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1 Introduction

In this article we show that if an mn-dimensional closed Riemannian manifold with positive
Ricci curvature admits an almost parallel p-form (2 < p < n/2) in L%-sense and if the first
n+ 1 eigenvalues of the Laplacian acting on functions are close to their optimal values, then the
Riemannian manifold is close to the product of the standard spheres S™ P x SP with appropriate
radii (Main Theorem below). Before giving the precise statement, we provide some backgrounds.

The Lichnerowicz—Obata theorem is one of the classical theorem about the first eigenvalue
of the Laplacian. Lichnerowicz showed the optimal comparison result for the first eigenvalue
when the Riemannian manifold has positive Ricci curvature, and Obata showed that the equality
of the Lichnerowicz estimate implies that the Riemannian manifold is isometric to the standard
sphere. In the following, A\x(g) denotes the k-th positive eigenvalue of the minus Laplacian
—A := —try Hess acting on functions.

Theorem 1.1 (Lichnerowicz-Obata theorem). Take an integer n > 2. Let (M,g) be an n-
dimensional closed Riemannian manifold. If Ric > (n — 1)g, then A\i(g) > n. The equality
A1(g) = n holds if and only if (M, g) is isometric to the standard sphere of radius 1.

Petersen [26], Aubry [8] and Honda [21] showed the stability result of the Lichnerowicz—
Obata theorem. In the following, dg denotes the Gromov-Hausdorff distance and S™ denotes
the n-dimensional standard sphere of radius 1 (see Definition 2.13 for the definition of the
Gromov—Hausdorff distance).

Theorem 1.2 ([8, 21, 26]). For given an integer n > 2 and a positive real number ¢ > 0,
there exists 6(n,e) > 0 such that if (M, g) is an n-dimensional closed Riemannian manifold with
Ric > (n —1)g and M\(g9) < n+ 6, then dgu (M, S™(1)) <e.

Note that Petersen considered the pinching condition on A,+i1(g), and Aubry and Honda
improved it independently.

This paper is a contribution to the Special Issue on Scalar and Ricci Curvature in honor of Misha Gromov
on his 75th Birthday. The full collection is available at https://www.emis.de/journals/SIGMA /Gromov.html
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When the Riemannian manifold admits a non-trivial parallel differential form, we have the
stronger estimate.

Theorem 1.3 ([1, 18]). Let (M, g) be an n-dimensional closed Riemannian manifold. Assume
that Ric > (n — p — 1)g and that there exists a nontrivial parallel p-form on M (2 < p <n/2).
Then, we have Ai(g) > n — p. Moreover, if p < n/2 and A\y—py1(g) =n — p hold, then (M, g) is
isometric to a product S"P(1) x (X, ¢'), where (X, g') is some p-dimensional closed Riemannian
manifold.

To simplify the numbers appearing in the theorem, we consider the assumption Ric >
(n —p—1)g instead of Ric > (n — 1)g. By scaling, the estimate in Theorem 1.1 becomes
A1(g) > n(n—p—1)/(n—1) when Ric > (n—p—1)g. Note that we have n—p > n(n—p—1)/(n—1).

To state the almost version of Theorem 1.3, we introduce the first eigenvalue of the connection
Laplacian acting on p-forms A\ (A¢) for a closed Riemannian manifold (M, g):

IVl A .
M(Acgy) =inf § ——==:w € F(/\T*M) with w #0 .

w2

Note that there exists a non zero p-form w with ||[Vw||2, < §||w||2, for some § > 0 if and only
if A(Acp) < 0 holds. For arbitrary integers n, p with 2 < p < n/2 and a real number € > 0,
considering a small perturbation of S"7P(1) x SP(r,,), we can find an n-dimensional closed
Riemannian manifold with Ric > (n — p — 1)g such that 0 < A(A¢yp) < € holds. Here we
defined 7y, := \/(p — 1)/(n — p — 1). In other words, we do not have the gap theorem for the
first eigenvalue of the connection Laplacian A\i(Ac¢,) if we only assume a lower Ricci curvature
bound.

Let us state the almost version of the eigenvalue estimate.

Theorem 1.4 ([1]). For given integers n > 4 and 2 < p < n/2, there exists a constant
C(n,p) > 0 such that if (M,g) is an n-dimensional closed Riemannian manifold with Ric, >
(n—p—1)g, then we have

Ai(g) >n—p—Cln,p)Ai(Ac,) 2

This theorem recovers the estimate in Theorem 1.3 when A\;(A¢,) = 0.
We next state the approximation result to the product space.

Theorem 1.5 ([1]). For given integers n > 5 and 2 < p < n/2 and a positive real number
€ > 0, there exists 6 = §(n,p,€) > 0 such that if (M, g) is an n-dimensional closed Riemannian
manifold with Ricy > (n —p —1)g,

An—pt1(g9) Sn—p+4
and

Al(AC,p) < 57
then M is orientable and

dGH(M, S"TP(1) x X) <,

where X is some compact metric space.
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In this article we study the structure of the metric space X in this theorem and show
that X with some appropriate Borel measure satisfies the RCD*(n — p — 1,p) condition (see
Proposition 3.2), which means a synthetic notion of “Ric > n —p — 1 and dim < p with
Riemannian structure” (see Definition 2.6). As a consequence, we can show the estimate
An—pt2(9) > p(n —p—1)/(p — 1) — € under the assumption of Theorem 1.5 (see Theorem 4.1)
and the following theorem.

Main Theorem. For given integers n > 5 and 2 < p < n/2 and a positive real number € > 0,
there exists 6 = d(n,p,€) > 0 such that if (M, g) is an n-dimensional closed Riemannian manifold
with Ricg > (n —p —1)g,

p(n—p—1)

b1 +0

An—pt1(g) <n—p+4, Ant1(g) <
and

>\1 (AC,p) S 57
then

and M is diffeomorphic to S™7P x SP.

We have the last assertion by the topological stability theorem due to Cheeger—Colding [12
Theorem A.1.12]. We show the main theorem including the case when A\ (Ac,—p) < 6 (see
Theorem 4.2).

2 Preliminaries

2.1 Basic notation

We first recall some basic definitions and fix our convention.
Let (M, g) be a closed Riemannian manifold. For any p > 1, we use the normalized LP-norm:

1
Hf“ﬁp = VIJW/ |fIP dug,

and || f||p~ := ess Sup |f(x)| for a measurable function f on M. We also use these notation

for tensors. We have | fllee < || fllze for any p < ¢ < cc.

Let V denote the Levi-Civita connection. Throughout this paper, 0 = Ao(g9) < Ai(g) <
A2(g) < --+ — oo denotes the eigenvalues of the minus Laplacian —A = — tr Hess acting on func-
tions counted with multiplicities. For p=0,1,...,n, let

[Vw Ar) wi
M(Acy) = f{” T er(/\T >w1thw;é0}.

For metric space (X,d) and k € R, let #* denote the k-dimensional Hausdorff measure.
If 0 < H*(X) < o0, let H* denote the normalized k-dimensional Hausdorff measure:

1
Hk:
- HAX)
In this article, for metric spaces (X;, d;) (i = 1,2), let di x d2 denote the distance on X7 x Xo
satisfying
(dy x dg)? (w1, 22), (y1,42)) = di (w1, 1) + d3 (w2, 2)

for (xl,xg), (yl,yz) € X1 x Xo.

HE.
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2.2 Metric measure spaces

In this article we only consider a compact metric measure space with full support and unit total
mass for simplicity of the description because it is enough for our purpose.

Definition 2.1. In this article we say that (X, d, m) is a compact metric measure space if (X, d)
is a compact metric space and m is a Borel measure with suppm = X and m(X) = 1.

We introduce some functional analytic tools on a metric measure space. Our main references
are [2, 15, 16].

Definition 2.2. Let (X,d, m) be a compact metric measure space.

e Local Lipschitz constant. Let LIP(X) denote the set of the Lipschitz functions on X.
For each f € LIP(X) and = € X, we define a local Lipschitz constant Lip(f)(x) by

Lip(/)(x) = limsup W

if z € X is not an isolated point, and Lip(f)(z) = 0 otherwise.
e Cheeger energy. For each f € L?(X), we define the Cheeger energy Ch(f) € [0, 00] by

1—00

Ch(f) := ;inf{liminf/ (Lip(fi))?dm: f; € LIP(X) and lim ||f — fil[2 = 0} .
X 1—00
Define
Wh2(X) =Wl (X, d,m) := {f € L*(X): Ch(f) < o0}.

We have that W?(X) is a Banach space with the norm || f|ly12 = (|| f[|3. + 2 Ch(f))"/2.

o Minimal relazed gradient. We say that |Df| € L?*(X) is the minimal relaxed gradient
of f € W12(X) if there exists a sequence {f;}$2, of Lipschitz function such that lim ||f —
71— 00

fillLz =0, lim [[|Df] = Lip(fi)||z2 = 0 and
i—00

Ch(f) = /X DfJ? dm.

For any f € W2(X), the minimal relaxed gradient |Df| € L?(X) exists and unique. See
[2, Definition 4.2 and Lemma 4.3].

e Sobolev-to-Lipschitz property. We say that (X, d, m) satisfies the Sobolev-to-Lipschitz pro-
perty if any f € W12(X) with |[Df| < 1 m-a.e. in X is a 1-Lipschitz function on X (more
precisely, f has a 1-Lipschitz representative).

o Infinitesimally Hilbertian. We say that (X,d,m) is infinitesimally Hilbertian if Ch is
a quadratic form. This condition holds if and only if (W'?(X),|| - [ly1.2) is a Hilbert
space. In this case, we define £: W12(X) x WH2(X) — R by

£(f,9) = 3 (Ch(f +g) ~ Ch(f — g)).

e Laplacian. If (X, d, m) is infinitesimally Hilbertian, then we define

~ 2
D(A) = {f € WL2(X): there exists Af € L*(X) such that we have } .

. 5(fa g) = - fX gAfdm for any g € W172(X)

For each f € D(A), Af € L*(X) is uniquely determined.
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e The function (Dfi1,Dfs). If (X,d,m) is infinitesimally Hilbertian, then we define
(Df1,Dfy) € LYX) for f1, f» € WH(X) by

(Df1, Dfs) = lim 5 (ID(s + efo)? — [DAP) € L(X).

This notion is well-defined by the convexity of the minimal relaxed gradient (see [3, Defini-
tion 4.12]). We have that (D f1, Df1) = |D fi|? m-a.e. in X, that [(Df1, Df2)| < |Df1||D fa
m-a.e. in X, that (-,-) is a symmetric bilinear form, and that

g(flaf2):/X<Df1,Df2>dm

by [3, Propositions 4.13 and 4.14, Theorem 4.18].

e Heat flow. Let (X,d,m) be infinitesimally Hilbertian. Let {P,f};~0 denote the gradient
flow of the Cheeger energy Ch starting from f € L?(X) (see [16, Definition 5.2.5]). The flow
{P,f}i>0 is called the heat flow and characterized as the unique C* map (0, 0) — L?(X)
(it turns out to be C'* [16, Proposition 5.2.12]) satisfying the following conditions (see
[16, Theorem 5.1.12]):

— We have P,f — f strongly in L?(X) as t — 0.
— For each ¢t > 0, we have that P,f € D(A) and that

d
—PBf=AP
P = AR

in L?(X).
Moreover, we have the following properties (see [16, Section 5.2.2]):

— For each t > 0 and f € L?*(X), we have

Ch(P,f) < inf %@HW
T geWn2(X) 21 ’

AR < inf (g + 1L =9,
T geD(A) 12

See also [16, Theorem 5.1.12].
— For each t > 0, P;: L?(X) — L*(X) is a linear map satisfying

/mgﬂfdm:=/mfﬂgdm
X X

for any f,g € L*(X).
— For each s,t > 0, we have Psy; = P 0 P,.
— For each f € D(A) and s > 0, we have that

o PSS
1m
t—0+ t

= Af

in L?(X) and that AP, f = P,Af.

— For each t >0, c€ R and f € L?(X) with f < ¢ m-a.e. in X, we have P,f < ¢ m-a.e.
in X.
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— For each t > 0, p € [1,00) and f € L*(X) N LP(X), we have ||P.f|lr < |If]lLe-
In particular, we can extend the map P,: L?(X) N LP(X) — L?(X) N LP(X) to P;:
LP(X) — LP(X).

We can also show the following properties by the above properties:

— For each f € W12(X), we have Ch(P.f — f) — 0 as t — 0. Indeed, the properties
Ch(P.f) < Ch(f) and P.f — f in L? as t — 0 imply that P,f converges to f weakly
in W2, and so limsup Ch(P;f) < Ch(f) implies that P;f converges to f strongly

t—0

in Wh2 ast — 0.

— For each p € [1,00) and f € LP(X), we have ||P.f — f|lz» — 0 as ¢ — 0. This
can be verified by applying the above properties to the truncated function f; =
max{min{ f, ¢}, —c} for a sufficiently large constant ¢ >0 and its remaining part f— fi.

o Test functions. Let (X, d, m) be infinitesimally Hilbertian. We define

TestF(X) := {f € D(A)NL®(X): |Vf| € L™(X) and Af € WH*(X)}.

e Pre-cotangent module. We define

o 4. 1A}, is a pairwise disjoint family of Borel subsets of X
POM == {{(f“Az)}' with (J; i = X, fi € WH(X) with 32, [, [Dfil*dm < oo

We say that {(f;, 4;)} € PCM is equivalent to {(g;, B;)} € PCM (denote it by {(fi, 4i)} ~
{(gi Bi)}) if

|D(fi — g;)] = 0 m-a.e. in A; N B; for each i,j € Zxo.
We define

-] PCM /~ = LX), [{(fi, A} = D xa|Dfil,
=1

1/2

Il POM /= [0:06), U AN = (e A= (3 [ DA am)

where x4, denotes the characteristic function. Then, (PCM /~,| - ||z2) is naturally
equipped with the structure of the normed vector space. Moreover, we define

(X avva,) M BN = Hlaifso i By
i=1
for each Y 2, a;xa, € S{(X) and [{(fi, Bi)}] € PCM /~, where Sf(X) is defined by

oo
. ' {A;}32, is a pairwise disjoint family of Borel subsets of X
SI(X) = {Zl GiXAi* ith U; 4i = X, a; € R with sup; |a;| < oo '
1=

Then, we have ||f - w||r2 < || f|lze]||w]/f2 for each f € Sf(X) and w € PCM /~.

e Cotangent module. We define the cotangent module L?(T*X) as a completion of the
normed vector space (PCM /~, || - |/z2). We can extend the action Sf(X) x PCM /~ —
PCM /~to L%®(X)x L*(T*X) — L*(T*X),and |-|: PCM /~ — L*(X) to||: L3 (T*X) —
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L?(X). Then, L?(T*X) is equipped with the structure of an L?-normed L*°(X) module,
i.e., we have that

(fg) - w=1f-(g-w), 1l w=w, lw| >0 m-ae. in X,

lwllzz = [[lwl]| 20 1wl = £llw]
for each f,g € L*(X) and w € L?(T*X). Note that we use WH2(X) instead of the
Sobolev class S?(X) (see [15, Definition 2.1.4]) in the definition of PCM. However, we can
approximate elements of S?(X) by elements of W2(X) (see [15, Proposition 2.2.5]), and
so our definition of L?(T*X) coincides with [15, Definition 2.2.1]. In general, L?(T*X)

does not need to be a Hilbert space, and L?(T*X) is a Hilbert space if and only if (X, d, m)
is infinitesimally Hilbertian [15, Proposition 2.3.17].

e Pointwise scalar product. If (X, d, m) is infinitesimally Hilbertian, we can define a pointwise
scalar product

(s, ADY] (g0, BOY) = D xains; (D fi, Dgj)
ij=1
for each [{(f;, A:)}], [{(g:, Bi)}] € PCM /~ and extend it to (-,-): L?(T*X) x L*(T*X) —
LY(X). Then, (-,-) is symmetric and L?*(T*X) is a Hilbert space with the inner product
defined by

(w,m) = /X<w,77> dm

for each w,n € L?(T*X). Clearly, for each w,n € L*(T*X), we have (w,w) = |w|? and
{w,n)| < |w||n| m-a.e. in X.

e Differential. We define the differential d: W12(X) — L?(T*X) by df = [(f, X)] for each
f € WH2(X). Clearly, we have that |Df| = |df| € L?(X) for each f € W12(X). Moreover,
if (X,d, m) is infinitesimally Hilbertian, then we have (Df, Dg) = (df,dg) € L'(X) for
each f,g € WH2(X).

e Tangent module. We define the tangent module L?(TX) by

LHTX) =1V V: L?(T*X) — L'(X) is a bounded linear operator such that
= "V(f-w) = fV(w) holds for all f € L*>®(X) and w € L?(T*X)

If (X, d, m) is infinitesimally Hilbertian, then the map
LA(T*X) — LA(TX), wr (w,-)

is bijective (see [15, Theorem 1.2.24]). Under this identification, L?(TX) is equipped
with the structure of an L2-normed L°°(M) module and a pointwise scalar product
(,): LA(TX) x L*(TX) — LY(X). Note that even if (X,d,m) is not infinitesimally
Hilbertian, the tangent module L?(7TX) is naturally equipped with the structure of an L2-
normed L (M) module (see [15, Definition 1.2.6 and Proposition 1.2.14]).

e Gradient. If (X, d, m) is infinitesimally Hilbertian, we define a map V: W12(X) — L*(TX)
by Vf = (df,-) for each f € W!2(X). Clearly, we have that |V f| = [Df| = |df| € L*(X)
and (Vf,Vg) = (Df, Dg) € L}(X) for each f,g € WH?(X).

e Divergence. If (X, d, m) is infinitesimally Hilbertian, then we define

. . 2
D(div) := {V € LX(TX): there exists divV € L*(X) such that we have } .

' fx<Va Vg)dm = — fXg div V dm for any g € WhH2(X)
For each V € D(div), divV € L?(X) is uniquely determined.
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e Symmetric part of the covariant derivative [7, Definition 5.4]. Let (X, d, m) be infinitesi-
mally Hilbertian. For a vector field V' € D(div) we write D™V € L?(X) if there exists
¢ > 0 such that we have

[ V020 + VAT - (91,Vg) div ¥ dm| < V12Vl 1)
for any f,g € D(A) with |V f]|,|Vg| € L*(X) and Af, Ag € L*(X).

2.3 The RCD* condition and some properties
In this subsection we recall the definition of the RCD* (K, N) space and its properties.

Definition 2.3. We say that an infinitesimally Hilbertian metric measure space (X, d, m) satis-
fies the Bakry-Emery condition BE(K, N) with K € R and N € [1, 00) if for all uw € D(A) with
Au € WH2(X) and all ¢ € D(A) N L*°(X) with ¢ > 0 and A¢ € L>(X), we have

1/ A¢|Vul? dm 2/ qﬁ((VAu, Vu) + K|Vul? + 1(Au)2) dm.

Definition 2.4. We say that an infinitesimally Hilbertian metric measure space (X, d, m) satis-
fies the Bakry-Ledoux condition BL(K, N) with K € R and N € [1,00) if for all u € W12(X)
and t > 0 we have
2tC(t)
N
m-a.e. in X, where C(¢) > 0 is a function satisfying C'(t) =1+ O(t) as t — 0.

VP f2+ AP f|* < e 2 5IB(IVf]?)

Theorem 2.5 ([14, Theorem 4.8 and Proposition 4.9]). An infinitesimally Hilbertian metric
measure space (X,d, m) satisfies the BE(K, N) condition if and only if it satisfies the BL(K, N)
condition.

Let us recall an equivalent version of the definition of the RCD*(K, N) condition (see [14,
Theorem 7 and Definition 3.16] for the equivalence). If the total mass is finite, the RCD* (K, N)
condition is equivalent to the RCD(K, N) condition by [10, Corollary 13.7].

Definition 2.6. We say that a compact infinitesimally Hilbertian metric measure space (X, d, m)
satisfies the RCD*(K, N) condition with K € R and N € [1,00) if (X,d, m) satisfies the
BE(K, N) condition and the Sobolev-to-Lipschitz property.

For more general metric measure space, we add the volume growth assumption to Defini-
tion 2.6. However, it is automatically satisfied in our situation because we assume that m(X) = 1.
Note that Definition 2.6 implies that (X, d) is a geodesic space by [4, Theorems 3.9 and 3.10]
and [9, Theorem 2.5.23]. The original definition also implies this property (see [14, Remark 3.8]
and [31, Remark 4.6]).

The definition of the RCD* (K, N) condition is consistent to the smooth case.

Proposition 2.7 ([14, Proposition 4.21]). For any n-dimensional closed Riemannian mani-
fold (M, g) and real numbers K € R and N € [1,00), we have that (M,dy, H") satisfies the
RCD*(K, N) condition if and only if Ric > Kg and n < N hold.

Let us compare the local Lipschitz constant and the minimal relaxed gradient for Lipschitz
functions. If the RCD*(K, N) condition holds, then we have the doubling condition [32, Corol-
lary 2.4] and the weak Poincaré inequality [28, Theorem 1.1]. Moreover, our minimal relaxed
gradient coincides with Cheeger’s minimal generalized upper gradient [11, Definition 2.9] by |2,
Theorem 6.2]. Thus, we have the following theorem by [11, Theorem 6.1]:
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Theorem 2.8. Let (X,d,m) be a compact metric measure space satisfying the RCD*(K, N)
condition. Then, for any f € LIP(X), we have Lip f = |V f| m-a.e. in X.

Under the RCD*(K, N) condition, we have that
TestF(X) = {f € D(A)NLIP(X): Af € WH(X)}.

Let us make a remark on the heat kernel. Let (X, d, m) be a compact metric measure space
satisfying the RCD*(K, N) condition. Then, £ is a strongly local Dirichlet form on (X, m) by
[2, Proposition 4.8] and [3, Proposition 4.11], and we have

d(z,y) =sup{|f(z) — f(y)|: f € LIP(X) with |Vf] <1 m-a.e. in X}

by [4, Theorem 3.9]. Since we have the doubling condition by [32, Corollary 2.4] and the strong
local (2,2) Poincaré inequality [30, Property (Ic)] by [28, Theorem 1.1] and [19, Theorem 1],
we can apply [29, Proposition 2.3] and [30, Proposition 3.1] (see also [30, Theorem 3.5]), and so
there exists a locally Holder continuous function p: (0,00) x X x X — R such that

Puf(x) = /X p(t, 2, 9) f(y) dm(y)

holds for any f € L'(X). By [23, Theorem 1.2], for any e > 0, there exist constants C; =
Ci(e, K, N) > 1 such that

Cl_l ex _d2($7y) - z Cl ex _d2(l‘,y)
m(B,;(2)) p( o C2t> splbmy) < g @) p( 4+ ot

holds for each z,y € X and t > 0. Here, we defined B,(z) :== {z € X:d(z,z) <r} forz € X
and r > 0. By this and the Bishop—Gromov inequality [32, Theorem 2.3], we have the following;:

o For any f € L'(X), we have

[P fllpee < C@II L1 (2.2)
o For any f € C(X), the function

0,00) x X =R,  (t,z) — (Pf)(x)

+ Cgt>

is continuous. Here, we defined Py f := f.

For any f € Wh2(X) and t > 0, we have P,f € LIP(X) by (2.2) for |[Vf|? € LY(X), the
BL(K, N) condition and the Sobolev-to-Lipschitz property, and so P, f € TestF(X) by AP, f =
Py jpAP o f € Wh2(X). In particular, TestF(X) C W'2(X) is dense. As a corollary, we have
Pif = PjoPyaof € TestF(X) for any f € L?(X) and t > 0. Note that since we assumed that
(X,d, m) is compact and m(X) = 1, we can skip the truncation procedure.

We next recall some basic facts about the spectrum of —A on a compact metric measure space
(X, d, m) satisfying the RCD*(K, N) condition. By [28, Theorem 1.1], [19, Theorem 1] and |20,
Theorem 8.1], the inclusion W12(X) — L?(X) is a compact operator. Thus, the spectrum
of —A is discrete and positive:

O=X<M< <L -2

as the smooth case. See also the proof of [14, Theorem 4.22]. Let {¢;}3°, be the corresponding
eigenfunctions. Then,

[ k
@R¢1: {Zangl k6220 and alGR(z:O,,k)}
1=0

=0
is dense in L?(X).
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Finally, let us recall the notion of the regular Lagrangian flow, which is a flow for a vector
field in a non-smooth setting. Although time dependent vector fields are considered in [6], we
only deal with time independent vector fields because it is enough for our purpose.

Definition 2.9 ([6]). Let (X,d,m) be a compact measure space satisfying the RCD*(K, N)
condition and take T > 0. We say that F1V: [0,7] x X — X is a regular Lagrangian flow for
a vector field V € L?(TX) if the following properties hold:

(i) There exists a constant C' > 0 such that
(Fl;/ ),m < Cm

holds for any s € [0,T].
(ii) For each z € X, the curve

0,T] = X, s+ F1Y(2)

is continuous and F1} = Idx. Moreover, the map X — C([0,T]; X), = +— F1V (-, z) is Borel
measurable. Here, C([0,7]; X) is equipped with the topology induced by the uniformly
convergence.

(ili) For any Lipschitz function f on X, we have that f(F1V(-,z)) € W11(0,T) for m-a.e.
r € X and

%f((FlV(t, z)) = df(V)((F1V(t, z))

for £! x m-a.e. (t,z) € (0,T) x X.

Note that the Borel measurability in (ii) can be verified under the assumption of the fol-
lowing existence theorem because we construct the flow using the disintegration theorem in [6,
Theorem 8.4] and [7, Theorem 7.8].

We use the following form of the result of [6]. See also [7].

Theorem 2.10 (Ambrosio—Trevisan [6]). Let (X,d, m) be a metric measure space satisfying the
RCD*(K, N) condition and take T > 0. For any vector field V € D(div) with DYV € L*(X)
and (divV)~ € L*®°(X) ((divV)~ denotes the negative part of the divergence divV'), a regular

~
Lagrangian flow F1V : [0,T] x X — X ezists and unique, in the sense that if F1  is another flow,
~V
then for m-a.e. x € X we have that F1V(s,z) = Fl (s,z) for every s € [0,T]. Moreover, we
have that
(Fl;/ )*m < exp(T||(div V)7 || g )m (2.3)
for all s € [0,T].

Remark 2.11. Let us give some comments about which assertions in [6] correspond to Theo-
rem 2.10. We set A := LIP(X). The concept of the regular Lagrangian flow is closely related
to the continuity equation

d .
T + div(u V') = 0.

For w € L*°(X) with w > 0, there exists a weakly continuous weak solution (in the duality
with A) u € L*([0,T]; L>°(X)) of the continuity equation with initial condition @ in the sense
of [6, Definition 4.2] satisfying

[utl[ oo < [al| oo exp(T'[|(div V)7 [| oo
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and u; > 0 for each ¢ € [0,T] by [6, Theorems 4.3 and 4.6] (see also [7, Theorem 6.1]). Note
that [6, Theorem 4.6] deals with approximated solutions. However, since we get the solution of
the continuity equation as a weak™® limit of them, we have the same estimate. Moreover, since
we have the L* — T inequality [6, Definition 5.1 and Corollary 6.3], the solution is unique by
[6, Theorem 5.4] (see also [7, Theorem 6.4]) putting p = s = r = 4 and ¢ = 2. Thus, by [6,
Theorem 9.2, we can apply [7, Theorem 7.7] (see also [6, Theorem 8.3]), and so there exists
a unique regular Lagrangian flow for V. Moreover, its proof shows the estimate (2.3).

2.4 Gromov—Hausdorff convergence and functions

In this subsection we recall some properties about the Gromov—Hausdorff convergence.

Definition 2.12 (Hausdorff distance). Let (X,d) be a metric space. For each point zy € X,
subsets A, B C X and r > 0, define

d(zo, A) := inf{d(zg,a): a € A},
B, (A) :={r e X:d(z,A) <r},
dn (A, B) :=inf{e > 0: A C B(B) and B C B.(A)}.

We call dp 4 the Hausdorff distance.

The Hausdorff distance defines a metric on the collection of compact subsets of X.

Definition 2.13 (Gromov-Hausdorff distance). Let (X,dx), (Y,dy) be metric spaces. Define

dgu(X,Y) :=inf {dH,d(X, Y): d is a metric on X [[Y such that} .

"d|lx =dx and d|y = dy

The Gromov—Hausdorff distance defines a metric on the set of isometry classes of compact
metric spaces (see [27, Proposition 11.1.3)).

Definition 2.14 (e-Hausdorff approximation map). Let (X,dx), (Y,dy) be metric spaces.
We say that a map ¢: X — Y is an e-Hausdorff approximation map for € > 0 if the following
two conditions hold.

(i) For all a,b € X, we have |dx(a,b) — dy (¢ (a), ¥ (b))] < €,
(ii) ¥(X) is e-dense in Y, i.e., for all y € Y, there exists z € X with dy (¢¥(x),y) < e.

If there exists an e-Hausdorff approximation map from X to Y, then we can show that
deu(X,Y) < 3¢/2. Conversely, if dg(X,Y) < €, then there exists a 2e-Hausdorff approximation
map from X to Y.

Definition 2.15. Suppose that a sequence of n-dimensional closed Riemannian manifolds
{(M;, g;) }icz., with Ric; > Kg; and diam(M;) < D (K € R, D > 0) converges to a metric
space (X,d) in the Gromov-Hausdorff topology. Fix a sequence of ¢;-Hausdorff approximation
maps ¥;: M; — X, where {¢;} is some sequence of positive real numbers with lim ¢; = 0.
1—00
e We say a sequence {z;} with z; € M; converges to x € X if lim ¢;(z;) =z in X (denote
1—00
it by x; ol :U)
e Let m be a Borel measure on X. We say that a sequence {(M;, g;, ")} converges to
a metric measure space (X, d, m) in the measured Gromov—Hausdorff topology if
lim H"(B,(z:)) = m(B, ()

1—00
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holds for any r > 0, x; € M; and z € X with x; S . Note that taking a subsequence,
such a limit measure exists by [12, Theorems 1.6 and 1.10]. Moreover, (X, d, m) satisfies
the RCD*(K, N) condition by [14, Theorem 3.22].

Suppose that a sequence {(M;, g;, H")} converges to (X, d, m) in the measured Gromov-Haus-
dorff topology.

e We say that f; € L?(M;) (i € Zsq) converges to f € L?(X) strongly at = € X [22,
Definition 3.7] if we have that

1
lim lim sup <n /
=0 0o \H"(Br(;)) By (z;)

1
AN B dm|dn" ) =
d m(B,(z)) /Br(a:)f m' H) ’
) . 1
tig s (s [
GH

fi dH™ dm) =0
for all z; € M; with z; — =.

e We say that f; € L?(M;) (i € Z=o) converges to f € L?(X) weakly in L? (L? boundedness
and weakly convergence [22, Definition 3.4 and Proposition 3.17]) if

1
H" (B, (1)) /Br(xi)

sup || fil[z2 < oo,
1

and for all » > 0, z; € M; and x € X with x; %{ x, we have
lim fidH" = / fdm.
10 J By (x4) Br(x)
Note that we have || f||;2 < liminf || f;|| .2 by [22, Proposition 3.29].
1— 00

e We say that f; € L?(M;) (i € Z~o) converges to f € L?(X) strongly in L? [22, Defini-
tion 3.21 and Proposition 3.31] if f; converges to f weakly in L?, and

limsup || fillgz < [ fllz2

1—00

holds.

e We say that V; € L*(TM;) (i € Z~o) converges to V € L?(TX) weakly in L? [22, Defini-
tion 3.42] if

sup [|Vi[[ 2 < oo,

7

and for all > 0, y;,2; € X; and y, z € X with y; ol Y, 2 iy z, we have

lim (V;, Vr, ) dH™ = / (V,Vr,)dm,
=00 J B, (y;) Br(y)

where 7,(x) := d(z,z) for each x € X. Note that we have ||V||;2 < liminf ||V;||z2 by [22,
1—00
Proposition 3.64].

e We say that V; € L*(TM;) (i € Z~g) converges to X € L?*(TX) strongly in L? [22,
Definition 3.58 and Proposition 3.66] if V; converges to V weakly in L? and

limsup [[Vill2 < [[V]]2
12— 00

holds.
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Proposition 2.16 ([22, Proposition 3.32]). Suppose that a sequence of n-dimensional closed
Riemannian manifolds {(M;, gi, H") }icz., with Ric; > Kg; and diam(M;) < D (K € R, D > 0)
converges to a compact metric measure space (X, d, m) in the measured Gromov—Hausdorff topo-
logy. For any f; € L®(M;) (i € Zso) with sup || fillr~ < oo and f € L>®(X), the following
conditions are mutually equivalent:

(i) fi = [ strongly at a.e. x € X.

(i) f; — f strongly in L2.

Note that the implication (i) = (ii) is a direct consequence of [22, Definitions 3.21 and 3.25,

Proposition 3.24].

Theorem 2.17 ([22, Theorem 1.3]). Suppose that a sequence of n-dimensional closed Rieman-
nian manifolds {(M;, g;,H")}icz., with Ric; > Kg; and diam(M;) < D (K € R, D > 0)

converges to a compact metric measure space (X, d, m) in the measured Gromov-Hausdorff topo-
logy. If f; € L*(M;) N C?(M;) (i € Z~o) converges to f € L*(X) weakly in L?, and satisfies

sup (|| fillwr2 + |Afi]l2) < oo,

1€L>0
then we have the following:
(i) fi = f and V fi — V f strongly in L?,
(ii) f € D(Ax) and Af; — Af weakly in L?.

2.5 Convergence to the product space S"P(1) x X

We summarize several results proven in [1] for later use.

Proposition 2.18 ([1, Proposition 4.17, Lemma 4.22 and Theorem 4.47]). For given integers
n>5and 2 < p<n/2 and a positive real number € > 0, there exists 6 = §(n,p,€) > 0 such
that the following properties hold. Let (M, g) be an n-dimensional closed Riemannian manifold
with Ricy > (n —p — 1)g. Assume that \p—p11(9) < n—p+ 6 and that either A\i(Acyp) < O
or M(Acn—p) < 8. Then, for any f € Spang{fi,..., fo—pt+1} with || f||3 = 1/(n—p+1), we have
the following:
(i) There exists a measurable subset Vi C M such that Vol(M \ Vy) < e Vol(M) and |f* +
IVfI2—1| < € holds in V.
(it) There exists a non-empty compact subset Ay C M such that | f(x) —1| < € for any x € Ay,
|f(x) —cosd(x,Af)| < € for any x € M and sup,cp d(z, Af) < 7+ € hold.
(iii) Define W: M — R P by U(z) = (fi(2),..., fo—pt1(x)) (x € M). Then, we have
||U(z)| — 1] <€ for any x € M.
(iv) Choose af(x) € Af such that d(x, Ay) = d(x,ar(x)) for each x € M. Then, we have that
the map

¥(2)
¥ ()

Pp: M — S"P(1) x Ay, x — < ,af(x)>

is an e-Hausdorff approzimation.

Proposition 2.19 ([1, Corollary 4.53]). For given integersn > 5 and 2 < p < n/2 and a positive
real number € > 0, there exists 6 = §(n,p,€) > 0 such that if (M, g) is an n-dimensional closed
Riemannian manifold with Ricg > (n —p —1)g, Ap—p(9) <n—p+ 98 and \i(Acpn—p) < 0, then
we have Ap—pt1(9) <n—p+e.

If we assume A\i(Ac,) < 6 instead of A\i(Acn—p) < 6 in Proposition 2.19, the assertion fails
(see [1, Corollary 3.2 and Proposition 3.3]).
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3 Structure of the limit

3.1 Splitting of the measure

In this subsection we show that there exists a Borel measure mx on X such that m = H" P xmy
holds under Assumption 3.1 below.

Assumption 3.1. Take n > 5 and 2 < p < n/2. Let {(M;, g:)}ien be a sequence of n-dimen-
sional closed Riemannian manifolds with Ricg, > (n—p—1)g; that satisfies lim A\,,—p11(g;) = n—p
1—00

and either lim A;(Acp,g:) =0 or lim A\ (Acn—p,gi) =0. Let fi4,..., fn—pt1,i denote the first
1—00 1— 00
n —p+ 1 eigenfunctions on (M;, g;) with kaZH%Q =1/(n—p+1)(k=1,...,n—p+1). Put

(fri(x), - fnpr1i(T))
|(fri(®), - foprri(@))|

Let X be a compact metric space and m be a Borel measure on S"7P(1) x X with unit volume.
Suppose that, for each 7, there exists a map b;: M; — X such that the map

v,: M, — Sn_p(l), T +—

(\Ifl,bz) Mz — Sn_p(l) x X

is an ¢;-approximation, where {¢;} is some sequence of positive real numbers with ¢; — 0 as
i — 00. Suppose that the sequence {(M;, g;, H")} converges to (S™P(1) x X, m) in the measured
Gromov—-Hausdorff topology. Put M := S"P(1) x X. Let py: M — S"P(1) and po: M — X
be the projections. Define f,: M — R by fu(z) := pi(z) - u for each u € S"7P(1) C R*"PFL
Note that (M, m) satisfies the RCD*(n — p — 1,n) condition by [14, Theorem 3.22].

The goal of this section is to prove the following proposition.

Proposition 3.2. Under Assumption 3.1, there exists a Borel measure mx on X such that
m=H""P xmx holds and (X, mx) satisfies the RCD(n —p — 1,p) condition.

In this subsection, we show the splitting of the measure m = H" P x my. Our approach has
been inspired by [17]. We first show the following easy lemma.

Lemma 3.3. Define
fk: Snip(l) x X = R, ((’U,l, R ,un_p+1),m) — U
for each k =1,...,n—p+ 1. Then, we have that f, € TestF(M) and the following properties:

(i) For eachk =1,...,n—p+1, the sequence { fy;} converges to fi strongly in L* asi — co.

(i1) For each k =1,...,n —p+ 1, the sequence {V fy;} converges to V fj, strongly in L? as
17— 00.

(iii) For each k =1,...,n—p+ 1, we have that Afy = —(n — p) fx.
(iv) For each k,l=1,...,n—p+ 1 with k # 1, we have that

fefi+ (Vfe, Vi) =0,
e+ IVRP=1

m-a.e. in M.
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Proof. Clearly, fy is a Lipschitz function. If we get (ii4), we have Afy = —(n—p)fr € WH2(M),
and so we have f, € TestF(M).

We first show that {fj;} strongly converges to fi as ¢ — oo at each point z € M. Note that
by the gradient estimate for eigenfunctions [27, Theorem 7.3], there exists a constant C' > 0 such
that || fr.illzee + [|V frillLee < C holds for all i € Zsg and k = 1,...,n — p+ 1. Take arbitrary
z = (u,x) € S"P(1) x X and z; € M; (i € Zso) with z; S 2. Since we have Ui(zi) = u
in S"7P(1), we have that

. fr,i(2i)
1 3
oo ' [(Frin- o Fnprr )] ()

and so lim; oo | fx,i(2i) — fx(2)] = 0 by Proposition 2.18(4iz). Since f;,; and fj are Lipschitz
functions whose Lipschitz constants are bounded independently of i, we have that

— fr(2)] =0,

1 . 1
(B, (7)) /BM Jk d““ W= 5B, )

1 n

fri—

1
H"(Br(2)) /Br(zi)
></ ka,i_fk,i(zi)|+|fk,i(zi)_fk(z)| +
B (zi)
< COr+ | fri(zi) — fr(2)].
Thus,

1
i —— dm|dH" = 0.
i m(BAz))/BT(z) i ‘“‘

lim lim sup

el
r—=0 ;500 ﬂn(Br(zl)) Br(z;)

Similarly, we have

1
lim lim sup -

m(B,(z)) TN B () ;dH" | dm = 0.
=0 ineo m(Br(2)) /Br(z) Ji H" (B (2i)) /B’I‘(Zi) s 42t ' m=0

Therefore, we get (i) by Proposition 2.16. We get (ii) by Theorem 2.17(i). By Theorem 2.17(i7),
we have

1S+ (= p) il < liminf A i+ (n = p)fedlzz = 0,
and so we get (i7i). For each k =1,...,n —p+ 1, we have that
1FE + 15 fl® = Ul = Jim (| f2; + [V faal* = Ll
1—00

by [22, Propositions 3.11 and 3.45] and the original definition of the L? strong convergence [22,

Definitions 3.25 and 3.58]. See also [5, Proposition 3.3 and Theorem 5.7]. By Proposition 2.18(i),

we have lim [|f?, + |V fril? — 1||z1 = 0, and so we get fZ2 + |V fx|?> = 1 m-a.e. in M. Similarly,
1—>00 ’

applying Proposition 2.18(i) to (fii & fi.1)/V?2, we get fifi + (Vfr, Vf) = 0 m-a.e. in M for
each k,l=1,...,n—p+ 1 with k # [. These imply (iv). |
Let us apply Theorem 2.10 to vector fields generating rotations in S P(1).

Lemma 3.4. Take arbitrary uw = (ui,...,Un—pt1),0 = (V1,...,V0p—ps1) € S"P(1) withu-v =0
and T > 0. Then, the vector field

n—p+1

Viw 1= Z wv;(fiVf; = fiVfi) = fuVfo — [V fu

ij=1
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is an element of D(div) with D™V, € L>(M) and div V,, = 0. Moreover, the reqular Lagran-
gian flow F1Vev: M x [0,T] — M for Vi, exists and satisfies, for m-a.e. z € M,

fulF1 (2)) = fu(2) cost — fu(z)sint,
FoF1(2)) = fu(z)sint + f,(z) cost,
fo(FLY(2)) = fulz)  (we S"P(1) withu-w=1v-w=0),
p2(F1}™ (2)) = pa(2)

for any t € [0,T]. Moreover, F1V** preserves the measure m, i.e.,

(FI/*) m=m

\/\/

for any t € [0,T].

Proof. Since we have

div(feVfi) = =(n =) fufi + (Vfi., V f1)

for each k, [ by (2.3.13) in [15], we get div(V,,) = 0. We next check D%¥™V,, € L%*(X).
It is enough to show (2.1) when f,g € TestF(M) because we have |Vf — VP.f|;+ — 0 and
IAf — AP f||za — 0 as t — 0 for each f € D(A) with |V f| € L*(M) and Af € L*(M). Note
that

LYTM) :={V € L*(TM): |V| € L*(M)}

is a uniformly convex Banach space with the norm ||V|| 4 := [||V]||z4, and that ||VP.f|[1+ <
|V |4 for each f € W12(X) with |V f| € L*(X) by the BL(n — p — 1,n) condition for (M, m).
Combining these and VP, f — Vf in L2(TM), we get VP.f — Vf in L*(TM).

Take f, g € TestF(M). A simple calculation implies

/ (Viw, V1) AG + (Vi VOIAf — (V £,V g) div Vi dm
M
- /M<va, VI div(fu¥g) + (Vfor V) div(£uV ) + fulV for VIV £, Vg)) dm
- /M<Vfu, VL) div(foVg) + (V fu, V) div(f,V ) + ol fu. V(V ], Vg)) dm

Note that we have (Vf,Vg) € WH2(M) by [15, Proposition 3.1.3]. By [15, Definition 3.3.1
and Theorem 3.3.8], we get D™V, € L?(M). Thus, there exists a regular Lagrangian flow
F1V«: M x [0,T] — M for V,, by Theorem 2.10.

For m-a.e. z € M, we have

o (P10 (1,2)) = (ul V0, Vo) — Fol¥ i, V) (1% 1, 2))

_f’U(Flvuv (t7 Z)) (w = u)7
= fu(Fl‘/““ (t, z)) (w =),
0 (we S"P(1) withu-w=v-w=0)
for a.e. t € (0,T) by Lemma 3.3. This implies that for m-a.e. z € M,
fu(z)cost — fy(2)sint  (w = u),
fuw (FIV““ (t,2)) =« fu(z)sint + fy(z)cost (w =),
fw(2) (we S"P(1) withu-w=v-w=0)

for any t € [0, 7.
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A simple calculation implies that

(Vfr,V(gopz)) =0

m-a.e. in M for each g € LIP(X) and £k =1,...,n — p+ 1 similarly to Lemma 3.11 (iv) below.
Therefore, for each g € LIP(X) and m-a.e. z € M, we have

S gop) (FI%(1,2)) =0

for a.e. t € [0,T7], and so
(gopa) (FI"(t,2)) = g o pa(2)

for any t € [0,T]. Let {xj}jcz., be a countable dense subset of X. Then, by considering
gj = d(xj,-), we get that for m-a.e. z € M,

d(zj, p2(F1V0 (¢, 2))) = d(wj,p2(2))

holds for any j € Zso and ¢ € [0,7]. This implies for m-a.e. z € M, ps (F1V**(t,2)) = pa(2)
for any t € [0, 7.

We have that FIY’” oFl;V’” = Idys m-ace. in M for all ¢ € [0,7] (note that —V,, = Vi),
and so

= (P ), (B ) < (FIF ) m < om
This implies the final assertion. |
Corollary 3.5. For any T € SO(n — p+ 1), the transformation

T: S"P(1)x X — S"P(1) x X, (u,z) = (Tu, x)
preserves the measure m.

Proof. Modifying on m-negligible subset, we have that FI/** € SO(n — p + 1) for each u,v €
S™P(1) with u-v = 0 and ¢t € [0,27]. Conversely, any T' € SO(n — p + 1) can be expressed as
a composition of several transformations of the form Fly w_ Thus, we get the corollary. |

The following proposition is the goal of this subsection.
Proposition 3.6. Define a Borel measure mx on X by
my = (p2).m.
Then, we have m = H" P x mx.
Proof. We first fix a Borel subset B C X. Define a Borel measure up on S™P(1) by
pp = (p1)s (M1 (),
i.e., we define
up(A) :=m(A x B)

for any subset A C S"7P(1).

Claim 3.7. Each T € SO(n —p + 1) preserves the measure pup.
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Proof. We immediately have the claim by Corollary 3.5. |
Claim 3.8. up < H"7P.

Proof. By the volume estimate relative to H" P on S"P(1), there exists a constant C' > 0
such that

there exist x1,...,x; € S"P(1) such that

. > —(n—p)
Hax {k € Z>0: B,.(x;) N By(z;) = @ holds for each i # j } =" /¢

holds for all » > 0.
Take r > 0. We can choose k € Zq with k > 7~("P) /C and z,...,x; € S"P(1) such that
B,.(z;) N By(z;) = @ holds for each i # j. By Claim 3.7, we have that

pB(Br(i)) = pp(Br(z))) = pp(Br(2))

foralli,j=1,...,k and = € S"P(1). Therefore, we get that ug(B,(z)) < Cr" Pup(S"P(1))
for all x € S"7P(1).
Take arbitrary subset A C S™7P(1) with H"P(A) = 0 and € > 0. Then, by the definition

of the Hausdorff measure, there exists a sequence of subsets {S;};jez., of S"7P(1) such that
AcUjZ, S and

Z(diamSj)"fp <e.
j=1
Choose z; € Sj for each j. Then, we have S; C Bgjam s, (xj), and so
15(A) <3 1(Baiams, (1)) < €S (diam 8,)"Pup(S"P(1)) < Cepp(S"7(1)).
j=1

J=1

Letting € — 0, we obtain up(A) = 0 and get the claim. [

By Claim 3.8 and the Radon—Nikodym theorem, we have the representation up = pH" P,
where p: S"7P(1) — [0, 00| is some Borel function. By Claim 3.7, we have that for each T €
SO(n—p+1)

poT =p
H" P-a.e. in S"P(1). This implies that p is constant H" P-a.e. in S"P(1). We have that

PH"P(S™P(1)) = up(S"P(1)) = m(S"P(1) x B) = mx(B),

and so up = my(B)H"P.
For each Borel sets A C S"P(1) and B C X, we get that

m(A x B) = up(A) = H"P(A)my (B). ]

This implies the proposition.
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3.2 Product metric measure spaces and the RCD* condition

In the previous subsection we showed that there exists a Borel measure mx on X such that
m = H""P x mx holds under Assumption 3.1. In this subsection we show that (X, mx) satisfies
the RCD(n — p — 1,p) condition.

More generally, we consider the following assumption.

Assumption 3.9. Let K, N € R with N > 1 and (Xj,d;,m;) (i = 1,2) be compact metric
measure spaces. Put (M,d,m) := (X; x Xy,d; X da,m; X mgy). Moreover, we assume the
following;:

e m(X;)=1(=1,2),
e (M,d, m) satisfies the RCD*(K, N) condition.
For each i = 1,2, let p;: M — X; denote the projection.
The goal of this subsection is to prove the following proposition:

Proposition 3.10. In addition to Assumption 3.9, we assume that (X1,d1,my) is an n-dimen-
sional closed Riemannian manifold with the Riemannian distance and my = H". Then,
(X2, d2, my) satisfies the RCD*(K, N —n) condition if N —n > 1.

Note that if (Y;,d}, m}) (i = 1,2) are RCD*(K, N;) spaces, then the product space (Y7 x Ya,
d} x dy,m} x m}) satisfies the RCD*(K, N; 4+ N3) condition by [14, Theorem 3.23].
We first show the following easy lemma.

Lemma 3.11. Under Assumption 3.9, we have the following properties:

(i) For any f € LIP(M) and x = (x1,22) € M, we have that
Lipy (f)(x) > (Lipx, (f(,22))) (1)
and that
Lipy (f)(x) > (Lipx, (f(21,))) (22)-
(i5) For any f € LIP(X;) (i = 1,2), we have that
(Lipx, f) o pi = Lipps(f o pi).-

(iii) For each i = 1,2, the map p}: L*(X;,m;) — L2*(M,m), f + f op; induces an isometric
immersion p: WH2(X;) — WL2(M), and we have that

IV(fopil =V flops

m-a.e. in M for any f € WH2(X;) (i = 1,2).
(iv) For any f € WY2(Xy) and h € LIP(M), we have that

(V(fop1), Vh)(z) = (Vf, V(h(:; 22))) (x1)

for m-a.e. x = (w1, 22) € M. The similar result holds for the element of W2(X5).
(v) For any fi € WH2(X;) (i = 1,2), we have that

(V(fiop1),V(faop2)) =0

m-a.e. in M.
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Proof. We get (i) and (i7) straightforward by the definition.
We show (ii4) for i = 1. Take arbitrary f € W'2(X;). For any sequence {f,} C LIP(X;)
with lim ||f, — fllz2 =0, we have lim ||f, op1 — fopi|/z2 =0, and so
n—o00 n—00

1 1
Chpy(fopr) < 2liminf/ (Lip s (fnop1))? dm = 2limimf/ (Lipx, fn)? dmy
M X1

n—oo n—00

by (ii). This implies Chys(f o p1) < Chy, (f) and fop; € WH2(M).
We next show Chps(f o p1) > Chx,(f). Take any sequence {f,} C LIP(M) with €, :=
Wfn—f 0p1|\%2 — 0 as n — co. We can assume ¢, < 1 for each n. We have that

- / / (o1 22) — £(a1))? dmy (1) o (a2),
X2 J X,

5 [ W am = 5 [ [ (Lo, S dm ) dma(e)

by (i), and so

1
ma({a € Xor [ (huCon) - P dmy > 242}) < S
X1

ma({ma € Xor [ (Win (5 Coma)Pdmy > 1+ [ iy P am ) < s

Since we have

—€/7+ <1,
2" 14q

we can take a sequence {z2(n)} C Xz such that

/ (o 2a(n) — £)% dmy < 26Y/2,
X1

/ (Lipx, (fal 22(n))))? dmy < (14 ¢/2) / (Lipy fn)? dm
X1 M

for each n. Put g, := f(-,z2(n)) € LIP(X1). Then, we have ||g, — f|lz2 — 0 as n — oo and

n—oo n—o0

1 1
Chy, (f) < liminf/ (Lipx, gn)* dmy < liminf/ (Lipys fn)? dm.
2 Xi 2 o

Thus, we get Chyy(fop1)>Chy, (f), and so Chy(fop1)=Chy, (f). Therefore, pi: W2(X;)—
WL2(M) is isometric

Let us show that |V(fop1)| = |V flops m-a.e. in M. Take f,, € LIP(X;) such that f,, — f and
LipX21 fn = |V flin L?. Then, we have f,op1 — fopi, Lipy(frnop1) = (Lipx, fn)opr — [V flopt
in L* and

Char(f 0p1) = Chxy (1) = 5 [ (1 op0)*dm,

This implies |[V(f op1)| = [V f]| op1 m-a.e. in M.
Let us prove (iv). We first consider the case f € Lip(X). Then, we have

(V(fop1),Vh)(z1,22) = lg%%e (Lipps (f o p1 + €h)® — Lip (£ 0 p1)?) (21, 72)

> lim —— (Lipy, (f + eh(-,22))? — Lipx, (/)?) (21)

e—0 2¢

= V[, V(h(,22)))(21)
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for m-a.e. (z1,x2) € M. By considering —h instead of h, we also get

(V(f op1), Vh) (21, 22) < V[, V(h(-,22)))(21),
and so

(V(f op1), Vh) (a1, 22) = (V, V(h(-,22)))(x1)
for m-a.e. (x1,22) € M. For general f € W'2(Xy), approximating f by Lipschitz functions,
we get (iv).

Finally we show (v). We have (v) for each f; € LIP(X;) (i = 1,2) by (iv). For general
fi € WH2(X;), approximating f; by Lipschitz functions, we get (v). |

We immediately get the following corollary by Lemma 3.11(4i4).

Corollary 3.12. Under Assumption 3.9, we have that the metric measure space (X;,d;,m;) is
infinitesimally Hilbertian and satisfies the Sobolev-to-Lipschitz property for each i = 1,2.

For any f; € L?(X;), we shall denote f; o p; € L?(M) by f; briefly if there is no confusion.
Lemma 3.13. Under Assumption 3.9, we have fifo € WY2(M) and
V(fif2) = AV f2+ f2V f1 € L*(TM)
for any f; € WH2(X;) (i = 1,2).
Proof. Take sequences { fin}ncz., C LIP(X;) (¢ = 1,2) such that f;, — f; and Lipy, (fin) —

|V fin| in L*(X;) as n — oo. We have finfon € WhH2(M) and V(finfon) = finVion +
f2nV fin by [15, Theorem 2.2.6]. Then, fi,fon — fifz in L*(M) and

V(finfon) = [inVien+ fonViin = fiVfa+ f2Vfi

in Lz(TM). Thus, we get that flynfgm — fife in Wl’Q(M) and V(flfg) = f1iVfa+ foVf €
Lz(TM). [ |

Let us consider the Laplacian on M.

Lemma 3.14. Under Assumption 3.9, we have the following properties:

(i) For each i = 1,2, the map p;: L*(X;) — L*(M) induces a map p;: D(Ax,) — D(Au),
and we have that

(Ax,f)opi=Anm(fopi)
for any f € D(Ax,) (i = 1,2). Thus, we use the same notation A for Ay and Ay,
S

(i =1,2). For any f (Ax;), we shall denote (Ax,f)op; by Af briefly if there is no
confusion.

(13) For any f; € D(Ax,) (i =1,2), we have that fifs € D(An) and that

A(fif2) = filfa + (Af1) fo.
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Proof. We show (i) for i = 1. Take arbitrary f € D(Ax,). Then, for any ¢ € LIP(M), we
have

/M<v<fop1>,v¢> /X 2 /X (V1,96 22} ) dm 11) o)

__ / A, f (@) d(@r, 22) dmy (21) dmo (2)
X2 J X1

= —/ (Ax,f)opi-¢pdm.
M

Since LIP(M) C WH2(M) is dense with respect to the norm | - ||lyy1,2, we get (4).
We next show (i7). Take arbitrary f; € D(Ax,) (¢ = 1,2). Then, for any ¢ € LIP(M), we

have

/M(V(f1f2),v¢> —/ f1(x1)(V f2, V(é(z1,))) (72) dmy (21) dma(22)

X1 J X9

+/ fo(@2)(V f1, V(6(-, 22))) (1) dmy (z1) dma(22)
X1 J X9
—— [ (hAf (AR RIGdn,

Since LIP(M) Cc W2(M) is dense, we get (ii). [ |

Our goal is to show (X3, da, m2) satisfies the RCD* (K, N —n) condition under the assumption
of Proposition 3.10. However, we can show the following weaker assertion under Assumption 3.9.

Corollary 3.15. Under Assumption 3.9, we have that the metric measure space (X;,d;, m;)
satisfies the RCD*(K, N) condition for each i =1,2.

Proof. We only need to show that (X;,d;, m;) satisfies the BE(K, N) condition by Corol-
lary 3.12. For any u; € D(Ay,) with Au; € WH2(X;) and ¢; € D(Ax,) N L*>®(X;) with ¢; > 0
and Ax,¢; € L*>°(X;), applying the BE(K, N) condition for (M, d, m) to u;op;, ¢;op; € D(Ap),
we get the BE(K, N) condition for (X;,d;, m;). [

The following proposition is crucial to show Proposition 3.10. We show the BE(K, N — n)
condition with an error term.

Proposition 3.16. In addition to Assumption 3.9, we assume that n is an integer with N—n > 1
and that (X1,d1,my) is an n-dimensional closed Riemannian manifold with the Riemannian
distance and my = H". Then, for all u € D(Ax,) with Au € WH2(X5) and all ¢ € D(Ax,) N
L>®(X3) with ¢ >0 and A¢p € L*°(X3), we have

1
— [ A¢|Vul? dmy
2 Jx,

(Au)? 2n

> /X2¢<<VAU,VU>+K|VUQ+ N_n" N(N_n)(Au—Q(N—n)u)Q)an.

Proof. Take ¢ € C*°(R) such that
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and ¥ > 0. Fix p € X;. Take sufficiently small ¢ > 0 so that we can take ¢ and f. below
as smooth functions. Define ¢, € C*°(X7) by

W)

€

beln) ::¢(

for each z; € X, and take fo € C°°(X}) such that

1+d 2 4 <
fley) = 4 LT AP dpay) <€
O, d(p7$1) > 2€.

Then, there exists a constant C' > 0 such that

‘Hess fe— Ajegxl (z1) < Cd(p,x1),

|Afe = 2n|(z1) < Cd(p, 1),
|V fe|(x1) < Cd(p, x1),

|[fe = 1|(z1) < Cd(p, z1)

for all x; € B¢(p). Note that we can take such a constant independently of e.

Claim 3.17. There exists a constant C' > 0 such that for all sufficiently small ¢ > 0, all
u € D(Ax,) with Au € WH2(X3) and all ¢ € D(Ax,) N L>®(X3) with ¢ > 0 and A¢ € L>=(X5),

we have

! 2 , | (Au)?
5 A¢|Vu|® dmg > o (VAu, Vu) + K|Vu|* + —— |dms
2 Jx, Xo N —n
—Cé | p(u? +|Vul* + (Au)?) dmy
Xa
2n

- v s, ¢(Au—2(N — n)u)*dmy.

Proof. We have that fou € D(Ay) with A(feu) = fAu + (Af)u € WH3(M) and that

Ve € D(Apr) N L (M) with ¢ > 0 and A(¢ed) = YV Ap+ (Ahe)p € L>°(M) by Lemma 3.13
and Lemma 3.14. Thus, we can apply the BE(K, N) condition to the pair (fou,.¢$) and get

3 | AwONGaPan > [ (46)(VAG), V() dm
1
K [ wolVGa)Pan+ 5 [ vod(alin (32

We calculate each terms.
We have

3 | AGOVGaP dn

_ / Y (VALY L + Rie(V e, Vf.) + | Hess f.2) dmy [ ¢u? dm,
X1

Xo

+ [ Y|V fo|* dmy ¢uAudm2+/ wg(fEAf€+2\Vf€]2)dm1/ B|Vul|* dmy
X1 X2 X1 X2

1
+ = | YfPdm; [ A¢|Vu|? dms. (3.3)
2 Jx, X,
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Here, we used the Bochner formula
—A]Vf€|2 (VALY f) + Ric(V fe, Vfe) + | Hess fe|?
and the equation

/ (Ap)u*dmy =2 [ ¢uAudmy +2 [ ¢|Vu*dmy,
Xo Xa Xo

which can be justified by approximating u by Pu.
We have

/ Ped(VA(few), V(fou)) dm
M

V(VAf,Vydmy [ ouldmg+ [ ¢ |Vf|>dm; [ duAudmy
X1 Xo X1 Xo

+ wefeAfedml/ ¢\Vu|2dm2—i—/ Yef2dmy [ ¢(VAu, Vu) dms.
X1 X2 X1

Xo
We have
K / B[V (fou) 2 dm
M
- K w€|Vf€|2dm1/ ¢u2dm2+K/ Ve f? dmy 6| Vu|? dms,.
X1 X2 X1 Xa
We have
5 [ el
[ wasam / g dmy + = [ vosagam / duludmy
N %o N X

+ wef dmy . H(Au)? dms,.

Take K > 0 such that Ricx, < I?gXl. Then, we get

1
— | efPdmy [ A¢|Vul?dm,
2 X1 X2

Af

2
[ w ((K _K)VEP+ ] Hess f, - 2eg ) dmy [ ou? dms
X1 n Xo

wag\?dml / 6| Vuf? dms
/¢e N —n)(Af)u — nfAu)? dm

weff dmy /

1
qb((VAu, Vu) + K|Vul? + (Au)2> dmy
X, N —n

X1

by (3.2)—(3.6). Since we have

0< [ tedm < [ ¢f2dm < (146 [ pedm
X1 Xl Xl

(3.4)

(3.5)

(3.6)
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and
|V Yed(N = n)(Afo)u— nfeAu—2n(N — n)u + nAu)|
< el auls + Va8l o) ([ vim)
we get the claim by (3.1). |
Letting € — 0 in Claim 3.17, we get the proposition. ]

Let us complete the proof of Proposition 3.10. Since we have already showed Corollary 3.12,
we only need to check the BL(K, N — n) condition for (X3, ds, ms). The proof of the following
proposition has been inspired by the proof of [24, Theorem 1.2].

Proposition 3.18. In addition to Assumption 3.9, we assume thatn is an integer with N—n > 1
and that (Xy,d1,my) is an n-dimensional closed Riemannian manifold with the Riemannian
distance and my = H"™. Then, the metric measure space (Xa,da, mga) satisfies the BL(K, N —n)
condition.

Proof. Similarly to the proof of the assertion that the BE(K, N) condition implies the BL(K, V)
condition [14, Proposition 4.9], we have the following claim:

Claim 3.19. For any u € D(Ax,) and t > 0, we have

1— e—QKt

2n
o (2P

|V Pou|? + Pi((Au—2(N — n)u)Q)) <e 2P, (|Vul?)

my-a.e. in Xo.

Proof. Take arbitrary ¢ € L*°(X2) with ¢ > 0. Define h: [0,t] — R by
h(s) := e_QKS/ P,¢|V Pi_sul? dms,.
X2

Then, for each 0 < s < t, we have

0

—h(s) = —2Ke 2K / Py¢|V P—sul” dmg
0s X2
1 o 2Ks AP,¢|VP,_sul? dmy — 28_21(5/ P, p(VAP;,_su, VP;_su) dms
X, X2
—2Ks

> 2 </ Psqb(APt_su) dmy — / Py¢(AP_su — 2(N — n)Pt_su)anQ)
N —n Xo Xo

—2Ks 2
> 2; — < . S(APu)? dmy — ﬁ” /Xz SP;((Au—2(N — n)u)?) dm2>.

Here, we used

9 po— AP,

Os
0
s —P_su=—-AP_,u



26 M. Aino

in W2 |[VP_sul?> < e 2K0=9)p,_ (]Vu|?) (by the BL(K, N) condition), Proposition 3.16 and
the Jensen inequality

(APw)?* < Py((AP—su)?),
(AP_gu —2(N — n)P,_su)® < P ((Au — 2(N — n)u)?)

mg-a.e. in Xo. Combining this and

lim h(s) = h(0) = [ ¢|VPul?dmy,
s—0 X2
lim h(s) = h(t) = e 2Kt [ ¢P|Vul? dms,
s—t Xo
we get

/ ¢ (e 2K P|Vu|? — |VPul?) dmy
X2

> 1= e < H(APu)? dm 2n ¢P; ((Au —2(N — n)u)?) dm )

Z T t 2~ o7 t - - 2 -

K(N — n) Xo N Xo

This implies the claim. |

Let us show that (X3, da, mg) satisfies the BL(K, N — n) condition. Take v € W1?(X5) and
fix s > 0. Define

v = APsu — 2(N — n)Psu = Py 3AP;5u — 2(N — n)Psu € TestF(X2)

and v, := v — v(x) for each z € X5. Then, the functions v,: Xo — R and
[0,00) x Xo = R, (t,y) = Ri(v)(y)

are continuous. Thus, for fixed € > 0 and any = € Xs, there exists d,, 7, > 0 such that we have
[P (v)(y)] < e

for any y € Bs,(z) and t € (0,7,). Since X5 is compact, there exist points z1,...,x; € Xo
(k € Z~0) such that

X2 = U Bgzi (1’,‘1)

Put 7 := min 7,,. Define

1

Ui i= Psu — (Psu)(z;) + m

A(Pgu)(x;).

Then, we have 0; € D(Ax,) and
AV —2(N —n)0; = APsu — 2(N —n)Psu + 2(N — n)(Psu)(z;) — A(Psu)(x;) = vg, .
Applying Claim 3.19 to o;, for each ¢ and t € (0,7), we get

e 2KIP (| VPul?) > |V Pyrpul* + 1o (AP, u)? — np (v2)
t s el s+t K(N—TL) s+t N t\Yx;

_ o—2Kt

1 2n
> |VPS+tu\2 + m <(APS+tU)2 — N€>
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my-a.e. in By, (z;). Thus, for each i and ¢ € (0,7), we get
_ 1 — e 2Kt 2n
€ 2KtPt(|VPsu|2) 2 |VPs+tu|2 + m ((APs+tU)2 — N€>
mg-a.e. in Xo. Letting € — 0, we get
1— efQKt

e_thPt(|VPsu|2) Z |VPs+tu\2 + m

(APs—i-tu)z

map-a.e. in Xo. Letting s — 0, we get the following inequality as the limit in L!(X3):
1— efZKt

_2Kt 2) 2
e Pt(|Vu] ) > |VPul” + 7K(N—n)

(APtU)Q

mg-a.e. in Xy. This is the BL(K, N — n) condition. [

By Corollary 3.12 and Proposition 3.18, we get Proposition 3.10. By Propositions 3.6
and 3.10, we get Proposition 3.2.

4 Proof of the Main Theorem

In this section we complete the proof of our main theorem.

Theorem 4.1. For integers n > 5 and 2 < p < n/2 and a positive real number € > 0, there
exists 0 = 0(n,p,€e) > 0 such that the following property holds. Let (M, g) be an n-dimensional
closed Riemannian manifold with Ricy > (n —p — 1)g, and assume one of the following:

e \(Acyp) <9 and Mp—pri1(g) <n—p+94,
o M (Acn—p) <6 and M—p(g) <n—p+9.

Then, we have

p(n—p—1)
An—p+2(9) > ? — €.
By the Lichnerowicz estimate for the first eigenvalue of the Laplacian acting on functions for
metric measure spaces satisfying the RCD*(n — p — 1, p) condition [14, Theorem 4.22]:

p(n—p—1)

A
1 b1

Y

)

we get Theorem 4.1 similarly to Theorem 4.2 below. Thus, we only give the proof of Theorem 4.2.
The following theorem is the main result of this article.

Theorem 4.2. For integers n > 5 and 2 < p < n/2 and a positive real number € > 0, there
exists 0 = 0(n,p,€e) > 0 such that the following property holds. Let (M, g) be an n-dimensional
closed Riemannian manifold with Ricy > (n —p — 1)g satisfying one of the following:

o M(Acy) <6, M—pt1(9) <n—p+8 and M\t1(9) <p(n—p—1)/(p—1) + 4,
e M(Acn—p) <8, Mip(g) <n—p+6 and My1(g) <pn—p—1)/(p—1) + 6.

Then, we have

den (M, S"P(1) x SP (, /nf;il» <e
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Proof. We show the theorem by a contradiction. Suppose that the theorem does not hold.
Then, there exists a sequence of n-dimensional closed Riemannian manifolds {(M;, g;) }32; with
Ricg, > (n —p — 1)g; that does not converge to S" (1) x SP(y/(p —1)/(n —p — 1)) and that
satisfies one of the following:

o 111)1110 An—pt+1(gi) =n —p, zlggo Ant1(gi) =p(n—p—1)/(p—1) and llgglo M(Acyp, gi) =0,
o lim Avp(gi) =7 —p, lim Ania(gi) = p(n —p —1)/(p = 1) and lim A (Acn-p, gi) = 0.

Taking a subsequence, we have that Assumption 3.1 holds by Propositions 2.18 and 2.19, the Gro-
mov compactness theorem (see also [27, Theorem 11.1.10], [1, Theorem 4.54]) and [12, Theo-
rems 1.6 and 1.10]. Then, there exists a Borel measure my on X such that m = H"? x my
holds and (X, myx) satisfies the RCD*(n —p— 1, p) condition by Proposition 3.2. By the spectral
convergence theorem [13, Theorem 7.9] and Theorem 4.1, we have

)\nip+2 (Sn_p(l) x X, m) == >\n+1 (Sn_p(l) X X, m) = p(np_—pl_l)

Since the spectrum of the Laplacian on (S™7P(1) x X, m) coincides with
{/\i (Snip(l),ﬂnip) + )\j(X, mx): 1,] € ZZO}
and Ay—py2(S"P(1), K" P) =2(n—p+1) >pn—p—1)/(p — 1), we get that

pln—p-1)

)\1( 7mX) )‘p( 7mX) p—l

By the Obata Rigidity theorem for metric measure spaces satisfying the RCD* condition [25,
Theorem 1.4] with scaling, we have that (X, mx) is isomorphic to either (SP(ry,), HP?) or
(ST (rnp), HP), where r,,, == /(p—1)/(n—p—1) and S%(r,,) denotes the p-dimensional
hemisphere with radius 7, ,. In particular, {(MZ, gi,ﬂ")} is a non-collapsing sequence. Thus,
we get (X, my) is isomorphic to (S?(rpp), H?) by [12, Theorem 6.2]. This contradicts to the
assumption, and so we get the theorem. |
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