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Abstract. We provide an explicit expression for the first order g-difference system for the
Jackson integral of symmetric Selberg type. The g¢-difference system gives a generalization
of g-analog of contiguous relations for the Gauss hypergeometric function. As a basis of
the system we use a set of the symmetric polynomials introduced by Matsuo in his study
of the ¢-KZ equation. Our main result is an explicit expression for the coefficient matrix of
the g-difference system in terms of its Gauss matrix decomposition. We introduce a class
of symmetric polynomials called interpolation polynomials, which includes Matsuo’s poly-
nomials. By repeated use of three-term relations among the interpolation polynomials we
compute the coefficient matrix.
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1 Introduction

The Gauss hypergeometric function

o (a;b; x) o (a)i((? 5 /O D11 = el (1 ),

where Rec > Rea > 0 and |z| < 1, satisfies the contiguous relations

a,b '\ _ a,b+1 a(c—10) a+1,b+1
2F1<cax>—2F1<c+17CC>_CCC(C+1)2F1 L9 ;T (1.1)

a,b '\ _ a+1,b b(c—a) a+1,b+1
2F1<c7x>—2F1(c+1,x>—xc(c_{—1)2F1 C—|—2 Y/ (12)

These contiguous relations for the Gauss hypergeometric function are extended to a difference
system for a function defined by multivariable integral with respect to the Selberg type kernel [34]

and

n

U(z) =00 -2 e =2 I e — ™

i=1 1<j<k<n

For the integral

(e;) :—/ ei(2)¥(z)dzy - - - dzy, i=0,1,...,n,
C
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where e;(2) is the function specified by

()= [[e—2) [ (-2
j=1 k=n—i+1

and C is some suitable region, the (n + 1)-tuple ({(ep), (e1),..., (en)) satisfies the following
difference system. Let d;; be the symbol of Kronecker’s delta.

Proposition 1.1 ([14, Theorem 2.2]). Let T, be the shift operator with respect to o — o+ 1,
i.e., Tof(a) = f(a+ 1) for an arbitrary function f: C — C. Then

Ta((eo); (€1); - -+ (en)) = ({€0), (€1), - -, (en)) M, (1.3)

where the (n+ 1) X (n+ 1) matriz M is written in terms of its Gauss matriz decomposition as
M =LDU =U'D'L". (1.4)

Here L = (lij)OSi,jgm D = (djéij)ogi,jgn; U= (ui]‘)ggiﬁ‘gn are the lower triangular, diagonal,
upper triangular matrices, respectively, given by
_ i—j(n—1J (Y +3757)ij
lij = (—ZL’) . . )
n-—1 (Oé+'}’+2j7’;7‘)i_j
g — o (o T) (o + v+ 257 T)n—j
Tolaty+ (G- Dmn)ilat By (0t = DT

i (B A (= )T )
wiy = (~1) <Z> (@ +7~+2ir;7)-i

)

and U' = (u};)o<ij<n, D' = (d}0ij)o<ij<n, L' = (Ii;)o<i,j<n are the upper triangular, diagonal,
lower triangular matrices, respectively, given by
P —iyj—ifJ (B+(n—4)7157)j—
iy = (=2 ) AV
i) (a4 B+2n—J)1;7)j—
’ al(a+ B +2(n — j)m57)(05 T)nj

dj = (a+B8+v+CCn—j—Dr7n)jla++(n—7—1)77)n—j

[ = (—1)i <” —j) (Y +5757)ij
N n—i)(a+B+2(n—9)7;7)iz;’

bl

where (x;7)o =1 and (z;7); = x(x +7)(x +27) - (x+ (i — 1)7) fori=1,2,....

In particular, when n = 1 the system (1.3) is given by

Talteo) () = ety (57 2 ) (AT 2 )T (1.59)

ratteo ) = Geon ) (5§ ol o) (57 0u00) (15b)

The system (1.5b) can be rewritten as the following system of three-term equations

(a+ B +7)Taler) = —B(eo) + x(a+ B){e1), (1.6)

and

vTo(e1) + (a+ B)Tu(ep) = alep). (1.7)
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Since, forn =1

1 1
(eg) = /0 2271 = 2)P Yz — 2)V dz and {e1) = /O 271 = )Pz — 2) s,

under the conditions Rea > 0, Re 8 > 0 and |z| > 1 we see that the equations (1.6) and (1.7)
exactly coincide with the contiguous relations (1.1) and (1.2), respectively, after the substitutions
a—a,f— c—a,v— —band x — 1/z. Therefore the difference system (1.3) expressed in terms
of Gauss matrix decomposition (1.4) can be regarded as a natural extension of the contiguous
relations (1.1) and (1.2). For further applications of the difference system (1.3) in random matrix
theory, see [14]. In the discussion of the result being a generalization of contiguous relations of
the Gauss hypergeometric function, the analog of the equation (1.1) for the Selberg integral can
be found in [15, 21].

Next we would like to discuss a g-analogue of the difference system (1.3) in Proposition 1.1.
This is one of the aims of this paper. For an arbitrary ¢ € C* we use the c-shifted factorial for
rxeC

(1-2)1—cz) - (1-c'a) if i=1,2,...,
S if =0,
(5 = 1 .
if ¢=-1,-2,...,

(1-cl2)(1-c2x)-- (1 - ca)

and the c-binomial coefficient

We also use the symbol (z;¢)os := [[io, (1 — ¢'z) for |¢] < 1. Throughout this paper we fix
g € C* with |g| < 1. For a point { = (£1,...,&,) € (C*)" and a function f(z) = f(z1,...,2n)
on (C*)"™ we define the following sum over the lattice Z™ by

£o0 dgzn

; f(z)dzlfl/w--/\ o =1-q" Z f(&d™,. ... &a™m), (1.8)

(V17-~~7Vn)€Zn

if it converges. We call it the Jackson integral of f(z). By definition the Jackson integral (1.8)
is invariant under the g-shift §& — ¢& (i = 1,...,n). Let ®, (%) and A(z) be the functions
on (C*)™ specified by

O /25
e [ [} T Ot 19)

i=1 r=1 @)oo 1<j<k<n (t2k/ 255 @)oo
A(Z) = H (ZZ_Z])7
1<i<j<n

where t = ¢". For a point £ = (£1,...,&,) € (C*)" and an arbitrary symmetric function

d(2) = d(z1,...,2,) on (C*)" we set

§oo dyz
<¢7§> = d)(z)q)n,m(z)A(z) JARERIA 4 n7

0 21 Zn

dq21

which we call the Jackson integral of symmetric Selberg type. In the study of ¢-difference de
Rham cohomology associated with Jackson integrals [4, 7], Aomoto and Kato [8] showed that

the Jackson integral of symmetric Selberg type satisfies g-difference systems of rank (”Iﬁ;l)
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when the parameters are generic. When m = 1 the Jackson integral of symmetric Selberg type
is equivalent to the g-Selberg integral defined by Askey [11] and proved by others, see [6, 13,
16, 20] for instance. See also recent references [15, Section 2.3] and [18]. ¢-Selberg integral is
a very active area of research with important connections to special functions, combinatorics,
mathematical physics and orthogonal polynomials (see [1, 23, 24, 25, 32, 35] and [17, Section 5]).
Using the Jackson integral of symmetric Selberg type for m = 2, Matsuo [28, 29] constructed
a set of solutions of the ¢-KZ equation. Varchenko [33] extended Matsuo’s construction to
more general setting of the ¢-KZ equation using the Jackson integral of symmetric Selberg type
for general m. Writing a, = z,, b, = ¢z in (1.9), the ¢-KZ equation they studied can
be regarded as the g¢-difference system with respect to the ¢-shift x, — gz, (r = 1,...,m).
In another context, writing a, = gz, !, b, = ¢* z, in (1.9), Kaneko [22] showed an explicit
expression for the g-difference system with respect to the g¢-shift z, — qx, (r = 2,...,m)
satisfied by the Jackson integral of symmetric Selberg type for general m with special constraints
Ho = - = py =l or po = -+ = py, = —7. With these constraints the g-difference system
degenerates to be very simple and it can also be regarded as a generalization of the second order
g-difference equation satisfied by Heine’s 2¢1 g-hypergeometric function.

In this paper, we fix m = 2 for (1.9), and study two types of g-difference systems for the
Jackson integral of symmetric Selberg type for ®(z) = ®,2(2). One is the g-difference system
with respect to the shift &« — « + 1, and the other is the system with respect to the ¢-shifts
a; — qa; and b; — ¢~ 'b; simultaneously. For these purposes, we define the set of symmetric
polynomials {e;(a,b;2)|i=0,1,...,n}, where

n—i n

ei(a,b; z) = A:(lz) x A H(l — bzj) H (1—a'z) H (z,—t7'2) |, (1.10)

j=1 j=n—i+1 1<k<l<n

which we call Matsuo’s polynomials. The symbol A means the skew-symmetrization (see the
definition (2.1) of A in Section 2). With these symmetric polynomials, we denote

$oo d dgzn
(eila, b), €) ;:/ ei(a, b; 2)B()A(2) 7% 5 p daPn (1.11)
0 21 Zn
We assume that
qaflaglbflbgl‘ < ’qa| <1 and ‘qaflaglbflbgl‘ < ’qat%_Q‘ <1

for convergence of the Jackson integrals (1.11). (See [19, Lemma 3.1] for details of convergence.)
For the polynomials (1.10) let R be the (n+ 1) x (n + 1) matrix defined by

(en(az, bi; ), en—1(az, b1;2),. .., eoaz, b1; 2))
= (eo(al, ba; z),e1(ai, ba; 2), ..., en(a, bo; z))R. (1.12)

The transition matrix R is called the R-matriz in the context of [29]. Matsuo [29] gave the
g-difference system with respect to the g-shifts a; — qga; and b; — ¢~ 'b; simultaneously, using
Matsuo’s polynomials as follows.

Proposition 1.2 (Matsuo). Let Ty, ,, be the q-shift operator with respect to w — qu, and thbliT(Lai
(i = 1,2) denote the g-shift operator with respect to a; — qa; and b; — q~'b; simultaneously.
Then, the Jackson integrals of symmetric Selberg type satisfy the q-difference system with respect
to qubliTQ7ai (1 =1,2) given by

Tq_,bliTq,ai (<6n(a2, bl)? §>7 <€n—1(a2; bl), §>, ceey <€0(Cl2, b1), §>)
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= (<€n((l2, b1),8), (en—1(ag,b1),&),..., {eo(as, b1),§>)Ki (1.13)

whose coefficient matrices K; are expressed as K1 = R™'Dy and Ky = Do (T(;bIQTqu), where R

is the (n + 1) x (n+ 1) matriz given by (1.12), and D1, Dy are the diagonal matrices given by

Dy = ((qatn_l)niifsij)ogi,jgn’ Dy = ((qatn_l)iéij)ogi,jgn'

Remark 1.3. If we replace a; and b; as a; = x; and b; = qﬁixi_l, respectively, then (1.13)
simplifies to the case considered by Matsuo, and then T(; blz_T g,a; in (1.13) becomes the single g¢-
shift operator T} ;,, and the system (1.13) coincides with the ¢-KZ equation (see [28, 29, 33]). For
the problem of finding the explicit form of the coefficient matrix K; for the system (1.13) Aomoto
and Kato used the information of a connection matrix [9] between two kinds of fundamental
solutions of (1.13) specified by their asymptotic behaviors. Based on Birkhoff’s classical theory
they introduced a way to derive the explicit form of the coefficient matrix for a linear ordinary
g-difference system from its connection matrix. They call their method the Riemann—Hilbert
approach for q-difference equations from connection matrices [5], and they presented K; explicitly
when n = 1 and 2 as an example of their method (see [10, p. 272, examples]). The problem
of finding the explicit form of the coefficient matrix for the equivalent ¢-difference system with
respect to Ty », was also studied by Mimachi [30, 31]. As a basis of the system Mimachi [31]
introduced a family of Schur polynomials different from Matsuo’s polynomials, and he calculated
the entries of the coefficient matrix explicitly when n = 1,2 and 3.

From Proposition 1.2, if we want to know the coefficient matrices K; of the above ¢-difference
systems, it suffices to give the explicit expression for the transition matrix R or its inverse R~.

Theorem 1.4 ([12, 26]). The matriz R is written in terms of its Gauss matriz decomposition

as
where Lp = (lg)ogi,jgn’ Dy = (d?(sij)ogi,jgw Up = (u%)ogi,g‘gn are the lower triangular,
diagonal, upper triangular matrices, respectively, given by
. (i .
I = [n _j] SUMALIC AR (1.15)
1] n—1 - (al—lath(n—ijl); t)i_j ) .

o (alaglt_j;t)nij(agbl; t);
J (albg;t)n_j (al_la2t—(n—j); t)

: (1.15b)
j

; bit"Iit) .
Uk — H (arbx )i , (1.15¢)
t—1 (

; ———
o aay 't t>j*i

r R/ r RIS . ’ R/ .
and Up = (uij )Ogi,jgn’ R = (dj 6”)09’,]‘91’ Ly = (Z-j )ng‘,jgn are the upper triangular,

diagonal, lower triangular matrices, respectively, given by

1 (=172 (o oy D)
RI_ H (1) (a1 by )J—Q (1.16a)
t

v (b7 "batiti=mst)

o (babg 72 (ag b D), .
T (ot 0Dst) (b a2 )

IR = {n_j} (0 077 050),
T o (baby it

i

n—j

o . (1.16¢)
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One of the main aims of this paper is to give a proof of the above result, which we will do
in Section 6. The explicit expression for R~! in terms of its Gauss matrix decomposition is also
presented as Corollary 6.1 in Section 6.

Remark 1.5. After completing of earlier version of this paper, the author was informed that
Theorem 1.4 previously appeared implicitly in [12, Section 5] and [26]. Our proof of the Theorem
is, however, very different to that of [12] and [26].

From Theorem 1.4 we immediately obtain a closed-form expression for the determinant of R
(OI‘ Kz)
Corollary 1.6. The determinant of the transition matriz R evaluates as

n+1 n

—dBdE... 4% = (— (azhi; )
detR—do d1 dn ( ala? £[1 ale,

The determinants of the coefficient matrices K1 and Ko given in (1.13) evaluate as

n

_ _ n+1 a b ;
det Ky = det (R™'D1) = (—agaj'¢*t" 1) iy a;b?,
and
—1 _a— ("3 “ (qagby;
det Kz = det (D2 (Tq szq,azR)) (—a1a2 gl 1 H 12122,

1:1

Next, we focus on the g-difference system with respect to the shift « — a+ 1 for the Jackson
integral of symmetric Selberg type. Using Matsuo’s polynomials {e;(a1,be;2) |7 = 0,1,...,n},
this ¢-difference system is given explicitly in terms of its Gauss matrix decomposition.

Theorem 1.7. Let T, be the shift operator with respect to o — a+ 1, i.e., Ty f(a) = f(a+ 1)
for an arbitrary function f(a) of a € C. Then

Ta((eo(a1,b2), &), (e1(a1,b2),8), .., (enla1, b2), €))
= ((eo(a1,b2),€), (e1(a1,b2),€), ..., (enla1,b2),€)) A, (1.17)

where the coefficient matriz A is written in terms of its Gauss matriz decomposition as

Here L, = (lf})o<”<n D, = (d}f‘ 5ij)0<i,j<n’ U, = (ufj)0<i7j<n are the lower triangular, diag-
onal, upper triangular matrices, respectively, given by o
n—i n—j — 9 aQth‘]7t .
i = (—1)i= (7)) [" ?] ( 2,)1 i (1.18a)
n—i], (¢®azbat J;t)i_]
e @ t) (q%agbot®: t .
@t = a" It B+(") (,q ) (g azbz )”iﬂ , (1.18b)
J (qo‘angt]_l‘ t) 4(qaa1azblbgt"+ﬂ_1; t)ni.
ot (b,
uh = (—g®atan)? (3= () ~7 izt 1.18¢
1j ( q a; 2) (q a2b2t2z t) ( )

J—1
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and U) = (u?j/)ogi,g‘gn’ D) = (dfléij)ogi,jgnf L, = (l{‘j’) are the upper triangular,

diagonal, lower triangular matrices, respectively, given by
. n—j.
Al _ (_ « jfit(";i)_(n;j) 7 (alblt ’t)j—i 19
Uy _( q ) . > 2—j). , ( ) a)
i, (¢varbit2n=a)st) .,
(¢%a1bit?("=9); ) A(qa't)n )
- : (1.19b)
(¢¥arazbibat>=71t) (q*arbytn=i=15¢t)

N bat?;t),
Al _ 1 (])7(1) [n ]:| (CLZ 207, i—j ] 1.1
ll] ( a1a2 ) t 2 2 n—i . (qaalbth(n_l)a t)lij ( 9C)

0<i,j<n

A = al~ Tl (@)+("27)

The first part of Theorem 1.7 will be proved in Section 5, while the latter part of Theorem 1.7
will be explained in the Appendix. Note that, from this theorem we immediately have the
following.

Corollary 1.8. The determinant of the coefficient matriz A evaluates as

(" n+1 q 't)
det A =didf---d = (araz)("2 )t
0 %1 n ( 1 2 H aalagbleth 1—1. t)

Remark 1.9. The expression (1.17) for the g-difference equation is equivalent to

Ta((eo(at, b2),€), (e1(a1,b2), ), ..., (en(ar, b2), €)) UL
= (<€0(G17 bz),§>, <61(a1, b2),§>, ey <en(a1, bQ),f>)LADA

or

To((eo(ar, b2),€), (e1(ar, b2),€), ..., (enlar, b2), &) L)
= (<60(CL1, bz), £>, <€1 (al, bg), 5), ceey <6n(a1, bg), £>)U2Df4

Here the entries of U, ! and L/, ! are also factorized into binomials like U, and L', respectively.
We will see the explicit expression for U ' in Section 4 as Proposition 4.4. For the explicit
expression for Ly, see Proposition A.4.

Remark 1.10. If we consider the ¢ — 1 limit after replacing a; and b; as a; = 1, as = =z,
by = ¢° and by = ¢"z~! on Theorem 1.7, then ei(l,q'ya:_l;z)(I)(z)A(z)dglzl dz% tends to
el (2)V'(z)dzy - - - dzp, where

7

Vi) =[]0 —=) = zfe)™ T] (=)™

i=1 1<j<k<n
n—i n
e(z)=A|[[0=z/2) [ -2
j=1 j=n—it1

This confirms that Theorem 1.7 in the ¢ — 1 limit is consistent with the result presented in
Proposition 1.1.

The paper is organized as follows. After defining some basic terminology in Section 2, we
characterize in Section 3 Matsuo’s polynomials by their vanishing property (Proposition 3.1),
and define a family of symmetric polynomials of higher degree, which includes Matsuo’s polyno-
mials. We call such polynomials the interpolation polynomsials, which are inspired from Aomoto’s
method [2, Section 8], [3], which is a technique to obtain difference equations for the Selberg
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integrals (see also [18] for a g-analogue of Aomoto’s method). We state several vanishing prop-
erties for the interpolation polynomials, which are used in subsequent sections. In Section 4 we
present three-term relations (Lemma 4.1) among the interpolation polynomials. These are key
equations for obtaining the coefficient matrix of the g-difference system with respect to the shift
a — a + 1. By repeated use of these three-term relations we obtain a proof of Theorem 1.7.
Section 5 is devoted to the proof of Lemma 4.1. In Section 6 we explain the Gauss decom-
position of the transition matrix R. For this purpose, we introduce another set of symmetric
polynomials called the Lagrange interpolation polynomials of type A in [19], which are different
from Matsuo’s polynomials. Both upper and lower triangular matrices in the decomposition can
be understood as a transition matrix between Matsuo’s polynomials and the other polynomials.
In the Appendix we explain the proof of the latter part of Theorem 1.7.

Finally we would like to make some remarks about the original motivation for the current
paper. Although the author already knew the results of this paper before publishing [14], many
years have passed since then. The author recently learned of an interesting application of the g¢-
difference systems of this paper in collaboration with Yasuhiko Yamada. They intend to publish
the detail in a forthcoming paper.

2 Notation

Let S, be the symmetric group on {1,2,...,n}. For a function f: (C*)" — C we define an
action of the symmetric group S, on f by

(cf)(z) = f(ail(z)) = f(20(1), 20(2)> - - - » Zo(n)) for oe€S,.

We say that a function f(z) on (C*)™ is symmetric or skew-symmetric if of(z) = f(z) or
of(z) = (sgno)f(z) for all ¢ € S, respectively. We denote by Af(z) the alternating sum
over .S, defined by

(Af)(z) = ) (sgno)(af)(2), (2.1)
oESH

which is skew-symmetric. Let P be the set of partitions defined by
P:={(M,2,..., A) €EZ" [ A = Ag >+ >\, >0}

We define the lexicographic ordering < on P as follows. For A\, u € P, we denote A < p if
there exists a positive integer k£ such that A, = u; for all i < k and A\ < pp. For A =
(A, A2,..., ) € Z", we denote by z* the monomial 21\125‘2 ...z For A € P the monomial

n
symmetric polynomials my(z) are defined by
my(z) == Z 2H,
HESHA

where S, A := {o\|o € S,,} is the S,-orbit of A\. For A € P, we denote by m; the multiplicity
of i in A, i.e., my = #{j|\; = i}, see [27] for instance. It is convenient to use the notation
A= (1m12m2 R e ) for example, (1322) =(2,2,1,1,1,0) and 2(12%) — 22222324 25.

3 Interpolation polynomials

In this section we define a family of symmetric functions which extends Matsuo’s polynomials.
For a,b € C* and z = (21,...,2,) € (C")" let Ej (a,b;z) (k,i = 0,1,...,n) be functions
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specified by

Eii(a,b;z) == 2122 - 2 A(t; 2) H(l — bzj) H (1- a'z;), (3.1)
j=1 j=n—it1
where
Alt; z) == H (2 — t_lzj) =+ (5) H (tzi — zj),
1<i<j<n 1<i<j<n

and let Elm(a, b;z) (k,i=0,1,...,n) be the symmetric functions of z € (C*)" specified by

AE}, i(a,b; z)

Ek,i(aa b, Z) = A(Z) )

(3.2)

which, in particular, satisfy

E07i(a, b; z) = ei(a, b; z) and E,i(a,b;z) = z122- - znei(a, b; 2),

as special cases. We sgmetimes abbreviate E~;“~(a, b;z) to E;“(z) The leading term of the
symmetric polynomial Ej ;(z) is mn-koky(2), i-e.,

Eri(z) = Crimin—koky(2) + lower order terms,

where the coefficient C; of the monomial m(lnkak)(z) is expressed as

(e ), (e,
aibf(nfi) (1 _ tfl)n

Cri = (-1)"

For arbitrary z,y € C*, we set

Ci(z,y) == (yt_(j_l), yt=U=2 oyt oyt at?, Lt ) € (CH™ (3.3)

J n—j
The following gives another characterization of Matsuo’s polynomials e;(a, b; 2) = Eo;(z).

Proposition 3.1. The leading term of the function Eq;(z) is miny(2) up to a multiplicative
constant. The functions Eoyi(z), 1=0,1,...,n, satisfy

Eoi(¢(a, b)) = cidy, (3.4)
where the constant c; is given by

(t50)i(t; ) n—

¢i = (abt’st) (a7 'o T 070 ) 20 (3.5a)
( )nfz( )z t(2)(1—t)n
L) ()
= (ab;t)p—i (a7 ¢) (), 0, 3.5b
(@b 1) e (3.5b)
Remark 3.2. The set of symmetric functions {Eo,i(z) |i=0,1,...,n} forms a basis of the linear

space spanned by {my(z)| A < (1")}. Conversely such basis satisfying the condition (3.4) is
uniquely determined. Thus we can take Proposition 3.1 as a definition of Matsuo’s polynomials,
instead of (1.10).
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Proof. By definition Ey;(¢j(a,b™1)) =0if i # j. Eoi(((a,b™!)) evaluates as

Eoﬂ' (atn_i_l, e at2, at,a, b_l’ b_lt—17 el b—lt—(z‘—l))
A(atn—i—l, e at27 at, a, b—17 b_lt_l, L 7b_1t_(z‘_1)) ’

which coincides with (3.5a) and (3.5b). [

Eoi(Ci(a, b7 1)) =

Lemma 3.3 (triangularity). Suppose

&= (b0 D p G2y b 2y 2 2 ) € (T

g
Then
Ewi(€)=0 if 0<i<j<n. (3.6)
Moreover, E~0,i(§i) evaluates as
5 gmin=d) (=11 (Lo l) . n—i
Eo,i(&i) = ( . )_Zl(n )"_Z( ot ) TT (1= 20t
( —t ) j=1
= 7@;:)7;@; Dn-s (a_lb_lt_(i_l);t)i (1- zjbti). (3.7)
G —n e

n—j
Eri(nj)=0 if 0<j<i<n. (3.8)
Moreover, Eo;(n;) evaluates as
. (e ) (e he ), : .
Eoi(ni) = 1 - —_k " (ab; t)p—; H (1—zj/at™™). (3.9)
j=1

Proof. By the definition (3.1) of E;“( ) it immediately follows that E;“(ﬁj) =0ifi < j, and
Eri(n) = 0if j < i. If we put z; = b~ 141 (j =1,2,...,mn — 1) in the polynomial E;“(fz) then
we have E}, ;(€&;) = 0 because Ej ;(&;) satisfies the condltlon of (3.6). This implies that Ej, ;(&;) is
divisible by [[7Z} (1— z;bt") up to a constant. Thus we write Ej, (&) = ¢ H;:f(l — z;bt"), where
¢ is some constant independent of z1,..., z,_;. Next we determine the explicit form of c¢. If we
put 21 =a,2s =at,...,zn—; = at" "1 in E~k7,~(£i), then EN';“(&) = EN'OJ (Q (a, b_l)). From (3.4),
we have ¢; = c(abt’;t),—;, where ¢; is given by (3.5b). Therefore the constant c¢ is evaluated
as ¢ = ¢;/(abt’;t),_;, i.e., we obtain the expression (3.7) for Ej;(&). The evaluation (3.9) is
carried out in the same way as above. |

Lemma 3.4. For 0 < j <n, let (; (:c,b_l) € (C*)™ be the point specified by (3.3) with y = b~ 1.
Then

)
(o), o), ) 0 ),

Eoi(Gj(a,b71) = . : (3.10)
1)1 — ) m
ap
Moreover, if i + k <n (i.e., k <n—i<mn-—j), then
B (G (2, b7Y)) = 2=k By (¢ (2, 67Y)). (3.11)
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Proof. If i < j, E~k,i(§j (x,b_l)) = 0 is a special case of (3.6). Suppose j < i. If we put z =
b=1t="=k (k=0,1,...,n—i—1), then the polynomial EOJ (Cj (a;, b‘l)) satisfies the condition (3.6)
of Lemma, 3.3, so that it is equal to zero, which implies EN’O’i (Cj (x, bil)) is divisible by (zbt';t),_;.
If we put x = at™* (k = 0,1,...,i — j — 1), then the polynomial E~0’i (Cj (w,bil)) satisfies the
condition (3.8) of Lemma 3.3, so that it is also equal to zero, which implies Eoﬂ- (Cj (x, bil)) is
divisible by (xa_l; t) i Therefore we have

11—

Egvi(Cj (x, b_l)) = c(xbti;t)n_i(xa_l;t) , (3.12)

i—j
where ¢ is some constant independent of x. Next we determine the explicit form of ¢. Put

x=b"1"0=1 in (3.12). Then, using (3.7), the left-hand side of (3.12) is written as

Eo (¢ (z,b7Y)) = Eoi(Gi(z,07"))

p—pb—1¢—(i—1) r=b—1¢—(—-1)

= GO Oty (oo gy (3.13)
1) - )" (t51)i—j '
while the right-hand side of (3.12) is
c(abt'st),_(wa™ht), | L =t (o105, (3.14)
Comparing with (3.13) and (3.14), we have
c= n(t; Diltitn— (e b0 ¢)
tG) (1 — )t )iy ’
Therefore we obtain (3.10). Moreover, if i + k < n, by definition we have
(6 r:071)) = (ot 70) ot 7) (a5 g 7).
which coincides with (3.11). [

As a counterpart of Lemma 3.4, we have the following.

Lemma 3.5. For 0 < j < n, let (j(a,y) € (C*)" be the point specified by (3.3) with v = a.
Then

n—1
(yot U= 058) . (yfat™st) (abst)ny (15870, [n - J'] -1

(1—t1)" m _

Eoi(¢i(a,y)) =

(3.15)
J
Moreover, if n <i+k (i.e., n—j <n—i<k), then

Era(Gilayy) = yF a3~ B (¢ a, ).

Proof. This lemma can be proved in the same way as Lemma 3.4 using Lemma 3.3. |
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4 Three-term relations

In this section we fix Ej;(2) = Ey (a1, be; ). In particular we have e;(ay, ba; 2) = Eo (a1, ba; 2).
The following lemma is a technical key for computing the coefficient matrix A of (1.17) in
Theorem 1.7. We abbreviate <Ek7,~, x> to <E;“> throughout this section.

Lemma 4.1 (three-term relations). Suppose i +k < n. Then,

1-— qaa1a261b2t2n_k_1
altn—i—k:

(Eri) = (1= q%ashot™ " M) (Ep_1,;) — (1 — agbot’) (Ej_1,i41)-(4.1)
On the other hand, if i + k > n, then,

k(1 — qatn_k)<Ek71,i+1>
= al—lqatn+z¥k(1 — alblt"7i71)<f~]k7i> + CL2_1 (1 — qaasztn+i7k)<Ek7i+1>. (4.2)
The proof of this lemma will be given in Section 5. The rest of this section is devoted to

computing the Gauss matrix decomposition of A in Theorem 1.7 using Lemma 4.1. By repeated
use of Lemma 4.1, we have the following.

Corollary 4.2. Suppose i+ k < n. For 0 <[ <k, <Ekl> s expressed as

<E"g Z> ZLk li+j Ek’ IH‘J> (4'3)

where the coefficients b is expressed as

k— lz+]

l} (1) (alt”_i_k)lt(l?) (agbzti; t)j (qo‘agbgt”+i+j_k; t)lij

ki
k=lit+j — |;7 . (qaa1a2b1b2t2n—k—1;t)l
On the other hand, if i +k > n, then,
l
. i .
(Bri) = Uit jisi{ Brtiiimi), (4.4)
j=0

. ki .
where the coefficient Uk_l+j7i_j s expressed as

ki | j
Ultjiog = [j

(_qaaflti—l)j (a2tn—k)lt(é) (albltn—i; t)j (qatn—k; t) .
:| . (qaaszt’nA’i*kfjfl; t)lfj (qaangt"Jri’k*QjH; t)j

Proof. (4.3) and (4.4) follow by double induction on [ and j using (4.1) and (4.2), respective-
ly. |

In particular, we immediately have the following as a special case of Corollary 4.2.

Corollary 4.3. For 0 < j <n, (E,_j;) is expressed as

(En—jj) = Z lij(Eo,), (4.5)
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where the coefficients l;; is expressed as

n— j] (_1)i_ja?_]t( : )(asztjé t)i—j (qa@b?tiﬂ? t)n—i
t

ij 0,i (q%aragbibytn+i=1:t)

n—1 .
—J

while, for 0 < j <n, (Ey;) is expressed as

j
(Bng) = tiij{En i), (4.7)

1=0

where the coefficients u;; is expressed as

] (=g%ar ") "a§t®) (1), (arbrt™7s1) (4.8)

I ;
g = U, [ ' (qaazbgti_l; t)z. (qaagbgt%; t) .

n—i,. 7 '
J—1
We now give the explicit expression for A in terms of Gauss decomposition.

Proof of Theorem 1.7. From (4.5), we have

((Bno)s (Bn-11)s 5 (Brn-1), (Eon)) = ((Bo0), (Eoa)s- - (Bon-1), (Eon)) L,

where the matrix L = (ZNZJ) is defined by (4.6). Moreover, from (4.7) we have

0<i,j<n

((Bn0)s (Bna)s- s (Ban1)s (Bnn)) = ((Bao)s (Bn-1,1)s s (Ern-1), (Bon)) U (4.92)
= ((Boo). (Bon),- .., {Eon-1), (Eon)) LU, (4.9D)

where the matri (&i]-)0<ij<n is defined by (4.8). Since To,®(z) = z122--- 2, P(z) and

x U =
= E,;(2), we have To(Eq;) = (E,;), i.e.,

2129 an(],i(z)
To({Eo0), (Eo1)s---s{Eopn-1), (Eon)) = ({Eno)s {En)y- oy (Enn1),(Enn)). (4.10)
From (4.9b) and (4.10), we obtain the difference system
Ta((Eo0), (Bo), - -+ (Bon-1): (Eon)) = ((Boo), (o), - (Bon-1), (Eon)) LU.

Comparing this with (1.17), we therefore obtain A = LU = L,D,U,, i.e.,

=~

. B Db
A _ A 1.5 A _
ll] = K dj = l]]uj], U,U = T .
77 17

|

~

Corollary 4.2 implies that I3, d7 and ug; coincide with (1.18a), (1.18b) and (1.18c), respectively.
The Gauss decomposition of A in the opposite direction, i.e., A = U4y D', L/, can also be given
in the same way as above. This will be explained in the Appendix. |

Finally we state the explicit forms for Ul

Proposition 4.4. The inverse matriz Uy = (u*‘-*

i )ogz’,jgn s upper triangular, and is written
as

n—j.
(a1b1t . ai)J_Z . (411>
q¥asboti Ti— ;t)j_i

i = artar ) ]
t
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Proof. Since A = LU = L,D,U,, we have U = DUy, where Dy is the diagonal matrix

ozigen 10 Do = (@0 )ocij<n
given by (4.8). We first compute the explicit expression for U~!. From (4.9a), U~! is regarded
as the transition matrix

defined by the diagonal elements of U = (ﬂij) where w;; is
(<En,0>a <En71,1>7 ceey <E1,n71>7 <E0,n>) = (<En,0>a <En,1>a B <En,n71>a <En,n>)U_1, (412)
namely, if we write U~ = (f’ij)ogz’,jgn’ then (4.12) is equivalent to <En,j7j> = Zgzo 17”<Em>

Similar to Corollary 4.2, by repeated use of the three-term relation (4.4) inductively, (Ej ;) is
generally expressed as

!
<E’H> = Z kajl,i7j<Ek+lyi*j>’

§=0
where the coeflicients kafl i is given by
. s (l—3 j . .
Vk,i - [l] (qaal—ltz—l)Jt( 23)7(;) (albltn—z;t)j (qaa2b2tn+z—k—l—1;t)l_j
k+li—j j . (agt”’kfl)l_j (qat"*k*l; t)l )

In particular, the entries v;; of U1 are explicitly expressed as

(4.13)

] (qaal—ltj—l)j*it(;),(j;i) (albltn—j; t)j—i (qaa2b2tj—1; t)
t

TP v Lo J¥ J '
Vij n,i [Z (agtj_l)z(qa; t>j

Ax

Next we compute Uy ! = (uij )0<ij<n. Since U is expressed as U;! = f]_lDU, using (4.8)

and (4.13), we obtain

Ax

Uij = Uijljj
_ H (qaal_ltj_l)j_it(;)_(j;)(alblt"_j;t)j_i(qaagbgtj_l;t)l. agt(%)(qa;t)j
ar (asti=1)" (3 1), (q%asbati=15t)
which coincides with (4.11). m

5 Proof of Lemma 4.1

The aim of this section is to give a proof of Lemma 4.1. Throughout this section we fix E;“(z) =
Eyi(a1,be; z). For ®(z) = @, 2, let V be the operator specified by

(Vo) (2) = olz) — Tq’;)l(‘f)(z)Tmo(z»

where T ., is the g¢-shift operator with respect to z1 — qz1, ie., Ty, f(21,22,...,2n) =
f(qz1, 22, ..., 2,) for an arbitrary function f(z1,z22,...,2,). Here the ratio T, ., ®(2)/®(2) is
expressed explicitly as

n

Tq7zl¢‘(2) qatQ(nfl)(l — blzl)(l — bQZl) H zZ1 — t_lzj o Gl(Z)

®(z)  (L—gay'z)(l-qay'z) 5 ea =tz T Fi(z)
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where

Fi(z) = (1 — al_lzl 1—a; 1o H (21 —tzj),
Gl(z) = qat2(n—1)(1 — blzl)(l — bgzl) H (21 — t_lzj).
j=2

Lemma 5.1. Suppose that [ ®(z)¢(z)w, converges for a meromorphic function ¢(z), then

/woo O (2)Vo(2z)wy = 0.
0

Moreover,

/09300 ®(2)AVp(z)w, = 0.

Proof. See Lemma 5.3 in [19)]. [

The rest of this section is devoted to the proof of Lemma 4.1. We show a further lemma
before proving Lemma 4.1. For this purpose we abbreviate Ej ;(a1,bo; z) to Ej ;(2). When we

need to specify the number of variables z1,..., 2,, we use the notation E,(an) (2) = Epi(z) and
AM(2) = A(z). We set @p(2) == Fi(2) B 11)(@, ..., zn). Then

Veri(z) = (Fi(2) — G1(2)) BN (22, ., 20).

Let @ i(2) be the skew-symmetrization of Vy, ;(2), i.e.,

Pril2) = AVpri(2) = 3 (=11 (Fy(2) — Gi(2) B () A (3)), (5.1)
j=1
where Zj := (21, ...,2j-1,Zj41,-- -, 2n) € (C*)" "L for j =1,...,n, and
Fi(z)=(1- aflzi) (1— a3 121) H (zi — tzg),
1<k<n
ki
Gz(z) = qatQ(n_l)(l — blzi)(l — bgzi) H (Zi — t_lzk),
1<k<n
k£

which satisfy the following vanishing property at the point z = (j (ac, b;l) or z = (j(a1,y).

Lemma 5.2. If i #0 and ¢ # j, then Fj4 (Cj (x,bg_l)) =0. Ifi #n, then Gi(Cj (x,bg_l)) = 0.
Otherwise,
(1—ay'by 't U=D) (1 —ay'by 't U-D)
(bztﬂ'—l)”‘lu ~1)
_ 1—a7 )(1—a_1x)x”_j_1
F (. byt 1)/ ( 1 7) 2
J+1(Cj (33 2 )) ( ) bJQt(ng)_l(l —t)

G (G (.05 )) = g 2y (1= brat" 771 (1 = bpat™ 7 7)

Fi(G(.b51)) =

(t; 1), (zbot’; )nfj, (5.2a)

(t ) (wbat 15t) (5.2b)
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=L
(1_15)1_ (5:20)

. i 1
X (—62 1)]15 (3 )(azbt ],t)j(xt J 1) J
while, if i # 1, then Fi((j(a1,y)) = 0. If i # n and i # j, then G;((j(a1,y)) = 0. Otherwise,

Fi(Gan,y) = (1= yay 070 (=yt) ! (—apty 7))
(t—l;t—l)j
T (5.3a)

Gj(¢lar,y) = ¢ (1 — ybi)(1 — ybo)

X (yaflt_("_l);t

) e . til; 1)
X yj*l (_altfl)n*]t( 2‘7) (yal_lt*(TL*]*Q) 7 t)n_j(l_t_]_)]7 (53b)
Gn(¢ila1,y)) = ¢t~V (L= arbyt™ 1) (1 — aybot™ 1)
e (the )
X ((Iltn_j_l) 1(yaflt_(n_1);t)jT_1]. (53(3)
Proof. The proof follows by direct computation and we omit the details. |

Since the leading term of the symmetric polynomial @y, ;(2)/AM™ (z) is equal to M (1n—kak)(2)
up to a multiplicative constant, @y ;(2)/ A™(z) is expressed as the linear combination of the

symmetric polynomials E‘l(?)(z) in the following two ways:

k k n
Sok,z(z) ~(n ~(n
() E : Clel(,j)(Z) = E : § : dij l(,j)(z)v (5.4)
A" (z) : ,
where ¢;; and d;; are some coefficients.

Lemma 5.3. Suppose i +k <n. Then, (5.4) is written as

Pr,i(2) ~(n) = (n) - (n)

A (2) = oy (2) + a1 By i (2) + ce—1i By (2), (5.5)
where

Cri = —ay tay by T — ¢®arasbibat™ ) = ¢®bit* 2 — ay ey oy R, (5.6a)

Ch—1,4 = a2—1b2—1tn—i—1 (1 _ qaa2b2tn+i—k) _ a2—1b2—1tn—i—1 _ qath—k’—l’ (56b)

Ch-tip1 = —ay by T TH(1 = agbot’) = "7 (1 -0y by ), (5.6¢)

Suppose i +k > mn. Then, (5.4) is written as

Pr.i(2) 2 2 -

(e = B @)+ i BT ) i B (@), (5.7)
where

dkﬂ' — _aflqatn+i—1(1 _ albltn—i—l) — qabthn—Q _ qaafltn-i—i_l, (58&)

dk,i+1 _ —ag_ltk_l (1 - qaa2b2tn+i—k) _ qabztn-i-i—l - ag_ltk_l, (5.8b)

dk—l,i—l—l — 7fnfl (1 _ qatnfk) — tnfl . qat2nfk71' (580)

Remark 5.4. Given Lemma 5.3, Lemma 4.1 immediately follows by Lemma 5.1. Instead of
proving Lemma 4.1 it thus suffices to prove Lemma 5.3.
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Before proving Lemma 5.3 we show it holds for the following specific cases.

Lemma 5.5. If i + k < n, then the equation (5.5) holds for the points z = (; (m,bz_l) (j =
0,1,...,n), while if i + k > n, then the equation (5.7) holds for the points z = (j(a1,y) (j =
0,1,...,n).

Proof. Suppose i +k < n. If z = (j (:U, b;l), then the right-hand side of (5.5) with coefficients
given by (5.6a)—(5.6¢) can be written as
Ckﬂ'E(n)( j (33 by )) + Ck—1 iEl(gn)1 Z(Cj (5’3 bil)) + Ck—17i+1E1£71)1,i+1 (Cj (5”7 551))
= (ckvixtnijik + Cr—1 Z)El(f 1 Z(CJ (2, by )) + -1 i+1E1(cn)1 i1 (G (=, bz_l))
_ (1 - al_lacti_]) lb ltn i—1 qat2n k—l( .%'b e j— 1)]El(gn)1z(<j (x’bQ—I))

+i (1 - _162 e )El(s )1 z+1(CJ (x by ))
(@ = abot?) (1 — £ 11—\ | e () _
B azbztl(l - t“'l) * (1 — % 1b2 K ) t 1Ek 1,i+1 (CJ (37, b 1))
_ qat2n—k—1( ﬂfb e J— I)E]g ) Z(CJ( 71)). (59)

The final equality follows from the relation

(1- aflmti_j) (1- tZH)El(c 11(@ (05 )) =(1- xb?ti)( — ]H)Elg 1i+1 (G (=, by ))’

which follows from (3.10) and (3.11). On the other hand, using (5.1) and (5.2a)—(5.2c), the
left-hand side of (5.5) at z = ¢j(, bz_l) can be written as

A (G (7))
AC(¢ (,b71))

A= (Y (2, 571))
A (¢ (a.b71))

A= (D (2,71

Gri(G(d7h) ) 1y A1) ()
A(n)((](n)($7b*1)) _FI(CJ (.’L’,b ))Ek 1,7 (C ( €, ))

PR (G @b ) B (G (@6 )

_ (n) BO=D) ((n=1) o1 .
=G b DB e ) = (510
Since we can compute
n—1 ) ( ) (n) -1
(n—1) _t (1—t)(1—$bt> k— 11+1(C (l‘,b ))
B (2, 67Y) = ) (=T ) (5.11a)
n—1 i—j+1y 72(n) (n) -1
(n—1) [ ~(n—1) (=) = )Ek lz+1(< (z,671))
Ek 1,4 (gg ( t,0" )) (1 — ra— )(1 _t2+1)(1 _ ¢n— j) ’ (5'11b>
n—k i(n) (n) -1
= (n—1) [ ~(n—1) iyt (l_t)Ek—l,i(C' (z,071))
Ek 1, (Cj (l‘,b 1)) - (1 _xbtnfl) (1j_ tnfj) ’ (5110)
and
AUV @) (o) )

A (M (z,p-1)) (B (abt ),
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ATV D at b)) i D) (5-11¢)
A (M (@, o1)) (B (abit) |
AT @b ) a4 (5.11f)

AN (@ b)) Dy (a5 ),

applying (5.11a)—(5.11f) to (5.10), the left-hand side of (5.5) at z = ¢;(z,b; ') can be expressed
as

PilGi (7)) (1= ag by e 00) (1 - ) (1 - abat)

A (¢ (2, by1)) (1 — aboti=1) (1 — tit+1)
1—a;'z) (1 — abot 1) (1 — ¢+ o1 B0 " -
! ( 2(1 —)fnbztjl) (1 )_(tiJrl) )tj ! 1E,(€ )1 i+l (C(‘ )(537 by "))
— N (1 = bt I B (G (2, 031)). (5.12)

Comparing (5.9) with (5.12), the claim of the lemma is proved if we can check the identity

(1 — abot?) (1 — ¢177+1)
CLQthi(l — tH‘l)
(M =ay by U (L= ) (1= abot’) (1 —ay'w) (1 —abyt™!) (1 —£177F)
B (1 — zbotd—1) (1 — ¢it1) (1 — zboti=1) (1 — ¢i+1)

+(1—a21621t )

J

)

which is confirmed by direct computation.
Next suppose i + k > n. If z = (j(a1,y), then the right-hand side of (5.7) with coefficients
given by (5.8a)—(5.8¢c) can be written as

dii By (Glar, ) + dri B (Glar, ) + dimnin B, 4 (Gilar,y)
= dk,zE;(ﬂ)(Cj(al, ) + [diieryt=FHITD 4 dk—l,z’+1]E;@1,i+1(Cj(a1a Y))
— —qaal_lt"H_l (1 — albltn_i_l)E&)(Cj(al, Y))

[ (1= a3 76D) = PR (1= gt B, L (Glanw)
(1 —yay === D) (1 — ¢=0=D)
yt=G=i=1 (1 — ¢ (1)

+ " 1(1 — ya_lt G- 1))E1(g )1 z_H(Cj(al, Y))

_ _geprtiez | Lo @bt (L ya D) (1 - 47070)
= —q arti—i1 y(l _ t—(n—i))

= —gognticl [azl(l —aby ") B (¢i(a1,y))

B (¢i(a1,9)

(1 - yay DYV E, L (Glan ). (5.13)

On the other hand, using (5.1) and (5.3a)-(5.3c), the left-hand side of (5.7) at z = (j(a1,y) can
be written as

Peilelany) _ g e H(n=1) ((n=1)
A(n)(CJ('n)(al,y))Fl<<j (a1, 9) B 7 (G (a1, w)

= (GG o) B (5 (0, 97)
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A (5" (a,y))

(=)™ (¢ (ay, )V EN Y (¢ (ay, 5.14
(=1) (G @) B (6 () A (¢ (a1, y)) .
Since we can compute
—1\ fr(n) (n)
(n—1) _ (1-t 1)Ek71,i+1(c' (a,9))
k 1,0 (C ( )) - (1 _ t_j) (1 _ ya_li_(n_l)) ) (515&)
- —G=i) (™) (~(n)
(n—1) Sy (1—th) (1t U ))Ek,i (Cj (a,9))
k: 1,8 (C ( t )) (1 _ t_j) (1 _ t_(n_i))(l _ yb) y (515b)
- —1p—(n—i— (n) ¢ ~(n)
=(n—1) [ -(n—1) _ (L=t (1 —ya =) EV (G (a,y))
Ek’—l,i (C-] ((Z,y)) - atn_j_l(l - (n— z))(1 — ya—lt (n— 1))( abtn_j_1>, (515C)
and
(n—1) ( 1) _1\n—J
A (CJ(;)I (a1,y)) S ( 11) j | (5.154)
A(”)(Cj (a1,9)) yi—lal 7t 2 (yay't=(=2); t)n_j(t_l;t_l)j_l
(n—1) ((n—1) -1 oy
A (CJ(;) (a1, yt7h) _ | (—1)n—1 (5150
A (¢ (a1, y)) yi=1ay 1) (yar i) ()
(n—1) ((n=1) 1\n—
AU(G" ay) (1) | (5.156)

A (¢ (ar, y)) (art=3=1)"" (yay =251 (1541

n—j—1

applying (5.15a)—(5.15f) to (5.14), the left-hand side of (5.7) at z = (j(a,y) can be expressed as

@r,i(Gj(a1,y)) 1 ey ()
> g 1— = E ' ’
A (¢ (ar,y)) (1= ya; )E 1 i1(G (a1, y)
_ o2 (1 —yby) (1 — ya_lt) (1 — t—(j—i))
! y(l — ya*lt*(ﬂﬂ'*l)) (1 — t*(nfi))

t(l — ya_lt_(n_i_l)) (1 _ t—(n—j)) - (n)
a(1—ya—1t=(==D) (1 — ¢~ (n=0) By i (Glay,y)). (5.16)

+ (1 - albltnijfl)

Comparing with (5.13) and (5.16), the claim of the lemma is proved if we can check the identity

1 —aybytn—i—t N (1—ya —Llp—(n—i— 1)) (1- t—(j—i)) - ybi) (1 — ya~tt) (1 - t—(j—i))
ati—i=1 (1 —t—(n i)) - y(l _ yafltf(nfjfl)) (1 _ tf(nfi))
t(1—ya (=D (1 — ¢=(n9))

a(l —ya=1t=(=i-D) (1 — t~(n=0)’

+ (1 - albltnijfl)

which follows from direct computation. |

Proof of Lemma 5.3. Set D; = {(l,i) €Z%j<i,0<li+1< n}, which satisfies Dy D
Dy D -+ D> D, ={(0,n)}. The set {Ekl(z) | (k,i) € Do} forms a basis for the linear space
spanned by {my(z) |\ < (2")}. If we put

Pr,i(2)

AG) (ck,iBri(2) + ch—1:Er—1:(2) + ch1,i41 Eb—1,41(2)),

¥(2) =
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where ¢y ;, cg—1,; and ¢—1 ;41 are specified by (5.6a)—(5.6¢), then the symmetric polynomial 1(z)
is expressed as a linear combination of Ej ;(z), (k,4) € Dy, i.e.,

()= > mBim(2), (5.17)
(I,m)eDg
where the coefficients ¢),, are some constants. We now prove ¢(z) = 0 identically, i.e., ¢}, =0
for all (I,m) € Dy inductively. Namely, we prove that, if ¢;,, = 0 for (I,m) € Dj;1, then ¢}, =0
for (I,m) € D;.

First we show that ¢{,, = 0 as the starting point of induction. Using Lemma 3.4 for (5.17)
at z = Cn(x,bgl) we have w(Cn(:c,bgl)) = cgnE’om(Cn(x,bQ_l)). From Lemma 5.5 we have
¥ (Ga(2,b51)) = 0, while Eg, (¢ (2,03")) # 0. Therefore ), = 0.

Next suppose that ¢j,, = 0 for (I,m) € Dj;1. Then using Lemma 3.4 for (5.17) at z =
Gj (a;, b;l) we have

¢(Cj($ab2 Z%El] QJ z bz (Zc plln=3)— )> EO,J(@(x by ))

=0

From Lemma 5.5 Lb((j (a:,b;l)) vanishes as a function of x, while Eo,j (Cj (x,b;l)) # 0. Thus,
Zln;[)] cgja:ltl("fj)f(lgl) = 0, i.e., the coeflicient c;jtl("fj)f(lgl) of 2! vanishes for 0 <1 < n — j.
Therefore ¢;; = 0 for 0 <1 <n — j. This implies ¢, = 0 for (I,m) € D;.

On the other hand, we prove (5.7) of Lemma 5.3. Set D’ = {(l,i)eZ*In<i+1,0<1<n,
0 < i < j}, which satisfies {(n,0)} = D) C D} C --- C D),. The set {E};(2)]| (k,i) € D} also
forms a basis for the linear space spanned by {my(z) | A < (2")}. If we put

5 (2 3 } _
V'(z) = wA’E,(z)) — (dr,iEri(2) + diiv1 Brisa (2) + di—1,41Ep—1,i41(2)),

where dj;, di,i+1 and dj_1;41 are specified by (5.8a)—(5.8¢c), then the symmetric polynomial

Y'(z) is expressed as a linear combination of Ey ;(z), (k,i) € D;,, i.e.,

> iy Eim(2), (5.18)

(I,m)eDj,

where the coefficients dj,, are some constants. We now prove ¢/(z) = 0 identically, i.e., d], =
for all (I, m) € Dj, inductively. Namely, we prove that, if d;,, = 0 for (I,m) € D’;_,, then dj, =
for (I, m) € Dj.

First we show that d],, = 0 as the starting point of induction. Using Lemma 3.5 for (5.18) at
z = (o((a1,y)) we have ¢'(Co(a1,y)) = dpoEn0(Co(a1,y)). From Lemma 5.5 we have ¢’ (¢o(a1,y))
=0, while E,, 0(¢p(a1,y)) # 0. Therefore d},, = 0.

Next suppose that d;,,, = 0 for (I,m) € Dj_;. Then using Lemma 3.5 for (5.18) at z = (j(a1,y)
we have

j—b

¥ (Glar,y Z dy;E15(¢j(a1,y))

l=n—j
n . 1+
- _ 5 (n—3\_ J—n r-
_ Z d;jyl-i-J nafll Jt( 2) ( 2 ) Eo’j(Cj(alay))'
l=n—j

From Lemma 5.5 ¢'((;(a1,y)) vanishes as a function of y, while Ep;((j(a1,y)) # 0. Thus,
N L+j-n

Dl d;jylﬂ_”a?_jt(ng])_( ") = 0, i.e., the coefficient dj;ay —("7) = (") of YT va-
nishes for n — 57 < I < n. Therefore d’ =0forn—j <1 S n. This implies d;m = 0 for
(I,m) € Dj. |
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6 The transition matrix R

In this section we give a proof of Theorem 1.4. Before proving Theorem 1.4, we will show the
results deduced from Theorem 1.4. By the definition (1.12) of the transition matrix R, we have

R '=JRJ,

where the symbol R is the matrix R after the interchange (a1,b1) <+ (a2, b2) and J is the matrix
specified by

The explicit form of the inverse matrix of R is given by
Corollary 6.1. The inverse matriz R~ is written as Gauss matriz decomposition
-1 —1p-17-1 —1yr—=1ypr—1
R '=U,'D,'L;' =L 'D U,

Ugl =

where the inverse matrices Ly (ZR*)0<”<n, Dl = (d?*(sij)ogi,jgn’ = (ufj*)ogi,jgn are
lower triangular, diagonal, upper triangular, respectively, given by
R¥ _ R  __ n_] (aQth];t)i—j
a— Uy iy = g I , (61&)
T n =i (agag BT )

o = (aga_lt_(”_j)' t) (albg; ) —j
df* =df_ = , (6.1b)
(agbl, ) (a2 alt 7 t)

n—j

o 4 alblt”_j;t). .
re TR ()i (50 |J ( j—i 1
W =T = e ] == (6.10)
and the inverse matrices Ul b = (ufj/*)ogiggn’ Dt = (df/*éij)ogi,jgn’ Lt = (ZZ/*)ogz‘,jgn
are upper triangular, diagonal, lower triangular, respectively, given by
. 1p—-1,—(n—i-1).
uR.,* = lR/. .= ‘7 (al b i t)j ‘ (6 2&)
oo o (boby 't (m2m D)7 '
o GGy ), (6.2
A" =dr = — 6.2b
- —17—-1,_(n—7—1). -1 —92541. )
! " (ag byt (by ot )
. p-1—=(i=1). )
as by t™ t
wre _r _ (_pyiay) [ i) (2 ’
lz] unfl,nfj ( 1) t |:n_Z . ( 1b1tn i j’t) (62C)

i—j

Proof. Since R~! = JRJ, we have R™! = U;'Dy'L;!, where L' = JURJ, D' = JDgJ
and U ' = JLzJ. Thus we immediately have the expressions li =uf df* =dfif j and

n—i,n—yj’

ult =% From Theorem 1.4 this gives the explicit forms (6.1a), (6.1b) and (6.1c). On

ij n—in—yj* i
the other hand, we also have R™! = L7 1D/ 1U,Q ! where U, = JLJ, D7t = JDRJ and
L'7Y = JULJ. Therefore u’;’* =7 dR’* = df’ . and ZR’* =ul’. Thus we obtain the

n—i,n—j’ n—yj’ n—i,n—j"

expressions (6.2a), (6.2b) and (6.2c). [
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The rest of this section is devoted to the proof of Theorem 1.4. For this purpose we introduce
another set of symmetric polynomials different from Matsuo’s polynomials.
For 0 < r <m, let fr(a1,a9;t;2) be (symmetric) polynomials specified by

- Ziy, — agtikfk fmd Zj, — (lltjl_l
fr(ar,a2;t; 2) := Z H H (6.3)
1=1

k—1 _ . tin—k [ -
1c{L,..n} k=1 ait ast ast at
[I|=r
where the summation is over all r-subsets I of {1,...,n}, and I = {i; < -+ < 4}, J =
{1,...,n}\I = {j1 < -+ < Jn—r}. In particular,

n n

Z; — Q
folar, agit;2) = [ —; — falar,anitiz) = 11

i=1 =1

Zi — ag
agtifl — Q] Cbltifl — a2 '

We remark that the polynomials f, (a1, ae;t; 2) are called the Lagrange interpolation polynomials
of type A and their properties are discussed in [19, Appendix B]. By definition the polynomial
fila1, ag;t; z) satisfies

filar, a2;t;2) = fa—i(az, a1;t; 2). (6.4)

When we need to specify the number of variables z1, ..., z,, we use the notation fi(n) (a1,a2;t; 2)
= fila1,a2;t; 2).

Lemma 6.2 (recurrence relation). The polynomials (6.3) satisfy the following recurrence rela-
tions:

Zn — alti (n

n Zn — a2tn_i n— -1 ~
") ( mfi )(a17a2;t;zn)

1 ~
f; (al,az;t;z):mﬁ-_l Va1, a2;t:2,) +

fori=0,1,...,n, where Z, = (21,...,2n_1) € (C*)" L.
Proof. The lemma follows from a direct computation and we omit the detail. |

For arbitrary z,y € C* we define

&z, y;t) = (z,at,. .. cat Ty oyt gt I, ) € (CH)” (6.5)

J n—j
for j=0,1,...,n.

Proposition 6.3. The polynomial f;(a1,az;t; z) is symmetric in the variables z = (z1,...,2p).
The leading term of fi(a1,az2;t;2) is m(ny(2) up to a multiplicative constant. The functions
filar,a9;t;2) (i =0,1,...,n) satisfy

filar, ag; ;€5 (a1, az;t)) = dij. (6.6)
Proof. See [19, Example 4.3 and equation (4.7)]. Otherwise, using Lemma 6.2 we can also
prove this proposition directly by induction on n. |
Remark 6.4. The set of symmetric polynomials { fi(a1,a2;t;2)|i = 0,1,...,n} forms a basis

of the linear space spanned by {mx(z)|A < (1")}. Conversely such basis satisfying the con-
dition (6.6) is uniquely determined. Thus we can take Proposition 6.3 as a definition of the
polynomials f;(a1,as9;t; 2), instead of (6.3).
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Lemma 6.5 (triangularity). Suppose that

fj(al) = (al,alt, e ,altj_l,zl,zg,. . .,Zn_j) € (CH™.

J
If i < j, then
fi(al,ag;t;fj(al)) =0. (67)

Moreover, fi(a1,as;t;&(a1)) evaluates as

n—i ; n—i —1,—4
2 — at’ i (L= zay't™)
filar,a9;t;&(ar)) = - = —— 6.8
il iar)) ll;ll agt!=1 — a;t? (aza; 1t";t)n_i (6:8)
On the other hand, suppose that
ni(ag) := (zl, 22, ..., 25,02, a8, . .., agt"_j_l) e (CH".
n—j
If i > j, then
fi(ar, az;t;mj(az)) = 0. (6.9)
Moreover, fi(a1,as;t;n;(az)) evaluates as
i i i =1, (n—i)
2 — agt"™" [Ty (1= 20yt )
i stm; = - = - 6.10
fz(alyaQa 7771(612)) l]:[1 altl_l — qotn—i (alaz_lt_(”_z);t)i ( )

Proof. First we show (6.9) by induction on n. For simplicity we write n;(az) as 1;. Suppose
1 > j. Using Lemma 6.2 we have

aztn_j_l — agt"_i

altifl — agtnfi

aQt"_j_l - alti (n—1) L (n-1)
a2tn—i—l _alti fl (‘117‘127@77’ )7

(n—1) (nf 1) )

fi(n)(al,@;t;??j) = £ (a1, az;t; 1,

(nfl)) _

7

where 77](‘1%1) = (zl, Z9,...,%j,a2,at,. .. ,agt”_j_Q) € (C*)"1. Since fi(nfl) (al, az;t;m

0 by the induction hypothesis, we have

(Igtn_j_l _ a2tn—i
altifl — CLQtn*i

fi(") (a1, ag;t;m;) = fi(ffl) (a1, a2; t; 77](~n71))o

Ifi—1 > j, then fi(fl_l) (al, as;t; n(n_l)) = 0 by the induction hypothesis, while if i —1 = j, then
ast™ 71 — a9t" " = 0. In any case we obtain fi(n)(al, az;t;m;) = 0, which is the claim of (6.9).

Next we show (6.10). If we put z; = ast"™* for [ € {1,...,4} in the polynomial f;(ai,as;t;
ni(az)) of z1,...,z;, then we have fi(a1,a2;t;ni(az)) = 0 because f;(a1,az;t;ni(az2))|,, —gptn—:
satisfies the condition of (6.9). This implies f;(a1, az; t;mi(a2)) is divisible by [],_; (21 — agt™™),
so that we have f;(a1, ag;t;m;(a)) = [, (21 — agt™™"), where c is some constant. Thus

i
fila1,az;t;mi(ag)) _ CH (altl—l _ a2tn—i)'

(Z1,.A.,Zl‘)Z(CLl,alt,...,alti71) -1
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On the other hand, (6.6) implies that

= fi(ar,a2;t;&(ar, ag;t)) = 1.

(21,-.,23)=(a1,a1t,...,a1t?~1)

filar, az;t;ni(az))

We therefore obtain ¢ = 1/ []i_, (a1t=! — apt™"), which implies (6.10).
Finally we show (6.7) and (6.8). From (6.4) we have

filar,a2;t;€5(a1)) = fui(az,a1;t;€(a1)) = fai(az, ar;t;nn—j(ar)).

Ifi < j (i.e., n—1i > n—j), then using (6.9) we see that the right-hand side of the above is
equal to zero. Moreover, using (6.10) we obtain

n—i i n—i —1,—4
" - 2 — gt 15 (1 — zay t7)
fi(al)aaatagi(al)) = fn—i(a2aa17t7nn—i(al)) == H agtlil —(Ilti - (agal_lt_i;t) ‘ )
= n—
which completes the proof. |

Corollary 6.6. Let &j(x,az;t) € (C*)" be the point specified by (6.5) with y = as. Then
filai,a2;t;&(x, az;t)) evaluates as

(6.11)

] (zay’; t)j_i (way " t==9)s1).
i

e ) — |

fz(ah@’t’éj(xja%t)) B [ -1 (aflagt”*j*i;t)jii(alaglt*(n*i);t)i'
Proof. If i > j, then fi(a1,a2;t;€;(x,az;t)) = 0 is a special case of (6.9) in Lemma 6.5. Now
we assume that i < j. If we put x = ast" 7% (k = 0,1,...,i — 1), then from (6.9) we have
filar,a2;t;&5(x, az;t)) = 0. If we put & = ait™" (k=0,1,...,5 —i—1), then from (6.7) we also
have fi(a1,a2;t;&;(x,a;t)) = 0. This implies that f;(a1,a2;t;&;(x, az;t)) as a polynomial of
is divisible by (za1);—; (xa;lt_(”_j))i. Since the degree of f;(a1,a2;t;&;(x,az;t)) as a function
of x is equal to j, the function fi(a1,a2;t;&;(x, a;t)) can be expressed as

filar, az;;&5(w, az; 1)) = e(way '5t) ,_ (way e~ 951)

where ¢ is some constant. In order to determine the constant ¢, we put z = ast™ 7% in the
above equation. Then

filar, ag; t; §5(x, az; t)) = cay taat" ) (7).,

T=qotn—J—1t
while, from (6.10) we have

(t7; t)i

:I,‘:LIQtnijii - (a/la/Q_lt_(n_Z),t)l

= filar, a2;t; &i(x, az;t))

T=aotn—J—t

fia1,a2;t;&;(x, az;t))

The constant ¢ can be explicitly computed as

(t7751),
j—i (alaglt_(n_i) ; t)i (t t)i
—1.4-1
(4,
(aray t==05t) (=1 e71) ()

j—i i —i i

‘= (al_lagt"_j_i; t)

 (ag tagtn—iist)

We therefore obtain (6.11). [
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Lemma 6.7. Suppose that Uy is the (n +1) x (n+ 1) matriz satisfying

(en(az, bi; ), en—1(az, b1; 2),. .., eoaz, b; 2))
= (fular,a2;t; 2), fa1(ar, a2;t; 2), . . ., fola1, as; t; 2)) Un. (6.12)
Then Uy = (ﬂ£)0<ij<n 1s an upper triangular matrix with entries given by

]]
n—j. —1,—3. ) (4141 .
. (arbat™5t),(arag t7%5¢), _(asby;t)i(t™Ht71) [z = (6.13)

| R

i

Suppose that Ly is the (n+ 1) x (n+ 1) matriz satisfying

(falar, a2;t;2), fa1(a1, agst; 2), . ., folar, az; t; 2))

= (eo(al, ba; z),e1(a1,b2; 2), ..., en(ay, be; z))f/R. (6.14)
Then Ly = (~f})0<ij<n 1$ a lower triangular matriz with entries given by

. (—1)i=7t= (%) (agbot?; 1),

(1—¢H)"
_ —J m H . (6.15)
Y (ay agt =205 (anba; ) (ay tagt () (¢ Yet) L] L
Proof. Since both {e;(az,b1;2)|i=0,1,...,n} and {f;(a1,a2;t;2)|i =0,1,...,n} form bases
of the linear space spanned by {m)(z) |\ < (1)}, the polynomial e;(ag, b1;2) is expressed as
a linear combination of f;(a1,a9;t;2) (i =0,1,...,n), i.e.,

n
enjag,bi;2) = > if fuilar,az;t; 2),
=0

where &fj are some constants. From the vanishing property (6.6), the coefficient &% is given by

s = en—j(ag, b1;§n—i(a1, az;t)) = en—j(az, by; Cn—i(a27y))‘ (6.16)

y:altnfifl‘
From (3.15) in Lemma 3.5, e,—;(az, b1; (h—i(az,y)) evaluates as
en—j(az, b1; Gr—i(az, y))
~1.4-1 ~1.4-1
(t it )n—i (t it )j
(1), —e)"

= (ybut™ U7 058) (yay 5 (asbist)s

n—j
Combining this and (6.16), we obtain the expression (6.13).
Since {e;(a1,b2;2) |1 =0,1,...,n} is also a basis of the linear space spanned by {my(z) | A <

(1™}, the polynomial f;(ai,aso;t;2) is expressed as a linear combination of e;(aq,be;2) (i =
0,1,...,n), ie.,

n
fr—jlar, as;t; 2) = Zlf}ei(al,b%Z%
i=0
where l;’; are some constants. From (3.4), the coefficient ll’; is written as

(6.17)

e Pg(oanitiGlan b))
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where ¢; is given explicitly in (3.5b) as

=) (he .
¢ = (alb?; t)n—i (a1—1b2—1t—(n—1); t)i ( )z( )n—z )

(6.18)

Using (6.11) in Corollary 6.6, we have

fa—jlar, azit; Eni(ar, ) = fj(az, a1;t; §n—i(ar, v)) = fj(az, a1;t;&(x, a1))
- H (vay'3t),; (way = 051),
L (ag tartn=i=33t), (asay it (=)t

J .
i—j

Combining this, (6.17) and (6.18), we therefore obtain the expression (6.15). |

Lemma 6.8. Suppose that Ly is the (n +1) x (n+ 1) matriz satisfying

(enlaz,b1; 2), en—1(az, bi; 2),. .., eolaz, b; 2))
= (fa by 05 587 Y 2), fama (b7 055t 2) o fo (BT by st 2)) Lk (6.19)

Then L}, = (ZR-’

i )OSi,an s a lower triangular matriz with entries given by

2
R (a "0y 47 0705), oy by ) (baby I (6 ) |:j:|t (6.20)
ij t(g)(l _ t)n [n}

il

Suppose that U} is the (n + 1) x (n+ 1) matriz satisfying

(Fa (071035675 2), fama (b by st 8 2), o fo (b by st 2))
= (eo(ar,b2; 2), e1(a1, ba; ), . .., enlar, ba; 2)) U, (6.21)

then U}, = (ﬁfj/)0<ij<n is an upper triangular matriz with entries given by
(_1)j—it(j;i)+(g) (a7 by = (=i=Dg) (1 — )

Jj—1
(b7 bot=(=20-1)1¢) (a7 by G0 t) (t:8),

n—j J

X mt m - (6.22)

Proof. Since both {e;(az,b1;2)|i =0,1,...,n} and {fi(bfl,bg_l;tfl;z) |i=0,1,...,n} form
bases of the linear space spanned by {mx(z) | A < (1)}, the polynomial e;(az, b1; z) is expressed

~R/

BT by ooty

—1

as a linear combination of f; (bl_l, 62_1; 1 z) (1=0,1,...,n), ie.,
n ~
en—j(a,bi;2) = Z lg-lfn_i (bl_l, b2_1; t 1 z),
i=0

where /%" are some constants. From (6.6) we have

Zf}-/ = ep—j (a2, b1;&n—i (071,05 1t7Y)) = en_j (a2, b1; Goi (2, b71))

(6.23)

w=by 1= (=1
Using (3.10) in Lemma 3.4 we have

en—j (2,013 Guoi (2, 071)) = (@bt 751) (wag '51) (a0 Tt

—1
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(& t)n—j(t; 1)
&) (1 = t)n(t; )i
Combining this and (6.23), we obtain (6.20).
On the other hand, since {e;(a1,b2;2)|7 = 0,1,...,n} is also a basis of the linear space
spanned by {m(z)| A < (1)}, the polynomial f; (bfl, by Lt z) is expressed as a linear com-
bination of e;(a1,be;2) (i =0,1,...,n), ie.,

n
-1 ;3—1,,-1, _ ~R/ .
fn—j(bl 7b2 at ,Z) — E uz] 62'((1171)272,’),
=0
where 4/ are some constants. From (3.4) we have

v

Ak = Fami (0710554715 G (an, b5 1))
iy

C;
S (0 i (b 5t Y)

Ci

(6.24)

i_1?
r=a1t" '

where ¢; is the constant given in (3.5a) as

¢ = (a1b2ti; t), (aflbglt_(i_l);t). (6.25)

From (6.11) in Corollary 6.6 we have
Faeg (07105 587 G (2,05 15 71))
(CL‘bl; t_l)j,i (l‘bzti; t_l)n,j (t;t)p—i
(bby == 471) (b bt 4708 85 (8 )

Combining this, (6.24) and (6.25), we therefore obtain the expression (6.22). |
Proof of Theorem 1.4. From (6.12) and (6.14) in Lemma 6.7, we have

(en(ag, b1;2), en—1(az, bi; 2), ..., eo(as, b1; 2))

= (eo(ai,b2; 2), e1(ar, ba; 2), . .., en(a, ba; 2)) LuUg, (6.26)
where Ly = @})O<U<n and Uy = (afj)0<ij<n are the matrices given by (6.13) and (6.15),
respectively. Comparing (6.26) with (1.14), we obtain R = LpUp = LpDpUsy, ie.,

R 5 ’[LR

R _ ij R _[RoR o —
VAT dj = lj;tj;, Wij = TR
]j 13

Lemma 6.7 implies that [[%, di and u; above coincide with (1.15a), (1.15b) and (1.15¢), respec-
tively. On the other hand, from (6.19) and (6.21) in Lemma 6.8, we have

(en(ag,b1;2), en_1(a2,b1; 2), ..., eolaz, bi; )
- (60(&1, b2, Z)a 61(&1, b2, Z)a ey en(ala an Z))U}/%[Nf;%a (627)

where U} = (ﬁfj’)0<ij<n and L = (lf}’)0<ij<n are the matrices given by (6.20) and (6.22),

respectively. Comparing (6.27) with (1.14), we obtain R = UpLy = UpDRLk, i.e.,

’lTLR/ ~ ~R./
rr _ i R/ _ ~RITRI rr _ i
uig =ger &=L U =5
27 1)
Lemma 6.8 implies that v}/, dff' and [j}’ above coincide with (1.16a), (1.16b) and (1.16c),

respectively. |
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A  Appendix

In this appendix we consider the Gauss decomposition part A = U, D’,L’, of Theorem 1.7. Since
the method to compute A = U, D’,L’, is almost the same as that to compute A = L, D, U,, we
only give the outline of the proof. For this purpose, we define another family of interpolation
polynomials E,’g,i(a, b; z) slightly different from (3.2). Set

El/f,z(z) = Ellc,i(av b; Z) = ‘AEl/c,i(a¢ b; Z)/A(Z)7

where
n—i n
E,Q,’i(a, b;2) i= zZp_k+12n—k+2 - 2n A(t; 2) H(l — bzj) H (1 — a_lzj).
d j=1 j=n—i+1

k
We now specify a = a1, b = by, i.e., we set E,’“(z) = E,’C’Z.(al, by; z) throughout this section.
Lemma A.1 (three-term relations). Suppose k <i. Then,
(12_1 (1 — qaalagblethikfl) <E;€7Z>

= "1 = " a bt (B ) — @t (1 — arbat" ) (B ). (A1)
On the other hand, if k > i, then,

= tk_i(l — qo‘t”_k)<E~',’€_17i_1> — a;lt_(i_l) (1 — agbzti_l) <El,w> (A.2)
Proof. Put ¢} ; ,(z) := AViy} ; (2), where

n
Pric1(2) = (1—a;'z1)(1—ay'z H 21 — tz5) X ,inz}ill(zg, ey Zn)-

Then, by a similar argument to that used in the proof of Lemma 5.3, it follows that, if k£ < 4,
the polynomial @), ,(z) satisfies

=/
Spk,‘ﬂ(z) . . -
Azfz) = C;g,iE],c,i(z) + szl,iE;ﬂfl,i(z) + 6;97171'71E]/€717i71(z)7 (A3)

where
cﬁm- = —a;ltnfl(l — qaalagblbgt%*k*l),
Cho1i= t"+k_2(1 - qo‘alblt%_k_i),
Ch1i 1= —qatQ"_z(l — a1bit"™),
while, if ¢ <k, then @} ; ,(2) satisfies

95%,#1(2)

e dy ;B i(2) + dy s 1 By (2) + di_y i 1 By (2), (A.4)

where

;c,i = —ay Sl 1(1 — CLQthiil),

1tn—|—z—2( t2n—k—z’)

!
ki-1 = —0q 1 —q%a1by

2:71,2‘71 _ tn+k—2(1 _ qatn—k).

Using the expressions (A.3) and (A.4) for ¢ ;-1(2), (A.1) and (A.2) follow by application of
Lemma 5.1. |

)
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By repeated use of the three-term relations (A.1) and (A.2), we obtain the following.
Lemma A.2. If k <1, then
l
_ i -
<E;m> = Z Ulgfi,ifj<Elg*l7i*j>’
j=0

where

—J
)

l:| (alblt”_i;t)j(qaalbltzn_k_”j;t)l
J t

ki gagn—k+i—1 J k=l lt(l_j) [
e . Jlet (qaa1a261b2t2n—k—l;t)l

while, if k > 1, then

l
<Ellm> = Z L;ckjl+j,i+j<E7,€—l+j7i+j>’
j=0
where

L/kz,i _ l
k=ltjiti = |4
t

| o e Ot
(qaalblth—k:—i—j—l; t)l—j (qaa1b1t2n—k—i—2j+l; t)j

As a special case of the above lemma we immediately have the following.

Lemma A.3. For 0 <j <n, <E§]> s expressed as

(B) =D (). (A5)

1=0
where
. PR albltnfj; t) ) ,(qaalblthfifj; t) )
0= I — (_gegn—1)I T ]t() []:| ( Jj—i ‘ i A6
Uy 0,3 ( q ) aplh? i), (qaa1a2b1b2t2nijil;t)j ’ ( )
while, for 0 < j <mn, <E,'”> 18 expressed as
(Eng) =2 Ui Bia), (A7)
i=j
where
4 o= =), ("T)+(E) = (L) ( e B
Zj _ L;T;J _ (71)1‘—3‘ [n _ ]} ay ay t( 2‘ )+(3)-() (q ’t)nfi (aﬂgbgtﬂ’t)iij‘ (A8)
) n—il, (qaalbltn—z—l; t)n—i (qaalbth(n—z); t)i—j

Proof of (1.19a)—(1.19¢) in Theorem 1.7. From (A.5), we have
((Eoo)s (BLa)s o (Encinma)s (Brn)) = ((Boo) (Eoa)s o (B ) (Eon)) U
~/

where the matrix U’ = (uw) 0<ij<n is defined by (A.6). Moreover, from (A.7) we have

(Bl Bdoe s (Bt} () = (Bl (B By ) (B )
= ((Eg0)s (Bb 1) Byt ) (B NU'L, (A9)
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where the matrix L/ = (Zj)0<ij<n is defined by (A.8). Since To,®(2) = 2122+ -2, P(2) and

2129 an{JZ(Z) = Ej“(z), we have Ta<E6ﬂ-> = <E‘;”>, ie.,

T (B o) (B e (B i)y (B)) = (Bruods (B (B ) (Bi))- (A110)
From (A.9) and (A.10), we obtain the difference system

T (B (B e (B B) = (B (B (B B OV

Comparing this with (1.17), we therefore obtain A = U'L’ = U,D/,L,, i.e.,

~/ 7

[T ~ i
Al T Al ~1 31 Al Y
U5 = al d] - u]]l]]’ l’u o

JJ i

Lemma A.3 implies that uj;, d}' and [} above coincide with (1.19a), (1.19b) and (1.19¢c),
respectively, which completes the proof. |

Finally we give an explicit forms for Lf4_1.

Proposition A.4. The inverse matriz L'y = (l?j/*)ogi,jgn 1s lower triangular and is written
as
—1,—4\t—J i
A _ [n_J] (e 1) "l ).
ij n—il, (qaa1b1t2n—z—j—l; t)i—j

Proof. Using (A.2) we can calculate the entries [;; of the lower triangular matrix L't by
completely the same way as Proposition 4.4. We omit the details. |
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