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Abstract. Bochner’s theorem says that if M is a compact Riemannian manifold with
negative Ricci curvature, then the isometry group Iso(M) is finite. In this article, we show
that if (X, d, m) is a compact metric measure space with synthetic negative Ricci curvature in
Sturm’s sense, then the measure preserving isometry group Iso(X, d, m) is finite. We also give
an effective estimate on the order of the measure preserving isometry group for a compact
weighted Riemannian manifold with negative Bakrny,)mery Ricci curvature except for small
portions.
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1 Introduction

Throughout this article, a metric measure space (X,d, m) means that (X,d) is a complete
separable metric space, and m is a Borel o-finite measure on X, which is also finite on bounded
sets. We denote by Iso(X, d, m) the group of isometries of (X, d) which preserve the measure m.
We also denote by # Iso(X,d, m) the number of elements in Iso(X,d, m).

An example of metric measure space is a weighted Riemannian manifold (M, g, m), which
means that (M, g) is an n-dimensional Riemannian manifold, and m = e~"vol, where vol, is
the volume element associated with g and v: M — R is a C® function. In this case, X = M,
d = dg is the intrinsic metric induced by g and m = e "vol,. For N € [n,00) we define the
N-Bakry-Emery Ricci tensor on (M, g,m) by

dv ® dv

Ricy m := Ric + Vv — N

with the convention that when N = n, we require v = 0 so that Ric, ,, = Ric. In the case of
N = o0, we define

Ricoo,m = Ric + V.
Also, we define the Witten Laplacian

Apu = Agu — (Vvu, Vu),.

This paper is a contribution to the Special Issue on Scalar and Ricci Curvature in honor of Misha Gromov
on his 75th Birthday. The full collection is available at https://www.emis.de/journals/SIGMA /Gromov.html
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1.1 Synthetic Ricci curvature bounds

The study of synthetic Ricci curvature lower bounds for metric measure spaces originates from
the works of Bakry Emery [7], Lott-Villani [24] and Sturm [29, 30]. These are the so-called
CD(K, N) spaces (K € R, 1 < N < c0), spaces satisfying (K, N)-curvature-dimension condition.
To rule out non-Riemannian Finsler manifolds, Ambrosio-Gigli-Savaré [4] and Gigli [15] add an
infinitesimal Hilbertianity condition to CD(K, N) by introducing the class of RCD (K, N) spaces,
spaces satisfying (K, V)-Riemannian-curvature-dimension condition. Since then, many geomet-
ric and analytic results of Ricci curvature lower bounds have been established on CD(K, N') and
RCD(K, N) spaces. For example, Bishop—Gromov comparison theorem [30], Cheeger—Gromoll
splitting theorem [14], Li-Yau estimates for heat flow [6, 13, 35], sharp Sobolev inequality [26],
and Levy—Gromov isoperimetric inequality [9], etc.

It is natural to ask whether there is a synthetic notion of Ricci curvature upper bound. This
question for Rics , is addressed by Sturm in his paper [31]. Sturm’s definition is inspired
by the fact that for any infinitesimally Hilbertian space (X, d, m) the condition RCD(K, 00) is
equivalent to the inequality

W (M4, Hedy) < e Kld(x, ) (1.1)

for all z,y € X and t > 0 (see, e.g., [4]). Here, W is the 2-Wasserstein distance on P»(X) and
‘H; is the heat flow or the gradient flow of the entropy functional Ent,,, while ¢, is the Dirac
measure at = (see Section 2 for definitions). The basic idea is to replace “<” by “>” in (1.1).
Solving K from W (Hd,, Hsdy) > e Kld(x,y), we define the quantities

o1
0" (z,y) = — lim inf - log(W (H02, Hidy) /d(x, y)),

0*(x) = limsup 67 (y, 2).

Y,2—T

If (M, g,m) is a weighted Riemannian manifold, Sturm [31] proved that

0" () = sup { Ricoo m (&, €)/[6*: € € Tu M, € # 0}
for all z € M (see Section 2 for more details). This motivates the following definition.

Definition 1.1 (Sturm [31]). We say that the metric measure space (X, d, m) has synthetic
Ricci curvature upper bound K if §*(x) < K for all z € X.

However, it should be noted that due to the theorems of Gao—Yau [12] and Lohkamp [23],
Ricci curvature upper bounds do not place any topological restriction on the manifold. More
precisely, for any integer n > 3, there exist two positive constants A; = Aj(n), Ay = Az(n) such
that each manifold M of dimension n admits a complete metric g with —A; < Ric(g) < —Aa.

Neither is the set of Riemannian manifolds with Ricci curvature upper bound precompact
in Gromov—Hausdorff convergence, since the number of small balls in a large ball goes to oo as
Ric — —oo. Given such flexibility of Ricci curvature upper bound, it is not surprising to learn
that there are not as many geometric results of Ricci curvature upper bounds as Ricci curvature
lower bounds. In fact, it was pointed out by Gromov in [16, Section 5] that the only result
widely known is Bochner’s theorem, which is the main subject of this article.

1.2 Bochner’s theorem

One of the classical results of a compact manifold with negative Ricci curvature (Ricci curvature
bounded above by 0) is Bochner’s theorem which states that the isometry group of the manifold
must be finite (see, e.g., [8]). In fact, Bochner showed that there exists no continuous group of
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isometry by considering the Laplacian of the square norm of the Killing vector field. This is the
genesis of the famous “Bochner technique” which produces numerous results.

Later, several authors tried to extend Bochner’s theorem by estimating the order of the
isometry group by various quantities. Before we mention them, we may see from the work of
Lohkamp that it is impossible to control the order of the isometry group merely in terms of
dimension and Ricci curvature bounds.

Theorem 1.2 (Lohkamp [23]). Let M be a compact n-dimensional manifold with n > 3 and G
be a subgroup of Diff (M), the group of diffeomorphisms of M. Then G is the isometry group
of M for some metric g with Ric(g) < 0 if and only if G is finite.

Fifty years before Bochner’s result came out, Hurwitz [19] showed that when X is a Riemann
surface of genus g > 2, the order of the automorphism group of X, # Aut(X) < 84(¢g — 1).
Later, the estimate of the order of the isometry group was generalized to hyperbolic manifolds
by Huber [18], to manifolds with sectional curvature bounded above from 0 by Im Hof [20],
to manifolds with non-positive sectional curvature and Ricci curvature negative at some point
by Maeda [25] and to manifolds with non-positive sectional curvature and finite volume by
Yamaguchi [34]. For general compact Riemannian manifolds with negative Ricci curvature,
Katsuda [21] estimated the order of the isometry group by sectional curvature, dimension, di-
ameter and injectivity radius. In [10], Dai-Shen—Wei estimated the order of the isometry group
by Ricci bounds, dimension, volume, and injectivity radius. Recently, Katsuda—Kobayashi [22]
gave a bound of the order of the isometry group for manifolds with negative Ricci curvature
except for small portions.

There are also other generalizations of Bochner’s theorem. In [27], Rong showed that compact
manifolds with negative Ricci curvature do not admit non-trivial invariant F-structure which
includes the Killing vector field as a special case. Bagaev and Zhukova [5] extended Bochner’s
theorem to Riemannian orbifolds with negative Ricci curvature. From the works of Deng—
Hou [11] and Zhong-Zhong [36], we know that a compact Finsler manifold with negative Ricci
curvature has a finite isometry group. Van Limbeek [32] estimated the order of the isometry
group for manifolds on which circle actions do not exist. The list above is far from complete
and can go on and on.

Our first main result is a generalization of Bochner’s theorem to compact metric measure
spaces with synthetic negative Ricci curvature.

Theorem 1.3. Let (X,d, m) be a compact metric measure space with 0*(x) < 0 for all z € X.
Then Iso(X,d, m) is finite.

As a corollary, we have Bochner’s theorem for weighted Riemannian manifolds:

Corollary 1.4. Let (M, g,m) be a closed weighted Riemannian manifold with oo—Bakrnymery
Ricci tensor Ricog m < 0, then Iso(M, g,m) is finite.

This corollary can also be obtained by considering the Laplacian of the square norm of
divergence free Killing vector field on (M, g, m). In fact, with this method, we actually have
a stronger theorem.

Theorem 1.5. Let (M, g,m) be a closed n-dimensional weighted Riemannian manifold. If the
N-Bakry-Emery Ricci tensor Ricy ,, < 0 for some n < N < oo, then Iso(M, g,m) is finite.

In view of this theorem, it should be expected that if there is a notion of synthetic N-
Ricci curvature upper bound in the future, then Bochner’s theorem should hold on spaces with
synthetic negative N-Ricci curvature.

Our next result estimates # Iso(M, g,m) by sectional curvature and other geometric quan-
tities for a weighted Riemannian manifolds M with negative oo—Bakrnymery Ricci curvature



4 Y. Guo

except for small portions. This is a generalization of the main theorem in [21] and Theorem 0.2
in [22]. We denote the sectional curvature by Ky, the injectivity radius by inj,;, and the
LP(M,m) norm by || - ||, i.e., for any Borel function f: M — R

i1 = ([ 1t dmo) "

Theorem 1.6. Let (M,g,m) be a closed n-dimensional weighted Riemannian manifold satis-
fying

Ky <A1, [VRicoom|<As,  m(M)<V, diam(M)<D,  injy > o,
N >n>3, Ricnm > —A3

for some fized positive constants ig, N, A1, Ao, As, V', D. If for some w > 0,

N . 1 w
16 + w)s 2 < min <4A’43>’ 12)

where (0 + w)4+ = max{0* +w,0}, and A, B are constants such that the Sobolev inequality

1130 /ny < AIDSIE + BISI3 (13)

holds for all f € WY2(M, g, m), then there exists a constant L1 = Li(n,ig, N, A1, Ao, A3, V, D, w,
A, B) such that #1so(M,g,m) < L;.

Condition (1.2) is saying that the Bakrnymery Ricci curvature greater than —w has small
L2 norm which is what we mean by “manifolds with negative Bakrnymery Ricci curvature
except for small portions”.

Our final result generalizes Theorem 1.3 in [10] and Theorem 0.3 in [22]. It replaces the
sectional curvature in Theorem 1.6 by Ricci curvature.

Theorem 1.7. Let (M,g, m = e_”volg) be a closed n-dimensional weighted Riemannian mani-
fold satisfying

n >3, |Ric| < A4, |V Ricoo,m | < Ag, lle™“|loo < E,
diam(M) < D, injar > o

for some fized positive constants ig, A1, Ao, E, D. If for some w > 0,

166"+ ) s < min (53,57 ).

where A, B are constants such that the Sobolev inequality (1.3) holds, then there exists a constant
Ly = La(n,io, A1, A2, E, D, w, A, B) such that # Iso(M, g,m) < Ls.

Remark 1.8. Theorem 1.6 and Theorem 1.7 are very similar but their proofs are different. In
the proof of Theorem 1.6, we use optimal transport to prove a key lemma (Lemma 4.1) which
is an analogue of Lemma 4.2 in [10] and Proposition 2.2 in [22]. On the contrary, the proof of
Theorem 1.7 is totally differential geometric. We have essentially used Lemma 4.2 in [10] and
Proposition 4.1 in [22] which is obtained by estimating the Jacobi fields. It would be interesting
to know whether there is an estimate of the order of the measure preserving isometry group on
metric measure space instead of weighted Riemannian manifold and we believe that the proof
of Theorem 1.6 gives more insight in this direction.
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Remark 1.9. It should also be noted that the constant L; in Theorem 1.6 is computable while
the constant Lo in Theorem 1.7 is not because some compactness argument is used in Lemma 4.2
of [10] on which Theorem 1.7 is relied.

The plan of the rest of the paper is as follows. In Section 2, we introduce synthetic Ricci
curvature upper bounds. In Section 3, we prove our generalization of Bochner’s theorem to
metric measure spaces. In Section 4, we give our estimates on the order of the measure preserving
isometry groups.

2 Synthetic Ricci curvature upper bounds

Let (X,d,m) be a metric measure space such that [, e~Cd*(@0.7) qp(z) < oo for some z € X

and C > 0. We denote by P(X) the set of all Borel probability measures on X. We define the
2-Wasserstein distance on Po(X) = {pu € P(X): [y d*(z0,z)du(z) < oo for some zg € X } by

™

Wn) = (inf [ o) dnton) "

where the infimum is taken among all 7 € P(X x X) such that = has marginals p and v. Such 7
is called an admissible plan. The measure 7 at which the infimum is realized is called an optimal
transport plan of p and v, which always exists (see [33, Chapter 4]).

We define the entropy functional Ent,,: Po(X) — RU {400} by

plogpdm, p=pm,
Entp, (1) = /X

400, otherwise.

Let K € R, N > 1 be two numbers. For ¢ € [0,1], we define the functions BtK’N) (z,y) on
X x X by

(

400 if K >0and >,
sin(ta) \ V7

( . > if K >0 and a € [0,7],

5(K’N) (z,y) = tsin «
t ’ 1 if K =0,

. N-1

(Sm_h(ta)> if K <0,
tsinh «

where o = \/%d(ﬂc,y).

Definition 2.1. We say that a metric measure space (X,d, m) satisfies curvature dimension
condition CD(K, 00) if for any two measures o and 1 in Py(X), there exists some geodesic (p¢)
in P»(X) such that for all 0 <t < 1, we have

Ent,, () < (1 —t) Enty, (o) + t Enty, (p1) — gt(l — W2, p1)-

A metric measure space (X, d,m) is said to satisfy curvature dimension condition CD(K, N) for
1 < N < o if for any two measures g and pp in Py(X), there exists some geodesic (g = pym)
in P»(X) such that for some optimal transport plan 7 of py and p; and all 0 < ¢ < 1, we have

/ Pf%(z) dm(z) > (1 - t)/ po(0) N Br—s(wo, 21) ¥ dr(wo, 1)
X XxX

1 1
+t/ p1(x1) " N By(zo, 1) N dm(xg, x1).
XxX
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In the case of n-dimensional weighted Riemannian manifold, CD(K,c0) is equivalent to
Ricoom > K, and CD(K, N) is equivalent to N > n, Ricy,, > K (see, e.g., [24, 29, 30, 33]).

Let (X, d,m) be a metric measure space and f € L*(X,m). We define the Cheeger energy
of f by

1
Ch(f) = inf {hmlnf / |Dfo2dm: || fn — fllz2x,my = 0, fn € Lip(X, d)},

n—oo

where for any function g: X — R, the slope |Dg| is defined as
: l9(y) — g()|
Dgl|(x) = limsup —=———*—.
[Dg|(x) U
We also define the descending slope |D~g| by
_ . lg(y) — g(x)]”
D x) = limsup ————"—"—
D™ gl(x) nsup

Being a convex lower semicontinuous function, the Cheeger energy admits a gradient flow H; on
L3(X,m).

However, the Cheeger energy Ch is not neccessarily a quadratic form. We say that (X, d, m)
is infinitesimally Hilbertian if Ch is a quadratic form, i.e.,

Ch(f +g) + Ch(f — g) = 2Ch(f) +2Ch(g)  for every f,g € L*(X,m).

We also define the metric gradient flow of a function E: X — R U {+o00} to be a locally
absolutely continuous curve (u¢) on X such that for all ¢t > 0 we have

(o) = / 2 ds + & / D™ B (1) ds, (2.1)

where |u;| = hnr% % We denote by H; the metric gradient flow of Ent,, on P»(X). For

more details on metric gradient flow, see, e.g., [2].

Definition 2.2 (Ambrosio-Gigli-Modino-Rajala [1], Ambrosio-Gigli-Savaré [4], Gigli [15]).
Let K € Rand 1 < N < 0co. A metric measure space (X,d, m) is said to have N-Riemannian
Ricci curvature bounded below by K, or to satisfy RCD(K, N) condition, if (X, d, m) satisfies
CD(K, N) and Ch is a quadratic form on L?*(X,m).

In RCD(K, 00) spaces, heat flow behaves well. It is the result of Ambrosio-Gigli-Savaré [3, 4]
that the gradient flow H; of Ch and the gradient flow H; of Ent,, coincides and that for every
f € L*X,m)NL>®(X,m), and every z € X we have

Hif(x /f ) dH6.(2). (2.2)

Moreover, the heat flow is a EVIx gradient flow so that it satisfies the contraction property (1.1).
Turning to the Ricci curvature upper bounds, we recall the definition of

1
+ _ . . -
0" (z,y) = lgégf ; log(W (H0z, Hidy)/d(z, y)).

For a function u: R — R, we write 0, u := limi?f(u(s) —u(t))/(s —t). Thus in this nota-
s—
tion, 0 (z,y) = — 6;|t:0 log W (H 0z, Hidy). Let v: [a,b] — M be a geodesic in a weighted

Riemannian manifold (M, g, m). We define the average oo-Ricci curvature along v by

b
p() = s [ Ricaom (3(0),4(1) / (D)

Sturm has proved the following two sided bounds for 61 (z,y).
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Theorem 2.3 (Sturm [31]). Let (M, g, m) be an n-dimensional weighted Riemannian manifold
satisfying RCD(—K', N) condition for some finite K' > 0, N > 1. Let z, y be non-conjugate
points in M, and ~y: [0,T] — M be a unit speed geodesic connecting the two points. Then we
have

p(7) <07 (z,y) < p(7) + o (y) - tan® (Vo (7)d(z,y)/2), (2.3)

where d is the metric induced by g, and

2

n
o = max R(ei, 7, €5,9 2
() nax, ”zzl\ (ei, ¥, €5,

for R the Riemann curvature tensor and {e;}"; some parallel orthonormal frame along v such
that e; = 7.

Taking the endpoints z, y infinitely close to each other in (2.3), we have

Corollary 2.4. Let (M, g,m) be a weighted Riemannian manifold satisfying RCD(—K', N) con-
dition for some finite K' >0, N > 1. Then we have

0% (2) = sup { Ricoom(&,€)/|€7: € € TuM, € # 0}.

In view of the corollary, we may view 6*(z) as a counterpart of Rics ,n in metric measure
space which justifies the Definition 1.1.

3 Generalization of Bochner’s theorem
to metric measure spaces

In this section we will prove our first generalization of Bochner’s theorem. A fundamental lemma
is the following discrete version of Bochner’s theorem which is a standard technique (cf. [21]).
For any Borel map f: X — Y between metric spaces, p a Borel measure on X, we denote
by fup the Borel measure on Y defined by fup(A) = u(f_l(A)) for all A C Y Borel.

Lemma 3.1. Let (X,d,m) be a compact metric measure space with 6*(x) < 0 for all x € X.
Then there exists A\ > 0 such that if ¢ € Iso(X,d,m) satisfies d(z,p(x)) < X\ for all z € X,
then ¢ is the identity map.

Proof. Since for any fixed z € X, 6*(z) = limsupf*(y,z) < 0, there exist € = €(z) > 0
Y, 2T
)

Y, z
and A, > 0 such that for all y,z € By, (z), we have 67 (y,2) < —e. Since X = |J, By, j2(2),
by compactness, there exist z1,...,zny € X such that X = Ufil BAmi/Q(xi). Now let A =
min{\;,/2: 1 < < N}. We claim that this A is what we want.

Let y € X and z = ¢(y) be such that d(y, z) = max d(z,¢(x)) < A. There exists 1 <7 < N,
such that y € By, jo(z;). Since d(y,z) < A, we have d(z;, 2) < d(z;,y) + d(y,2z) < Az,. Thus
Y,z € By, (x;) for some 1 <i < N. Therefore, 0% (y,2) = =0, |t=0log(W (Hdy, Hid.)) < —e.
Hence for ¢t > 0 small, we have

W (M0, Heds) > et2d(y, 2). (3.1)

On the other hand, since ¢ is an isometry that preserves the measure m, we have W(oxu, p4v) =

W (1, v), Entun(6611) = Entn(), [(600)| = |it], and [D™ Enty [(600) = [D™ Enty (1), In
view of the definition (2.1), we see that (¢4u) is a gradient flow of Ent,, if (u;) is. Hence,
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b4 (Hidy) = Hi(p#0y) = Hidg) = Hidz. Therefore, (id x ¢)y(Hidy) is an admissible plan of
(H0y, Hd2). So we get for all t > 0

W23, Hid) < [ P, 0(a) 0 (o) < mae (o, 6(a)) = (0. 2). (3.2)

Combining (3.1) and (3.2), we get, for t > 0 small, d?(y, z) > e“d?(y, z), which is impossible
unless d(y, z) = 0, i.e., ¢ is the identity map. |

Now, we can prove our first theorem. The proof is exactly the same as the second part of the
proof of [21] which is strongly inspired by [25].

Proof of Theorem 1.3. Take A as in Lemma 3.1 and a = A\/4. By compactness, let x1,...,xx
€ X be such that X = Ufi 1 Ba(zi). We define a map F' from the measure preserving isometry
group Iso(X,d, m) to the symmetric group Sy of degree N by F(¢): i — j(i) where j(i) is the
smallest j such that ¢(x;) € By(x;). We claim that F' is injective. Assume F(¢) = F(¢) = j(-).
For any x € X, we have x € B,(x;) for some ¢, then

d(¢(z),¥(z)) < d(d(), d(xi)) + d(d(x:), z5)) + d(z 05y, (i) + (Y (), ¥ (z))
da = .

I/\ |/\

By Lemma 3.1, ¢ = . Hence F' is injective and we get
#Iso(X,d,m) < #Sy = N\ (3.3)
This finishes the proof. [ |
Next we prove Theorem 1.5.

Proof of Theorem 1.5. Being a closed subgroup of the isometry group Iso(M,g), the mea-
sure preserving isometry group Iso(M, g, m) is a compact Lie group. (In general, the measure
preserving isometry groups of RCD(K, N) spaces are Lie groups. See [17, 28].) So it suffices to
show that its Lie algebra is of dimension 0. Let £ be a vector field on M such that the flow ¢,
of £ preserves g and m, i.e., (¢1)*g = g, (¢r)gm = m. Taking Lie derivatives, we have for all
vector fields U, W on M

divy, § = divg§ = (VV,§) =0, (3.5)

where (, ) denotes g and div, is the divergence operator associated with g. By (3.4), V¢ is
antisymmetric, so divy§ = tr(VE) = 0, which by (3.5) implies (VV, ) = 0. Hence we obtain

1
S (VVLVIEP) = (Vovg, €) = —(Vel, VV) = =Ve(&, VV) + (VeVV,€) = VAV (S, ).
By Bochner’s formula for Killing vector field (see, e.g., [8, Lemmas 2 and 3]), we have

SAJE? = Ve~ Rie(6, ©).

Hence we get

1
5 Aml€* = |VE[* = Ricoo m (€, €).
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Noticing that dV @ dV (&,€) = (VV,€)2 = 0, we have, for all n < N < oo,

1
5AmlEl = Ve = Riewm(€,€).

Integrating the above equality over M, we obtain

/ Ricym (&, €) dm:/ IVE[2dm > 0.
M M

Since Ricy,, < 0, we get £ = 0. |

4 Estimating the order of the measure
preserving isometry group

In this section, we give an explicit dependence of the upper bound in (3.3). We will be discussing
in the context of a compact weighted Riemannian manifold (M, g, m). First we introduce some
notations.

For any continuous map ¢: M — M, we set dy(x) = d(z, ¢(x)) and §y = max d(z,p(x)). If

¢: M — M is such a map that for all x € M, x and ¢(x) are connected by a unique minimizing
geodesic «y (this is always true if 64 < injy,), then we define

de ()
poe) = s [ oo

Lemma 4.1. Let (M, g, m) be a closed n-dimensional weighted Riemannian manifold with in-
jectivity radius injy; > ig and sectional curvature |Kpr| < A. Let ¢: M — M be a mea-
sure preserving isometry. Then there exist positive constants 69 = do(ig, A,n), C1 = C1(A,n),
Cy = Ca(A,n), such that if 5 < 6 then

Amd? > —2d%ps — C1 tan®(Cady)ds. (4.1)

Proof. Let ¢: M — M be a measure preserving isometry. With the same argument as (3.2),
we have

WMy, Hibpgay) < /X 02 (2, 6(2)) AH48,(2) = Hyd2(x),

where we have used the formula (2.2) in the last equality. Hence for ¢ > 0, we have

W2(Ht5$,?{t5¢(x)) - di(:z:) _ thi(m) - di(:p)
t - t '

Since
. 2 2 : 2 2
1%1_{1(1)1/1/ (Hby, Ht6¢>(z)) = d¢(a:) and %1_{% th¢(x) = d¢(x),
we obtain
O | ,—g W2 (b, Hiby(ay) < O | ,_o Hed3y ().
Thus

2dy(2) Oy | ,_y W (Hi0a, Hilg(z)) < Amd3 ().
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By definition, we have

O |y W (Had, Hady()

+ X X
0" (2, ¢(x)) = (2. 0)) ;
so we get
—2d3(2)0" (z, ¢()) = 2dg(x) I | ,_y W (Hi0w, Hibp(z)) < Amd (). (4.2)

Since M is compact, it automatically satisfies some RCD(—K', N) condition. Choosing 6y < ’0
and applying the upper bound estimate in (2.3) to z, ¢(z), we have

0 (2, 4(x)) < pp(z) + o(v) - tan® (Vo (y)dy(z)/2).

Since [Kp| < A, wehave |[R(X,Y, X,Y)| < Aforall X 1 Y and |X|=|Y|=1. Let {e;}}' ; bean
orthonormal frame with e; = 4. Then we have |R(e;, ej, ;, €;)| < A and | R(( ez—l—e])/ﬂ ek, (e;+
ej)/V2,e,)| < A for distinct i, j, k. It follows that |R(e;,%,ej,¥)| < 2A. Observing that
R(ei,7,ej,7) =0if i =1 or j =1, we have

N

1
2

2
a = max E R e v, €5 = max E R e v, €5
te[0,T ‘ SRAN A ’ te[0,T ‘ A ’

< ((n—1) 4A2)% —2(n — 1)A.
Therefore if d4 < 69 = mln{ 3 3¢, t where C = \/(n — 1)A/2, we have
07 (2, ¢(x)) < pola) +2(n — 1)Atan? (dy\/(n — 1)A/2).
Combining (4.2), we get
Apdy > —2d2pg — Cy tan®(Cady)d3,
where C; = 4(n — 1)A. |
The following lemma is a quantitative version of Lemma 3.1.

Lemma 4.2. Let (M, g,m) be a closed weighted Riemannian manifold of dimension n > 3 with
| K| < A, |V RiCoo,m | < Aa, m(M) <V, injps > io.

If for some w > 0

1 w
16"+ )y < min (2,47 ).

where A, B are constants such that the Sobolev inequality (1.3) holds, then there exists a constant

d =6(n,ip, A1, A2, V, D, w, A, B) such that if 4 < 0 then ¢ =

Proof. The argument we use here is very close to the proof of [22, Theorem 2.1]. First suppose
0p < 6 < min {50, C% arctan , /%}, where dg, C1, Co are as in Lemma 4.1 so that (4.1) holds
and C; tan?(Cady) < . Multiplying both sides of (4.1) by dé and integrating over M, we get

0> / |Dd2|*dm — / (2ppdg + Cy tan®(Cadg )dy)dm
M M
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= degugz/ (p¢+w)d;§dm+/M (2w — Cy tan®(Cady))djdm
2 [|DA]l, = 20005+ w)t [ 65 o) + (20 = Crtan®(Cady)) |3
> (D)3 = 20(po + 0+ ol ) + 5
> |IDA3I3 — 20005 + w2 (A DI + BIIEIR) + Fula3

where in the last inequality we have used Sobolev inequality (1.3) with f = di.
We estimate the term ||(py + w)+[|;,/2 by

(g + W)l < + [0 +w) 4 [ln/2

n/2

1 ds(@) i
%@ﬁé (0" (2(1)) — 07 () dt

< 0s M2V 4 [[(6 + w) |- (
To get the last inequality, let ¢t € [0,dy(x)] be fixed. By Corollary 2.4, we have 6*(y(t)
sup{Ricoo,m(f,f)/\ﬂQ: § € TyyM,§ # 0}. Let § € Ty M, |€] = 1 be such that 0*(v(t)) =

Ricoom(&,€), and £(s), s € [0,t] be a parallel vector field along + such that £(¢) = £. Since
1£(0)] =1, 6" () > Ricoo,m(£(0),£(0)). Hence

(0" (y(t) = 0" (2))+ < (Ricoo,m(§(2), (1)) — Ricoo,m(£(0),£(0)))4 < £V Ricoom |
< At < Asdy.

4.3)
) =

Therefore,

02> [1=24(80aV¥" +[|(0" + w)illnys) | | D3
3
+ [211) — 2B (6,AaV/™ + |07 + w)+|]n/2)] [ezAs
1 n n
> (2—2A5¢A2V2/ ) D2+ (1 — 285,072 |2

If we require further that

5. <8 . 5 1 ¢ w 1 w
= Imin — arctan
¢ = e 201" 4AN,V2/n" 2BA,V2/n

then dy = 0, so we get ¢ = id. |

Proof of Theorem 1.6. Since Ricy,, > —A3 for some A3 > 0 and N > n > 3, by gen-
eralized Bishop-Gromov theorem for CD(K, N) spaces (see, e.g., [30, Theorem 2.3] or [33,
Theorem 30.11]) the number of J-balls contained in M is bounded above by a constant L =
L(D,é,As,N). Hence by the same argument as the proof of Theorem 1.3 we get

#Iso(M,g,m) < L' =: L. [
Next we are going to prove Theorem 1.7. We have the following analogue of Lemma 4.1.

Lemma 4.3. Let € > 0 be arbitrary and (M,g, m = e_”volg) be a closed weighted Riemannian
manifold of dimension n > 3 with |Ric| <A, ||[e7"||e0 < E, diam(M) < D and injy; > ig. Then
there exists 01 = 61(e,n, A, E, D,ig) such that if ¢: M — M is a measure preserving isometry
of M with 64 < 6 then we have, in the sense of distribution

Amd¢ > —d¢p¢ - €Gd¢, (4.4)

where G is a function on M with a uniform LP(M,m) bound |G|, < C(p,n, A, E, D,ig) inde-
pendent of € for all 1 < p < oco.
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This lemma is a consequence of Lemma 4.2 in [10], which we cite here:

Lemma 4.4 (Dai-Shen-Wei [10]). Let € > 0 be arbitrary and M be a Riemannian manifold
satisfying |Ric| < A, injy; > do, and vol(M) < V. Then there exists a d3 = da(€,n, A, ip, V)
such that for any isometry ¢: M — M with d4 < 6, we have, in the sense of distribution

dg
Agd¢ > —/ RiC("}/) dt — 6Gd¢, (4.5)
0

where vy is the unique minimizing geodesic connecting x and ¢(x) and G is a function on M
with a uniform LP(M,vol) bound

|Gl e (Mvol) < Cp(n, Ao, V')

independent of € for all 1 < p < oco. Moreover, inequality (4.5) is pointwise for all x € M such

that = # ¢(x).

Remark 4.5. The statement of Lemma 4.4 may seem stronger than Lemma 4.2 of [10], but
a close inspection on the proof of Lemma 4.2 of [10] shows that it actually proves the fact we
state here. This fact is also used in Proposition 4.1 of [22].

Proof of Lemma 4.3. Under the assumptions of Lemma 4.3, by Bishop—Gromov compari-
son theorem, we have vol(M) < V = V(n,A, D). Taking §; = d2(€,n, A, ig, V(n,A, D)), the
condition of Lemma 4.4 is satisfied.

Since |[e V[ < E, we have [,,|G[Pdm = [,,|G[Pe”"dvol < ECy(n,A,D,ip)’. Hence
IGll, < C(p,n, A, E, D, ).

Since Rics,m = Ric +V?2v, we have

dd) d¢ d4>
0 0 0

dg dg
= / RiCoo,m () dt — / (V5 Vu,4) dt
0 0
do . . do (' d .
—/0 Riceo,m () dt—/o <dt(Vv gy — <V’U,V;fy)> dt
d
- /0 " Ricoo,n(7) dt — (Vo(y(dg)). 7(dy)) + (Vo(z), 5(0)). (4.6)

On the other hand, for any « # ¢(z) we are going to calculate Vdy(x). For the sake of clarity, we
denote ryp(z) = d(p, z) where d is the metric on M, and x,p € M are two points. Then for any
5 # G(x), Vdo(1) = Vig(ay(2) + V(ra 0 8)() = —4(0) + (64)/4(dg) where 6,1 TuM — Ty M
is the tangent map and (¢,)!: Ty(xyM — T, M is the transpose of the tangent map defined by
((¢:)'U, W) = (U, (¢« )W) for all U € Ty,yM and W € T, M. Therefore, we have

(Vo(z), Vdg(x)) = (Vo(@), =5(0) + (¢:)"4(dy))
= ((6:V0)(7(dg)), ¥(dg)) — (Vo (z),(0))
= (Vo(y(dy)), ¥(dg)) — (Vo(z),4(0)), (4.7)

where in the last equality we use the fact that ¢ is a measure preserving isometry. Plugging (4.6)
and (4.7) into (4.5), we get for all x # ¢(x)

dy(z)
Apdy(z) > —/0 Ricoo,m (¥) dt — eG(x)dg(x) > —dy(x)py(x) — €G(x)dy(x).

From this pointwise inequality, with the same argument as the proof at the very end of [10], we
have in the sense of distribution A,,dg > —dgps — eGdy. |
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Proof of Theorem 1.7. Since our Lemma 4.3 has exactly the same form as [22, Proposi-
tion 4.1] with the only difference in the Laplacian, changing the volume element in every integral
and LP norm in the proof of Theorem 0.3 in [22] to the measure m, we get the conclusion.

For tha sake of completeness, we write down the proof here. Similar to Theorem 1.6, it suffices
to prove that under the conditions of Theorem 1.7 there exists § = d(n,ig, A1, A2, E, D,w, A, B)
> 0, such that for any measure preserving isometry ¢ with 4 < J, we have ¢ = id. Then the
remaining part of the proof is the same as the proof of Theorem 1.6.

We assume 4 < 6 < 61 so that Lemma 4.3 is valid. Multiplying dy to (4.4) and integrating
over M with respect to the measure m, we have

0> —/ (Amdg + pypdy + €Gdy)dy dm
M

> | Ddy 2 - /M[w )y + Gl dm + w |dy)

> ||Ddy 13 = ([(pg +w)+lnj2 + ellGllns2) I ds13, o2y + wllds]l3

> | Ddgl3 — (A2V65 + [[(0* +w) 4Lz + €llGllnyz) ldol3n sy + wllds3 (4.8)
> [1— A(AV2 4 4 (0% + w)4|nj2 + €l Gllns2)] I1Dd]I?
+ [w = B(AV 64 4 (0% + w) 4 lnj2 + €l Gllns2)] Idsl3, (4.9)

where in (4.8) we have used (4.3) and in (4.9) we have used the Sobolev inequality (1.3). If we
take

. 1 w C(n/2,n,A1,E,D;ig) . [1 w
< 0= — —
% < 0 =min {51’ AAN V2 4BA2V2/"} € 4 A B

then we have
1 . w .
0> (2 ~ A6 +w>+un/2) 1Ddgl3+ (5 = BIE" +w)sly2) ldsll

From the assumption of w, the coefficients of || Ddy||3, ||ds||3 are positive, so we have dg = 0,
ie., ¢ = id. N

Acknowledgements

The results in this article are mainly part of the author’s undergraduate thesis at Tsinghua
University. The author would like to express his sincere gratitude to Professor Jinxin Xue who
brought him into this field and gave him expert advice. He would also like to thank Professors
Yann Brenier and Francois Bolley for their email of discussion and Professor Tapio Rajala for
telling him the articles [17, 28] on the measure preserving isometry groups of RCD spaces.
Finally, he would like to thank the anonymous referees for their useful comments which leads to
Theorem 1.7.

References

[1] Ambrosio L., Gigli N., Mondino A., Rajala T., Riemannian Ricci curvature lower bounds in metric measure
spaces with o-finite measure, Trans. Amer. Math. Soc. 367 (2015), 4661-4701, arXiv:1207.4924.

[2] Ambrosio L., Gigli N., Savaré G., Gradient flows in metric spaces and in the space of probability measures,
Lectures in Mathematics ETH Zirich, Birkhauser Verlag, Basel, 2005.

[3] Ambrosio L., Gigli N., Savaré G., Calculus and heat flow in metric measure spaces and applications to spaces
with Ricci bounds from below, Invent. Math. 195 (2014), 289-391, arXiv:1106.2090.


https://doi.org/10.1090/S0002-9947-2015-06111-X
https://arxiv.org/abs/1207.4924
https://doi.org/10.1007/b137080
https://doi.org/10.1007/s00222-013-0456-1
https://arxiv.org/abs/1106.2090

14 Y. Guo
[4] Ambrosio L., Gigli N., Savaré G., Metric measure spaces with Riemannian Ricci curvature bounded from
below, Duke Math. J. 163 (2014), 1405-1490, arXiv:1109.0222.
[5] Bagaev A.V., Zhukova N.I., The isometry groups of Riemannian orbifolds, Siberian Math. J. 48 (2007),
579-592.
[6] Bakry D., Bolley F., Gentil I., The Li—Yau inequality and applications under a curvature-dimension condi-
tion, Ann. Inst. Fourier (Grenoble) 67 (2017), 397-421, arXiv:1412.5165.
[7] Bakry D., Emery M., Diffusions hypercontractives, in Séminaire de probabilités, XIX, 1983/84, Lecture
Notes in Math., Vol. 1123, Springer, Berlin, 1985, 177-206.
[8] Bochner S., Vector fields and Ricci curvature, Bull. Amer. Math. Soc. 52 (1946), 776-797.
[9] Cavalletti F., Mondino A., Sharp and rigid isoperimetric inequalities in metric-measure spaces with lower
Ricci curvature bounds, Invent. Math. 208 (2017), 803-849, arXiv:1502.06465.
[10] Dai X., Shen Z.M., Wei G., Negative Ricci curvature and isometry group, Duke Math. J. 76 (1994), 59-73.
[11] Deng S., Hou Z., The group of isometries of a Finsler space, Pacific J. Math. 207 (2002), 149-155.
[12] Gao L.Z., Yau S.-T., The existence of negatively Ricci curved metrics on three-manifolds, Invent. Math. 85
(1986), 637-652.
[13] Garofalo N., Mondino A., Li-Yau and Harnack type inequalities in RCD* (K, N) metric measure spaces,
Nonlinear Anal. 95 (2014), 721-734, arXiv:1306.0494.
[14] Gigli N., The splitting theorem in non-smooth context, arXiv:1302.5555.
[15] Gigli N., On the differential structure of metric measure spaces and applications, Mem. Amer. Math. Soc.
236 (2015), vi+91 pages, arXiv:1205.6622.
romov M., Sign and geometric meaning of curvature, Rend. Sem. Mat. F1s. Milano , 9-123.
16] G M., Si d i i f Rend. S Mat. Fis. Mil 61 (1991), 9-123
uijarro L., Santos-Rodriguez J., On the isometry group o , N )-spaces, Manuscripta Math.
17] Guij L, S Rodri J., On the i f RCD* (K, N M ipta Math. 158
(2019), 441-461.
[18] Huber H., Uber die Isometriegruppe einer kompakten Mannigfaltigkeiten negativer Kriimmung, Helv. Phys.
Acta 45 (1972), 277-288.
urwitz A., Ueber algebraische Gebilde mit eindeutigen Transformationen in sich, Math. Ann. ,
19] Hurwitz A., Ueber algebraische Gebilde mit eindeuti T f i in sich, Math. A 41 (1892
403-442.
m Hof H.-C.| Uber die sometriegruppe bei kompakten Mannigfaltigkeiten negativer Krimmung, Comment.
20] Im Hof H.-C., Uber die I bei k kten M faltigk K C
Math. Helv. 48 (1973), 14-30.
atsuda A., e isometry groups of compact manifolds with negative Ricci curvature, Proc. Amer. Math.
21] K da A., The i f ifolds with ive Ricci P A Math
Soc. 104 (1988), 587-588.
atsuda A., Kobayashi T'., e isometry groups of compact manifolds with almost negative Ricci curvature,
22] K da A., Kob hi T., The i f ifolds with al ive Ricci
Tohoku Math. J. 70 (2018), 391-400.
ohkamp J., Metrics of negative Ricci curvature, Ann. o ath. , — .
23] Lohk: J., Metrics of ive Ricci A f Math. 140 (1994), 655-683
[24] Lott J., Villani C., Ricci curvature for metric-measure spaces via optimal transport, Ann. of Math. 169
(2009), 903-991, arXiv:math.DG/0412127.
[25] Maeda M., The isometry groups of compact manifolds with non-positive curvature, Proc. Japan Acad. 51
(1975), 790-794.
rofeta A., e sharp Sobolev inequality on metric measure spaces with lower Ricci curvature bounds,
26] Profeta A., The sh Sobolev i lity i ith 1 Ricci bound:
Potential Anal. 43 (2015), 513-529.
[27] Rong X., A Bochner theorem and applications, Duke Math. J. 91 (1998), 381-392.
osa G., The isometry group of an space is Lie, Potential Anal. , —286, arXiv: . .
28] Sosa G., Thei f an RCD” is Lie, P jal Anal. 49 (2018), 267-286, arXiv:1609.02098
[29] Sturm K.-T., On the geometry of metric measure spaces. I, Acta Math. 196 (2006), 65—-131.
[30] Sturm K.-T., On the geometry of metric measure spaces. 11, Acta Math. 196 (2006), 133-177.
turm K.-T., Remarks about synthetic upper Ricci bounds for metric measure spaces, arXiv: . .
31] S K.-T., R ks ab heti Ricci bounds f i Xiv:1711.01707
[32] van Limbeek W., Symmetry gaps in Riemannian geometry and minimal orbifolds, J. Differential Geom. 105
(2017), 487-517, arXiv:1405.2291.
[33] Villani C., Optimal transport: old and new, Grundlehren der Mathematischen Wissenschaften, Vol. 338,
Springer-Verlag, Berlin, 2009.
[34] Yamaguchi T., The isometry groups of manifolds of nonpositive curvature with finite volume, Math. Z. 189
(1985), 185-192.
[35] Zhang H.C., Zhu X.P., Local Li-Yau’s estimates on RCD* (K, N) metric measure spaces, Calc. Var. Partial
Differential Equations 55 (2016), Art. 93, 30 pages, arXiv:1602.05347.
[36] Zhong T., Zhong C., Bochner technique in real Finsler manifolds, Acta Math. Sci. Ser. B 23 (2003), 165-177.


https://doi.org/10.1215/00127094-2681605
https://arxiv.org/abs/1109.0222
https://doi.org/10.1007/s11202-007-0060-y
https://doi.org/10.5802/aif.3086
https://arxiv.org/abs/1412.5165
https://doi.org/10.1007/BFb0075847
https://doi.org/10.1090/S0002-9904-1946-08647-4
https://doi.org/10.1007/s00222-016-0700-6
https://arxiv.org/abs/1502.06465
https://doi.org/10.1215/S0012-7094-94-07603-5
https://doi.org/10.2140/pjm.2002.207.149
https://doi.org/10.1007/BF01390331
https://doi.org/10.1016/j.na.2013.10.002
https://arxiv.org/abs/1306.0494
https://arxiv.org/abs/1302.5555
https://doi.org/10.1090/memo/1113
https://arxiv.org/abs/1205.6622
https://doi.org/10.1007/BF02925201
https://doi.org/10.1007/s00229-018-1010-7
https://doi.org/10.1007/BF01443420
https://doi.org/10.2307/2047016
https://doi.org/10.2307/2047016
https://doi.org/10.2748/tmj/1537495353
https://doi.org/10.2307/2118620
https://doi.org/10.4007/annals.2009.169.903
https://arxiv.org/abs/math.DG/0412127
https://doi.org/10.3792/pja/1195518435
https://doi.org/10.1007/s11118-015-9485-2
https://doi.org/10.1215/S0012-7094-98-09116-5
https://doi.org/10.1007/s11118-017-9656-4
https://arxiv.org/abs/1609.02098
https://doi.org/10.1007/s11511-006-0002-8
https://doi.org/10.1007/s11511-006-0003-7
https://arxiv.org/abs/1711.01707
https://doi.org/10.4310/jdg/1488503005
https://arxiv.org/abs/1405.2291
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/BF01175043
https://doi.org/10.1007/s00526-016-1040-5
https://doi.org/10.1007/s00526-016-1040-5
https://arxiv.org/abs/1602.05347
https://doi.org/10.1016/S0252-9602(17)30220-5

	1 Introduction
	1.1 Synthetic Ricci curvature bounds
	1.2 Bochner's theorem

	2 Synthetic Ricci curvature upper bounds
	3 Generalization of Bochner's theorem to metric measure spaces
	4 Estimating the order of the measure preserving isometry group
	References

