 0, then ¢(8) < N and #By = nd — 1, otherwise £(f) = N +1
and # By = nd. |

This is rather a complicated argument but it is a key step in the development of our study.

Corollary 6.23. For i > min Ey, $; = 0. Ifi < min Ey, the #{i: 8; > 0} = v and d < f5; <
d+ K — 1.

Proof. The bounds d < f3; < d+ K — 1 for the nonzero values follow from #{i: 5; > 0} =11 =
#{i: p; >0} and p > B. Finally, by Lemma 6.21, 3; > 0, for ¢ < min Fs. |

Our next result is a first step in the direction of Theorems 6.13 and 6.15.
Proposition 6.24. If j =1, u > 8 and R, = Rg, then f* =X =p".

Proof. From Corollary 6.23, d < 5; <d+ K —1or §; =0. Let C; = {s: Bs =d+1i— 2} and

m; = #C; — (Vi1 — 1), for 2 < i < K 4+ 1. Tt is possible that N + 1 € C; for some i only if
K+1

{i:1<i<N,B; =0} =FEyU E3 and #C,, < n — 1 for u # ¢i. The equations > m; = 0 and
i=2

K+1 '

> mi(d+i—2) =0, together with the bound mgy; < 0 (since p > /), implies that m; < 0.

i=2

The value m; = 1 is impossible because the sums would imply there exists u such that m, = —1

and (d+ 17— 2) — (d+ u — 2) = 0. Therefore, the bound n — 1 applies to all the sets C,. From

Proposition 6.22, {i: i < N, 5; =0} = Es U E3 or E U Ey. Thus #C; =n —1, for 2 <i < K,

and #Cgk1 = vg. Equivalently ST = \. |
Proposition 6.25. If u > 2, then 5; = u; fori € I,.

Proof. We proceed as in the proof of Proposition 6.7.

Consider R,(vk) = vk +n(d + K — 1) = rg(vi) + nBy,. Suppose B, = d+ u — 2 and
u < K + 1. Notice that the value §,, = 0 can not occur by Corollary 6.23. Since 8T = A,
#{s: Bs > d+u— 2} = v,. Then, by definition,

rg(vr) = #{s: s <vi, Bs=d+u—2} +#{s: Bs >d+u—2}
=#{s:s<vk,Bs=d+u—2}+v, <vg+ vy,

and thus v +n(d+ K — 1) — n(d 4+ u — 2) < vk + vy, which simplifies to n + K — u < vk and
implies K —u <vg —n < —1.

The bound v > K + 1 contradicts that 3,,, < p,,. Therefore, 3,,, = d + K — 1 and
rg(vk) = vik. The hypothesis p > § implies 8; < d+ K — 1 and so, ; = d + K — 1 for
1 <i<vgk.
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K+1
Arguing inductively, suppose 8; = p; fori € |J I. The possible nonzero values of 8 on I,
s=u+1
are d + s — 2 for 2 < s < u. Consider Rg(vy—1) = Ry(Vu—1) = vu—1 + n(d +u — 2). A similar
argument shows 5; = d+ u — 2, for i € I,,. |

It remains to consider the set {i: 3; = d}.

Lemma 6.26. Consider By = {i:i < N, ; = d} and By = {i:i < N, 8; = 0} such that
BsUByg=11Uly. Then, By = E1UFEs5 and By = Ey UFEy, or By = E1UFE, and By = EoU Ej3.

Proof. If #B; < n — 2, then #By > dn implying By = E> U E3. Let b be the configuration
for By and b’ be the configuration for By.

The cases b = (1010) and (1110) allow #B4 =n — 1 and imply E4 C By and b’ = (0111) or
(0101).

The case (1000) is excluded because #E; = 0 — k < 1 — 1, as well as the case (0001),
because #E; = k — 1 < n — 2. Finally, b = (1110) and b’ = (0111) can not occur because the
state (¥11x) implies ¢, = s} and Sy_op+1 = d = By_2k+2 = 0. |

We are ready to prove the analogous result to Theorems 6.13 and 6.15 for j = 1.

Theorem 6.27. If j =1, u > B and R, = Rg then either § = p or £(8) = N +1 and 8 is
UNIQUE.

Proof. By Lemma 6.26, if {i: i < N, 5; =d} = E4yUFEs and {i: i < N, 5; =0} = Ey U Ey,
then f = p. Otherwise {i: 5; = d} = E1 U E4 U {N + 1}, which has cardinality n — 1, and
{i: i < N, B; =0} = E2 U E3, with cardinality nd. |

We finish this section illustrating our results with an example.

Example. Consider the parameters j = 1, K = 2, n = 4, d = 3, and N = 17, for which
p=(4,4,4,3,0'°3,3,0) and 8 = (4,4,4,3,0'2,3,3), with {(8) = 18.

7 Concluding remarks

We have shown that if S € Tab, with colg[i] = colg[i + 1] = k and rowg[i + 1] = j, then
the polynomials Mss,) and Mye,,) are w-equipolar for S € Tab; and M,ss,) has no pole
at @ in N variables. Hence, the polynomials M), for S € Tab; specialized to w satisty the
equations M )& = Mys)¢: for all ¢, and are singular.

The result on critical pairs provides a new proof for singular nonsymmetric Jack polynomials
with the restriction ged(m,n) = 1; then the quasistaircase polynomials are singular for k = —™
(see [4]). Considering the known singular nonsymmetric Jack polynomials theory we suspect that
there are no singular Macdonald polynomials other than the quasistaircase types constructed in
this paper. This may be quite harder to prove, if true.

We also want to point out that there is a different behavior for partitions with only two parts,
in the sense that there may be more than one quasistaircase for a given 7 and (m,n). That is,
consider the case K = 1, for which necessarily j = 1. Then, 7 = (N — 79, 72) with 7, < N/2,
and \ = (mTQ, ON*TQ), with n = N — 9 + 1. We want to figure out the values of w for which
w = (wu_”, um) provides singular polynomials. Let g = ged(m, n) and d be a factor of g.

To produce a quasistaircase, set n = dni, m = dm; subject to 7o < ny—1. That is, 5 > 7o +1,
ord < _%7. Then, let w = exp (2%“) with ged(g, k) = d. Asaresult (¢, t) = (wu‘”, um) satisfies
¢"™/4"/d = 1. This formula is based on replacing m, n, and g by =, 5, and §, respectively, and
setting k = k'd, with ged (K, 9) =1

We wrap up the paper with a last example illustrating all the study done here.
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Example. Let A = (30%,0'"), for which N = 14, n = 12, and 7, = 3. Then, gcd(30,12) = 6
12 .
and d is a factor of 6 such that d < il 3. Thus, w = exp (27”“), with ged(k,6) = 1, 2,

30

or 3, resulting in the singular values ¢°t'? = 1, ¢'5t% = 1, and ¢'°t* = 1. In terms of w the
implication is that w = (wu*2, u5) where
1) w? — w41 =0 (primitive 6'" root of unity) and ¢3°t'? = 1;

2) w? 4w+ 1 =0 (primitive 3'¢ root of unity) and ¢'°¢6 = 1;

3) w+ 1 =0 (primitive square root of unity) and ¢'%¢* = 1.

Note that the fact that w = 1 is specifically excluded is a manifestation of the result that the
nonsymmetric Jack polynomial with label (303, 011) is not singular for k = —30/12 = —5/2, and
so it may have poles. The known results in [4] assert that for every pair (m,n) with 2 <n < 14

m
and m = 1,2,3,... such that — ¢ Z there is a nonsymmetric Jack polynomial singular for
n

k = —". In our case, for the pair (30,12) the corresponding label is (40,35, 30,011). That is,
(303 ) 011) is not a valid label for singular Jack polynomials.
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