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1 Introduction

Categorification of link invariants has been a source of fruitful interactions between physics and
low dimensional topology over the past decades (see [10, 22, 30] for reviews). Since the ad-
vent of the Khovanov homology [17], which categorifies the Jones polynomials of links, there
has been constructions of other homological theories, for example, knot Floer homology [23, 26],
Khovanov—Rozansky homology [18] and HOMFLY homology [19] that categorify the well-known
link polynomials: Alexander, s[(N)-invariants and HOMFLY polynomial, respectively. Not only
has the categorification deepened the conceptual aspects of links, but it has also provided a more
powerful machinery to compute higher structural invariants beyond polynomial invariants. Fur-
thermore, these advancements have inspired new directions in physics, which resulted in physical
realizations of the link homologies. Beginning from knot Floer homology, its physical interpre-
tation was found in [4]. A physical realization of Khovanov homology and Khovanov—Rozansky
homology was first provided using topological string theory in [15]; additionally, through the
conifold transition, existence of the HOMFLY homology was predicted as well. In the case of
Khovanov homology, a different physical system involving D-branes was achieved in [33]. For
Kauffman homology, its physical construction exemplified the role of orientifolds [16]. Even knot
homology based on an exceptional Lie algebra admits a physical description [6] (see Table 1 for
summary).

In recent years, a physical approach to categorification of the Witten—Reshetikhin—Tureav
(WRT)-invariant of 3-manifold [27, 28, 32], namely, homological blocks Z(q) [13, 14] inspired
a new kind of invariant for a complement of a knot [12]. This knot invariant denoted as F is
a two-variable series that emerges from Z(q):

Fg(x,q) == Zo(M3;2 %, n,q), gl <1,

where M;’( is a complement of a knot K in a closed oriented 3-manifold M3, n € Z, ¢ € Z,
and A € Q.! Physical interpretation of Fi is that it counts BPS states of a 3d N/ = 2

'The r.h.s. of the definition of Fx is a two-variable version of Zb(q).
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Polynomial Homology Physical realization

Alexander 5[(1]1) knot Floer homology | M5-M2 branes on the deformed
conifold

Jones 5[(2) Khovanov homology M5-M2 branes on the deformed
conifold or D3-NS5 brane system

s[(N)-invariants s[(N) Khovanov—Rozansky M5-M2 branes on the deformed

homology conifold

HOMFLY HOMFLY homology M5-M2 branes on the resolved
conifold

s0(n)/sp(n)-invariants || Kauffman homology D4-brane & orientifold system

& Kauffman on the resolved conifold

hyperpolynomial e¢ homology M5-M2 branes on the resolved
conifold

Table 1. A summary of link invariants and their physical realizations. Choice of an orientifold type
determines so(n) or sp(n) Lie algebra. Applications of S- and T-dualities are necessary to the latter
brane system in the case of Khovanov homology (for details see [33]).

supersymmetric theory T[M ;’(] on the knot complement, which arises from the integrality of
the coefficients of Fx-series. This in turn originates from the appearance of dimension of BPS
Hilbert space of T'[Y] in the g-series Z(Y,q) for a generic 3-manifold Y. Furthermore, this
Hilbert space is identified with a conjectured triply graded three manifold homology Hyhs(Y';0)
whose (graded) Euler characteristic is

DlYiq) =Y (~1)'¢ dimHypg(Vih) €270 Z[[gl], gl < 1.
i’j
The WRT-invariant of Y is recovered from Z,[Y;q| as q goes to a root of unity (for details see
[13, Section 2]).
Among mathematical developments of Fy [20, 24, 25], evidence for a relationship between Fi

and the ADO link invariant [1] have been discovered in [11]. This relation is conjectured to hold
for all knots and for any roots of unity:

Conjecture 1 ([11, Conjecture 3]). For any knot K in S3,

ADO,(K;x,(p) B
ApK(;I;p) . ’ Cp_e

FK(-’L’, Q)|q:<p = ($1/2 - $_1/2) i27r/p7 pe Z+'

This conjecture was verified for specific values of p for the right-handed trefoil and the figure
eight knots [11]. Another advancement was an introduction of a refinement of Fi(x,q) [5]. It
was shown that Fr(x,q) admits two parameter deformations through the superpolynomial [4, 7].

This led to a generalization of the above comjecture.

Conjecture 2 ([5, Conjecture 4]). For any knot K in S3, there exists a t-deformation of the
symmetric ADO,-polynomial of K for SU(N),

ADOSUMK 1] = (Ag (a7, —(=)"))" ™ lim  Fy(z,qa=—¢"/t,t),  pe Ly,

q_)ci27r/p
and t = —1 specialization reduces to the original ADO,[K;x] (up to rescaling of x).

The rest of the paper is organized as follows. In Section 2 we briefly review the series invariant
for a knot complement and the ADO invariants. In Section 3 we present the explicit formulas
and/or an algorithm for the ADO3 and ADOy4 polynomials for a particular class of torus knots.
Furthermore, one parameter deformation of ADQOj3 invariants for torus knots is discussed.
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2 Background

2.1 Two-variable series knot complement

A series invariant Fg for a complement of a knot Mj- was introduced in [12]. It has various
properties such as the gluing formula and the (Dehn) surgery formula. This knot invariant F
takes the form?

o0

1 2 —m/2 LA 412141
Fie(w.q) =5 Y (@2 =a72) fn(q) € a2 [2*][[¢*]],
m>1
m odd
where f,,(¢) are Laurent series with integer coefficients, ¢ € Z; and A € Q. Moreover, z-
variable is associated to the relative Spin® (M g’(, TQ)—structures, which is affinely isomorphic to
H? (M ?(, T2 Z) =~ Hy (M E’(; Z); it has an infinite order, which is reflected as a series in F. For
applications, some classes of knots have been analyzed [12, 24]. One of them is a class of torus
knots, which is relevant for our purpose. Hence we display Fx for the right-handed torus knots

T(s,t), s,t > 1 with ged(s,t) =1 [12].

o
m27(st757t)2

1 - - m —m —_ - - 7
FT(s,t)(x7Q):§q(s HE-1)/2 Z e(s,t)m(x E— /2)q Ist ,

m>1
m odd
-1, m=st+s+t or st—s—t (mod 2st),
e(s,t)m = 1, m=st+s—t or st—s+t (mod 2st),

0, otherwise.

Prior to Fi’s potential relation to the (original) ADO invariant, it was proposed that Fg
possess similar characteristics of sl(2)-colored Jones polynomial through the Melvin—-Morton—
Rozansky conjecture [21, 29] (proven in [2]), and the quantum volume conjecture [8, 9]:

Conjecture 3 ([12, Conjecture 1.5]). For a knot K C S3, the asymptotic expansion of the knot
tnvariant Fi (:v, q= eh) about h = 0 coincides with the Melvin—-Morton—Rozansky expansion of
the colored Jones polynomial in the large color limit:

FK(xaq:eh) :i PT(:'U) h?"’
ZE1/2 _ x*l/Q — AK(IL‘)2T+1

where x = ¢"" is fived, n is the color of K, Pr(z) € Q[a*'], Py(z) = 1 and Ak(x) is the
Alezander polynomial of K.

Conjecture 4 ([12, Conjecture 1.6]). For any knot K C S®, the normalized series fi(z,q)
satisfies a linear recursion relation generated by the quantum A-polynomial of K :

AK(»%JQ’C])fK(%CJ) =0,
where fr = Fi(z,q)/(z'/? — 271/?).

2.2 The ADO invariants of knots

Colored generalization of the Alexander polynomial for framed colored and oriented knot (link)
was introduced in [1]. This knot invariant(ADO invariant) is based on (1,1)-colored tangle

2Implicitly, there is a choice of group; originally, the group used is SU(2).



4 J. Chae

diagram obtained by cutting the knot (or a component of a link). From this colored and
oriented tangle diagram, the ADO invariant is constructed from a non-semisimple category
of module over the unrolled quantum group ngT (sl2(C)) together with the modified quantum
dimension (r € Z>2). We will employ the quantum algebra construction of the ADO invariants
for verification of our results; the computational ingredients are summarized in Appendix B. We
give a concise review of the conceptual features of the construction [1, 3, 31].

The first ingredient is the unrolled quantum group L{gT (sl2(C)), which is a C-algebra spe-
cialized at ¢ = (o,; its generators and relations are

e generators: B, F, K, K~' H,

e relations:

-1
KK '=K1K=1 KE=(FK, KF=(?FK [E,F] = KoK
) 2r ) 2r ) ) CQ _Cfla

7” 2r

KH=HK, |[HE|=2E, |[HF]|=-2F  E =F =0.

This algebra possess a Hopf algebra structure:

(E)=1®9E+E®K, ¢€FE)=0, S(E) = -EK™,
(F)=K'@F+F®1, €F)=0, S(F)=
AH)=19H+H®1, €H)=0, S(H)=-H,
(K)=K®K, e«(K)=1, S(K) =K1,
(KY=K'eK!, (K1) =1, S(K™') =K.

The second element of the construction of the ADO invariant is a functor RT between a category
of colored oriented tangle diagrams COD and a category Rep of representations of Z/{gr (sl2(C)):

RT: COD — Rep.

The objects of COD are framed colored oriented (1,1)-tangle diagrams and morphisms are
equivalence classes of the tangle diagrams whose equivalence relations are generated by the tangle
moves (see [1, Section 2]). For the target category, its objects are vector spaces V and morphisms
are linear maps between them. The image of the RT functor is RT(T) = (T') Idy € Endc¢(V),
which enables to define

ADO(K), := d(Va; 7)(T),

where V,, is a vector space assigned to K (or to an open component of a link?®) and d(Vg;r) is
the modified quantum dimension,

Lol at+l  r—a-—1
d(Va;r) = _C22r ( )w

T —Tra

2r 2r

. ac(C\Z)U(Z —1).

This modified dimension replaces the usual quantum trace, which vanishes in this context.
Moreover, it makes ADO(K) an isotopy invariant.

3ADO invariant is independent of choice of a component of a link that is cut (for details see [1, Section 5]).
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3 The ADO invariants of torus knots

Recently, evidence for a relation between Fx at specific values of roots of unity and the ADO
invariants were discovered for the (right-handed) trefoil, the figure eight and 52 knots [11].
Furthermore, this relation is conjectured to hold for any roots of unity and for all knots (Conjec-
ture 1). Using the formula in Section 2.1 and Conjecture 1, close examination of torus knots
T(2,2s+1) at various values of s yields an explicit formula or an algorithm for ADO3 and ADO4
invariants of 7'(2,2s + 1), s € Z.

3.1 The ADOj; invariants of T'(2,2s + 1)

The ADOj3 invariants of 7'(2,2s + 1) are divided in three types depending on their coefficient
pattern:

1) for K =T(2,2s+ 1) = T(2,3),T(2,9),T(2,15),T(2,21), . ..

ADOg(l‘) — <-3$28 + C3x28_1 + (C?) o C51)$28—2 o <§1x28—3 o <§1$28_4
+ <3$28—6 + C3:U2s_7 + (C3 o C;l)xZS—S o §1x28—9 o <51$2s_10 4.

+ (G -G+ (@ = 1/),
2) for K =T(2,25+1) = T(2,5),T(2,11),T(2,17),T(2,23), . ..

ADOg((L’) — 3—11,23 + C3—1x2371 + (Cg_l . 1).%,2372 _ x2573 . x2574 + Cg—lx2576

+ Cg—lx2577 + (<3—1 . 1):1:2378 _ x2579 _ x23710 W (.’L’ _ 1/%),

3) for K =T(2,2s + 1) = T(2,7),T(2,13),T(2,19),T(2,25), ...

ADO3($) — .%'28 + 1‘28_1 + (1 _ gg)xZS—Q _ <3$28_3 o C3£U25_4 + $25—6 + x?s—?
+ (1= G)a® ™ = a® ™ — G 0 14 (2> 1),

All the explicit x terms are polynomials and power of x decreases by two after one cycle of
a coefficient combination. We next move onto ADQ, invariants, whose explicit formula can be
obtained algorithmically.

3.2 The algorithm for ADO, invariants of T'(2,2s + 1)

Explicit formulas for ADO, invariants of T'(2,2s + 1) for s € Z>y are constructed induc-
tively. This subclass of torus knots are divided into four sets and each set has its own seed
ADO4[T'(2,2s+ 1)] together with a pattern of coefficients that generates the invariant for higher
values of 2s + 1. We present an algorithm for obtaining explicit expressions.

The algorithm:

1. Beginning with 23%, write a polynomial with coefficients ¢; following one of the four patterns
(shown below) that T'(2,2s + 1) belong to

1 _ _ 4 _
3535+ 35 17% T 3502 T2 €537 TPt 3502 T+ 355277, ¢, € C.

2. Add a polynomial starting with 235~8 with exponent pattern and coefficients given by
ADO4[T (2,25 — 7))
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3. Remaining polynomials are determined by a mirror reflection of coefficients across the last
term in the previous step beginning from the second last term. Furthermore, adjust of
the exponents of the variable x following the pattern of Step 2 until a constant term is
reached.

4. Use the Weyl symmetry to obtain 1/x terms.

As a consequence of the normalization factor (xl/ 2 _ gV 2) in Conjecture 1, we obtain the
symmetric version of ADO invariants. Their coefficients ¢,, are divided into four types:

1) —i, =i, —i—1, —=i—1, =1, =1 for {T(2,7),T(2,15),T(2,23),...},
2) 1,1,1—1i, 1 —i, —i, —i for {T(2,9),T(2,17),T(2,25),...},

3) i, i, i+1,i41,1,1 for {T(2,11),7(2,19),...},

4) =1, =1, =141, =1 +1, i, i for {T(2,13),T(2,21),...},

where the semicolon means that the next term has a power of x lowered by three. The coefficients
of the first and the third sets differ by signs as well as the second and the fourth sets. ADOy4
polynomial of the first knot in each set is a seed for the next knot in the set. This pattern
continues for all the subsequent knots in each set. The fundamental seed invariants can be
easily computed using the torus knot formula Frp( ;) in Section 2.1

ADOLT(2,7)] = —iz® —ia® + (=1 — )27 + (=1 — )28 — 2® — 2* —i2? — 12z
+1-i2+4 (z = 1/z),

ADOLT(2,9)] = 22 + 2" + (1 — 1)z + (1 —1)2® —i2® —i2” + 2 —i2? — 122
—1-i2+4 (z — 1/z),

ADOY[T(2,11)] = iz'® +iz' + (1 4+ )23 + (1 + )22 + 2! 4+ 21 + 127 + iaF

+ A+’ + (1 +i2)zt + (1 +1)2® +iz? + (i — Dz — 1+ (2 — 1/2),

—218 1T (1 1) 4 (=1 + )2 + i+ int® — 210 — 20

+ (=142 + (=1 +i)a” +iz® + A +1)2’ + 2t + (1 +1)23 +i2?

+(i-1z—-1+i24 (z — 1/x).

ADOL[T(2,13)] =

For completeness, we display the ADOy4 polynomials of 7'(2,3) [11] and T'(2,5)

ADO4[T(2,3)] = iz® +ix® + (1 + 1)z + 1 +i2+ (z — 1/z),
ADOY[T(2,5)] = —2® — 2% + (=1 + i)zt + (~1 + )23 +i2? + 1 +i)z + 1+ (z — 1/x).

3.3 Examples

Let us demonstrate the algorithm through examples. For T'(2,15) in the first set, the first step
of the algorithm yields

Step 1 = —iz?! —iz® + (=1 — i)z + (=1 — i)2'® — 217 — 216,

Next step is to use the coefficients from the seed ADO4[T'(2,7)] but its powers of x are adjusted
appropriately
Step 2 = —iz®! — 2% + (-1 —1)2" + (-1 — i)2'® — 2'T — 210

—igB — g (=1 =)™ + (=1 =)z — 2% — 2® —ia® —i22° 4+ (1 —i2)2?.
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Since the above expression ends in (1 —i2)z*, we need to reflect the coefficients about this term
until a constant term is reached. This results in

Step 3 = —iz? —iz® + (=1 — 1)z + (=1 —i)a!® — 27 — 216 — ! —ix!? 4 (=1 — i)™
+ (=1 =)z — 2% — 2® — 128 — 225 + (1 —12)a? — 1223 —i2® — 1.
The application of the last step leads to
ADOL[T(2,15)] = —iz?! —iz?0 4 (=1 — 1)z + (=1 — i)2!® — 217 — 210 — 213 — i212
+ (=1 =)™ + (=1 —i)2!0 — 2% — 2® —i2® — 1225 + (1 — i2)2?
—i22% —ig? — 1+ (z — 1/z).
As a consistency check, Fr(915)(7, ¢ = (4) obtained from the ADO4[T'(2, 15)] using Conjecture 1
agrees with the direct computation of Frp(y 15)(z,q = (4) from Section 2.1.
For T'(2,17) in the second set, the seed invariant is ADO4[T(2,9)] and application of the first
and second steps produce
Step 1 =2 + 2% + (1 —)2® + (1 —1)2*! —i2? —iz!?,
Step 2 = 2%* + 2% + (1 —i)2® + (1 — i)2?! — 12?0 —iz!® 4 216 4 215
+ (1 =)z + (1 =) —iz!? — izt £ 28 — 128 — 1225 + (=1 —i2)z™.
After the reflection about z*-term
Step 3 =z + 2B + (1 — )22+ (1 — )2 —i2®° — 12! + 26 + 2% + (1 — i)2™*
+ (1 =)zt —izt? — izt 4 2® — 2% —i22° 4+ (-1 —i2)2* —i22% —ix? + 1.
The last step results in
ADOLT(2,17)] = 2 + 2B + (1 —)a® + (1 —1)z*! — 12?0 —iz!? 4 216 - 217
+ (1 =z + (1 1)z —iz!? — 2! 4 2% — 128 — 1205 + (—1 —i2)a?
—i20% —ix? + 1+ (z — 1/2).
Onme can verify that Fre 17)(7,q = (4) obtained from ADO4[T'(2,17)] matches with the result

(at ¢ = (4) of the direct method from Section 2.1.
In the third set, the seed for T'(2,19) is ADO4[T(2,11)]. Applying the first two steps yields

2?7 +122 + (1412 + 1+ )2 + 22 + 22 + 12 + 12 + 1+ 127 + (1 +1)2
+ B M b il (412 + 1 +12)2® + A+ 1)z +i2® 4+ (—1 +1)2d — 2L,
The last two steps produce
ADO4[T(2,19)] = iz +i2% + (1 +1)2* + (1 +1)2®* + 22 + 2?2 +iz!? 4 iz!8
+ A+ D)2+ (1 +1)2 + 2 4+ 2 iz 1210 4 (14 1)2°
+(1+i2)2®+ 1 +1)2" + iz + (—1 + )2 — 2 + (=1 +i)23 + ia?
+(1+i)z+1+i24 (z — 1/2).
Similarly, ADO4[T'(2,21)] can be obtained using ADO4[T'(2,13)]
ADOL[T(2,21)] = =230 — 2% 4 (=1 + 1)z + (=1 +1)2?7 + 12?0 4 2% — 222 — 22
+ (1412?20 + (=14 1)z + 2! 2! — M — 21 4 (=1 +1)a!?
+ (=14 D)2t +iz 4 (1 4+ 1) + 2%+ (1 +1)2” +i2® + (=1 +1)2P
+ (1422t + (1 +D)2® +ix? + 1+ D)z + 1+ (z — 1/2).

(_
(_

Formulas for ADQO, invariants become lengthy as the winding number along the longitude of
a torus increases so their expressions are recorded in Appendix A. We move onto the deformation
of the ADO polynomial.
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3.4 Deformed ADOj invariants of T'(2,2s + 1)

A link between superpolynomial defined in [4] and Fx was discovered in [5]. Specifically,
two parameter refinement Fi(z,q,a,t) was introduced, which motivated to define t-deformed
ADO polynomial. This deformation introduces one more variable to the original ADO poly-
nomial ADO(z,t); as a consequence, it is a colored version of the t-deformed Alexander poly-
nomial A(xz,t) that can distinguish chirality of torus knots. In this Subsection we present
t-deformed version of ADO3 polynomials for 7'(2,2s + 1) knots.

Reduced superpolynomial for the right-handed torus knots carrying symmetric representa-
tion S” of SU(N) is stated in [7]:

ksl

primaes o - (2) 5 38

k1=0 k2=0 ks=
(4":q 1)k1(—at/q;q)k1 [k:l]
X
(4 Ok, k2|,

S
2r4+1)(k14-+ks)— ; i—1ks 2(k1+ )

N ]! w|l (6w
(i @ '_ZHl(l ) [”L " (@ D@ Duwn

where s € Z4, r is the dimension of S” and kg = r. Note that the convention for the left-handed
torus knot in [5] is T7'(2,2s + 1) for s € Z4, which is opposite of the convention used in this
article. In [5], it was shown that Pgr can be converted into a two parameter deformation of Fi
by replacing ¢" by x and dropping the overall factor (a/q)P":

ksl

Frp,—2s+1)) (%, ¢, a,t) Z Z Z ghtthe) kg

k1=0ko=0 ks=

§ (z1q” 1),ﬂ(—cuf/q;q)k1 [kl]

S
(ki4-+ks)— > ki—1k;
i=

i
ks | -
q

f2(k1+ths)

(% Ok, k2],
Fixing a = ¢" and t = —1, Fx(x, q,a,t) becomes the original Fx (x, q) for torus knots.* Different
specialization of a, namely, a = —t~! yields a refined Alexander polynomial [5],

FK(£7Q) _t_lat) = AK<w7t)

Using Conjecture 2, a refined ADOg polynomial for 7'(2,2s + 1), s € Z is

—1
ADOS[T(2, 25 + 1); 2, 1] = (t2)2 + %(m)%—l + (f;’ ¢ ) (tz)22 — %(m)%—?)
—1
— t%(t$)28—4 + (t.%')QS_G + %(t.ﬁlf)% 7 <<3 5 > (t )25—8
_ %(tm)Qs—Q _ tlz(tl,)Qs—IO . 9] (t.1r>

where O(1/tz)-terms are determined by the ¢-deformed Weyl symmetry of the ADO,, invariant,
S S —2,—
ADOSY®)(1/z,t) = ADOSY®) (¢, %t 2, t).

The suppressed polynomial terms follow the same power and coefficient patterns of the previous
terms. The three formulas for the original ADO3[T'(2,2s + 1); x| coalesce into one formula
through the t-deformation. We next present a few examples.

“Specifically, additional manipulations are needed to arrive at Fi (x, q) for torus knots [5, Section 5.2].
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K =1T(2,5). We start from Fg(z,q,a,t) for T(2,—5),

S () i
Fro, s, ¢, a,t) = Y ch (k1) =k i +ka—kika y2(k1-+ho) T [ 1} .
k10 k3 =0 (¢ 0 1P

We next apply the mirror map to reverse the orientation of K,

r 1/, q—1/q, a—1/a, ts 1/t

Setting a = —1/t, we get a refined Alexander polynomial of K (upon multiplication by an overall
monomial),
1 1
42,2

Further fixing ¢ = —1, it reduces to the Alexander polynomial of K. Moreover, this refined
polynomial possess the t-deformed Weyl symmetry for the refined Alexander polynomial,

Ag(1/z,t) = Ak (z/t2,).

A refined ADOj3 polynomial of K is computed via Conjecture 2 as

1 »
ADO3[T'(2,5); 2, 1] = (t:c)4+<3T(tx) <C‘5 (5 >( z)2 _Q(m)_l_@ii

1 1 Gl 1
Ha=9) @y G o

t (tx) (tz)*
This formula carries the t-deformed Weyl symmetry of the ADQOj invariant. Moreover, fixing
t = —1 and rescaling = — (3, the refined polynomial becomes the original ADO3 polynomial,

Glat+ Gl + (G - 1)2? —2— 1+ (z — 1/2).
K =T(2,7). Two parameter deformation of Fi for T'(2,—7) is

00 k1 ko
FT(2,—7) (z,q,a,t) = Z Z Z x2(k1+k2+k3)—k1qk1+k2+k3—k1k2—k2k3t2(k1+k2+k3)
k1=0 ko=0 k3=0
.1 t.
" (4 )kl(*%’q)kl |:k1:| [k&]

(¢ Dk k|, k3],

A refined Alexander polynomial of K having the refined Weyl symmetry is
1 1
Apen(z,t) = 3 -t —tr— — + -
A refined ADO3 polynomial of K is

1
o+ (5 -6 )= S - e 41
¢t ¢ ¢t 1 ¢ 1 1
= -1 = .
2 wE t? T\ ) et Tty T ey
This polynomial possess the t-deformed Weyl symmetry of the ADOs invariant and after spe-
cializing t = —1 and rescaling x — (3, it becomes

ADO3[T(2,7); x,t] = (tz)® + <3 (t

25+ 2%+ (1= @)t — Ga® — Ga? + 14 (z— 1/x),

which is the original ADOj3 polynomial for K.
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K =1T(2,9). A refined Alexander polynomial of K carrying the refined Weyl symmetry is

AT(?,Q) (.’E, t) = t4x4 +

A refined ADO3 polynomial of K is

1 1 1
@—@—t2x3+t2$2+@_%_1’+1
—1
ADOSIT (2,901 = (10)® + (i) + (5 = ) (1) = L0 - '
G5 G .4\, 11 1 G 1
+ () () + (t? G 1) ST oA
11 G ...\ 1 11 1
iy T <t2 ~ G ) )8 T ) T )

This polynomial is invariant under the refined Weyl symmetry of the ADOgs invariant and
becomes the original ADOg3 polynomial after setting ¢t = —1 and rescaling z Cga:,

Gaa® + Cax” + (Cg — C:;l)az6 — Cglxg’ — Cg_la:‘1 + G2 + G + (§3 — C3_1) + (x — 1/2).

A Further examples

We record ADO, polynomials of torus knots obtained from the algorithm together with the

results in Section 3.3:

ADOL[T(2, 23)]

ADOL[T(2,25)] =

ADOL[T(2,27)] =

ADOL[T(2,29)] =

ADOL[T(2,31)] =

_ix33 _ 11'32 _ (1 + i).’L’Sl _ (1 + i)$30 _ .'B29 _ 1,28 _ ix25 _ i$24
— (14128 - (1 4+1)2®2 -2 — 22 — iz — iz — (1 +1)2??
— (1 +i)a™ -2 — 21?2 it — 2129 + (1 - 20)2® — 212" — iz® — 2?

—iz? — 2z + (1 — 21) + (z — 1/x),
23 4% (1)t (1— 1)z — %2 - B g 2 T

+ (1 -2+ (1 -i)2? —iz® —izB + 22 + 29+ (1 —1)2!8

+ (1 — 1)z —iz'® —ig?® 4 212 — 1210 — 2129 — (1 + 21)2® — 212" — 12"
+ 2t —i2? = 2ix — (14 21) + (z — 1/2),

i3 438 4 (14125 + (14 1)2% + 2% + 234 4 iz 4 2%
FA4+D2P+ 1 +D)aB 42 + 2 4 i 4?2 4 (14 1)

(1 +1)2? + 29 + 218 it + i + (1 +1)2 + (1 +12)2"

1+ i)zt 41zt + (=1 +1)a® — 28 + (=1 +1)2” + 128 + (1 +1)2°
(1+i2)z* + 1 +i)2® +ix® + (1 + i)z — 1+ (z = 1/z),

—a? — M 4 (14120 (—1 )20 i i - 23 33

+ (14123 + (=1 4+ 1)z + 123 + 122 — 2% — 2% 4 (=1 + 1)
+(—1+)eP +iz? +ig® — 2B — 2T+ (—1+ 1)z + (=1 +1)2l®
iz + (1412 + 22+ (1 + 1)z + 1210 + (=1 +1)2° + (—1 4 i2)2®
+ (=1 +1)z" +ie® + (1 +1)2® + 2t + (1 +1)2® + i + (1 + 1)z
—14i2+4+ (z = 1/x),

—iz® —izM — (14 1)2® — (1 +1)2? — 2

— (1412 - (1 +1)a3 — 23 — 232 — 2% — 2% — (1 41)2”"

40

— 740 i3 — g3
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.yl +i) 26 _ 25 g2 a2 320 (1 41)219 — (14 1)2!8 — 27
— 210 — gt 2113 4 (1 - 20)2!? — 212!t — izl — 2% —i2® — 2ia®
—l—(1—2i):17 — 223 — iz — 1+ (z — 1/2),
ADOL[T(2,33)] = 2™ + 2" + (1 — )20 + (1 — 1)2® — 1™ — 12?3 4 210 4 2%
+ (1 =)z + (1 —1)2% —iz® — 2% + 232 + 231 + (1 — 1)z
+ (1 —i)z? —i2®® —ir®" + 2 + 2B + (1 — )22 4+ (1 —1)2* — iz
—iz? 4 210 it 2218 4 (—1 —i2)2!? —i22M — 1210 4 28 — i2®
—i22° + (=1 —i2)2? —i22% —iz? + 1 + (z — 1/2),
ADOY[T(2,35)] = iz®! + 12 + (1 +1)2* + (1 +1)2*® + 247 + 2% 4 i2®3 4 1?2
+ (1 4Dz + (1 4+1)2 + 23 4+ 238 +123° + 123 + (1 4 1)23
+ (14123 + 23 + 230 4122 41?0 + (1 + )2 + (1 +1)2® + 2B
+ 2?2 it it ()2 (12020 + (1 1)2!® it
— (1 =1z -2 — (1 =)™ + iz (1 )2 + (14 20)2®
+ 1+ +iz® — (1 -2’ -2t — (1 -3 +iz? + (1 + 1)z
+(1+2i) + (x — 1/x),
—X
— (

ADOL[T(2,37)] = —2®* — 27 — (1 — 1)2"% — (1 —1)2® + iaP + iz19 — 216 — 15
1—i)zM — (1 —i)z® +iz"? + iz — 238 — (1 —i)a3®
— (1 =1)z¥ 4+ i3t 123 — 230 — 22 — (1 - 1) — (1 —1)z¥ +i2?
+iz? — 2?2 — 2 (1 —i)x 20—(1 i)z +1x 84 +1)x17+x

1
+ (1 +1)2 et — (1 -1z’ — (1 - 202" — (1 — i)z +iz!”
+ (412 + 2%+ (1 +i)z” +iab — (1—1)955 —(1-2i)zt — (1 —1i)a®
+iz? + (1 +i)z+ 1+ (z — 1/z),
ADOL[T(2,39)] = —iz®7 —iz®® — (1 + 1)z — (1 +1)2% — 253 — x52 — iz — i:c48
— (1 + i)zt — (1 41)210 — 2% — 2 — it — — (1 +i)a
— (1 41)2® — 237 — 23 — i — 1232 — (14 i):/v — (1 41)230 — 2
— 2 i i - (14122 - 1 +1)2® — 2 — 2% —i2!® - 21217
+ (1 = 2i)2'® — 21z —iz! — 212 — 120 — 2ig% 4 (1 — 2i)2® — 2ia”

— g% — 2 —i2? — 21z + (1 - 20) + (z — 1/xz).

B Comparison with the R-matrix approach

We perform an independent computation of the ADO polynomial using its R-matrix formula-
tion [1, 3] to strengthen the Conjecture 1. We summarize the ingredients for the computation [3].
A (1,1)-tangle diagram of T(2,2s + 1) consists of three kinds of building blocks: oriented caps,
cups, and crossings, respectively,

a b a b
Yy Y a a a a y\/y Q\/g‘/
N 77\ NS 4 N v
a a a a y y d c d c
all =1, alyl=""Vy' T myl =1 milyl =gy



12 J. Chae

(c—a) (a+b+1)+20dzy7dfc

st[y] = Sa—c.d—tba>cba>b(—y)* °q

(q2(a—1)/y2; q_Q)afc(QQ(bH)? q2)a70
(%4972, )

( R—l)zﬁ[y] S tBaseBasy(—y) Cqle N aTbE)2ab bia

(qQ(a—l)/yZ; q_Q)a—c(QQ(b—H); q2)a .

(¢%4%), . ’
1, a=b, 1, a>0b,
5a,b = . 9(121) = .
0, otherwise, 0, otherwise,
where a, b, ¢, d are subset of variables aq,...,a, in the tangle diagram and (w;q); is the

g-Pochhammer symbol (see Section 3.4). The above formulas are in the same order as the
diagrams. From these ingredients, a function that gives rise to the ADO polynomial can be
defined as

GH(a.y. 2 an,. o am) = dylba0dano [ B ] B [Le]]e [In ]

crossings  crossings caps caps cups cups
1 1 1
d[y] — S (_y)r—lqir(r—l-l)—li‘
g qu — q—Jy—l (q4y2; qQ)T_l
Atg=Co,y=0C5, 2= Cé"f, an (unnormalized) ADO polynomial N («) is

Nic(@) = G5 (Gors (s G 7301, )
The quantity computed in [3] is a normalized version
Ni(e) i=i"""(y" —y ") Ng(a —1).
The change of normalization between N}’( () and our ADO,, for zero framed knots is

Ny (o) , .
ADO,(z) = — =~ num[Ng (o — 1;y)] , ceC,
y—y y—al/2 z—cx y—al/2 z—cx
where = denotes equivalence up to an overall monomial and an overall constant. The r.h.s.
is due to the structure of G}(r) such that Nj(a — 1) always contains (y —y~')/(y" —y™")
for any knot (for details see [3, Section 2.4]). We denote the numerator of Nj(a — 1;y) as
num [N (a — 1;9)].

A (1,1)-tangle diagram of T'(2,2s + 1), which consists of (2s + 1)-crossings is

/\y

N\

a

am
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The vertical dots represent the same type of crossings. Applying the formula to the diagram,
we have schematically

2s+1
GE((L Y,z,ria1, .. .,(Zm) - d a1,05am, (H R) 7]6

where m = m(s). The ADO polynomials for 7'(2,3) are listed in [3, Appendix B|. Using the
above relation (¢ = 1), we find an agreement that

V3 20,5 _ . —5 1 N3-(a;y) N
NT(2,3)(a§y) =9 (y -y ) + q(y -y ) = 7 >~ ADO3[T(2,3)](z),
y—y y—xl/?
V - - iy Ni(asy
Mo (aiy) = 27—y + (5% —y™®) + 2y —y!) = K0
y—vy y—zl/2

~ ADO,[T'(2,3)](x).

We next check T'(2,5) case. The computation of G}, yields

num [N%(Qé)(a — 1)] = —\3/—71y8 — \g/jlyﬁ — %\3/—71(3 — i\/g)y4 — %\3’/—71(1 — i\/g)y2

—1\3/—71(1—1\/3)+ <y—>1>

: ; >~ ADO[T(2,5)](x).

y—al/2

We now list several more verifications of the ADOg formula in Section 3.1:
) ) 1. 1.
num [Ny 7 (@ = 1)] = —=V=1y"* = V/=1y"* — SV-1(3- iv3)y® — SV-1(1- iv3)y°
1 1
-3 V—1(1—iv3)y* — V/—1+ (y — y)

= ADO;[T'(2,7)](x),

y—axl/2?

num [N%(Qg)(a—l ] 5\/71(\/§+1)y16 %W( ) 1 _ 57312
~VIVE )y - JUIVE )yt - VT (VA )y
; V=1(V3+i)y* = V-1V3 + (y—>11/) s

=~ ADO3[T(2,9)](x),
o [NV 11y o = 1)] = —(=1)23520 — (<1273 = J(-1)/3(3 — VB)y'®
(D= iV3)yt - S (1P (1-iv3)y"
1238 — (=1)230 — ~(=1)*3(3 - iV3)y*
(—1)?2(1 - 1v3)y® - %(—1)2/3(1 —iv3) + <y — ;)
=~ ADOs[T'(2,11)](z),
num [N g0 (@ — 1)] = %( —1-iV3)y* + 1(—1 —iV3)y*? + 1(—3 —iv3)y*

(1= By 4 o (<1 - VA 4 (-3 - VB

N =N =

1
2
— (=
1

\V)

y—axl/2
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—yﬁ—y4+;(—1—i\/§)+<y—>1>

Y

y—al/2

>~ ADO3[T'(2,13)](x),
num [N7 15 (0 = 1)] = %(1 —iv3)y* + %(1 —iv3)y® —iv3y* + %(—1 —iv3)y*
(-1 -1iv3)y® + %(1 —iv3)y'o + é(l —ivV3)yM — iv3y"
(—1—iv3)y'' + %(—1 —iV3)y® + %(1 —iv3)y*
(1-iv3)y* —iv3 + (y — 1)

y
1 1

V3 +1)y? + Si(V3 +1)yY +iVBY® + (14 1V3)y*

(1+iv3)y* + %i(\/ﬁ +i)y® + %i(\@ +1i)y'® +iv3y'

(1+iv3)y' + %(1 +iV3)y'? + %i(\/§+ i)y®

1 i 1
+ 5i(x/§+ i)y% +iv3y* + 1;/5 +50+ iv3)y®

+
[ — N RN =

_|_

n = ADO3[T'(2,15)](x),

y—al/2

+ o=
—e
— [N}

i [NY?)“(2,17) (o —1)]

N =N

_l’_

Fi14ivE) + <y 5 ;) =~ ADO,[T(2, 17)](x).

y—al/2

We next verify ADOy4 polynomials:

num [NTA:(Z?) (a—1)] = —V-1y"? = V-1y"" - %\?/jl(3 - i\/§)y8 - %\3/—71(1 - i\/g)y6
— %ﬁ(l —iV3)yt = V-1+ (y — ;)

= ADO4[T(2,7)](x),
num [Né,{@,g) (a—1)] = =1y - V12 - (1 - ) V-1 — (1 - i) vV—1y"®

+ (_1)3/4y16 (_1)3/4y14 _ \4/_713/8 + (_1)3/4y4 + 2(_1)3/4y2
+(1+20)vV-1+ <y — ;)

num [N’;l"(zll)(a _ 1)] — iy30 + iy28 + (1 + i)y26 + (1 + i)y24 + y22 + y20 + iy14 + iy12
(1) (120 + (i) Fayt — (1 —1)y? — 1

1
“(-1)
Y7 ly—azt/2

num [Ny gy (@ = 1)] = (=1 4+1)y*° — (1 = )y** + 2iy® + 2iy™ + (1 +1)y* + (1 + 1)y
= (1= 0y? = (= 1)y" + 2" + 20"+ (1 D)y + 25

y—axl/2?

>~ ADO4[T(2,9)](x),

y—axl/2

>~ ADOL[T(2,11)](x),

1
+(1—i)y8+2y6+(1+i)y4+2iy2+(1+3i)—|—(y—>y)

y—axl/2

=~ ADO4[T(2,13)](x).
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