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Abstract. Qualitative behavior of Bach flow is established on compact four-dimensional
locally homogeneous product manifolds. This is achieved by lifting to the homogeneous uni-
versal cover and, in most cases, capitalizing on the resultant group structure. The resulting
system of ordinary differential equations is carefully analyzed on a case-by-case basis, with
explicit solutions found in some cases. Limiting behavior of the metric and the curvature
are determined in all cases. The behavior on quotients of R x S? proves to be the most
challenging and interesting.
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1 Introduction

In four dimensions, Bach flow is a solution to
1
O =B+ A8y, g(0) =1,

where B is the Bach tensor and S is scalar curvature for the metric g. This serves as a concrete
motivating example of a higher-order intrinsic curvature flow. Such flows, including flow by the
ambient obstruction tensor and flow by the gradient of the total curvature energy functional, have
been of interest recently. See for example [1, 2], and with related work found in [3, 10, 17, 20].

Analyzing Bach flow on an arbitrary locally homogeneous 4-manifold is a challenging en-
deavor, so our goal here is to understand Bach flow on a more restricted family that is more
tractable. Specifically, we study Bach flow on (M, g) where M = S! x N, (N,§) is a closed
locally homogeneous three-dimensional Riemannian manifold, and g = gs1 + g is the product
metric. By lifting to the universal cover M of M, this analysis reduces to analysis of Bach flow
on one of nine simply connected homogeneous spaces.

The specific details for each of the nine cases can be found in Sections 5 and 6. As a summary,
we find:

o if N =3 or H?3, Bach flow is static;

o if N = Nil, §i(2, R), R x S?, or R x H?, Bach flow collapses to a flat surface;
o if N = Solv, Bach flow collapses to a curve;

e if N = E(2), Bach flow converges to a flat four-dimensional manifold;

o if N=§3 , Bach flow can collapse to a flat three-dimensional manifold, collapse to a flat
surface, or converge to a curved four-dimensional manifold, depending on the initial con-
ditions.

In this paper, S™ is the n-dimensional sphere, H" is n-dimensional hyperbolic space, Nil is the
Heisenberg group consisting of 3 x 3 upper triangular matrices with 1’s on the diagonal, Solv
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is the Poincaré group for 2-D Minkowski space R? x O(1,1), E(2) is the group of Euclidean
transformations of the plane, and §E(2, R) is the universal cover of SL(2,R).

The method here is similar to that of [11] and [12], where the qualitative behavior of volume-
normalized Ricci flow on locally homogeneous three- and four-dimensional manifolds was de-
termined. See [9] for an alternative approach to analyzing Ricci flow on homogeneous three-
dimensional manifolds, and see [14] for analysis of the quasi-convergence of locally homogeneous
manifolds under Ricci flow. Other geometric flows have also been analyzed on locally homo-
geneous spaces. See for example [13] for analysis of Cotton flow, [4] and [6] for analysis of
cross curvature flow, [5] for analysis of backward Ricci flow, and [8] for analysis of second-order
renormalization group flow.

Here, for most spaces, the analysis is a bit more challenging than for Ricci flow, since the
polynomials in the systems determined by Ricci flow are third order while those for Bach flow
are seventh order. These higher order expressions are more difficult to analyze for the purposes
of qualitative analysis.

Determining the behavior of Bach flow on model spaces has so far been limited to flow on
locally homogeneous 2 x 2 products by [7] and S! x Solv by [10]. Additionally, in [20], flow by the
gradient of the total curvature energy functional was analyzed on two specific four-dimensional
homogeneous spaces: S? x H? and R x S?. Bach flow is related to this flow, and comparing
and contrasting the qualitative behavior of these flows helps to understand this relationship. On
S? x H? the equations determined by the two flows are essentially the same. On M =Rx S3, only
round metrics on S* were considered in [20], and on compact quotients, the resulting product
metric was found to collapse to a three-dimensional space, with the S! slice shrinking. Here, we
find that Bach flow is static in this case.

The general approach to understanding Bach flow on the spaces of interest is similar to that
found in [11]. The universal cover N is either a Lie group or it is not. In the case where N
is a Lie group, the set of homogeneous metrics can be identified with the set of left-invariant
metrics on N , which in turn are identified with the set of inner products on the tangent space at
the identity. Curvature can then be expressed in terms of the structure constants and the inner
product. The Lie groups of interest have the property that a basis can be found where the inner
product is diagonal and the structure constants can be written in a convenient form. As was
true for the Ricci tensor in [11], we find here that the Bach tensor in this setting is diagonal and
so Bach flow preserves this structure. The resulting system is analyzed, with explicit solutions
found in some cases, and limiting behavior is determined. If N is not a Lie group, the analysis
proves to be somewhat simpler, owing to the fact that there are fewer homogeneous metrics on
these spaces. The resulting systems can all be solved explicitly.

This paper is organized as follows: In Section 2, the Bach tensor and Bach flow are discussed.
Additionally, formulas for the Bach tensor on products are provided. In Section 3, details
surrounding the locally homogeneous spaces and Lie groups of interest are provided, including
curvature formulas in terms of structure constants. In Section 4, useful results about ordinary
differential equations are provided. Section 5 is devoted to the derivation and analysis of Bach
flow on locally homogeneous 1 x 3 products and in Section 6, Bach flow is analyzed on locally
homogeneous 2 x 2 products. Finally, in Section 7, the qualitative results for Bach flow are
compared and contrasted with those of Ricci flow.

2 The Bach tensor and Bach flow

On a four-dimensional Riemannian manifold (M, g), the Bach tensor B is given by

Bk = 9" Pjiiq — 9" Pjikg + P Wijna,
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where P is the Schouten tensor, which, for an n-dimensional manifold is defined as

1 . S
P_n—2 (RIC_2(n—1)g>

and W is the Weyl tensor. Throughout this paper, curvature and index conventions follow those
found in [15]. The Bach tensor is a symmetric, trace free, divergence free tensor that is fourth
order in the metric and is conformally invariant: if § = p?g, then B = p~2B. It can be realized
as — grad(W) where W is the Weyl energy functional:

W=/!W%u
M

with ’W’2 = gipgqukrglswijklwpqrs-
In [1] and [2] short time existence and uniqueness are established for solutions to the geometric
flow

1
oig = B+ EASQ’ g(0) = h.

Here, and throughout, A = ¢“/V,;V,. The positive multiple of ASg is included to ensure that
the resulting flow is well posed. The fraction % could be replaced by any positive constant .
In general, if & = 0, the analysis in [1] and [2] no longer applies and, as far as the author is
aware, it is not known if the case o = 0 is well posed.

On the other hand if, for a solution to the flow above, the scalar curvature S(t) is constant

on M, then the flow reduces to
Og = B, g(0) = h. (2.1)

In this paper, the flow is analyzed on locally homogeneous product manifolds and local homo-
geneity ensures that the scalar curvature is constant on M.

One useful consequence of the fact that the Bach tensor is trace free is that the volume form
is constant along the flow:

6tdug =0.

If fixed coordinates are chosen, this is equivalent to saying det g(t) = det h is constant in
time.

2.1 Bach tensor on products

In general, the Bach flow equations lead to a complicated nonlinear system. Making use of the
product structure significantly simplifies the resulting equations.

Let (N(l),g(l)) and (N(Q), §(2)) be Riemannian manifolds. Let M = N1 x N?) . The
product metric g on M is

g=9"+¢%,

where ¢ = m (g(i)) are the pullbacks of the component metrics by the natural projections.
Greek indices (o, 3, v, etc.) will be used for N® | and lower case roman indices (i, 4, k, etc.)
will be used for N . In the case where N is one-dimensional, the subscript 0 will be used.
Abusing notation slightly, the tildes used above will be dropped. To clarify when dealing with
an object on V @) or N@) (as opposed to M) a parenthetical superscript will be used to indicate
the component.
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For a general product,

Ricas = Ric(),  Ricjp = Ricly),  Ricag =0

and
S =804 53,

In particular, for 1 x 3 products Ricgy = 0 and S = S,

The Bach tensor is somewhat more complicated. While the Bach tensor splits in the sense
that the components with mixed indices are zero, the components corresponding to one factor
depend on the curvature from the other factor.

The 1 x 3 and 2 x 2 cases are as follows: If dim (N(l)) =1 and dim (N(Q)) = 3 then

1 1 . 1

Boo = <_12 (A®S) — & ([Ric|@)? - 3(8(2’)2]> 900, (2.2)

1 (2 1 1 2 . .
Bj = §A(2>Rlc§,j - 5 APS@ g 65%(1"3 - 26 (Ric® @ Ric®)

7 @), 3 n: 2 5 2
- 65(2)R10jk) + 1(\RIC\(2)) 9jk — E(S(z)) 9jk: (2:3)
and

Boi = 0.

Here, tr(Ric ® Ric) ;i = g“Riciniclk. If dim (N(l)) = dim (N(Q)) = 2 then

By _ésgé N é [A(l)s(l) _ %A(Q)S(Q) . 3(@(1))2 _ (5(2))2)] G5 (2.4)
and similarly
1 1 1 1
Bj=—gSgl+ ¢ [A(”S(z) — 5 AWM 4 ((s¥)* - (5(1))2)] 9k (2.5)

and
B, = 0.
Using the formulation for the Bach tensor in the 1 x 3 setting, we have the following:

Proposition 2.1. Let dim (N(l)) =1 and dim (N(2)) = 3, and suppose S = S@ s constant.
Then B =0 if and only if g'?) is Einstein.

Proof. If ¢®? is Einstein then Ric(? = @g@) and as a result, equations (2.2) and (2.3) both
simplify to zero.
In the other direction, if 9(2) is not Einstein, then

5(2))2
(IRic|®)? > (Clally
3
Since A@ SR =0, then in particular, Byy < 0. [ |

An immediate consequence of this result and its proof is the following:

Proposition 2.2. Let M be a 1x3 product with product metric g solving equation (2.1). Suppose
that for all time, the scalar curvature is constant on M. Then goo s static if and only if B =0,
in which case, all components of the metric are static. Otherwise, gog s strictly decreasing.
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3 Locally homogeneous spaces and Lie groups

A Riemannian manifold (M, g) is locally homogeneous if for all points p, ¢ in M, there exist
neighborhoods U and V' about p and q respectively, and an isometry

p: U=V

with ¢(p) = ¢. If, for all pairs of points, the isometry can be chosen to be global, so that
w: M — M, then (M, g) is homogeneous. If M is closed and locally homogeneous, then its
universal cover is homogeneous. A straightforward, but useful, result is that if a manifold is
locally homogeneous, its scalar curvature is constant. There are nine three-dimensional simply
connected homogeneous manifolds with compact quotients, six of which are Lie groups. The Lie
groups support a larger class of homogeneous metrics and require a more sophisticated analysis
than the three non-Lie groups. See [11] for more details surrounding these definitions and results.

3.1 Structure constants and curvature

Let G be a Lie group with Lie algebra g, and let {e;} be a left-invariant basis for g. The bracket
can be expressed in terms of structure constants C’ijk

[ei, ej} = C’Z-jkek.

Given a left-invariant metric g, and working with a left-invariant frame, covariant derivatives,
and then curvature can be expressed in terms of structure constants. The Ricci and scalar
curvatures are

. 1 1 1
Rlcjk = —§(Cljp + ijl)Clkp + iClijlpk + QCZPI(ijk + Cpkj) (3.1)
and
L ik | Ip vk
S = _ZC PClip — 3 PR Clip — CP1C7 . (3.2)
Additionally, with a bit more calculation, the Laplacian of a left-invariant tensor can be expressed
in terms of structure constants. For this paper, the Laplacian of a left-invariant symmetric ((2])—
tensor T' is needed and we have the following:
1
(AT); = 5:rpq(c’zpcqu + O+ OFR Oy, — ROy — OF PO,
— Ckipquk — ijpC@-qk + Ckpiquk + Ckpjciqk)
1
* Zqu ((Ckpi ~ Ot Cipk) (Cip = Cip? + o) + 207, (G = Cpif))

1
+ 5 T ((C*75— C* 7+ CP*) (Chy— Crp™+ Cp?)) + 204 (C9,— C?)). (3.3)

3.2 Three-dimensional Lie groups

As seen in [19], the six three-dimensional simply connected Lie groups with compact quotients
are all unimodular and all have the property that for each group, there is a basis for the Lie
algebra such that the structure constants can be represented by

k ks
Ciy" = €ijs B,

where €;; is the Levi-Civita symbol which captures the parity of the permutation generating
“i7k” with €103 = 1, and where E is a 3 x 3 matrix specific to the group. See Fig. 1.

To simplify the later analysis, the Bach flow equations will be determined in a basis where
the structure constants have the form indicated here and where the initial metric is diagonal.
As shown in [18], such an initial set-up is always possible:
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B;;n;;n Group FE
I R3 0
11 Nil | diag(1,0,0)
VI Solv diag(—1,1,0)
VI E(2) diag(—1,—-1,0)
VII | SL(2,R) | diag(—1,1,1)
IX S? id

Figure 1. The six three-dimensional simply connected Lie groups with compact quotients. The 3 x 3
matrix E encapsulates the structure constants.

Theorem 3.1. Given a three-dimensional Lie algebra with structure constants of the form
Cij* = e i E", (3.4)
and an inner product g, there is a basis where

e ¢ is diagonal (the basis is orthogonal),
e the structure constants can still be written in the form (3.4),

e the matriz E is unchanged.

The proof of this theorem follows from the principal axis theorem and the fact that structure
constants can be rescaled by rescaling the basis. We call the basis guaranteed by Theorem 3.1
a diagonalizing basis.

In light of the structure afforded by Theorem 3.1, we note the following general facts about
the Ricci tensor and Bach tensor:

Proposition 3.2. Let N be a three-dimensional Lie group with structure constants of the form
of equation (3.4), and left-invariant metric g. Then, in a basis where E and g are diagonal, the
Ricci tensor is diagonal and, on S' x N, the Bach tensor is diagonal.

For the Ricci tensor, this was established in [11] for the specific matrices in Fig. 1. This proof
shows that the property is a consequence of the diagonal structure of E and g, and not specific
to particular matrices. The proof of the general result follows from careful accounting of the
indices in each term found in the formulas for the Ricci and Bach tensors, using the fact that in
three dimensions, the indices are restricted to just three values.

Proof. First observe that if F is diagonal then equation (3.4) shows that Cijk can only be
nonzero if 4, j, and k are all different. Moreover, if g is diagonal, then the same must be true
for any raising or lowering of any of the indices. Hence any structure constant with a repeated
index must be zero, and in any double sum involving a pair of structure constants, the two free
indices must be equal in order for the result to be nonzero. Based on these observations, every
term in equation (3.1) must be zero unless j = k so Ric must be diagonal.

The analysis for the Bach tensor is similar. Looking at equation (2.3), note first that the
second and third terms are zero since scalar curvature is constant, and the fifth, sixth, and
seventh terms are diagonal since Ric® and g are diagonal. So the only terms to check are the
first and the fourth. For the fourth term, we have

tr(Ric ® Ric), = g"'Ric;;Ricyy.
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Since ¢ is diagonal, the terms in this sum are only nonzero when ¢ = [, and then, since Ric is
diagonal, we can only have a nonzero term when j = k.

Finally for the first term, we use equation (3.3) with 7" = Ric® to analyze (A(2)Ric(2))ij.
Equation (3.3) has three large terms in it. For the first term, since T is diagonal, the only way
any of the sums of products can be nonzero is if p = g, but then each product becomes a double
sum and so must be zero unless ¢ = j. For the second and third terms, one piece is zero because
of a structure constant with a repeated index. For the rest, the double sums again require the
third pair of indices to match in order to produce something nonzero, and since 1" is diagonal,
the only nonzero terms appear when i = j. |

To help with the analysis of curvature along the flow, we have the following;:

Lemma 3.3. Let {e1,ea,e3} be an orthogonal basis for the tangent space of a point in a 3-
dimensional manifold. Then at that point, the sectional curvatures are given by

RiCii + Riij . §

K(e;,ei) = .
(Z J) Gii 9jj 2

Proof. On a 3-dimensional manifold, Riemann curvature can be expressed completely in terms
of Ricci and scalar curvature as

S
R = Ricog— 219°9;
where A o B is the Kulkarni-Nomizu product. Using an orthogonal basis, this reduces to

. . S
Rijji = Riciigjj + Ricjjgii — < 9iigii-
Sectional curvature is given by

R(v,w,w,v)

K -
1) = fo Rl — (v, w)?
SO
R(ei, ej, ej, ei) Riciigjj + RiC]’jgu‘ — %giigjj Ricii Riij S
K(ei, ej) = 3 3 5 = = -+ — —
lei|?[ej]? — (eis e5) 9ii9jj Yii 955 2
as desired. [ |

Lemma 3.3 is all that is needed in this paper since the four-dimensional manifolds considered
are 1 x 3 products, so the formula above can be used for the three-dimensional slice, and the
sectional curvatures involving the one-dimensional slice are zero.

4 Ordinary differential equations

The ordinary differential equations to which Bach flow reduces on homogeneous products are
analyzed using standard techniques which are recalled here. First, we appeal to existence and
uniqueness of solutions regularly and without mention. In some instances, the equations of
interest are separable and explicit solutions may be found. When such explicit solutions cannot
be found, the Escape Lemma, which states that if a maximal flow does not exist for all time
then it cannot lie in a compact set, may be used to help determine the qualitative behavior of
solutions. See [16] for details surrounding these results. In addition to these methods, we make
use of a couple more specialized results which follow.

The following technical lemma provides a technique for determining the images of the integral
curves for a system of two equations involving homogeneous functions.
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Lemma 4.1. Let (z(t),y(t)) solve the following system

dz dy

E :p($7y>7 EZQ(%?J%

9(z,y) £ Y,

where p and q are both homogeneous of degree k. Suppose x # 0, p(x,y) # 0, and (D)

Then (z(t),y(t)) will lie in the curve

T = 776\1](%),
where
1
U(v) = P dv
po) — Y

and n is a constant depending on the initial conditions.

To prove this result, briefly, express j—g in terms of p and ¢ and then compute the derivative
of v = ¥ with respect to x, substitute and use separation of variables. The details are left to
the reader.

In general, an integral curve for a vector field can be bounded but fail to converge to a limit.
The next lemma shows that if a coordinate of a bounded solution does converge, then that
component of the vector field must go to zero. The proof is left to the reader.

Lemma 4.2. Let z(t) = (z'(t),...,2"(t)) be a bounded solution to

d
ax - V(.%'),

where V' is a continuous vector field on a domain D. Suppose

lim 2'(t) = L

A=)

and let {z} = {z(tx)}, tx — o0 be a sequence of points on the curve that converges to T € D.
Then Vi(xs) = 0.

5 Bach flow on locally homogeneous 1 X 3 products

In this section, the main results of this paper are proved for 1 x 3 products that are not also
2 x 2 products. For each universal cover, explicit formulas for the Bach tensor are found and the
evolution of the metric under Bach flow is determined. In some cases, explicit solutions are found.
When explicit solutions are not found, qualitative behavior is determined. Limiting behaviors
of both the metric and its curvature are also found, and convergence, in the Gromov—Hausdorff
or pointed Gromov—Hausdorff topology, is described.

The general method is as follows: Given an initial metric, a diagonalizing basis is found so
that the metric is diagonal

h = diag(hoo, h11, ha2, h33).

Its Ricci and scalar curvatures are calculated using equations (3.1) and (3.2), and then using
equations (2.2), (2.3), and (3.3) the Bach tensors are calculated. As indicated by Proposition 3.2,
the Bach tensor is also diagonal, so the fact that the metric is diagonal is preserved along the
flow. The solution will be denoted

g = diag(goo, 911, 922, G33)-
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One quantity that makes a regular appearance is

1 1
(det )2 6(det h)2’

=5

This quantity depends on the initial metric, but is constant along the flow. As a consequence,
once an initial metric is chosen, 8 can be treated as a constant for the whole system.

After explicitly determining the Bach tensor in each case, a general structure emerges. Speci-
fically, the nonzero components of the Bach tensor have the form

Bii = a;Bpi(g11, 922, 933) (900)* Gii

where «; is a constant and p; is a homogeneous fourth degree polynomial. This structure makes
a great deal of qualitative analysis possible when explicit solutions are not found. The details of
the analysis vary from space to space, although there are similarities when the spaces themselves
have similar structure constant matrices F.

One general fact is that ggp is decreasing, as indicated by Proposition 2.2. This fact will
not be explicitly included in the specific theorems for each space. Another general fact is that
the flow is defined (at least) on the interval [0, 00). In cases where the flow remains bounded,
this follows from the escape lemma. In cases where the flow does not remain bounded, this is
discovered after the analysis of each flow is completed and follows from the work in [17], which
shows that the maximal time is finite only if there is curvature blow-up, and the fact that in all
of our cases, curvature remains bounded.

51 R3

For this manifold the matrix £ used to determine the structure constants in Theorem 3.1 is the
zero matrix, so regardless of the initial metric, the structure constants are all zero. Hence the
Ricci tensor, scalar curvature are zero, and on R x R? the Bach tensor is zero and so the metric
is static under Bach flow.

5.2 Nil

For this manifold the matrix used to determine the structure constants in Theorem 3.1 is
E = diag(1,0,0).
For any metric g, using a diagonalizing basis, the Ricci tensor is diagonal with

(911)2

. _ g1
2922933 2933

RiCll =
2922

and scalar curvature is

2
g _9oolg11)”
2det g

The Bach tensor on R x Nil is diagonal with

Boo = —B(g00)*(g11)*, Bi1 = —58(g00)*(g11)°,
Bas = 35(900)*(911)" 922, Bss = 383(g00)*(911)" 933

With the Bach tensor in hand, we have the following theorem:
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Theorem 5.1. On M = R x Nil the solutions to equation (2.1) in a diagonalizing basis for h
are given by

goo(t) = (7t + (hoo)fm)_zilz, g11(t) = a(vt + (hoo) *) 22

g22(t) = haa(hoo)® (vt + (hoo) ™*%) 22, gss(t) = has(hoo)® (7t + (hoo) ™*%) 2,

where

hii . 11 hir \*
= d =22 =
) (hoo)® “ i b 3(det h)? <(h00)5)

Proof. Note that the first and second equations are coupled and the third and fourth equations
depend on the first and second solutions, but are otherwise uncoupled. Because everything is
multiplicative, we can solve explicitly for ggg, and g11, and then goo and g3s.

Starting with the following ansantz

g11 = a(goo)*

and then comparing the resulting differential equations produces

i _5
goo(t) = (7t + (hoo)™22) "2 and  g11(t) = a(vt + (hoo) **) 2,
where
v = 22a8.

Then we can solve for gog and gs3:

3
2

922(t) = haa(hoo) (vt + (hoo) ™) and  gs3(t) = has(hoo)® (vt + (hoo)_m)%- u

With these solutions in hand, we find two dimensions collapse in the limit as ¢t — oo.
The “ggo” direction collapses more slowly than the first dimension in Nil. Meanwhile, the
other two dimensions grow at the same rate, preserving their aspect ratio. These solutions are
immortal, but not ancient.

All components of the Ricci tensor converge to zero in the limit, and using Lemma 3.3 we
have the following:

Theorem 5.2. Let M be a compact quotient of Rx Nil and let p € M. Let g solve equation (2.1)
where h is locally homogeneous. Then (M, g, p) collapses to a flat surface in the pointed Gromov—
Hausdorff topology.

5.3 Solv

For this manifold the matrix used to determine the structure constants in Theorem 3.1 is
E = diag(—1,1,0).
For any metric g, using a diagonalizing basis, the Ricci tensor is diagonal with

(911 + g22)?

2 2 2 9
Ricy, — @)= (g2 o (922)" = (gn1)
2911922

; 99 = T, Riczz = —
2922933 2911933

and scalar curvature is

g_ _lgu+t g22)*
2911922933
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The Bach tensor is diagonal with
Boo = —Bp1(g11, 922) (g00)*, B11 = —Bpu(g11, 922)(900) 911,
By = —Bpi(g22, 911)(900)% 922, Basz = 3Bp1(g11, 922)(900)? 933,

where
pi(z,y) =2t + Py +ay® + 4t pula,y) =52t + 32’y — ay® — 3yt
With the Bach tensor in hand, we have the following theorem:

Theorem 5.3. On M = R x Solv every solution to equation (2.1) in a diagonalizing basis has
the following properties:

® 900, 911,922 — 0;

® g33 — 00 monotonically;

o AL 41,
g22

If h11 = hgg, then

o=

1 _
oo = 2 (24pBt + (h11)7%) ", g11 = goa = (24pBt + (h11)7%) 7 F,
1

933 = (h11) hs3 (24pBt + (k1)) 2.

Otherwise, if (without loss of generality) h11 < hag, then

e g11 < gog for the entire flow;

® oo is decreasing;

911
g22

® 911 and goo are related by

18 InCreasing;

)25

3
(911922)* = g2z — 911)* (2(g22)* + 911922 + 2(g11)%) ",

where

(h11ha2)®
(hog — h11)*(2(ha2)? + hi1has + 2(7111)2)3

7’]:

It turns out that in addition to appearing in the Bach tensor above, the two polynomials pp
and pyr also make an appearance in the next section so we establish some facts about them for
use here and later.

Lemma 5.4. The polynomial pi(z,y) is symmetric, homogeneous of degree 4, positive when x
or y is nonzero, and can be factored as

pi(z,y) = (z +9)* (2 — 2y + y°).
The polynomial pri(x,y) is homogeneous of degree 4 and can be factored as
pu(e,y) = (z +y) (52 — 202y + 2xy* — 3y°).

The cubic factor has exactly one real factor (ax—y) where o is about 1.23. If x >y, pri(z,y) > 0.
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The proof of this lemma is left to the reader. While «, as the root of a cubic, can be found
exactly, this exact form is not important for the analysis here. With these facts about pr and prr
established, we proceed with the proof of Theorem 5.3.

Proof of Theorem 5.3. Since By and Bss are so similar, we can compute

5933 Bss  —3gs3

Lgo0  Boo  goo

which implies

933 = v(g00) >, (5.1)
where v = (hgo)>hs3. Since, by Proposition 2.2, ggo is decreasing, this shows g33 must be
increasing. Since det g is constant, using equation (5.1) we have

(900)* = 1g11922, (5.2)

where

_ 7
det h’

I

Incorporating these identities into the formulas for By; and Bas we have

d
= —uBpui(g11, g22) (911) g2 (5.3)

and

d

92 = —uBpi (g2, 911)(922)% 911

Because of the symmetry in these equations, we may, without loss of generality, restrict our
attention to the region defined by 0 < g11 < goo.
If h11 = hoo then, focusing on gi1 we get

d
o = —4pBgl,

which is separable. Solving, we get

1
g11 = g22 = (24pBt + (h11)°) 0.
Next, we solve for ggp and ¢33 using equations (5.1) and (5.2). We have

1 1
oo = pi? (24pBt + (h11)7%) 78 and  gs3 = (h11)*has(24pBt + (h11) %) 2.

In this special case, we see that under Bach flow, any compact quotient of R x Solv collapses to
a curve in the limit.

If h11 < hos then g11 < g9 by existence and uniqueness, since we have a solution that
preserves the equality g11 = goo. With this inequality preserved, from the properties of pir,
looking at equation (5.3) we find that goo is decreasing. Also

i (911> _ (%911)922 — g1 (%922)
de (g22)?
= 4pB(g11 + 922) (922 — 911) (2(g11)* + g11922 + 2(922)%) (911)* > 0O

g22
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so we find that % is increasing. This fraction is bounded above by 1, so it must converge. We
will see below that it converges to 1.

The fact that this fraction is increasing also implies that g1 cannot converge to zero unless gao
does as well. This, combined with Lemma 4.2 implies that goe and hence g;; must converge to 0
since the only points in the domain of interest where % g22 is zero are along the goo axis.

Next, letting v = % we have

dgin  pu(v, 1)v? (5v® — 2v% + 2v — 3)
= = .
dgzo  pu(L,v)v (5 — 20+ 2v% — 303)

Therefore by Lemma 4.1, the solution curves for our original differential equation satisfy the
equation

70 - 8" (20 g o))"

922

922 =

oojon

where 7] is a constant determined by the initial conditions. Multiplying both sides by (9“)

g22 ’
we have

g11 % g11 1% g11 g11 2 4%
<> 922:17(1—) <2++2<) > . (5.4)
g22 g22 g22 g22
This can be rewritten as

3
(911922)*° = 1(g22 — g11)* (2(922)2 + 911922 + 2(911)2) )

where n = 740, This is true in particular at t = 0, so

(h11ho2)?
(hog — h11)*(2(ha2)? + hi1hes + 2(h11)2)3

77:

Taking the limit as t — oo, the left side of equation (5.4) must be zero, and therefore so must the

1
right. Since the second factor is positive, it follows that lim (1— L)1 = ( and so hm AL — 1,
t—o0 922 —o0 922

From the analysis above, we know that in general, g11 and g22 go to zero as t goes to infinity.
From equations (5.2) and (5.1), we then know that ggg also goes to zero and gs3 grows to infinity.
Therefore, under Bach flow, any compact quotient of R x Solv collapses to a curve in the limit.
These facts, combined with the fact that g“ goes to 1 imply that a general solution approaches
the specific solution found above in the hmlt |

We now have the following;:

Theorem 5.5. Let M be a compact quotient of R x Solv and let p € M. Let g solve equa-
tion (2.1) where h is locally homogeneous. Then (M,g,p) collapses to a line in the pointed
Gromov—-Hausdorff topology.

Proof. From the previous theorem, we know that three dimensions collapse, while one expands.
Moreover, working in a diagonalizing basis, we find that Rici; and Rices converge to zero while
Ricss converges to —2. Therefore, by Lemma 3.3, all the sectional curvatures go to zero in the
limit. |
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54 E(2)

For this manifold the matrix used to determine the structure constants in Theorem 3.1 is
E = diag(—1,-1,0).

For any metric g, using a diagonalizing basis, the Ricci tensor is diagonal with

2 2 2 2 B 2
Ricy; = M, Ricgy = M7 Ri(;33 = _M
2922933 2911933 2911922
and scalar curvature is
_ (911 — g22)°
2911922933
The Bach tensor is diagonal with
Boo = —Bpi(—g11, g22)(g00), Bi1 = —Bpr(—g11, 922)(900) 911,

Bas = —Bpu(gaz, —g11)(900)%g22,  Bss = 38pi(—g11, 922)(900)* 933,
where p;r and p; were defined is Section 5.3.

Theorem 5.6. On M =R x E(2) every solution to equation (2.1) in a diagonalizing basis has
the following properties:

e g11 and goo are related by

3
(911922)*° = 1(g22 + 911)* (2(g22)* — 911922 + 2(g11)?)",

where

n = (h11ha2)® _
(hag + h11)*(2(ha2)? — hi1has + 2(h11)2)3

o the flow exists for all time and as t — oo,

1
1 (hoo)hss\ 2 1
432 B 432
g11, 922 — (432n)30, goo — < doth (432n)0,
1
(det h)? \ 3 .
933 — <(h00)3h33 (432n)" 205

® (33 1S INCreasing.

If h11 = haa, then the solution is static. Otherwise, if (without loss of generality) h11 < haa,
then

e g11 < gog for the entire flow,

® (11 1S increasing,

® oo is decreasing.
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Proof. Since the only difference between this system and that of R x Solv is the minus sign on
one of the variables in p;r and py, most of the initial analysis of the previous section carries over
and we have

933 = v(g00) ~°. (5.5)

with v = (h00)3h33. Because of this inverse relationship, since ggg is decreasing, we find that gs3
must be increasing. We also have

(900)* = pgi1922, (5.6)
where
p=—1
det h’
Incorporating these identities into the formulas for By; and Bso we have
d d
I = —1Bpu(—g11, 922) (g911)*ga2, 92 = —uBpi(ge2, —g11)(g22)g11.-

Because of the symmetry in these equations, we may, without loss of generality, restrict our
attention to the region defined by 0 < g11 < g2o. If h11 = hoo, then B = 0 and we have a set of
stationary solutions corresponding to the flat metrics on E(2). If h11 < hog then g1; < goo for all
time and from the poperties of pr, we find that gi; is increasing and goo is decreasing. Therefore,
both must converge and by Lemma 4.2 this can only happen at a point where gi11 = g22.

As with Solv, we can say a bit more about the curves traced out by the solutions using
Lemma 4.1. Except for two minus signs, the analysis here is almost identical to that for Solv
and we find

(911922)% = 1(g22 + 911)* (2(922)% — 911922 + 2(911)?)°, (5.7)
where
y = (h11hg2)? -
(hoz + h11)*(2(ha2)? — hi1hes + 2(h11)2)3

Let gi;(00) be the limit of g;; as t — oco. Then we know that g11(00) = g22(0c0) and using
equation (5.7) we find

(911(00))™ = (2911 () * (3(g11(0))?)*

and so

g11(00) = gaa(00) = (432n) .
Then by equation (5.6)
1
1 1 (hoo)?hs3 \ 2 1
9o0(00) = 2 (432n) 0 ( Toth (432n) 0
and by equation (5.5)

J:-‘H

1 _ et h)3 1 ,
g33(00) = y[u2 (432n)m] ~° = <m> (4320) . .

Finally, we have the following

Theorem 5.7. Let M be a compact quotient of R x E(2). Let g solve equation (2.1) where
h is locally homogeneous. Then (M, g) converges to a flat four-dimensional manifold in the
Gromov—Hausdorff topology.

Proof. None of the components of the metric converge to zero, so there is no collapse. Since
gi1 — goo — 0 as t — oo, looking at the Ricci curvature, we find that the manifold becomes
Ricci-flat in the limit. By Lemma 3.3, so do the sectional curvatures. |
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5.5 SL(2,R)

For this manifold the matrix used to determine the structure constants in Theorem 3.1 is
E = diag(—1,1,1).

For any metric g, using a diagonalizing basis, the Ricci tensor is diagonal with

(911)% — (g22 — g33)* (922)% — (g11 + 933)*

Ricy; = ) Ricgy =
2¢22933 2911933
2 2
. — (gu +
Ricsg = (933) (911 922)
2911922

and scalar curvature is

g _ (911)* + (922)° + (933)° + 2(g11922 + 911933 — g22933)

2911922933

The Bach tensor is diagonal with

Boo = —Baqi(—g11, 922, 933) (900)°, Bi1 = —Bqu(—g11, 922, 933) (900) 2911,
By = —Bqu(g22, —g11, 933) (900) 2922, Bss = —Baqu(gs3, —911, 922)(goo) 933,

where
qi(z,y,2) = xt — :E3(y +2z)+ 22yz + a:(—y3 + Pz +yz? — 23) +yt =yl — vy 4 2t
and

qu(z,y, z) = 5zt — 323 (y + 2) + 2%yz + z(y® — v’z —yz? + 2°)
— 3yt + 3132 + 3y2® — 324
The sign choices made in the formulas for the Bach tensor here come from the fact that g and ggr
are also used in the next section for S?, where no minus signs are needed in the expressions for

the Bach tensor.
With the Bach tensor in hand, we have the following theorem:

Theorem 5.8. On M =R x @(Q,R), every solution to equation (2.1) in a diagonalizing basis
has the following properties:

® 900,911 — 0;

® g22,933 —» O0;

® g33 — g2 — 0.

Before proving this, we establish some supporting lemmas. The two polynomials g; and grg
also make an appearance in the next section so we provide some facts about them here. For g,
we have the following lemma, the proof of which is left to the reader.

Lemma 5.9. The polynomial qr has the following properties:
e it 15 symmetric;

L4 QI(_x7 -y, _Z) = QI(% Y, Z),'

it is always nonnegative;

it is equal to zero if and only if x = y = z or two variables are equal and the third is zero.
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Note that g7 is symmetric in the last two variables. Because of this, and the fact that the
flow equations for goo and g33 are essentially the same, we say that without loss of generality,

922 < g33.

The qualitative behavior of the flow is determined through a number of estimates which arise
from monotonicity of various quantities. To keep things clear, these monotonicity results are
presented in the following lemmas.

Lemma 5.10. Suppose hoo < hsz. Then % decreases along the flow.

Proof. Writing out the quotient rule and plugging in the differential equations for g2 and gss,
we have

d g33 2933
— == = —B(qu(933, =911, 922) — qui(922, — 911, 933) ) (g00) " =
at g2 (qu( ) ( )) (goo) .

Writing out and simplifying the factor involving the qr1’s, we get

qui(g33, —g11, 922) — qui(922, —911, 933)
= 2(g33 — 922)[4(933)" + 2(g33)% 922 + 2933(g22)* + 4(g22)*
+ 911 (3(933)2 + 2933922 + 3(922)2) + (911)3]

and this is positive since goo < g33. |

Lemma 5.11. Suppose hoo < hss. Then gopgao increases along the flow.

Proof. Writing out the product rule and plugging in the differential equations for ggg and goa,
we have

d
a(googm) = —B(qr(—g11, 922, 933) + qu(g22, —g11, 933)) (900) g22.

Writing out and simplifying the factor involving the ¢; and g, we get

q1(—g11, 922, g33) + qu(g22, — 911, 933)
= —2[(g33 — 922)[(933)" + (933)° 922 + g33(922)* + 3(g22)°
+ 911 ((933)% + 933922 + 2(922)*)] + (g11)* (911 + g33)]-

This is negative when gos < g33 so %(googgg) is positive. [ |

Since ggp decreases along the flow, an immediate consequence of this lemma is that if hog < hss
then goo by itself increases along the flow. In fact, a consequence of the proof is that %922 is
positive.

Lemma 5.12. Suppose hos < hz3. Then (gn)%ggz increases along the flow.

Proof. Writing out the product rule and plugging in the differential equations for g1 and gos,
we have

d 3

3 B
T [(911)5g22] = —% (3ar1(—g11, 922, 933) + 5arr(g22, —911, 933)) (900)*(911)

Writing out and simplifying the factor involving gy we get

3
5

g22.

3qr1(—g11, 922, 933) + 5qr1(g22, —g11, 933)
= —2[(g33 — 922)[12(g33)" + 5(g33)g22 + 5933(g22)* + 8(g22)*
+ 911(9(g33)® + 5gssgez + 6(g22)°)] + 9111933922 + 911(3g33 — 2922)]]-

This is always negative since goo < g33, SO % [(911)%922] is positive. |
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933 —g22

Lemma 5.13. Suppose go2 and gss diverge and g11 converges to zero. Then the quantity ym

converges to zero along the flow.

Proof. First note that if goo = ¢33 then the result is true immediately. If, without loss of
generality, goo < ¢33, we proceed in two steps. The first step is similar to the lemmas above.
We have

d

5(933 — g22) = —Bs(g11, 922, 933) (900)* (933 — 922),

where
s(x,y,2) = =32* — 23 (y + 2) — 2%yz + 2(3y® + 5y’z + 5y2? + 32°)
+ 5yt 4+ 5y z + 49222 + 5y23 + 522,
With this we have

d g33 — g2
dt (g11)

933 — 922
= —B[s(g11, 922, 933) — 2qu(—g11, g22, g33) ] (QOO)QW

Looking at the polynomial in brackets, we have

(911, 922, 933) — 2qu(—g11, 922, g33)
= g33[(933) + (922)°] (933 — 922) + Tg33[(933)° — (911)®] + Tg22[(922) — (g11)°]
+ 3922933 (922933 — (911)%] + g11[5(922)* + 3(g22)% 933 + g22(g33)* + 5(g33)° ]
+3(g3s)* + 4(g22)" — 13(g11)™.

Since goo and gss3 go to infinity, and gi1 goes to zero, this must eventually become and stay

positive and so the fraction gf;;g? must eventually decrease. Since g% diverges, this impiles

that “‘733{]% must converge to zero. [

We are now in a position to prove Theorem 5.8. The proof requires considering a few different
possibilities and ruling out any option other than what is described in the theorem.

Proof of Theorem 5.8. Without loss of generality, we may restrict our attention to flows that
satisfy goo < g33. Now, first suppose gog converges to a value greater than zero, with the goal of
ruling this possibility out. Consider two possibilities. Suppose first that ges remains bounded
above. By Lemma 5.10, g33 must remain bounded as well. From this, since det g is constant, we
know that g1; remains bounded above and also below by some positive number.

By Lemma 5.11, g9 is increasing, since ggp is decreasing, so since goo is bounded, it must
converge. By Lemma 4.2, there must be a point where %922 = 0. This contradicts the fact,
from the proof of Lemma 5.11, that %QQQ is positive in the given domain.

This implies that goe goes to infinity, and so must gs3. Since we are still working with the
possibility that gog does not go to zero, we may conclude that g1 converges to zero, again since
det g is constant.

Now consider the product goo(gn)% g22933. Note that this is equal to (det g)(gll)% which
must go to zero since det g is constant and g1; goes to zero. On the other hand

6 3 3 3
5 5 5 5

900(911) 3 922933 = goo [(911) 3 922 [(911) 5 g33] = g00[(911) 922]2'

By Lemma 5.12, the squared factor is increasing. But this implies that ggp must go to zero,
a contradiction.
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So we may conclude that gggp converges to zero. Knowing this, since gggga2 is increasing by
Lemma 5.11, g2 and hence g3z must both diverge to co. But then, again by Lemma 5.11,
googe2933 diverges and so g1 must go to zero since googi1922933 = det g is constant.

Finally, we have now established the hypotheses for Lemma 5.13 so we may conclude that
933 — g22 — 0. n

With the limiting behavior of the metric established, the next step is to determine the cur-
vature.

Proposition 5.14. On M=Rx @(2, R) for every solution to equation (2.1) in a diagonalizing
basis, B converges to 0, and Rices and Ricss both converge to —1. The scalar curvature
converges to 0 as well.

Proof. We have

gi1 2911922933

Ricii  (g11) — (922 — g33)?

By Theorem 5.8, the numerator goes to zero and, since the determinant is constant, the denom-
inator goes to infinity.
For Ricys we rewrite

Ric22 =

(922)> — (911 + 933)* _ g22— g3 1 (922 . 1) 911

_gu
2911933 911 2 \y33 2933

By Lemma 5.13, the first factor in the first term goes to zero and the rest of the term is bounded.
The middle term also goes to zero. The computation for Ricggs is similar.
For scalar curvature, we rewrite to get

g __9gu 92— g3g2—gs3 1 1
2922933 911 922933 933 922
and, by Theorem 5.8 and Lemma 5.13, all these terms go to zero. |

Finally, we have the following:

Theorem 5.15. Let M be a compact quotient of R x gi(Q,]R) and let p € M. Let g solve
equation (2.1) where h is locally homogeneous. Then (M, g,p) converges to a flat surface in the
pointed Gromov—Hausdorff topology.

Proof. From the previous proposition, and by Lemma 3.3, the sectional curvatures all go to
zero along the flow. |

5.6 S3

For this manifold the matrix used to determine the structure constants in Theorem 3.1 is
E =id.

For any metric g, using a diagonalizing basis, the Ricci tensor is diagonal with

(922)% — (g11 — 933)*
2011933

2 RY

Rici| — (911)° — (922 — g33) 7 Ricy —
2922933

(933)% — (911 — g22)*

2911922

Rngg =



20 D. Helliwell

and scalar curvature is

g _ (911)% + (922)° + (933)* — 2(g11922 + 911933 + g22933)
2911922933

The Bach tensor is diagonal with

Boo = —Bar(g11, 922, 933) (900)?, Bi1 = —Bqu(g11, 922, 933) (900) > 911,
Bas = —Baqu(g22, 933, 911)(900)* 922, B3z = —Bqu(gss, 911, 922) (g00) g3,
where ¢; and ¢ were defined in Section 5.5.

On this space, there are a variety of possibilities for Bach flow, depending on the initial con-
ditions. To accommodate this richer structure, we break the results into a number of theorems.
Because of the symmetry in the equations, we may suppose, without loss of generality, that
hi1 < hoo < hss. We first analyze the cases where at least two of the initial conditions are

equal. These results will begin to illustrate the complexity of the situation and begin to provide

some context for the remaining cases. Ultimately, all possibilities are analyzed, culminating in
Theorem 5.28.

Theorem 5.16. On M = R x S3, let g solve equation (2.1) in a diagonalizing basis with
h11 = hog = hss. Then g is static.

Note that in this case, (N(Q),g(Q)) is a round sphere.

Theorem 5.17. On M = R x S3, let g solve equation (2.1) in a diagonalizing basis with
hi1 = hos < hgs or h11 < hos = hsz < 4hy1. Then

3
e goo — (5)%(det h)"z;
1 1
o g1, 922, 933 — (2)5(det h)z;
e the components of goo and gaa are related by

(4 det h — 900(922)3) (900)3922 = K,

where

k= (4ddet b — hoo(haz2)?) (hoo)® has;

o if h11 = hog, then g11 and goo are increasing, and gsz is decreasing;
o if hoo = hgs, then g1 s increasing.

Theorem 5.18. On M = R x S3, let g solve equation (2.1) in a diagonalizing basis with
4h11 = h22 = h33. Then

doo(t) = 4(det 1) <216t + (h33)2> ,

[SIIe]

1 1
1911(0) = g(t) = gma(8) = (5t + (120?)
Note that in this case, goo — 0 and (N ), g(2)) is self-similar as it expands.

Theorem 5.19. On M = R x S3, let g solve equation (2.1) in a diagonalizing basis with
4h11 < hog = hgs. Then
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900, 911 — 0;

® (22,933 — OO,

the components of gog and goo are Telated by
3 3 _
(900(g22)? — 4 det k) (goo) g2z = k,
where

KR = (hoo(h22)3 — 4 det h) (h00)3h22;

e goo and g3z are increasing.

Before proving these theorems, we introduce some new structure to help with the analysis.
To capitalize on the fact that det g is constant along the flow, and to exploit the symmetry
among the equations for g1, go2, and gs3, we introduce three new variables:

1
922, ¢ = (g00)3933

ol
ol

a = (go0)3 911, b= (goo)

so that abc = det g, and we rewrite our system using these. We have

d 5
390 = —Bar(a, b, ¢)(goo)3,
2
ga = ——Br(a, b, c)(gog)%a,
dt 3 5.8
d 283 3 (5.8)
&b = —?r(b, a,c)(goo)3b,
d 2 2
\ ac = —?B’I“(C, a, b)(goo)gc,

where

r(z,y,2) = 8z — 523 (y + 2) + 222y + x(y3 — Pz — g2t + z3)
- 4y4 + 4y3z =+ 4y23 — 4%,

For this new system, the solution curves lie in the surface {abc = det h}. Moreover, because of
the symmetry in the equations, we may restrict our attention to solutions that satisfy a < b < c.

From the determinant constraint, we know a = d?)zh so this inequality becomes de—cth <b<ec

Thus, the flow is analyzed on the domain

D= {(900717,0)1 goo > 0, de;ch <b< C} :

In the following, while a can be eliminated, we find that it is useful to use in the analysis. As
such, a should always be thought of as a function of b and ¢. Let Py be the point in D where
goo = 0 and a = b = ¢, let Ly be the ray where ggo > 0 and a = b = ¢, let 9Dy be the set of
points in D where ggg = 0, let 0D,—p be the set of points in D where a = b, let dDp—. be the
set of points in D where b = ¢. Note that 0D = 0Dy U dD,—p U 0Dp—.. Let P; be the point
in D where ggg = 0 and 4a = b = ¢, and let Li be the ray where ggg > 0 and 4a = b = c¢. See
Figs. 2 and 3.

With this notation in place, before proving the theorems above, we note that 0Dy corresponds
to degenerate metrics and points in 0Dy are not really achievable from the perspective of the
original system. However, once an initial metric h is chosen, determining f3, system (5.8) is well
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X
My = 0Dy N ODy—,.
0Dy NOD,—p

S~
~~
~
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~—o
-
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Figure 2. Essential features of 9Dy. While the points here correspond to degenerate metrics, studying
the behavior of Systems (5.8) and (5.10) here helps to clarify the behavior of solutions in D.

4goo
8Da:b

Ds

Figure 3. Essential features of D. The regions Dy, and D, not labelled, are determined by the
surfaces shown, with Dy, between 0D,—, and Dg. Together, Theorems 5.16-5.22 describe the behavior
of solutions in each surface or region.

defined on 0Dy, and it is useful to explore the behavior here because it informs the behavior
on the interior. All solutions starting here are static and as a consequence, it is conceivable
that nondegenerate solutions converge to these points. We will find that with the exception
of solutions converging to Py, this is not the case. In the following proofs, unless otherwise
indicated, we restrict our attention to initial conditions with ggg > 0.
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We now have the following;:

Proof of Theorem 5.16. This case corresponds to Ly. Here, r(a,b,¢) = qi(a,b,¢) = 0, and

we have static solutions. |
Proof of Theorem 5.17. First, we consider the case where hi; = hoo, which corresponds
to D,—p. Here, ¢ = dggh and, with this, the system reduces to two variables:

d 5 d 203 2

dthO BQI( ) ,C)(.QOO) ) dt 3 T( ’ 76)(.900)

Both ¢r and r simplify substantially:
QI(b, b, C) = 62(b - 6)27 T(ba b, C) = _Cz(b - C)(b - 4'6)

and from this, we can see that b is increasing, since b < c¢. Hence a is also increasing. This
implies that g11 and g9o are also increasing. Furthermore, since abc is constant, ¢ is decreasing.
By Lemma 4.2 the flow must converge to a point in either Ly or dDg N dD,—p. This second
possibility will be ruled out below.

Next, since r(b, b, ¢) is not zero, we have

dgoo 9w 3 b—c goo

d - oy o .
db $ib 2b—4c b

This is separable and we get

3
8

goo = [k[(4det h—5°)b] 1|3, (5.9)
where
k= (hoo)3 (4det h — (b(0))?)b(0) = (4det h — hoo(ha2)?) (hoo)*has.

Substituting for b in equation (5.9) and rearranging gives us the desired relationship between gg
and g9o.
The relationship given by equation (5.9) shows us two things. First since

1 1
933 = (goo) 3¢ = det h(gog) 302

we can substitute and then differentiate with respect to b to find that gs3 is decreasing.
Second, in the limit, we find that ggy stays positive, so these solutions stay nondegenerate.
In the limit, a, b, and ¢ converge to (det h)3 so

N

goo — 37%K(det h)i , 911, 922, g3z — 3%1%7%((16‘5 h)%

Next, we consider the case where hoo = h3s, which, accounting for the allowable values for h11,
corresponds to those points in 0Dy—. that lie between Lo and L,. Here, a = digh and, as above,
the system reduces to two variables:

d d 283
3900 Bai(a,b,b)(g00) 3, % 37

wlen
win

(b, a, b) (900) 3b.
Again, both g1 and r simplify substantially:

q1(a,b,b) = a*(b — a)?, r(b,a,b) = —a*(b — a)(b — 4a).
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Algebraically, this system is identical to the previous case, so the analysis is quite similar, and the
resulting relationship between goo and b is determined by the same equation (5.9). This implies
the same relationship for ggg and gs2. Important differences arises when analyzing the qualitative
behavior however. First, note that here, %b < 0 so b and c are decreasing. This implies that a
is increasing, and so g;1 must be increasing as well. We cannot conclude that goo and ¢33 are
decreasing however, and it turns out that if the initial conditions are close enough to L; then
in fact go2 and gs3 will increase for a while before eventually decreasing. The transition occurs
when goo = ¢33 = 3¢11, which is found by analyzing the equation for %gzg directly. Finally,
while the qualitative behavior differs somewhat from the previous case, the limiting behavior is
the same. |

Proof of Theorem 5.18. This case corresponds to Li. Here, r(a,b,b) = r(b,a,b) = 0 which
implies that %a = %b = %c = 0, and goo0 = g33 = 4g11 for all time. Then, using the fact that
det g = 900911922933 = %900(933)3 and focusing on the equation for g33, we have

d 1

1
L oee = — L 20 — L (ga) 1
3938 = —Baun <9337 4933,933) (900)°933 = 57 (g33)

This is separable and we have

1 2
933 = (26t + h%s)

Once this is known, the other three components are also known. We have

N|w

1 1
922 = 933, 911 = —~ 733 and goo = 4(det h) <26t + h%z&) . u

4
Proof of Theorem 5.19. This case corresponds to those points in 0Dp—. that do not lie be-
tween Lo and L. Algebraically, the system is the same as for the second case in Theorem 5.17.
In this case, since b > 4a, b and c are increasing, and a is decreasing, so g2s and gs3 must be
increasing as well.

Since b is increasing, if it were bounded, it would have to converge to a point where (b, a,b) =0
or where ggg = 0, by Lemma 4.2. We will find below that because of the algebraic relationship
between goo and b, goo is positive as long as b < oo so the only possibility is (b, a,b) = 0. Since
there are no points where this occurs other than b = a and b = 4a, we find that b and ¢, and
hence goo and gss must diverge in the limit. The fact that g1 — 0 follows from Lemma 5.24
which appears later and is used for solutions starting at other points in D as well.

For the algebraic relationship between ggp and g22, the system is the same as for the second
case in Theorem 5.17, and the analysis is essentially the same. Again, the fact that b > 4a alters
the formula for the trace of the solution so that instead of equation (5.9), we have

goo = [ (B* — 4det n)b] 7] 5,
where
k= (hoo) 3 ((b(0))* — 4 det h)b(0) = (hoo(ha2)* — 4 det 1) (hoo)*haa.
With this small change made, substituting for b and rearranging produces the result. |

Our next goal is to determine the qualitative behavior of solutions with initial conditions
that do not lie on the boundary. In light of the results above, we introduce a bit more notation
and structure before stating the theorems. First, observe that there are no equilibria aside from
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those found on the boundary above. To see this, note that to have %b = %c = 0, we must have
r(b,a,c) =r(c,a,b) =0 and so in particular,

r(e,a,b) —r(b,a,c) = 0.
Writing the left side out explicitly, we have
r(c,a,b) —r(b,a,c) = 3(c — b)(4c® + 2c*b + 2¢b* + 4b° — 3c%a — 2abe — 3b%a — a®).

Under the condition that a < b < ¢, we find that the large factor on the right is always positive
so the only way we can have an equilibrium point is if b = c.

As mentioned earlier, all the points in dDg are equilibria making it difficult to determine
qualitative behavior near dDy. To resolve this, we adjust the system again. Specifically, we
rescale the system by multiplying the right hand sides by the nonzero factor 87!(ggo) 3 to
produce the new system

d
agoo = _QI(a7 ba 6)9007
2
%b = —gr(b, a,c)b, (5.10)
d 2
C= —gr(c, a,b)c.

The solutions to this system will just be reparameterizations of solutions to system (5.8). More-
over, this system extends to a (mostly) nonzero system on 9Dy and, since % goo is still zero here,
solutions on this part of the boundary stay in this part of the boundary.

Restricting attention to 0Dy, note that, consistent with the observations above, there are
two equilibrium points Py and P;. Disregarding the equation for gg, the linearization at Py is

£0) -t (3 ) ()

and we have a stable equilibrium. The linearization at P; is
d (b _z —106 107 b
< ) = 2733(deth) ( 107 —106) (c>
resulting in a saddle.

dt \c
The unstable manifold M for the saddle is the line {b = ¢}. The stable manifold Mg is a
curve that approaches P perpendicularly to My . See Fig. 2.
Analyzing the ratio §, we have

ol

%g = —; [r(c, a,b) —r(b,a, c)] g
As shown above, 7(c, a,b) —r(b, a, c) is always positive when a < b < ¢ so the fraction § decreases
as t increases. From this, we find that the solutions approach the boundary b = c.

The set Do\ Mg comprises two components. By Lemma 4.2, and the fact that § is decreasing,
solutions starting in the component that includes Py converge to Py as ¢ — oo while solutions
starting in the other component converge to a =0, b = ¢ = co.

Motivated by these observations, let Dg be the set of points in D where gg9 > 0 and
(0,b,¢) € Mg, and note that D\Dg comprises two components. Let Dr, be the component
that includes Lo, and let D, be the component that avoids Ly. See Fig. 3.

We now have
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Theorem 5.20. On M =R x S3, let g solve equation (2.1). In a diagonalizing basis, suppose h
corresponds to a point in Dg. Then
® goo — 0;

® 0J11, 922,933 — OO;

o 12 4 and 22 — 1.
g11 933

Theorem 5.21. On M = R x S3, let g solve equation (2.1). In a diagonalizing basis, suppose
h corresponds to a point in Ds,. Then

® §oo, 11 — O;'

® §22,933 — OO;

® g33 —g22 — 0.
Theorem 5.22. On M =R x S3, let g solve equation (2.1). In a diagonalizing basis, suppose h
corresponds to a point in Dr,. Then

® goo does not converge to zero;

® 011, 922, and gs3 converge to the same value.

We prove these by analyzing the behavior of system (5.10) and we note the following general
structure for its solutions. Let (0, b(¢), c(t)) be a solution in 0Dy and consider the solution with

initial condition (hgo,b(0),c(0)). Since the equations for b and ¢ do not depend on ggo, b(t)
and c(t) still solve this system. Then

d

g0 = —qi(a(t), b(t), c(t))goo,

which is separable and we have
goo = hooe®),

where

Q(t) = /0 —at(a(r), b(7), e(r))dr. (5.11)

Note that, since ) does not depend on gqg, the ratio of two solutions with initial conditions that
differ only in hgg will be constant.

We can now prove Theorems 5.20, 5.21, and 5.22. While Theorem 5.20 is straightforward, it
turns out that Theorems 5.21 and 5.22 are fairly subtle.

Proof of Theorem 5.20. Since h corresponds to a point in Dg, we know that (0,b(0), ¢(0)) €
Mg. Hence 4a(t), b(t), and c(t) all converge to the same value. The theorem will then be proved
once it is established that gog — 0. Since the solution is bounded for ¢ > 0, the interval on which
it is defined includes [0, c0). Moreover, since the solution is converging to Li, gi(a(t),b(t), c(t))
is bounded below by a positive constant, so Q(t) — —oco as t — oo. Therefore gog — 0, as
desired. |

For Theorem 5.21, we first establish a couple lemmas.

Lemma 5.23. Suppose a < b < ¢ and b and ¢ diverge (so a converges to zero). Then for all
m e R, Ca;mb — 0.
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—b

Proof. Observe first that if <7 is bounded for a particular exponent m/, then the result is true
b

for all m < m’. Therefore, it is enough to show that <2 is bounded for all m > 1.

[
a
The equation solved by ¢ — b is

d 2
a(C —b) = —gu(a, b,c)(c—0),

where

(&
am

u(z,y, z) = —4a* + 2 (y + 2) — 2%yz — o (59° + Ty?z + Tyz? + 52%)
+ 8yt + Ty + 69222 + TyzS + 824,
and so
de—-0b 2 c—b
& am _g[u(a’a b, C) - mr(a, b, C)]
Writing out u(a, b, c¢) — mr(a,b,c), we find

am

u(a, b, ¢) —mr(a,b,c) = 3b3 + 6b%c* + 3¢t + b*(5b + 7¢) (b — a) + 2(Tb + 5¢)(c — a)
+m(c—b)2[3b* + 3bc + 4c® + (b — a)(b + ¢)] + (1 + 5m)a®(b+ ¢)
— a(1 + 2m)(abc + 4a3).

As a — 0 and b and c¢ diverge to oo, the first and second lines are positive and diverge, and
the third and fourth lines are positive. Only the last line is negative, but it converges to zero

(since abc = det h is constant). From this, we find that fl;mb is eventually decreasing, and hence

bounded above. [ |

Lemma 5.24. Suppose a < b < c and b and c diverge (so a converges to zero). Then gi1 — 0.

2
3

Proof. We already know that b = (goo)égzz diverges. We show here that (goo)
tually increases. We have

d

dt [(900)

where

goo also even-

[SM[N)

p 8
922] = —=5(g11, 922, 933)(900) 3

3 922,

3(37:%2) = 2q1(.’1§',y,2) + 36]11(2%3772)
=—[(z—v) (723 + 6y2% 4 6y%z + 17y° — w(7z2 + 6yz + 11y2))
+ 2 (yz —xy — Txz + 7x2)].

Analyzing s(g11, 922, 933), the large factor inside the first term is positive if g11 < go2 < g33. For
the second term, note that % = g which diverges for the solutions under consideration. This
implies that eventually, goo becomes, and stays, larger than 8¢g;1. This, combined with the fact

that goo < g33 implies

22933 — 911922 — 7911933 = 0.

From this, we find that s(g11, 922, 933) eventually becomes, and stays, negative and so (g()())%

eventually increases.
Using this fact, rewrite det g as follows:

922

2
3

det g = goog11922933 = 911 [(900) 3 g22] c.

Since det g is constant, (goo)% go2 is increasing, and ¢ — oo, it must be the case that g;; — 0. W
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We are now ready to prove Theorem 5.21

Proof of Theorem 5.21. Since h corresponds to a point in Dy, we know that b(t) and c(t)
diverge, and so a(t) — 0. Since ggo is decreasing, it must be the case that geo and gss diverge.
By Lemma 5.24, g;1 — 0, so the theorem will then be proved once it is established that goo — 0
as well.

For metrics in the given domain, r(b,a,c) < 0 so for any flow in this setting, b is strictly
increasing. Using this, we make a substitution to rewrite equation (5.11) to get
"T) gi(a, b, c)

T
—Mﬂ:A%WWWW@W:Am—%&W%’

where we recognize that a and ¢ are now functions of b. We now estimate ¢ and r along the
flow. For g, we have the following:

ai(a,b,c) = a*(b—a)(c—a) + (b —¢)?*[a(b+ c) + b* + be + ¢*] > a*(b—a)(c — a).
For r, we have

—r(b,a,c) = a*(b—4a)(c — a) + (c — b) [—a(5b* + 3bc + 4c?) + 8b* + 3b%c + 3bc® + 4c”]

c—b) a5F(a, b, c)

—~

=a%(b—4a)(c—a) +

b
(c—b

=a®|(b—4a)(c—a)+ o

asf(a, b,c)l,

where 7 is a cubic polynomial. Since abc is constant, ab and ac go to zero along the flow, and

this implies that a7 (a,b,c) — 0. By Lemma 5.23, (cafr,b) — 0 as well. Hence, (C;b) a®7(a,b, c) is

bounded by a positive constant K along the flow (for ¢ > 0) and so

—r(b,a,c) < a*([b—4a)(c — a) + K] < La*(b — 4a)(c — a) < La*b(c — a),

where the second inequality follows from the fact that (b — 4a)(c — a) is bounded below by
a positive constant along the flow.
Combining the estimate for ¢r and for r, we have

0 ®© q2(b— — L 1 o
/ fﬁ“W)%z3/ (b —a)le ®@23/‘%_/ b ).
b0) —2r(b,a, )b 2 Jyoy La2b(c —a)b 2 \Joo) 0 b(0) 0
The first integral diverges while the second integral stays finite so Q(t) — —oo along the flow,
and ggp — 0. u

Before proving Theorem 5.22, we establish some estimates for ¢ and r near Py. In the
following, keep in mind that since @ = 4¢P

b > its value changes when comparing the functions in
question at different points.

Lemma 5.25. There is a neighborhood U of Py such that for all points (0,b,¢) in U N 0Dy,
r(c,a,b) > r(c,a,c) > 0.

Proof. As a first step, we show that r(c, a,b) > 0 for points in the given domain near a = b = c.
In fact, to help with the argument later, we show that for each ¢ the function is minimized at
det h

c

b = c. First, note that when b =a =

r(c,a,a) = 2¢*(4¢c — a)(c — a)
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and when b = ¢, so that a = d‘zgh,

r(c,a,c¢) = a*(c — a)(4a — c).

These are both positive as long as a < ¢ < 4a. Next we compute the derivative with respect

to b. Since a = d‘z%;h, we have Opa = —@6*2 = —ab~!so

dyr(c,a,b) = —5¢% — abe — 3ab~ e — 16b° — 8a®
+ 5ab~ e + 3b%c + 8ab® + 16a*b ™! 4 2a%c

and the second derivative
02r(c,a,b) = 12a3b~2¢c — 48b% 4 24a3b™1 — 10ab™ 2% + 6bc + 8ab — 80a*b~2 — 2a%b~Lc.

This is negative at Py, so must be negative in a neighborhood of this point. This implies that
as b varies, r(c, a,b) is minimized at one of the endpoints above.

To determine which endpoint is the minimum, comparing the two expressions algebraically
proves difficult. To more easily compare, let ¢ = v(det h)% (and note that v = 1 corresponds to
the point Py). Then define

fa(v) = r(c,a,a) = (det h)3 (8v* — 100 + 20).
Then

(fa) (v) = (det h)3 (320 — 2502 + 2)
and so (f,)'(1) = 9(det h)3. Also

1

(fa)"(v) = (det h) (W _ 725>

and 5o (f,)"(1) = L (det h)3.
On the other hand define

fe(v) =r(c,c,a) = (det h)% (—4v 8 +507° —v7?).
Then

(fo)(v) = (det h)3 (3207 — 25077 + 207%)
and so (f.) (1) = 9(det h)%, which matches (f,)'(1). Also

(f2)"(v) = (det k)5 (—288v™ 10 + 125076 — 6v™)
so (fe)"(1) = —139(det h)% This shows that f, and f. agree to first order, but that near Py, f,
eventually grows faster and we can conclude that for each ¢ close to Py, 7(c,a,b) is minimized
when b = c. |

Lemma 5.26. There is a neighborhood U of Py such that for all points (0,b,¢) in U N ODy,

0 < QI(CL,b, C) < QI(CZ,C, C).
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Proof. We have

2 2

(H(a, a, C) = 02(6 - CL) and QI(G, ¢, C) = CL2(C - CL) :

For points between these two, we compute the partial derivative with respect to b. As in the

previous lemma, a = d%gc " s0 pa = —ab~! and we have

oaqi(a,b,c) = —4a*db™' + 24> + 360 ¢ — a’c — 2ab® + abe + ab ' + 407 — 3b%c — 3.
The second derivative is
O2qi(a,b,c) = 20a*b™2 — 6a3b™1 — 12430 %¢ + 2a®b~Le — 2ab — 2ab?c + 12b* — 6be.

At Py, this is positive so ¢r is concave up near Py and we may conclu(%e that it is maximized at
one endpoint. To determine which endpoint is larger, let ¢ = v(det h)3 and define

N

fa(w) = (a1(a,a,¢))? = c(c — a) = (det h)% (v2 - v%)

and
fe(v) = (ai(a, ¢, c))% =a(c—a) = (det h)% (o™t —v™h).

Then f,(1) = fo(1). Computing derivatives, we have

)

(fe) (v) = (det h)s (—v™2 + 4v77).

N

(fa)'(v) = (det h)% <2v — %v_

and

Hence (f,)'(1) = 2 while (f.)'(1) = 3 and we may conclude that near Py, f. grows faster, so gi
is maximized when b = c. |

We are now ready to prove Theorem 5.22.

Proof of Theorem 5.22. Since h corresponds to a point in Dr,, we know that a(t), b(t),
and c(t) converge to the same value. The theorem will then be proved once it is established
that ggp does not go to zero. Note that, since the solution is bounded, the interval on which it
is defined includes [0, c0).

By Lemma 5.25, r(c,b,a) is positive near a = b = ¢, so %c is negative and c is strictly
decreasing. From this, we can reparameterize the integral above and then use Lemmas 5.25
and 5.26 to get

_ [ [P alabe) 3O mlabe)

(0 —3r(c,a,b)c 2
_3 /“0) alaco), 3 /C“) a(c—a)P® . 3 /C“” le=a) 4
~ 2 Jur) rlca,c)c 2 o1y @*(c—a)(da —c)e 2 oy (da—c)e

The last integrand on the second line is bounded and the interval of integration stays bounded,
so the integral stays finite as T — oco. (We are allowed to cancel the factor a?(c — a) because
the a being used is the same for the numerator and the denominator, since the estimates are
both taken on the same side of the boundary.) |

With the limiting behavior of the metric established, the next step is to determine curvature.
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Proposition 5.27. On M =R x S3, let g be a solution to equation (2.1) with initial metric h.
Then in a diagonalizing basis,

e if h corresponds to a point in Dg, then Ric11 converges to %, Ricgo and Ricsz both converge
to %, and S converges to 0;

Ricy converges to zero, Riceg and Ricss both

e if h corresponds to a point in D, then o

converge to 1, and S converges to 0;

e if h corresponds to a point in Dy, then Rici1, Ricaa, and Ricss all converge to %, and S
converges to a positive value.

Proof. Since the Ricci tensor is invariant under uniform rescaling of the metric, we can use the
components of the metric directly, or we can use a, b, and ¢ to determine the Ricci curvature.
We have three cases.

If h corresponds to a point in Dg, then we can simply plug in the fact that, in the limit,
4a = b = ¢ to get the values indicated for the Ricci tensor. For scalar curvature, we have

(911)% + (922)% + (933)% — 2(g11922 + 911933 + 922933)

S=-
2911922933
_ )%a2+b2—|—02—2(ab+ac+bc) .0
- o 2 det
since ggg — 0.
If A corresponds to a point in D, we have
2 —(b—-a)? (c—b)(c+b) a

icg3 = - 1- 2

Ricss 2ab 2ab 2

The first term goes to zero since %b — 0 by Lemma 5.23, and %b stays bounded since 7 — 1.
The last term also goes to zero so Ricgs — 1. The analysis for Ricgo is similar.

For % we have

Ricq . a’® — (C — b)2 . g% [a2 - (c - b)2]

gi1 2g11bc N 2abc

Here, the numerator goes to zero while the denominator stays constant.
For scalar curvature, we have

g _ (911)* + (922) + (933)* — 2(g11922 + 911933 + g22933)

2911922933
102+ b%2+ 2 —2(ab+ ac+ be 1(c=b)2+a%2—2a(c+b
= —(g00)? ( )Z—(900)3( ) ( )
2det g 2det g
1
—(900)g 2 2 1 (1 1
= Sdetg [(c=b)" +a’] + (goo)? b+c )

In this form, we can see that both terms go to zero.
If h corresponds to a point in Dy, then in the limit, a = b = ¢, and we get the desired values
for the Ricci tensor. For scalar curvature,

(911)2 + (922)2 + (933)2 — 2(g11922 + 911933 + G22933)

§=—
2911922933
1a? + 0%+ 2 — 2(ab + ac + be) 3‘12(900)% 3
= —(go0)? 73 N ’
9 det h 2 deth 2911

which is positive. |
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Finally, we have the following:

Theorem 5.28. Let M be a quotient of R x S® and let p € M. Let g solve equation (2.1)
where h s locally homogeneous. Then

e if h corresponds to a point in Dg, then (M,g,p) collapses to a flat three-dimensional
manifold in the pointed Gromov—Hausdorff topology;

e if h corresponds to a point in D, then (M, g,p) collapses to a flat surface in the pointed
Gromov—-Hausdorff topology;

e if h corresponds to a point in Dy, then (M,g) converges to a quotient of the product of
a circle and the round sphere in the Gromov—Hausdorff topology.

Proof. These results follow from the previous proposition and Lemma 3.3. |

5.7 H3

This space is not a Lie group so the techniques used above do not apply. In fact, the analysis here
is much simpler. There is a one parameter family of homogeneous metrics for H? and they are
all constant scalar multiples of the standard hyperbolic metric and hence Einstein. Therefore,
by Proposition 2.1, R x H? is static under Bach flow.

58 R x S? and R x H?

While these spaces can be thought of as three-dimensional factors for various 1 x 3 products,
they are more naturally viewed in terms of 2 x 2 products which are discussed in the next section.

6 Bach flow on locally homogeneous 2 X 2 products

Bach flow on products of homogeneous surfaces was explored in [7]. While not new, we reproduce
the analysis here for completeness because of the fact that three families of 1 x 3 products can
also be viewed as 2 x 2 manifolds, namely quotients of R x N where N is R x S, R x H?, or R3.
Working as before on the universal cover, it seems at first that there are essentially six different
cases to consider: R? x R?, R? x §?, R? x H?, S? x §?, S? x H?, H? x H?. However, it turns out
that the Bach tensor does not distinguish between the spherical and hyperbolic slices and the
analysis reduces to three cases, one of which is trivial (since the Bach tensor vanishes). To see
this, because of the constancy of the scalar curvatures, equations (2.4) and (2.5) reduce to

1

B !
24

(D) = (5®))gas  and By =,

Bag ()" = (5D)*) g

Since the scalar curvatures of the slices are squared, there is no way to distinguish between
a positively curved space and a negatively curved space.
For any of these spaces we can write a homogeneous product metric as

9= figM + f29'?,

where ¢ is the standard metric for the ith slice and f; > 0.
The constancy of the volume form along the flow implies that

v = f1(t) f2(t) = f1(0) f2(0)

is a constant determined by the initial metric.
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6.1 R2? x R2?, R? x S?, and R? x H?2

These spaces can also be thought of as 1 x 3 products and the analysis here completes the 1 x 3
product cases. The space R? x R? is flat, so the metric is static under Bach flow. For the
remaining two spaces, we have the following:

Theorem 6.1. Let M be a compact quotient of R? x S? or R? x H? and let p € M. Let g solve
equation (2.1) where h is locally homogeneous. Then (M, g,p) converges to a flat surface in the
pointed Gromov—Hausdorff topology.

Proof. Using the structure introduced above, the curvature of the first slice is zero and that of
the second slice is

I e
(positive for S? and negative for H?). Bach flow then reduces to

d 1.,

fo=~f

d 1.,
afl—_éfg fla & 6 2

The second equation is separable. Once its solution is found, it can be plugged into the first
and we can solve the resulting separable equation for f;. We end up with

Jﬂﬂ—v<;+ﬁﬂw>é, huy—<;+ﬁﬂw>?

We find that the solutions are immortal but not ancient. The flat slice shrinks while the
curved slice blows up and its scalar curvature goes to zero. |

6.2 S? x S2,S? x H2, and H? x H?2
These spaces are not 1 x 3 products. They are included here for completeness.

Theorem 6.2. Let M be a compact quotient of S* x S?, S? x H?, or H? x H2. Let g solve
equation (2.1) where h is locally homogeneous. Then (M,g) converges to a Bach-flat four-
dimensional manifold in the Gromov-Hausdorff topology. The difference in the magnitude of
the curvature of each slice converges to zero, and the scalar curvature converges to

. 47_% on S? x §?,
e 0 onS? x H?,
. —4’7_% on H? x HZ2.
Proof. For these spaces the scalar curvatures are

SW = 42571

positive for spheres and negative for hyperbolic spaces, and the Bach tensor can be written

1

Bag = o (7% = £2)fi(9W)pr Bk = é(ff — 1) f2(99)

Note that if f1(0) = f2(0), then the solution is constant. Otherwise, suppose f1(0) < f2(0). The
constant v allows us to reduce the system (2.1) to a single equation.

d 1
gh=sM =)
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This is separable and we can solve to get

t t
fi=q/ytanh | —+pu |, fo=/vcoth| —+pu|,
3y 3y

where

1
w==1In

~n(L0+E0),

f2(0) = £1(0)

If f1(0) > f2(0) the solutions are swapped. From this we see that, again, solutions are immortal,
but not ancient. Here, the absolute values of the curvatures of the slices converge to the same
value, and the manifold converges to a Bach-flat four-dimensional manifold. The limiting scalar
curvatures can be calculated directly. |

7 Comparison with Ricci flow

We finish with a comparison of the qualitative behavior between Ricci flow, as determined in [11]
and [12], and Bach flow. There are a number of ways this might be done. First, there is the
choice of whether to include the one-dimensional component for Ricci flow. Also, there is the
choice of whether or not to use volume-normalized Ricci flow or unmodified Ricci flow. For
a product metric, the Ricci tensor splits and on a one-dimensional manifold, the Ricci tensor is
zero. This implies that unmodified Ricci flow on S' x N leaves the one-dimensional component
fixed and the behavior on the three-dimensional slice is the same as for Ricci flow on just N. For
volume-normalized Ricci flow, the behavior on S! x N will be somewhat different from that of
volume-normalized Ricci flow on just N. First, there is a dimensional constant in the modifying
term, and second, volume normalized flow on S' x N does not preserve the volume of N. In
the end, the differences in all these flows are somewhat cosmetic. Rescaling space and time
in appropriate ways allows the solution to one of these problems to be modified so as to solve
another. For a bit more detail, see the discussions in [12] including the analysis for those cases
that relate to the results in [11].

At first, it might seem most natural to compare Bach flow on S' x N to volume-normalized
Ricci flow on S' x N since both flows are acting on the same space, and both flows preserve
volume. However for volume-normalized Ricci flow the behavior of the one-dimensional slice
depends on the scalar curvature of N, while by Proposition 2.2, under Bach flow the one-
dimensional slice never expands. On the other hand, for volume-normalized Ricci low on NV the
static solutions are Einstein. Similarly, the static solutions g1 + ¢ for Bach flow are those for
which ¢ is Einstein on N by Proposition 2.1. As such, the qualitative behavior can more easily
be compared. We find that on most spaces, the qualitative behavior is the same, but there are
two notable differences. If N = S?, volume-normalized Ricci flow always converges to the round
sphere, while for Bach flow, the eventual qualitative behavior depends on the initial metric. If
N = S' x §?, volume-normalized Ricci flow experiences curvature blow-up in finite time, while
Bach flow collapses to a flat surface as t — oo.
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