Symmetry, Integrability and Geometry: Methods and Applications SIGMA 17 (2021), 021, 34 pages

Parameter Permutation Symmetry
in Particle Systems and Random Polymers

Leonid PETROV 2P

a) University of Virginia, Department of Mathematics,
141 Cabell Drive, Kerchof Hall, P.O. Box 400137, Charlottesville, VA 22904, USA
E-mail: lenia.petrov@gmail.com
URL: http://1lpetrov.cc

b) Institute for Information Transmission Problems,

Bolshoy Karetny per. 19, Moscow, 127994, Russia

Received October 26, 2020, in final form February 20, 2021; Published online March 06, 2021
https://doi.org/10.3842/SIGMA.2021.021

Abstract. Many integrable stochastic particle systems in one space dimension (such as
TASEP — totally asymmetric simple exclusion process — and its various deformations, with
a notable exception of ASEP) remain integrable when we equip each particle z; with its
own jump rate parameter v;. It is a consequence of integrability that the distribution
of each particle z,(t) in a system started from the step initial configuration depends on
the parameters v;, j < n, in a symmetric way. A transposition v, <> v,41 of the parame-
ters thus affects only the distribution of z,(¢). For ¢-Hahn TASEP and its degenerations
(¢-TASEP and directed beta polymer) we realize the transposition v, <> v,+1 as an explicit
Markov swap operator acting on the single particle z,(¢). For beta polymer, the swap
operator can be interpreted as a simple modification of the lattice on which the polymer
is considered. Our main tools are Markov duality and contour integral formulas for joint
moments. In particular, our constructions lead to a continuous time Markov process Q)
preserving the time t distribution of the ¢-TASEP (with step initial configuration, where
t € Ryg is fixed). The dual system is a certain transient modification of the stochastic
g-Boson system. We identify asymptotic survival probabilities of this transient process with
g-moments of the ¢-TASEP, and use this to show the convergence of the process Q) with
arbitrary initial data to its stationary distribution. Setting ¢ = 0, we recover the results
about the usual TASEP established recently in [arXiv:1907.09155] by a different approach
based on Gibbs ensembles of interlacing particles in two dimensions.

Key words: ¢-TASEP; stochastic ¢g-Boson system; stationary distribution; coordinate Bethe
ansatz; g-Hahn TASEP
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1 Introduction

1.1 Overview

In the past two decades, integrable stochastic interacting particle systems in one space dimension
have been crucial in explicitly describing new universal asymptotic phenomena, most notably
those corresponding to the Kardar—Parisi-Zhang universality class [19, 21, 31, 43]. By integra-
bility in a stochastic system we mean the presence of exact formulas for probability distributions
for a wide class of observables. Asymptotic (long time and large space) behavior of the system
can be recovered by an analysis of these formulas. Initial successes with integrable stochastic
particle systems were achieved through the use of determinantal point process techniques, e.g.,
see [34] for the asymptotic fluctuations of TASEP (totally asymmetric simple exclusion process).
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More recently new tools borrowed from quantum integrability, Bethe ansatz, and/or symmetric
functions were applied to deformations of TASEP and related models:

e ASEP, in which particles can jump in both directions, but with different rates! [50, 51];

e random polymers such as the semi-discrete directed Brownian polymer [37], log-gamma
polymer [23, 38, 47], or beta type polymers [4, 17, 22, 36, 49];

e ¢-TASEP and ¢-Hahn TASEP, in which particles jump in one direction, but with ¢-defor-
med jump rates [7, 10, 20, 27, 42].

All these and several other integrable models can be unified under the umbrella of stochastic
vertex models [8, 13, 16, 24].

Ever since the original works on TASEP around the year 2000 it was clear [29, 32] that
integrability of some particle systems like TASEP is preserved in the presence of countably
many extra parameters, for example, when each particle is equipped with its own jump rate.
We will refer to such more general systems as multiparameter ones. This notion should be
contrasted with the g-deformation by means of just one extra parameter which takes TASEP
to ¢-TASEP. The latter is much more subtle and relies on passing to a deformed algebraic
structure — for the ¢-TASEP, one replaces the Schur symmetric functions with the ¢-Whittaker
ones.

It should be noted that TASEP in inhomogeneous space (when the jump rate of a particle
depends on its location) does not seem to be integrable [25, 33, 46] (cf. recent asymptotic fluctua-
tion results [5, 6] requiring very delicate asymptotic analysis). Moreover, it is not known whether
ASEP has any integrable multiparameter deformations. The stochastic six vertex model [8, 30]
scales to ASEP and admits such a multiparameter deformation [14], but this deformation is de-
stroyed by the scaling. Recently other families of spatially inhomogeneous integrable stochastic
particle systems in one and two space dimensions were studied in [1, 15, 35, 40].

All known multiparameter integrable stochastic particle systems display a common feature.
Namely, certain joint distributions in these systems are symmetric under (suitably restricted
classes of) permutations of the parameters. This symmetry is far from being evident from
the beginning, and is often observed only as a consequence of explicit formulas. The main
goal of the present paper is to explore probabilistic consequences of parameter symmetries in
integrable particle systems.

Recently a number of other papers investigating symmetries of multiparameter integrable
stochastic particle systems and vertex models have appeared [12, 18, 26, 28]. So far it is not
clear whether those results have any direct connection to the results of the present paper.

1.2 Distributional symmetry of the g-Hahn TASEP

The most general system we consider is the g-Hahn TASEP started from the step initial con-
figuration x,(0) = —n, n = 1,2,.... That is, every site of Z( is occupied by a particle, and
every site of Z>q is empty. Throughout the paper we denote this configuration by step for short.

The ¢-Hahn TASEP was introduced in [42] and studied in [9, 20, 52]. Its multiparameter
deformation appears in [14]. Under this deformation, each particle z;, carries its own parameter
vn € (0,1) which determines the jump distribution of the particle. The ¢g-Hahn TASEP is a dis-
crete time Markov process on particle configurations in Z. At each time step, every particle x;
independently jumps to the right by j steps with probability

Carwiw:(JTic1 — 2 — 1), j€{0,1,.. a1 —z — 1},

!We say that an event in continuous time happens at rate « if P(waiting time till the event occurs > t) = e~ **

for all t € Rxq.
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where 9 = +00, by agreement. Here ¢ is the g-deformed beta-binomial distribution (Defini-
tion 3.1). See Fig. 1 for an illustration.
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Figure 1. An example of a one-step transition in the ¢-Hahn TASEP, together with the corresponding
probabilities for each particle. Here ¢; = ©q yu;.0;-

The distribution of each particle x,(¢) at any time moment ¢t € Z>¢ in the ¢-Hahn TASEP
started from step depends on the parameters vy, ..., v, in a symmetric way. We check this sym-
metry using exact formulas in Section 3.2. The main structural result of the present paper is

Theorem 1.1 (Theorem 3.8 in the text). The elementary transposition vy <> Vpi1, Vnil < Vp,
of two neighboring parameters in the q-Hahn TASEP started from step is equivalent in distri-
bution to the action of an explicit Markov swap operator p%H on the particle x,. This operator
moves x,, to a random new location x), chosen with probability

,Vn+1($;l —Zpy1 — 1| xp — g1 — 1), € {rpp1+ 1,20 — Lz},

1Z

v 1
(,Oq, n:

where ¢ is the q-deformed beta-binomial distribution (Definition 3.1). The equivalence in distri-
bution holds at any fized time t € Z>q in the g-Hahn TASEP, while the swap operator p%H does
not depend on t. See Fig. 2 for an illustration.

We prove this result in Section 3.3 using ¢g-moment contour integral formulas and duality
results? for the ¢-Hahn TASEP. Let us make a couple of remarks on the generality of the result
and our methods.
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Figure 2. An example of the swap operator ng acting on the fifth particle in the ¢-Hahn TASEP
(at an arbitrary time t € Z>(). Arrows show possible new locations of z5 (note that with some probability
it can stay in the same location). The resulting configuration (below) is distributed as the g-Hahn TASEP
at the same time, but with the swapped parameters vs <+ vg. The distributional identity holds only
if vg < v5 before the swap.

First, note that there are certain other classes of initial data (for example, half-stationary)
for which the ¢-Hahn TASEP displays parameter symmetry. Moreover, via the spectral theory
of [9] one sees that for fairly general initial data the swap operators simultaneously applied to

2Sometimes, especially in the context of random polymers, this set of tools is referred to as “rigorous replica
method”.



4 L. Petrov

the particle system and the initial distribution lead to permutations of the parameters as in
Theorem 1.1. For simplicity, in this paper we focus only on the step initial configuration.

Second, we expect that under suitable modifications the results of the present paper could
carry over to the stochastic six vertex model [8] and the higher spin stochastic six vertex
model [14, 24]. However, as duality relations for these vertex models are more involved than
the ones for the g¢-Hahn TASEP, it is not immediately clear how to extend the methods of the
present paper to the vertex models. Therefore, we restrict out attention here to the g-Hahn
TASEP.

1.3 Applications

We explore a number of interesting consequences of the distributional symmetry of the ¢-Hahn
TASEP realized by the swap operators. Let us briefly describe them.

We take a continuous time limit of the g-Hahn TASEP and the swap operators. Denote
by Mgg;t the distribution of the parameter homogeneous (i.e., v, = v), continuous time ¢g-Hahn
TASEP at time t € R>( started from step (see Section 4.2 for a detailed definition). The ¢-Hahn
TASEP evolution acts on Mgit by increasing the time parameter t. We find that a suitable con-
tinuous limit as » — 1 of the swap operators with v,, = vr"~! produces a (time-inhomogeneous)
continuous time Markov process B on particle configurations. Starting from a random particle
configuration distributed as Mf}g;t and running the process B for time 7 > 0, we get a con-

figuration distributed as Mgge_T;te_T, that is, in which both parameters v and t are rescaled.
See Theorem 4.7 for a detailed formulation and Fig. 6 for an illustration of the two actions.
When v = 0, the backward process becomes time-homogeneous, and we discuss this case in
more detail in the next Section 1.4.

When ¢ = v = 0, Theorem 4.7 recovers one of the main results of the recent work [41] on the
existence of a time-homogeneous, continuous time process mapping the distributions of the usual
TASEP back in time. We remark that the proof of this result following from the present paper
is completely different from the argument given in [41]. The latter went through the well-known
connection of the TASEP distribution and a Schur process [39] on interlacing arrays (about this
connection see, e.g., [11]). For Schur processes, the two-dimensional version of the swap operator
is accessible by elementary means.

In a scaling limit ¢, v,, — 1, the ¢-Hahn TASEP turns into the beta polymer model introduced
in [4]. In Section 6 we construct swap operators for the multiparameter version of the beta
polymer model. The argument is formally independent of the rest of the paper, but proceeds
through the same steps. For polymers, the swap operator can be realized as a simple modification
of the lattice on which the beta polymer is defined. See Theorem 6.4 for a detailed formulation
of the result, and Figs. 10 and 11 for illustrations of lattice modifications.

1.4 Stationary dynamics on the g-TASEP distribution

The last application concerns ¢-TASEP [7, 10], which is a v = 0 degeneration of the g-Hahn
TASEP. Let us focus on this case in more detail. Under the ¢-TASEP, each particle z,, jumps
to the right by one in continuous time at rate 1 — ¢g*»—1~%n~1 where g = 400, by agreement.
In particular, we take the homogeneous ¢-TASEP in which all particles behave in the same
manner. Denote by Mf}?; the time t distribution of this continuous time ¢-TASEP started from
the step initial configuration step.

When v = 0, Theorem 4.7 produces a new time-homogeneous, continuous time Markov

process which we denote by Q. with the following properties:

e The process QM is a combination of two independent dynamics: the ¢-TASEP evolution,
and the (slowed down by the factor of t) backward ¢-TASEP evolution. The latter is
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a suitable degeneration of the backward ¢-Hahn process B, Under this degeneration,
the backward process becomes time-homogeneous. See Section 5.2 for the full definition
of the process Q.

e (Proposition 5.3) The process QM preserves the distribution Mg:{. Here the time parameter

t € R>q of the ¢-TASEP distribution M;{{ is fixed and is incorporated into the definition

of the stationary process QW,

e (Theorem 5.7) Start the process Q) from an arbitrary particle configuration on Z which
is empty far to the right, densely packed far to the left, and is balanced (in the sense that
the number of holes to the left of zero equals the number of particles to the right of zero).
Then in the long time limit the distribution of this process converges to the ¢-TASEP
distribution MEE.

We establish Theorem 5.7 by making use of duality for the stationary process Q) which
extends the duality between the ¢-TASEP and the stochastic ¢g-Boson process from [10] (the
stochastic g-Boson process dates back to [45]). In fact, we are able to use the same duality
functional (corresponding to joint g-moments) for QW. As a result we find that the process
dual to Q) is a new transient modification of the stochastic ¢-Boson process. The long time
limit of this transient process is readily accessible, and Theorem 5.7 follows by matching the
long time behavior of all g-moments of the stationary dynamics Q(t) (with an arbitrary initial
configuration) with those of the ¢-TASEP (with the step initial configuration).

Let us illustrate the transient modification in the simplest case of the first g-moment. Consider
the continuous time random walk n(t) on Z>¢ which jumps from k to k—1, k > 1, at rate 1 —q.
When the walk reaches zero, it stops. From the ¢-TASEP duality [10] we have

Edep "W = P(n(t) > 0|n(0) =n), n=12,... (1.1)
Here the left-hand side is the expectation over the ¢-TASEP distribution Mg;f, and the right-
hand side corresponds to the random walk n(t). Similarly to (1.1), joint g-moments of the
g-TASEP are governed by a multiparticle version of the process n(t) — the stochastic g-Boson
system.
Let us now fix the ¢-TASEP time parameter t € R+, and consider a different random walk
n® (1) on Zsg (here 7 is the new continuous time variable) with the following jump rates:

k—1
rate(k > k—1)=1—g¢q, rate(k—l%k):T, kE=1,2,....

This process has a single absorbing state 0, and otherwise is transient. In other words, after
a large time 7, the particle n(M(7) is either at 0, or runs off to infinity. Note however that
this process does not make infinitely many jumps in finite time. The duality for the stationary
process Q) which we prove in this paper states (in the simplest case) that

Estat(t)q:pn(r)—i-n _ P(n(t) (r)> 0| n(® (0) = n), n=12,.... (1.2)

step

Here the left-hand side is the expectation over the stationary process started from step, and the
right-hand side may be called the survival probability (up to time 7) of the transient random
walk n(t). See Corollary 5.6 for the general statement which connects joint g-moments of the
stationary process QW with a multiparticle version of n(® (7). We call this multiparticle process
the transient stochastic q-Boson system.

Taking the long time limit of (1.2), we see that

lim Ega® gt — p( lim n®(r) = 400 [n®(0) = n), n=1,2,.... (1.3)

T—r400 T—400
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The right-hand side is the asymptotic survival probability that the transient random walk even-
tually runs off to infinity and is not absorbed at zero. This probability, viewed as a function
of the initial location n, is a harmonic function® for the transient random walk n(t)(T), which,
moreover, takes value 1 at n = 400. This identifies the harmonic function uniquely. From the
stationarity of Mfﬁ under the process Q) one can check that (1.1) satisfies the same harmonicity
condition, which implies that (1.3) equals (1.1).

A general multiparticle argument involves identifying the “correct” harmonic function
(asymptotic survival probability) of the transient stochastic g-Boson system with the joint
g-moments of the ¢-TASEP. This identification requires additional technical steps since the
space of harmonic functions for the multiparticle process is higher-dimensional. Along this
route we obtain the proof that Q) converges to its stationary distribution M;{{ (Theorem 5.7).

1.5 Outline

In Section 2 we give general definitions related to parameter-symmetric particle systems and
swap operators. In Section 3 for the ¢-Hahn TASEP we present an explicit realization of the
parameter transposition in terms of a Markov swap operator corresponding to a random jump
of a single particle. In Section 4 we pass to the continuous time in the ¢-Hahn TASEP, and
obtain the ¢-Hahn backward process. This also implies the results about the TASEP from [41].
In Section 5 we define and study the dynamics preserving the ¢-TASEP distribution, and show
its convergence to stationarity. In Section 6 we obtain swap operators for the beta polymer.

2 From symmetry to swap operators

This section contains an abstract discussion of stochastic particle systems on Z which depend
symmetrically on their parameters. The main notions which we use in other parts of the paper
are parameter-symmetric stochastic particle system and swap operators.

2.1 Parameter-symmetric particle systems

Let Confg,(Z) be the space of particle configurations x = (--- < z3 < x93 < 1), ; € Z,
which can be obtained from the step configuration step := (...,—3,—2,—1) by finitely many
operations of moving a particle to the right by one into the nearby empty spot. The space
Confg,(Z) is countable.

By a multiparameter interacting particle system x(¢) we mean a Markov process on Confg, (Z)
evolving in continuous or discrete time, such that x(0) = step. Assume that this Markov process
depends on countably many parameters ¥ = {v;};cz.,. The parameters v; in our situation
are real, though without loss of generality they may belong to an abstract space. One should
think that v; is attached to the particle z;, but the distribution of each z;(t) may depend on all
of the v;’s. We denote the process depending on v by x¥(t). In this section we assume that all
the parameters v; are pairwise distinct.

The infinite symmetric group S(oco) = U2, S(n) acts on the parameters v by permuta-
tions, o: v — ov. Here S(n) is the symmetric group which permutes only the first parame-
ters vy,..., V. Let us denote by S, (0c0) C S(c0) the subgroup which permutes vy, 41, Vpt2,. ..
and maps each v;, 1 < i < n, into itself. Note that S(n) N S,(c0) = S(n) N Sp—1(c0) = {e},
and S(n+1)NS,_1(c0) = {e, sp}, where e is the identity permutation, and s, = (n,n + 1) is
the transposition n <> n + 1.

3 A harmonic function for a continuous time Markov process on a discrete space is a function which is eliminated
by the infinitesimal generator of the process.
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By imposing a specific distributional symmetry of x¥(¢) under the action of S(c0) on the
parameters v, we arrive at the following definition:

Definition 2.1. A multiparameter particle system x¥(t) is called parameter-symmetric, if for
all n and ¢t we have the following equality of joint distributions:

(' e 73:Z+2(t)’ fEZH(t)vqu(t), tet xlll(t))

d
L (o a0, 2 (0,20 (1), 2 (). (2.1)

That is, the transposition s,, preserves the joint distribution of all particles except x,.
Here is a straightforward corollary of this definition:

Corollary 2.2. In a parameter-symmetric particle system, for anyt and any o € S(n)US,(c0),
the random variables x¥(t) and xZ¥(t) have the same distribution.

Remark 2.3. In Section 6 below we consider the beta polymer model, which may also be viewed
as a particle system, but the particles live in (0, 1]. For concreteness, in the general discussion
in this section we stick to particle systems in Z.

2.2 Coupling

Let mi, mg be two probability measures on the same measurable space (E,F). A coupling
between my and mg is, by definition, a measure M = M (dz,dz’) on (E x E,;F ® F) whose
marginals are mj(dz) and meo(dz’), respectively:

A coupling is not defined uniquely, but always exists (the product measure M = m; ® mg is
an example).

In the notation of the previous section, start from a parameter-symmetric particle sys-
tem x¥(¢). Fix time ¢ and index n € Z>i, and consider two distributions x¥(¢) and x*"¥(t)
on the same countable space Confg,(Z). We would like to find a coupling M = M,, between the
distributions of x¥(¢) and x*"¥(t) which satisfies an additional constraint corresponding to (2.1):

M, (2} (t) = z;"¥(t) for all k € Z>1, k #n) = 1. (2.2)

Such a coupling also might not be defined uniquely. An example of a coupling satisfying (2.2)
can be obtained by adapting the basic product measure example. For any particle configuration

y = (y1,92,...) denote y; := {yx: k # n}. Define
MU (2 (1) =y, (1) = 2)
= 0(ya = 2a) P (x5 (t) = ya) P(@(t) = yn | x5 (1)) P2 () = 20 | X7 (1). (2.3)

Here 6(-) is the Dirac delta, and the two quantities P(-|-) are the conditional distributions
of z¥(t) (resp. z"¥(t)) given the locations of all other particles. Note that both conditional
distributions P(-|-) in (2.3) are supported on the same interval

In = {mz—i-l(t) + 17$Z+1(t) + 27 tet x;—l(t) - 1} CZ (2'4>

(if n = 1, then, by agreement, 9 = +o0c and the interval is infinite; for n > 2 the interval is
finite). The next statement follows from the above definitions:

Lemma 2.4. The distribution M9 defined by (2.3) is a coupling between the distributions
of X¥(t) and x°"¥(t), and satisfies (2.2).
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2.3 Swap operators

With a coupling one can typically associate two conditional distributions. In our situation,
a coupling M, satisfying (2.2) leads to two distributions on I,, (2.4) which we denote by

pn = Law (27" (t) | x¥ (1)) and pl, = Law (2 (t) | x*¥(1)).

Indeed, under, say, py, it suffices to specify only the conditional distribution of z3"¥(t), as all the
other locations in xz*"¥(t) stay the same. Thus, a coupling M,, satisfying (2.2) is determined by
either p,, or pl,.

In the particular example Méndep (2.3), the distribution p,, simply corresponds to forget-
ting the previous location of z¥(t), and selecting independently the new particle x5¥(t) € I,
(according to the distribution with the parameters s,v) given the remaining configuration
" (t) = a¥(t). This distribution p, corresponding to M™°P can be quite complicated as
it may depend on the whole remaining configuration x¥(¢). This dependence may also nontriv-
ially incorporate the time parameter .

In this paper we describe specific integrable parameter-symmetric particle systems for which
there exist much simpler conditional probabilities p,, or p/,. Let us give a definition clarifying

what we mean here by “simpler”:

Definition 2.5. The conditional probability p, is said to be local if p, = Law (25" (t) | x¥(t))
depends only on n, v, and three particle locations x¥  (t), 2} (t), «¥_;(t). The definition for p),
is analogous.

We will interpret the local conditional probability p, as a Markov operator. When applied,
Pn leads to a random move x}, (t) — x;"¥(t) given x}_ (t), x7_,(¢). In distribution the applica-
tion of p,, is equivalent to the swapping of the parameters v, <+ v,+1. Due to this interpretation,
we will call p,, the (Markov) swap operator.

In the examples we consider, swap operators will also be independent of t.

Remark 2.6. Typically, only one of the probabilities p,, and p], can be local (and thus corre-
spond to a swap operator). Indeed, assuming that p, is local, we can write

P (t) = yn [ X () = 2)

SnV

= P (€27 (1) = 20 | 221 () = Ynr1, 25 (E) = Yoo @51 () = Y1) f«xy(t)::yz

where y; = z;, and we also assume that the probability in the denominator is nonzero. If
one wants p/, to be local, too, it is necessary that the ratio of the probabilities % (in
which y, z differ only by the location of the n-th particle) depends only on the four particle
locations x  (t), x},(t), z;»¥ (t), ¥ _(t). This (quite strong) condition on the ratio of the prob-
abilities does not hold for the particle systems considered in the present paper. (In particular,
using the explicit Rakos—Schiitz formula [44] expressing transition probabilities in TASEP with
particle-dependent speeds as determinants one can check that the condition fails for the usual

TASEP.)

3 Swap operators for g-Hahn TASEP

In this section we examine the parameter symmetry and swap operators for the ¢-Hahn
TASEP [42]. A multiparameter version of the process preserving its integrability is due to [14].
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3.1 The g-deformed beta-binomial distribution

We first recall the definition and properties of the g-deformed beta-binomial distribution ¢q ;..
from [20, 42]. We use the standard notation for the ¢g-Pochhammer symbol (z;q)r = (1 — z) X
(1—gqx)--- (1 — qkilx), k € Z>1 (by agreement, (z;¢)o = 1).

Everywhere throughout the paper we assume that the main parameter ¢ is between 0 and 1.

Definition 3.1. For m € Z>, consider the following distribution on {0,1,...,m}:

s Wi dm—y (G Dm
(Vs @Q)m (0 (¢ Q)m—j

g ur(jlm) = , 0<j<m.

When m = 400, extend the definition as

ooy W) (@)
PanlF]o0) =1 (©9); (V@)

3 je ZZ(L

The distribution depends on ¢ and two other parameters u, v

When 0 < g < 1 and v < p, the weights ¢, .., (j | m) are nonnegative.* They also sum to one:
m
> pquw(ilm)=1,  me{0,1,...} U{+oo}.

We will need two other properties of the weights given in the next two lemmas.

Lemma 3.2 ([2, 20]). The weights satisfy a symmetry property: for all m,y € Z>o we have

Zq”soqulm Zq Paun(ky).

7=0

Similarly, for all y € Z>o, we have

o0
Z Y qup (i ]00) = ©quu(0]y).
3=0

Define the following difference operator:
w—v
(Vi) o= 52 0= 1) + 2= (o). (3.1)

The next statement is a key property of the ¢-deformed beta binomial distribution which
allows to simplify the action of certain operators defined through ¢, ,, on functions satisfying
special boundary conditions. This is a manifestation of the connection of ¢, , ., to the coordinate
Bethe ansatz, as developed in [42].

Lemma 3.3. Fiz parameters v; € (0,1), i € Z. Let a function f(ni,...,ny) from Z™ to C
satisfy the following two-body boundary conditions

Up, (1 —g¢q q— Vp,
{L( )f(nl,...,nl-—l,nHl —1,...,nm)—|—7f(n1,...,n7;,ni+1 —1,...,nm)
— qUn, 1 —quy,
l—q
17]‘(711,...7ni,ni+1,...,nm)—f(nl,...,ni—1,ni+1,...,nm) =0 (32)
_qyni

“These conditions do not exhaust the full range of (g, i, ) for which the weights are nonnegative. See, e.g.,
[14, Section 6.6.1] for additional families of parameters leading to nonnegative weights.
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for all i € Z™ such that for some i € {1,...,m}, n; = nix1. (In (3.2), only the i-th and the
(1 + 1)-st components of Ti are changed.) Then we have

v vndt — - Vn / A R _17..., —1 33
iHl[ wonli f( 10, m) jzo%’“’ G m) fln,...,n,n n—1) 53)

m = m—j j

Here [V, i is the operator (3.1) applied in the i-th variable.

Proof. This is based on the quantum (noncommutative) binomial [42, Theorem 1], and is
a straightforward generalization of the equivalence of the free and true evolution equations [20,
Proposition 1.8]. The only difference here is that v;’s are allowed to vary. However, as the
application of the quantum binomial result depends only on the parameter v, associated to the
particular n in (3.3), we see that the claim readily holds. [

3.2 Multiparameter g-Hahn TASEP

Here we recall the particle-inhomogeneous version of the g-Hahn TASEP from [14, Section 6.6].
Let

vi € (0,1), i € Z>1, v € [1,sup;v; ']

be parameters. To make the system nontrivial, the v;’s should be uniformly bounded away
from 1.

The g-Hahn TASEP starts from step and evolves in Confg,(Z) in discrete time ¢ € Zxg.
At each time moment, each particle z; independently jumps to the right by j with probability

g (G| Tic1 — 2 — 1), Je{0,1,... zi —x — 1}, (3.4)

where xg = +00, by agreement. See Fig. 1 for an illustration. For the step initial configuration
the g-moments of the g-Hahn TASEP were obtained in [14, Corollary 10.4] (in the homogeneous
case v; = v a proof using duality and coordinate Bethe ansatz is due to [20]). The g-moments
are given in the next proposition.

Proposition 3.4. For any { € Z>1 and any ny > ng > --- > ny > 1 with the assumption that

B8, > 0, v @9
we have for the g-moments of the qg-Hahn TASEP started from step:
l
H . . -1 [dz dzp ZA — 2B
Egte;()y) q" O = (_l)gq 2 j{%_l T f i T —an
j=1 1<A<p<e “A T 9*B
L t n;
1— fyzi> 1 1—2z
X . 3.6
i];Jl: <1—Zi Zi(l_zi)jlll_zi/l/j ( )

Here the integration contours are positively oriented simple closed curves which are q-nested
around {vj}j—1,.n, (that is, each contour encircles the v;’s, and, moreover, the za contour
encircles each qzp contour, B > A) and leave 0 and 1 outside. See Fig. 3 for an illustration.

Remark 3.5. Together with particle-dependent inhomogeneity governed by the parameters v;,
one can make the parameter v time-dependent. That is, at each time step t —1 — ¢, the jumping
distribution (3.4) can be replaced by g~ (| 2i—1 — i — 1). The moment formula (3.6)
continues to hold when modified by replacing the term (%)t with Hle 11__77;‘? The main
result of this section (Theorem 3.8 below) also holds in this generality, but for simplicity we will

continue to assume that v does not depend on ¢.
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S

Z1

v

Figure 3. Possible integration contours in (3.6) for £ = 3. The contours for ¢z3, ¢>z3, and gz, are shown
dotted.

Since 0 < ¢ < 1 and we start from step, the random variables Hle q*ri 475 are all between 0

and 1. Because the moment problem for bounded random variables admits a unique solution,
the g-moments (3.6) uniquely determine the joint distribution of all the g-Hahn TASEP particles
{zi(t)}iczs, at each fixed time moment. This implies the following statement:

Proposition 3.6. The multiparameter g-Hahn TASEP started from the step initial configura-
tion is a parameter-symmetric particle system in the sense of Definition 2.1. Moreover, the
distribution of each x,(t) depends on the parameters vy, ..., vy, in a symmetric way.

Denote the right-hand of (3.6) by f(ni,...,ne), where now n; € Z are not necessarily ordered.
Notice that if n, = 0, the integrand has no poles inside the z; (i.e., the smallest) integration
contour. Therefore, f(ni,...,n¢—1,0) = 0. The following lemma will be employed in the next
section.

Lemma 3.7. The function f(ny,...,ng) on Z° defined before the lemma satisfies the two-body
boundary conditions (3.2).

Proof. This statement essentially appears in [20], see also [10]. Its proof is rather short so we
reproduce it here. When n; = n;1; (denote them both by n), the part of the integrand in (3.6)
depending on z;, z;11 contains

2y — Zit1 ﬁ : (1 —2)(1 — zig1)

7= @it oy (1= zi/vi)(1 = zig1/v5)

The left-hand side of the boundary conditions (3.2) for our function f is an integral over the
contours as in Fig. 3, where the integrand now contains
~1
Zi = Zit1 nl_[ (1—z)(1 —zi11)
(

zi = gzt oy (L= 2i/v) (1 = 2 /vy)

y (Vn(l—Q) q—vn 1—z l—qg 1-z l-zp  1-zip )
1—quy, l—qup 1=z /vy fqunlfzi/unlfziﬂ/un 1—2zi41/Vn
_ vn(1—1y)2 Zi — Zit1 H (1 —2)(1 = zi41)
1—qun (2 —vn)(2i41 — Vn) i (1= 2i/vj)(1 = ziy1/vj)’

where the important observation is that the denominator z; — gz;+1 has canceled out. Now
the contour for z; can be deformed (without picking any residues) to coincide with the contour
for z;11. However, thanks to the factor z; — z;11, the integrand is antisymmetric in z;, 2z;jy1.
Therefore, the whole integral vanishes, as desired. |
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3.3 Markov swap operators for g-Hahn TASEP

Here we prove that the ¢-Hahn TASEP admits a local conditional distribution corresponding to
the permutation s, = (n,n + 1) when the parameters satisfy v,,41 < v, before their swap. This
leads to the Markov swap operator which we define now. Fix n € Z>1, and let

ng(bT;q, | Tpt1, Tny Tpo1) 1= Po,Intl oy (‘T/n = Tp1 — 1| Tp — Tp1 — 1), (3.7)

Observe that this probability does not depend on xp—1. The condition v,1; < v, ensures that
the swap operator p%H (3.7) has nonnegative probability weights.

Theorem 3.8 (Theorem 1.1 in Introduction). Let x¥(t) be the q-Hahn TASEP with parameters
v = {Vi}iezzl, started from step. Fiz n € Z>1 and assume that vp11 < vyn. Replace x,(t) by
a random x},(t) coming from the Markov swap operator p3 (3.7). Then the new configuration
is distributed as the q-Hahn TASEP x*"¥ (t) with swapped parameters.

Proof. We will prove this theorem by applying p%H in the g-moment formula. Since the g-mo-
ments uniquely determine the distribution, this computation will imply the claim.
Fix integers £,¢,a,b > 0 and define

= (n1,...,n) = (my,...,men+1,...on+1,n,....,n,mi,....,mp), (3.8)
a b
where my > --->my>n+1,n>m) >--->mjy >1,and k =+ a+b+{. Assume that
the parameters v; satisfy the contour existence condition (3.5). (In the end of the proof we will
drop this assumption.) It suffices to show that

Ty (t) k
H(v ! 4+n Ty n;
Edes >( ST @ [ (8 wa(), 0o (8) ¢ T g™ 0F ) (3.9)
x%:xn_;,_l(t)—i-l ];1
n;#n

H(v)

p  is taken with the parameters before the swap), is equal to the

(where the expectation Eg,
expectation
k
B T ¢t (3.10)
j=1

with the swapped parameters. Indeed, the sum over z}, in (3.9) corresponds to the action of the
swap operator pi" on H§:1 ¢ 0H5 viewed as a function of {z(t)}. We thus need to show
that the expectation of the result with respect to the original parameters leads to the formula
with the swapped parameters.

We now start from (3.9), and in the rest of the proof omit the dependence on ¢ for shorter
notation. First, we use the symmetry property (Lemma 3.2) to write for the part of the sum
in (3.9) involving z,, Tp41:

Tn
/ n 1)+b(x!
Z o, ntL yis (T = Tnt1 — 1|2y — Tpg1 — 1) qa(m ) rb(w, )
T =xny1+1 "
Tn
b 1 / b 1
= E gbEn—nr1= )<P vntr (@ = Tnp1 = 1| 2n — Zpgr — 1) gtV Enpatntl)

vn

z —zn+1+1

_ qu T —Tp1— 1)()0 l’n+1 Vn+l( ‘b) q(a+b)(:cn+1+n+1)
r= 0

_ Z SD s ‘b) q(a-i—b—r)(xmq+n+1)+r(a:n+n)' (3'11)



Parameter Permutation Symmetry in Particle Systems and Random Polymers 13

We thus need to compute

b

H(v (e
> Py 51 (1D B >(Hq ), 312

r=0

where the vector 7i(r) = (ni(r),...,nk(r)) is as in (3.8), but with (a,b) replaced by (a+b—r,r).
The expectation in (3.12) is given by the contour integral as in the right-hand side of (3.6).
Recall the notation f(i7) for this integral, where now @ € Z*, and the components of 77 are not
necessarily ordered. By Lemma 3.7, this function f satisfies the two-body boundary conditions.
Thus, (3.12) can be rewritten by Lemma 3.3 as (recall notation (3.1) for the operator V,, ,):

b
mi,...,men+1,...on+1,ml, ... ,mp).
U |: Vn+1i|€+a+] f( ~— 1 Z)
- a+b
Observe that now each of the difference operators [V vpi1 l/n+1] ¢+a+; can be applied independently
inside the integral. We thus have for every variable w = Zptatj, J=1,...,b:
n+1 n
Vons le H 1—w _ Vn+1/Vn—Vn+1 N l—vpt1/vn  1-w H 1—w
L +a+]z N 1—w/y; 1—vp41 1—vpt1 1—w/vpi1 et 1—w/y;
- w/y, ﬁ 1—w _T—T 1—w
1—w/vpt Z,:llfw/l/i palet 1—w/y;
i#n

We see that the resulting integral coming from (3.9) contains, for each variable z¢i,y; cor-
responding to ngiq4; = n in (3.8), the product over the parameters (vi,...,Vn—1,Vn41) =
Sn(v1,...,vn). Therefore, this integral is equal to the expectation (3.10) with the swapped
parameters s,v, as desired.

It remains to show that we can drop the contour existence assumption (3.5). The preceding
argument implies that under (3.5) (with fixed zp41, 2, zp—1),

Tp—1—1
Z PV( <y T+l Lny Ln—1, - - ) Pg,intl Vng1 (-T;L —Tpt1 — 1 ’Jf'n — Tp+l — ]-)
om0
Tn=x},
= Psnl’("'7xn+17x;7‘7xn—17"')7 (313)

where P, P;, , denote the ¢-Hahn probability distributions with the corresponding parameters
at some fixed time t € Z>q.
If n > 2, the sum in the left-hand side of (3.13) is finite, and each probability P,, Ps,, is

a rational function of va,vs,... (note that since ..., Ty 41,2, Tn_1,..., are fixed, only finitely
many of the v;’s enter (3.13)). The dependence on v is also rational after canceling out the
(yv139)¢

common factor . from both sides. Therefore, identity (3.13) between rational functions

oo

in v; can be analytically continued, and the assumption (3.5) can be dropped.
For n = 1, the sum in the left-hand side of (3.13) becomes infinite. Remove the common

factor ((7 l’qq))“’ from both sides again, then the coefficients by each power v, m € Z>¢, become
rational functions in v;, i = 1,2, . ... Therefore, we can again analytically continue identity (3.13)
and drop the assumption (3.5). This completes the proof. |

Remark 3.9. When v, = v,4;1, we have from (3.7) that p%H(xHan,xn,:cn_l) = 1 -z,
(where 1... stands for the indicator). Therefore, the swap operator reduces to the identity map,
which is appropriate since for v, = v,41 there is nothing to swap.
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If v, < vp41, formula (3.7) for p%H also makes sense, but some of these probability weights
become negative. One can check that all algebraic manipulations in the proof of Theorem 3.8
are still valid for v, < v,,+1, but now they do not correspond to actual stochastic objects. This
is the reason for the restriction v, > v,41 in Theorem 3.8.

3.4 Duality for the g-Hahn swap operator

Here let us recall the Markov duality relation for the g-Hahn TASEP from [20]. We will heavily
use duality in Section 5 below.
Fix ¢ > 1 and let

We interpret elements of W’ as ¢-particle configurations in Z>o, where multiple particles per
site are allowed. Namely, for each i =1,...,¢, we put one particle at the location n; € Z>g. See
Fig. 4 for an illustration.

(ptL’YVLVl(l ‘ 3) ' Q\Oq/,vi%\m(l | 2) /: (pq,VVSJ’S(Z ‘ 4)
e 07/ ®

[

1

O @
e e  Ce

2 3 4 5 6 7 8 9

A 4

Figure 4. Configuration of particles 77 = (8,8,8,8,4,4,3,1,1,1) € W% and a possible one-step transi-
tion in the g-Hahn Boson process. The particles of 7 which jump are solid gray, and their new locations
are not filled.

Define the duality functional on the product space Confg,(Z) x W as follows:
H(x,1) = q i=1 T (3.15)

Let 7T9H®)(x,y), x,y € Confg,(Z), denote the one-step Markov transition operator of the
g-Hahn TASEP with parameters v = {v;} and 7. We do not include the latter in the notation
and assume that it is fixed throughout this section.

Let 7aH®) (i, m), ii,m € W¢ be the one-step transition operator of a discrete time Markov
chain on W which at each time step evolves as follows. Independently at every site k € Z>1
containing, say, y; particles, randomly select j particles with probability vq~yu, . (J | Yk), and
move them to the site k — 1. This Markov chain is called the (stochastic) g-Hahn Boson process.
See Fig. 4 for an illustration.

Proposition 3.10 ([20]). With the above definitions, we have
THO) H(x, i) = THO H(x,i@),  x e Confgn(Z), it e W

Here the operators TH®), TaHW) gct in the x and the i variables, respectively. Equivalently
in terms of expectations, we have for all x° € Confg,(Z), 0 € W, and all times t € Zso:

H(v i HBoson(v N
B G H (x(t), i) = B (x0,ii(1). (3.16)

Here in the left-hand side the expectation is taken with respect to the qg-Hahn TASEP’s evolution

starting from x°, and in the right-hand side the expectation is with respect to the q-Hahn Boson

process started from .
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Consider now the Markov swap operator sz (3.7) on Confg,(Z), where k € Z>; is fixed,
and vg > vg41. It turns out that this operator admits a dual Markov operator on the space WE,
by means of the same duality functional H (3.15). Namely, define ﬁzH as the Markov operator
which acts only on the k-th location in the g-Boson configuration. If the k-th location contains gy
particles, then ﬁ%H randomly sends y, — j particles from location k to location k + 1, with
probability P, Vi1 (j | yk)- See Fig. 5 for an illustration.

Vi )

Vi+1

v, (1]4)

SO(IU,*S’VQ

+

®
1 : . : . 1 1 1 1
3 4

1 1 1 1
2 ) 6 7

Figure 5. A possible transition under ]ﬁgH.

Proposition 3.11. If vy > vgi1, then we have
H — oqH -
py H(x, ) =py H(x,i),
where the operator in the left-hand side acts on x, and in the right-hand side — on 1.

Proof. This duality relation immediately follows from computation (3.11) performed (with the
help of Lemma 3.2) in the proof of Theorem 3.8. |

4 Continuous time limit of repeated swaps

Here we consider two continuous time limits, one of the original ¢-Hahn TASEP, and another
one of the transition probabilities p%H leading to the new backward q-Hahn process. These two
continuous time processes act on the two-parameter family {M;ly}i;t}te]}g>o7 o<v<1 of distributions
of the continuous time ¢-Hahn TASEP (started from step) by continuously changing the para-
meters.

4.1 Two expansions of the distribution ¢, .

Let us write down two Taylor expansions of the ¢-deformed beta-binomial distribution from
Section 3.1. Their proofs are straightforward.

Lemma 4.1. Forv €[0,1) and m € {1,2,...,} U{+oo} we have as € \, 0:

1+ 0(e), =0,
SD o 7]/(]' ’ m) = Jj—1 . m . i
q,v+e v (Qaq) (I/,Q) J€+O(52)7 1§j§m
1= ¢/ (G Q)m—i(V; Om

Lemma 4.2. Forv € [0,1) and m € {0,1,2,...} we have as € \, 0:

1 y4)m\V; ) .
‘ m,'(q,Q) (v q>]€+0(62), 0<j<m—1,
Pq,1—e,v(1—¢) (] ’ m) = 1- qmI (q; q)j(ll; Q)m

14+ O(e), j=m.
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Denote

oy e P (@D (Vi ey o (e L (@@Onid)y
Yarllm) = =45 Dm—i (Vi @)m Vi M) = 7y Q) (Vi @)m’ (4.1)

where 1 < j <mand 0 < j' <m—1. Clearly, 14,(j |m) = l/j_1¢;7y(m—j |m) forall1 < j <m,
but it is convenient to keep these notations separate.

4.2 Continuous time g-Hahn TASEP

Fix ¢ € (0,1), v € [0,1) and consider the Poisson-type limit of the ¢-Hahn TASEP with homo-
geneous parameters v; = v as

’7:1"1'5/1/7 t:Lt/€J7 e\ 0,

where t € Z>q is the discrete time before the limit, and t € R>¢ is the scaled continuous time after
the limit. The resulting process is the continuous time qg-Hahn TASEP which evolves as follows.
Starting from step, in continuous time t € R>q, each particle x,(t), n € Z>;, independently
jumps to the right by j € {1,2,...,x,-1(t) — z,(t) — 1} at rate

Vg (G [En-1(t) — zn(t) = 1).

(In continuous time there is at most one jump at every instance of time.) Here z¢p = 400, by
agreement. This continuous time process was considered in [3, 48].

Remark 4.3 (multiparameter continuous time g-Hahn TASEP). One can also consider a ver-
sion of the continuous time ¢g-Hahn TASEP in which each particle z,, jumps at rate vp1q.,, (- | ).
This multiparameter deformation preserves integrability. To get from the multiparameter pro-
cess to the homogeneous one described above one has to set v, = v and rescale the continuous
time by the factor of v. For simpler notation, we will mostly consider the homogeneous con-
tinuous time g-Hahn TASEP. Its multiparameter generalization is needed only in the proof
of Theorem 4.7 below.

The continuous time g-Hahn TASEP possesses the same g-moment formulas as (3.6), with
v; = v, and the replacement

inside the contour integral.

4.3 Backward g-Hahn process

Here we define a continuous time limit of a certain combination of the swap operators p%H (3.7).
Let us first explain the main idea. Assume that v; > v5 > v3 > ---. By Theorem 3.8, the
application of the Markov operators p(fH, ng, ...(in this order) to a random configuration
coming from the discrete time ¢-Hahn TASEP with parameters v is equivalent in distribution
to the permutation v — ---s3sos1v which exchanges v; with vy, then vy with 3, and so on
(so that vy gets pushed all the way to infinity and essentially disappears). Because the particle
configuration to which we apply the p?H’s is densely packed to the left, this application of the
infinite product of the swap operators p?H is well-defined and is a one-step Markov transition
operator on Confg,(Z). Its continuous time limit as v; — v for all ¢ will be our new backward
g-Hahn TASEP.
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Let us now make this idea precise and take the particular parameters v; = vri=!, i € Zs,

where v € [0,1) and r € (0,1). Denote by p%H;(a’B), 0 < B < a, the Markov swap operator
acting on the n-th particle as follows

ng;(a;ﬁ)(x;Z | Tn+1, Tn, :Linfl) = SDq B Ig(x'ln, — Tpy1 — 1 | In — Tn+1 — 1)
7a7

Then define the infinite product

H(r (]H7 2 (1H7 3, (]H7 4, (lH7 T, (lH7 T, (lH7 T,
Bq V( ) . p (7/ 1741 )p (V 174 )pg (l/ l/]) p (V l/)p (V l/)p (l/ V)
. . . e . .

apply p?H, then ng, and so on). In words, under the Markov operator 83,13(”, each particle z,,
jumps to the left into a new location 2!, € {x 11+ 1,2p41 + 2,...,2,} chosen randomly from
the distribution

Pg,rm v (), — Tps1 — 1|2y — Ty — 1). (4.2)

The update is sequential for n = 1,2, ..., so the new location z/, of each z,, depends only on the
two old locations x,41, Tn,.

Proposition 4.4. For v; = vri=! and any m,k € Z>o we have

Sstep ('TqH(V))mBgE(T)BqH(T)B;ij) . BZIH(T) = Gatep (TqH(r’“u))m7

q,rv v =1y

where THW) 45 the one-step Markov transition operator of the discrete time q-Hahn TASEP,
Ostep 15 the delta measure at the step configuration, and rky = {W"k”*l}ieZZl s the parameter
sequence shifted by k.

Proof. Follows from Theorem 3.8. [ |

Note that 7aH(r"¥ ), the g-Hahn TASEP transition operator with the shifted parameter sequ-
ence r*v from Proposition 4.4, is the same as TqH(V)‘w—)rkl/’ i.e., the original ¢-Hahn TASEP
operator in which v is replaced by r*v.

Proposition 4.5. In the scaling regime
7“:1—6, kII_T/EJ, k/:LT,/EJ? 5\07
where 0 < 7 < 7/ are scaled times, and the parameters q,v are assumed fized, we have

lim (BQH(T)BOIH(T) BqH(T) . _BqH(T) BqH(T) ) — Bg},}(’r, 7_/) (4_3)

/ !
N0 q,rkv Tqrktly T qrkt2y q,r* =20 gk 1y

as Markov operators acting on the space Confg,(Z). The convergence is in the sense of the
operators’ matriz elements (i.e., the strong operator topology). The operators BE}E(T, 7') form
a continuous time, time-inhomogeneous Markov semigroup.

The fact that the resulting continuous time Markov chain is time-inhomogeneous will become
clearer later in Section 4.4 when we consider its action on the ¢-Hahn TASEP distributions.

Proof of Proposition 4.5. Observe that the space of left-packed configurations Confg,(Z) is
countable, and under the Markov operators in both sides of (4.3) the particles jump only to the
left. Therefore, the desired limit as € N\, 0 reduces to the limit of finite-size Markov transition
matrices. For the latter the Poisson-type limit is taken in a straightforward way. |
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Let us now describe the time-inhomogeneous Markov dynamics Bf}}g (1,7') in terms of gene-
rators. Taking the limit € N\, 0 in the probabilities (4.2) and using Lemma 4.2 leads to the jump
rates

n- ¢;,y(x;l — Tpp1 — 1 @n — g1 — 1) (4.4)

with which each particle x,, jumps to the left into x}, € {zp41+1,2p41+2,...,2,—1}. The fac-
tor n appears from the expansion " = (1 —¢)" =1—ne+ 0(52). Denote the Markov generator
with the jump rates (4.4) by B;{Ii. The action of this generator is well-defined because the
configurations from Confg,(Z) are densely packed to the left, so only finitely many particles can
jump in finite time. Propositions 4.4 and 4.5 then imply that the semigroup and the generator
are related as

/

T H d
st —en{ [Tefad eo ol aor)

In words, Bfﬁ (1,7') is the Markov transition operator from time 7 to time 7/ of a process under
which at each time s the jumps are governed by the infinitesimal generator B;ﬂl{/e,s. We call the

process corresponding to B((}E(T, 7') the backward q-Hahn process.

Remark 4.6. A time- and space-homogeneous version of the backward g-Hahn process was
considered in [3]. Indeed, the left jumps with rates qSéj (Tn — 2 | 2y — Xpy1 — 1) in the ¢-Hahn
asymmetric exclusion process from [3] coincide (up to the constant factor L) with the jumps
at rates 3, (2}, = Tn41— 1| 2n — Tny1 — 1). However, the spatial inhomogeneity of the backward
g-Hahn process does not allow to immediately apply the contour integral g-moment formulas
from [3] in our situation.

4.4 Action on distributions

For t € R>p and v € [0,1) denote by Mgg;t the time t distribution of the continuous ¢g-Hahn

TASEP started from step. The combined results of Sections 4.2 and 4.3 imply the following
action of the backward ¢-Hahn process on these distributions:

Theorem 4.7. We have for allv € [0,1) and t,7 € R>q:

qH H o qH
M‘Zv”?t Bg:V(O’ T) - Mq,ye—f;te—‘r )
In words, the time-inhomogeneous backward q-Hahn process maps the distribution Mg}it onto
the distribution from the same family, but with rescaled parameters t and v. See Fig. 6 for
an illustration of the action on parameters.

It should be noted that here the forward g-Hahn TASEP has homogeneous parameters v, = v,
while the construction of the backward process relies on Markov swap operators coming from
inhomogeneous parameters v,.

Proof of Theorem 4.7. Take the continuous time multiparameter ¢-Hahn TASEP from Re-
mark 4.3 and set the parameters to v, = vr"~! where v € [0,1) and r € (0,1). After
rescaling the continuous time by v, under this process each particle z,, jumps by j at rate
4, ypn=1(j | @pn—1 — ¥, — 1). Denote the distribution of this inhomogeneous process at time

t € R>q started from step by M)

quit - Clearly,

qH(r) — MqH

lim Myt it
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t

% Q'Hahn

5] TASEP TaH

&

& baCkWaI‘d

. H ;
e Mg,u;t

step g | V
O 1

Figure 6. Action of the continuous time ¢g-Hahn TASEP and the backward g-Hahn process on the
measures Mq,,t viewed as a two-parameter family depending on t and v. The vertical line v = 0
corresponds to distributions of the ¢-TASEP, and on them we obtain a stationary dynamics discussed
in Section 5 below.

qH(r)
q,l/;t )

A suitable modification of Proposition 4.4 applies to this r-dependent distribution M
when we take a sequence of discrete Markov backward steps:
qH(r) 1oqH H(r) pa(r)  ppaH(r) qH(r)
Mg Ben " BEIBY S B, = MO (4.5)
Indeed, the application of all the operators 83}:1.(5), 1=0,1,...,k — 1, turns r”_lwqwn_l, the
jump rate of x,, into rk+”_11/1q’wk+n_1. The latter is the same as the old jump rate but with the

parameters (v,t) multiplied by r*. Taking the limit as 7 — 1 in (4.5) and using Proposition 4.5
implies the result. n

4.5 Corollary. Mapping TASEP back in time

By setting ¢ = v = 0 in Theorem 4.7, we recover the main result of the recent paper [41] on the
existence of a Markov process which maps the TASEP distributions back in time. Indeed,
we have for the rates (4.1):

Yoo(i|m) =1j=1,  ¥fe(i'Im) =1, (4.6)

where 1 < j <m and 0 < j/ < m — 1. Moreover, for ¢ = v = 0 the backward continuous time
process BOO(T ') = BOO(T — 1) is time-homogeneous. Under this process, each particle zy,
independently jumps to the left into one of the holes {x,+1 + 1,...,2, — 1} at rate n per each
hole. This dynamics is called the backward Hammersley process in [41].

We see from (4.6) that M 0,0;t 18 the distribution of the usual TASEP at time t started from

the step initial conﬁguratlon Under the action of the backward Hammersley process 5070 for

time 7, the distribution JV[ 0.0 Maps into M‘&% -
Theorem 1 from [41]. In the latter paper the result was obtained in a completely different
way using a well-known connection (e.g., see [11]) of TASEP and Schur processes, which are
probability distributions on two-dimensional arrays of interlacing particles. In contrast, here
we proved the more general Theorem 4.7 involving only observables of the particle systems

in one space dimension, and did not rely on Schur like processes in two space dimensions.

This corollary of Theorem 4.7 is precisely

5 Stationary dynamics on the g-TASEP distribution

When v = 0, the ¢-Hahn TASEP turns into the ¢-TASEP introduced in [7]. We continue
working in the continuous time setting as in Section 4. In this section we introduce and study

a time-homogeneous, continuous time Markov process which is stationary on the distribution
of the ¢-TASEP.
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5.1 ¢q-TASEP and the backward process

The q-TASEP is a continuous time Markov dynamics on Confgs,(Z) depending on a single
parameter ¢. Under it, each particle z,(t) jumps to the right by one at rate 1 — gFn-1(—an(t)—1
(by agreement, xo = 400, so the first particle performs the Poisson random walk). When the
destination of the jump is occupied, the rate is 1 — ¢ = 0, so the jump is blocked automatically.
Denote the infinitesimal Markov generator of the ¢-TASEP by T. For the ¢-TASEP started from
the step initial configuration step, let ME}E denote its distribution at time t € R>g. See Fig. 7
(jumps to the right) for an illustration.

5(1—¢*)(1 —¢")

5(1—¢*)(1-g")
1—q2
5(1—q* 3-1 1-— q3 1
5(1-q)(1-¢*)(1—¢’) ST
' Y ’ Y
000 0 0 0 C SO0 0O 8 SO0 O 000 0O0-oC—
e rg I7 Tg s T4 I3 T2 I

Figure 7. Examples of possible jumps with their rates in the ¢-TASEP (the dashed arrows to the right)
and the backward ¢-TASEP (the gray arrows to the left).

Setting v = 0 in the backward ¢-Hahn process from the previous Section 4, we arrive
at the backward q-TASEP. This specialization in particular makes the backward process time-
homogeneous. Under the backward ¢-TASEP process (we denote its continuous time by 7), each
particle x,(7), n € Z>1, jumps to the left into 2], € {zp11(7) + 1, Tpy1(7) +2,...,25(7) — 1}
at rate (recall notation (4.1))

_ n (q; Q)xn(r)—zn+1(T)—1
1 —qwn(T)_x;l (q; Q)xg—mn+1(7)—1

n - Y0~ a1 (1) =1 2n(r) =g (7) — 1) (5.1)

Remark 5.1. One can check that
Tn—1
Z Yao(y = Tnp1 — 1| @n — Tny1 — 1) = 2p — Tpy1 — 1,
T =xnq1+1
but we will not use this fact.

Denote the infinitesimal Markov generator of the backward ¢-TASEP by B. See Fig. 7 (jumps
to the left) for an illustration.

5.2 Definition of the stationary dynamics

Fix the ¢-TASEP time parameter t € R<g. Introduce the notation
QW =T+ % B.

This is an infinitesimal Markov generator of a process under which the particles move to the
right according to the ¢-TASEP, and independently move to the left according to the backward
g-TASEP slowed down by the factor of t.

By slightly abusing notation, we denote the continuous time Markov process with the gene-
rator QM by the same letter. We also adopt a convention of using the letter 7 € R>¢ for the
continuous time in the process Q®. Thus, t in QY is a fixed parameter which enters the
definition of the process.
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Proposition 5.2. The continuous time Markov process with the generator QU is well-defined
and can start from any configuration x(0) € Confgy,(Z).

Proof. The only problem in the definition of Q® is that it may have infinitely many jumps
in finite time. First, observe that the ¢-TASEP is well-defined starting from any configuration
x(0) € Confgp(Z). Next, under Q¥ particles go to the right not faster than under the ¢-TASEP.
Therefore, with high probability, the random configuration of particles under Q) is empty to
the right and densely packed to the left outside a bounded region of Z (the size of the region may
depend on the time 7 in Q(t)). Because of this, the total jump rate of all particles under QW is
bounded. Therefore, Q) does not generate infinitely many jumps in finite time when started
from any configuration x(0) € Confsy(Z). This completes the proof. [

Proposition 5.3. The process Q) preserves the q-TASEP distribution MEE.

qT
gite=9"
After evolving this distribution under the ¢-TASEP for time t—te=% > 0, we get back the original
distribution Mg:f. Differentiating in § and sending ¢ \, 0, the infinitesimal Markov generator
of the combined dynamics is readily seen to be t T+ B = tQ®. As the factor t by Q) simply
corresponds to the time scale (of the time variable 7), we get the desired statement that the
dynamics Q(t) preserves the measure M?E. [ |

Proof. By Theorem 4.7, the backward process B, ran for small time 6 > 0, maps Mg:{ to M

5.3 Dual process: transient g-Boson

Our aim now is to describe the dual process to Q). by means of the same duality functional
H(x,7) = 1,50 H§:1 ¢""i " (3.15). Recall that 7 € W¢ (3.14), and we interpret elements
of W* as ¢-particle configurations in Z>q.

First consider the individual components T and B in Q®. The dual process to the ¢-TASEP
is known as the stochastic q-Boson particle system [45] (see also [10]). Under this process,
particles move in continuous time from site k to k — 1, k € Z>1, independently at different sites.
More precisely, if a site k € Z>1 contains y;, particles, then one particle hops from site k to site
k —1 at rate 1 — ¢¥%. See Fig. 8 (jumps to the left) for an illustration.

1p: 7- 111qq
1p: 4(14+¢q BV (gt
( ) /—". 2p: 7~%
1—C]3 -. 1 9 2p 4(1—(]) 'I . ) 4
T : 3p: T(1—¢*)(1—q)
; @ v @ 1_‘14:' @ 4p: T(1-q)(1-¢*)(1—¢°)
-0, 00 .0 . .
0 1 2 3 4 5 6 7 8 9

Figure 8. Examples of rates of possible jumps of the stochastic g-Boson T (dashed jumps to the left)
and B, the process dual to the backward ¢-TASEP (gray jumps to the right). Each left jump involves
only one particle, while right jumps may involve any number of particles in the stack (in the figure, “1p”
means that one particle leaves the given stack, and so on).

Denote the infinitesimal Markov generator of the stochastic ¢-Boson process by T. The
duality between T and T holds in the same sense as in Section 3.4:

Proposition 5.4 ([10]). We have
TH(x,7) = TH(x, )

for any x € Confg,(Z) and it € W, where T acts on x, and T acts on 7.
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Let us now define another continuous time Markov process on W* which will be dual to
the backward ¢-TASEP. Under this new process, particles move in continuous time from site k
to k+1, k € Z>1, independently at different sites. More precisely, if a site k € Z> contains yj
particles, then the process sends yj — j particles to site k+ 1, where j € {0,1,...,yr_1}, at rate
k1500 lyk). (In particular, particles cannot leave site 0.) Denote the infinitesimal Markov

generator of this dynamics by B. See Fig. 8 (right jumps) for an illustration.
Proposition 5.5. The Markov generator B is dual to the backward q-TASEP generator B:

BH (x,7) = BH(x, )

for any x € Confg,(Z) and i@ € W, where B acts on x, and B acts on . Consequently, the
infinitesimal Markov generator

9 9]

is dual to Q| the generator of the stationary dynamics on the q-TASEP distribution.

Proof. The duality between B and B follows from Proposition 3.11 via the continuous time
limit described in Section 4. Indeed, the backward g-Hahn process is a continuous time limit
of the combination of the steps sz applied at each site of the lattice Z. The dual process B is
the limit of the same type of the combination of the dual steps ﬁZH, together with the degene-

ration ¥ = 0. This implies the duality of B and B. The claim about the duality of Q® and C)(t)
follows by linearity. |

Because the rates of the right jumps under QW grow as the particles of 7 get farther to the
right, the process QW is transient (except the absorption at ny = 0), see the proof of Lemma 5.9
below for details. For this reason we call Q) the transient stochastic q-Boson particle system
on W (transient g-Boson, for short). Let us record the duality between it and QW in terms
of expectations:

Corollary 5.6. Fizt € Ryg and £ € Z>1. Take any x° € Confg,(Z), and any ii® € WE. Let
{x(7)}rers, be the process on Confpn(Z) with generator QW started from x°, and {7(7) b rerso

be the process on W with generator QW started from @i Then for any T € R>o we have
stat N trqBoson —
S o H (x(r), i) = ES0 H (<, ii(r)). (5.2)

The example of this duality statement (and further discussion towards the results of the next
Section 5.4) in the simplest case £ = 1 may be found in Section 1.4 in Introduction.

5.4 Convergence to the stationary distribution
In this section we use duality to prove the following result:

Theorem 5.7. Fixt € R-g. For any initial configuration x(0) € Confg,(Z) the Markov pro-
cess x(7) with the generator QW converges, as T — +oo, to the stationary distribution Mg;{
(in the sense of joint distributions of arbitrary finite subcollections of particles).

The proof of Theorem 5.7 occupies the rest of this section.
Fix any £ > 1 and m € W', Let 7(7) be the transient ¢-Boson Q(*) started from 77. Denote
the survival probability of the transient g-Boson till time 7 by

S, () == P(ng(r) > 0]7(0) = 7).

Note that if m; = 0, we automatically have S () = 0 for all 7.
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Lemma 5.8. For any m € WY, the asymptotic survival probability

S(m) = lim S;(m)

T—r400
exrists.

Proof. We have
Sr(m) =P(ng(r) > 0|7(0) = m) = P(ne(s) > 0 for all s € [0,7]|7(0) =m)

because once ny reaches 0, it can never become positive again. Therefore, the quantities S; (1)
decrease in 7 due to monotonicity in 7 of the events {ng(s) > 0 for all s € [0,7]}. Because
S-(m)’s are nonnegative, the limit exists. [

Observe that H(step,m) = 1,,,50. Therefore, for the stationary process x(7) started from

step we have EEES;( ) H§:1 g M = S () for all m € W’ (in particular, if m, = 0 then
both sides are zero). For other initial conditions for Q) this identity does not hold for finite

time 7, but it still holds asymptotically:

Lemma 5.9. For any m € W’ and any initial data x° € Confg,(Z) for the stationary pro-
cess QW) we have

V4
lim B3 H M — S(m), (5.3)

T—+00

where S(m) is the asymptotic survival probability of the transient g-Boson.

Proof. If my; = 0, then both sides of (5.3) are zero, so it suffices to assume that m, > 0.
By duality (Corollary 5.6), the left-hand side of (5.3) is equal to

l
rqBoson a®  +n(T)
Jlim E; 0y © <1nz(7)>0 [Ia"" > (5.4)
j=1

Here 2 are the particle coordinates under the initial data x°.

First, we show that the Markov process 7i(7) conditioned to stay in the region {n, > 1} is
transient. Observe that we can couple the ¢-particle process 7(7) restricted to this region with
a single-particle process Y (7) on Z>; with jump rates

ratey (k+1— k) =1—¢°, ratey(k = k+1)=—

1 ° . -
t <j77“: g%ljri?«g wq,O(j |T)) >0, k>

The coupling is such that Y (0) = ny(0), all left jumps of ny force Y to jump to the left, and all
right jumps of Y force ny to jump to the right. This implies that under this coupling we have
Y (1) < ng(7) for all 7 > 0.

The process Y (7) on Z>; is a standard example of a transient Markov process: it eventually
(with probability 1) reaches the part {4, A+1,...} C Z>; (where A depends only on ¢ and t)
where the average drift to the right is bounded away from zero. With positive probability Y (7)
then never comes back from {A, A+ 1,...} to the neighborhood of zero, and thus is transient.

Using the transience, we can lower bound S(n) by the (positive) probability of the event
that: (1) if there were any particles at site 1 at time 7 = 0, then all these particles leave 1
by right jumps; (2) after that, ny(7) never comes back to 1 (and hence all other particles of 7i(7)
also never come back to 1). This implies that S(m) > 0.
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Now denote by 8(m) the event that ny(7) > 0 for all 7 conditioned on 7(0) = m. Thus,
P(8(m)) = S(m) > 0. We have for the expectation in (5.4):

¢ 20 na(r ! 0 ni (T
g((%]]?ii%n(t) <1n£(7)>0 H q nj(7—)+ 4( )> S(?’?L) ;rg)]?iigln(t) ( H q "j(‘r)"" 3 (7) |S(’I7_”L)>

j=1 j=1
¢
. rqBoson 362, - +n;(7) N
+ (1= S(m)Eg e <1W(T>>0Hq SO (1) )
j=1

The second summand goes to zero as 7 — 400, since inside the event §(m)¢, we have ny(s) =0
for all s € (sg,+00) (where sy is random but finite). In the first summand, observe that
conditioned on the asymptotic survival 8(m), we have almost surely due to transience that
n;(1) = +00, T — 400, for all j = 1,...,£. Because the initial configuration x° € Confg,(Z)

0 .
is densely packed to the left, we thus almost surely have qz”j(”JmJ ™ 1 for all j as T — +oo.

Therefore, the expectation of the product in the first summand tends to 1, and we see that (5.4)
is equal to S(m), as desired. [

The asymptotic survival probabilities S(m) satisfy certain normalization at infinity:

Lemma 5.10. Fiz £. For any ¢ > 0 there exists R = R({,¢) € Z>1 such that for all m € W*
with m1 > R we have

|S(mi,ma,...,mg) — S(ma,...,my)| <e,

where S(ma, ..., my) is the survival probability of the transient q-Boson on W™, If £ = 1, then
S(ma,...,my) =1 by agreement.

Proof. We can assume that m, > 0, otherwise both expressions S(-) in the claim are zero. The
desired statement follows from the transience of the process 7(7) (with generator Q) as in the
proof of the previous Lemma 5.9. Namely, we can lower bound the jump rate of n;(7) to the
right from a site k € Z>; by const- k. Let 7i(7) start from 7. If m; > R is large, the probability
that the first particle n;(7) ever returns to the R/2-neighborhood of zero is close to zero. Thus,
the probability S(m) that the process 7i(7) started from m survives and runs off to infinity is
close to the asymptotic survival probability of the process on W/~ with one less particle and
started from (msg,...,my). In the special case £ = 1, the claim reads S(m;) — 1 as m; — o0,
which clearly holds. This implies the claim. |

Remark 5.11. If under the conditions of Lemma 5.10 the second coordinate my is also very
large, then one can similarly show that both S(my,ma, ms,...,my) and S(mga, ms, ..., my) are
close to S(ms,...,my), and thus close to each other. Hence an analogue of Lemma 5.10 for
a number of first coordinates mj, ..., m; being large also holds.

To finish the proof of Theorem 5.7 it remains to show that

— ESL H g"ms (5.5)

for all £ and m € W' Here the quantity in the left-hand side is the long time limit of the
g-moment of Q)| and the right-hand side is the g-moment of the ¢-TASEP. This suffices since
in our situation the g-moments uniquely characterize the distribution. We will establish (5.5)
by showing that both sides satisfy the same equations (harmonicity with respect to the transient
g-Boson) plus normalization at infinity which uniquely determine the function.
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Lemma 5.12. As function of mi, the survival probabilities S(mi) are harmonic for the transient
q-Boson, that is,

(QWS) () = > QW (i, ) S(') =0 for all it € W', (5.6)

7/

m

Here the first identity is simply the expression for the action of the generator on a function, and
the claim is that this action gives identical 0.

Proof. The argument is rather standard. Consider the evolution of the process 7i(-) started
from m during short time dr. Conditioned that the process stepped into m’ (which happens
with probability Q®) (17, 771/)d7), the survival probability is then S(77/). With the complementary
probability 1 — 3"/ 2 n QW (m, m)dr = 1+ QW (1, m)dr, the process did not leave 7, and
the survival probability did not change. Therefore,

S(m) = S(m) + dr Z QW (m, m") S ().

Taking the coefficient by dr leads to the desired identity. |

Lemma 5.13. Harmonicity condition (5.6) together with Lemma 5.10 (normalization at infi-
nity) and the condition that S(m) = 0 whenever my = 0 uniquely determine the function S(m),
m € W

Proof. Assume that Gy(m), where £ = 1,2,... and m € WY, is a family of harmonic functions
satisfying normalization at infinity as in Lemma 5.10, that is, for any € > 0 there exists R such
that for all m € W* with m; > R we have

|Ge(m1,m2,...,m€)—Gg_l(mg,...,mg)‘ <e. (57)

Moreover, we assume that Gy(m) = 0 whenever my = 0. We will argue by induction on ¢ and
show that Gy(m) is equal to S(m), the asymptotic survival probability of the transient g-Boson
on W¢.

For ¢ =1, it is straightforward to see that the space of harmonic functions vanishing at 0 is
one-dimensional. In this case the normalization at infinity is the single condition Gi(m;) — 1
as mj — 400, which determines the harmonic function uniquely.

Next, observe that because the function G, is harmonic, it satisfies the following averaging

property:

GK(T?L) — tI‘qBOSOn(t)GZ (ﬁ(T)) ,

7(0)=mm

where 7 is arbitrary.
Assume that my > 0 (this does not restrict the generality). For R € Z>1, take the stopping
time

Tr :=inf{r > 0: ne(1) = 0 or n1(7) = R},

where the process 7i(7) starts from 7. This stopping time is almost surely bounded and has
finite expectation. Then

Go(m) = EXB0O Gy (7(Tr)) = BRSO (G (R, na(TR), - ., ne(Tr)) Ly (ry=r )+ (5.8)

7(0)=1 i(0)=17

The first equality above follows from the optional stopping theorem, and the second one is the
splitting into two cases, n1(Tr) = R or ng(Tr) = 0. In the latter case the function G, vanishes
by our assumptions.
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Take any € > 0 and choose R such that (5.7) holds. Thus, by the normalization at infinity,
we have
rqBoson
[RHS(5.8) — B (S (na(Th), ... ne(T) Loy (rp=r} | < .
where we have replaced Gy_1 by S using the induction hypothesis. Since S satisfies the same

conditions (harmonicity, normalization at infinity, and vanishing when my, = 0) as the family Gy,
identity (5.8) is also valid for S. Thus,

rqBoson
B S (na(Th), - me(TR) Ly ()} = S(mas o me)| < e,
which means that Gy(myq,...,my) is e-close to S(myq,...,mg). This completes the proof. |

Lemma 5.14. The g-moments of the q-TASEP in the right-hand side of (5.5) satisfy all the
conditions listed in the previous Lemma 5.13.

Proof. The harmonicity of the g-moments follows from the fact that the ¢-TASEP distribu-
tion Mf};{ is stationary under Q) (Proposition 5.3), together with duality between Q® and the
transient g-Boson (Corollary 5.6).

The normalization at infinity follows from the fact that the ¢-TASEP started from step lives
on Confg,(Z), so for any t € R>g we almost surely have x,,(t) +m — 0 as m — 4o0.

The fact that the g-moments vanish when n, = 0 follows from the agreement that

ro = +00. |

Combining all the lemmas in this section, we get the desired Theorem 5.7.

6 Beta polymer

The ¢-Hahn TASEP has a remarkable degeneration — the beta polymer model introduced in [4].
This model is also related to a random walk in dynamic beta random environment, but here we
will formulate everything only in terms of the polymer model. In this section we present Markov
swap operators for the multiparameter beta polymer. The swap operators can be realized as
certain additional layers in the strict-weak lattice on which the beta polymer is defined.

6.1 Multiparameter beta polymer and its joint moments

Take parameters y > 0 and v, > 0, t,n € Z>1, such that
v, —7v >0 forall n, vi—v; ¢ Z foralli, j.

Let By, ~ Beta(vy, —v,v) be independent beta distributed random variables. Here by the beta
distribution Beta(a, 3) we mean the one with the density
I'(a+p)
INCHINCED

The (inhomogeneous) beta polymer {Z(t,n)}tnez., is a collection of random variables satisfying
the random recursion

Z(t,n) = BinZ(t —1,n) + (1 = Ben)Z(t — 1,n — 1),
Z(t,1) = B, Z(t —1,1),

21— 2)P z € [0,1].

with the initial condition Z(0,n) = 1 for all n € Z>;. See Fig. 9 for a graphical interpretation
of the beta polymer as a point-to-line partition function on the strict-weak lattice.
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Figure 9. The beta polymer partition function Z(¢,n) is the sum of weights of all strict-weak paths from
the line {0} X Z>1 to (t,n), where the weights of the horizontal and the diagonal edges are B... and 1—B...,
respectively. The weight of a path is defined as the product of its edge weights. The initial condition
along the left boundary is Z(0,n) =1 for all n, so Z(t,n) = 1 above the diagonal (i.e., for n > ).

The homogeneous version of the beta polymer was studied in [4] as a scaling limit ¢ — 1
of the g-Hahn TASEP. The multiparameter generalization is obtained through the same limit
from our model described in Section 3.

The random variables Z(t,n) are between 0 and 1.° Because of this, the joint distribution
of the beta polymer random variables {Z(t,n)}necz., (for every fixed t) is determined by the
joint moments. These moments have the following form:

Proposition 6.1. For each t € Z>1 and any n1 > --- > ny > 1 we have

EPetalv )(Z(t ni)--- Z(t,ng))
i{ f M2 () ()2 e
27m 24— 2 — 11 L= z; zj '
1<A<B<k j=1 Ni=1

The integration contours are around {v;}, do not encircle 0, and the contour for z; contains the
contour for zjy1+1,5=1,.... k- 1.

Proof. For v; = v, this formula is a simple change of variables from [4, Proposition 2.11], where
pu = v — . Its generalization with different v;’s is obtained by duality and coordinate Bethe
ansatz in the same manner as in [4] by checking that the right-hand side of (6.1) satisfies the
free evolution equations, boundary conditions, and the initial condition at ¢ = 0. |

For future use, let us recall here the free evolution equations and the boundary conditions
satisfied by the right-hand side of (6.1). Denote this right-hand side by f(¢;n1,...,nx). Then
it satisfies the two-body boundary conditions

f&n,ooooni —Linggr — 1,000 ng) + (Ve — 1) f(Ena, ..o yngynipr — 1,000 ng)
+ ftsma, .o g ni, - nk) — (Vo + D) f(Ena, . ms — Lingyr, ..o ong) =00 (6.2)

for all @ € Z* such that for some i € {1,...,k}, n; = n;1. This is checked similarly to the
homogeneous case [4, Section 4.1], because the inhomogeneity parameters v, are the same

®Moreover, one can check that for fixed ¢ they are ordered as 1> Z(t,1) > Z(t,2) > Z(t,3) >
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for each cluster of equal n;’s (a similar effect is observed in the proof of Lemma 3.7 where only
one of the parameters, v,, plays an essential role).
The free evolution equations satisfied by f(t;7) are

k
= beta L=
i=1
where V]k;etag(n) =pg(n—1)+ (1 —p)g(n), and the operator [Vsjz,‘z]l is applied in the i-th

variable n;.

Remark 6.2. Similarly to Remark 3.5, one can generalize the beta polymer model so that the
parameter y depends on ¢. The moment formula (6.1) and our main result (Theorem 6.4 below)
would continue to hold with straightforward modifications. For simplicity, everywhere below we
take y independent of .

Proposition 6.3. The multiparameter beta polymer, viewed as a stochastic particle system
Z(t,-) on [0,1] with time t € Z>1, is parameter-symmetric in the sense of Definition 2.1. More-
over, the distribution of each Z(t,n) depends on the parameters vi,...,V, in a symmetric way.

6.2 Swap operator for the beta polymer

Let {ZV(t,n)}tnez., be the beta polymer with parameters v = {v1,vs,...}. Recall that by s,
we denote the elementary transposition (n,n+1). The next statement presents the swap operator
interchanging v, <> Vp41.

Theorem 6.4. Fix t,n € Z>1 and assume that vy, < Vpy1. Let B ~ Beta(vp4+1 — Vi, Vi)
be a new beta random variable independent of the environment {By,} (and hence of the beta
polymer). Then we have equality in distribution

(ZY(t1),.... 2V (t,n— 1), BZY(t,n+ 1) + (1 — B)ZY(t,n), Z¥(t,n + 1))
L zV(1), .., 2 (o — 1), 25V (8, n), Z°7Y (t,n + 1)),

In other words, when v, < v,i1, the beta polymer admits a Markov swap operator pPet?

(in the sense of Definition 2.5) which acts by splitting the segment [ZV(¢,n+1), Z"(t,n)] C [0,1]
as 1 — B : B, and replacing ZY(t,n) by the separating point.

Proof of Theorem 6.4. The proof is similar to the case of the g-Hahn TASEP given in Sec-
tion 3.3. Here we briefly outline the main computations. We use the notation (3.8) which we
reproduce here for convenience:

= (ny,...,ng)=(my,....men+1,...,n+1n,....n,my,....,mp). (6.3)
———

a b

Applying pPe*® to the moment formula, we will compute moments of the form

k
Ebeta("){(BZ(t,n +1)+1-B)z(tn)" I] Z(t,nj)} (6-4)
j=1
n;#n

Expanding (BZ(t,n+ 1)+ (1 — B)Z(t,n))" and using the independence of B from the polymer,
we have (see, for example, [4, Lemma 4.1] for the moments of the beta distribution)

b k
(6.4) _ Z (i) (Vn)r(\’nJrl—'Vn)b—T Ebeta(v) {Z(t, n)TZ(t, n4+ 1)a+bfr H Z(t, nj)}7 (65)

=0 (Vat1)b

Jj=1
n;#n,n+1
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where (o) = a(a+1)---(a+ k — 1) is the Pochhammer symbol. Denote the expectation
in (6.5) by

gtsma,...,men+ 1, on+1,n,....,n,my,...,mp).
—_——
a+b—r r
This expectation satisfies the two-body boundary conditions (6.2) with the parameter v = v,,41.

Therefore, using the argument from [4, Section 4] (a statement parallel to the ¢-Hahn TASEP’s
Lemma 3.3), we can rewrite the sum over r in (6.5) as the action of the free operators:

b

bet . / /
H [VV:/%HJHGHg(t,ml,...,mg,n—{—l,...,n+1,m1,...,m€,).
Jj=1

a+b

beta
Vn /Vn+1

g(t;-) given by (6.1), and we obtain (with the notation w = z¢144j, 7 =1,...,b):

n+1 n
b w (v v w w
[Vvit/avnﬂ]é-ka-i-j H w—V; - < - + (1 o - > w ) H w — V;

Finally, each of the operators V can be applied separately under the contour integral in

v v -V
i1 n+1 n+1 n+1 i1
n n+1
el | et | P
w—"v w—V; w—v;
n+1 1:1 7 i—1 1

Thus, we see that (6.4) is equal to the expectation EPt2(snV)(Z(t,n)--- Z(t,ny)) with the
swapped parameters Vv, <> Vp41, where (nj,...,ng) is given by (6.3). Since joint moments
determine the distribution of the beta polymer, we are done. |

6.3 Polymer interpretation

Let us give a polymer interpretation of Theorem 6.4 (assuming that v,, < v,11). First, observe
that the quantity

Z(t,n) == B, Z(t,n + 1) + (1 — Bn)Z(t,n), (6.6)

where B,, ~ Beta(Vy4+1—Vn, V), is a beta polymer type partition function on a modified lattice.
This modified lattice coincides with the one in Fig. 9 in the vertical strip {0,1,...,t} x Z>1, has
an additional vertex A, and two additional directed edges (¢,n) — A and (t,n + 1) — A with
weights 1 — B, and B, respectively. The partition function from the line {0} x Z>1 to A'is
precisely Z(t,n). See Fig. 10 for an illustration.

Let us now iterate the swapping in Theorem 6.4 and interchange the parameter v; with va,
then with v3, and so on up to infinity. Assume that vi < vo < ---. Let By(Ll) ~ Beta(vpy1 —
Vi,V1), n € Z>1, be independent random variables which are also independent of the environ-
ment {B;,} in the beta polymer. Define

ZW(t,n):=BWZt,n+1)+ (1 —-BWMZ(t,n), n=12,.... (6.7)

Proposition 6.5. The joint distribution of {ZW(t, n)}nezs, defined above coincides with the

joint distribution of the beta polymer {Z(V?’*’?”"')(t,n)}nezZl at same t, but with the sequence of
parameters shifted by one.
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1 t } } } } t
0 t

W

Figure 10. Modified lattice of finite width used to interpret Z(t, n) (6.6) as a polymer partition function.

Proof. Fixm € Z>1. Observe that the joint distribution of (Z(V1:V2) (¢, m), ZV1¥2e) (1, m+1))
does not depend on the order of the parameters vi,...,V,,. Therefore, applying (6.7) with
n = m and using Theorem 6.4 makes the new random variable Z()(t,m) a beta polymer
partition function with parameters (va, ..., Vn, Vot+1). The statement about joint distributions
is obtained by sequential application of this argument for m =1,2,.... |

The quantities {Z m(t,n)}nezZl can be interpreted as beta polymer type partition func-
tions, too. Moreover, let us further iterate Proposition 6.5, and introduce independent random
variables

Bﬁf) ~ Beta(Vnts — Vs, Vs), s=1,2,....

Define Z(*) (¢, n) to be the polymer partition function from the line {0} xZ>1 to the point (s+t,n),
5 € Z>1, in the modified strict-weak lattice which coincides with the original lattice in Fig. 9 in
the vertical strip {0,1,...,t} X Z>1. To the right of this strip, the modified lattice is made out

of down-right diagonal and horizontal edges with the weights BY) on each t+s—1,n+1)—
(t+s,n), and 1 — BY on each (t+s—1,n) = (t+ s,n). See Fig. 11 for an illustration.

Proposition 6.6. For any fized s and t, the joint distribution of the partition functions
ZG) (t,n) ez, on the modified lattice coincides with the joint distribution of the beta polymer
>1

partition functions {ZVs+1:Vs+20) (¢ n) tnezs, with the same t, but with the parameter sequence v
shifted by s.

6.4 Zero-temperature limit

Under a limit transition when the parameters of the beta random variables go to zero, the beta
polymer model turns into a first passage percolation type model. First, we recall the scaling:

Lemma 6.7 ([4, Lemma 5.1]). Let o, 8 > 0, and B. ~ Beta(ea,ef). Then, as e \, 0, we have
convergence in distribution:

(_5 log Be, _510g(1 - B&)) - (fEa, (1 - f)Eﬁ)

Here £ € {0,1} is the Bernoulli random wvariable with P(§ = 1) = a’%ﬁ, and (Eq, Eg) are

exponential random variables with parameters o and 3 (that is, means a~! and B~1) which are
independent of &.
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n/\
6 .
5 .
44 73 (6,4)
37 2
Bé ) ~ Beta(v4 — VQ,VQ)

2

1~ B
1 : : : : : I R A e

0 t=6 s=1 s=2 s=3

Figure 11. The lattice used to define the beta polymer partition functions Z(*)(¢,n) with shifted
parameter sequences.

We will take the scaling limit of the beta polymer model as v, = ev,, Yy = €y, where
Vp >7Y >0 for all n, and 0 < V1 < ¥9 < ---. The edge weights in the lattice in Fig. 11 turn
into the ones given in Fig. 12.

P(fﬂ = 1) = T//{’n

67 By,
an\’/n—'\’/
(t,n) (t+s,n)
(1-&Y)Es,
(1-¢&n)Ey

P( 7(15) - 1) - \_/s/\_/n-i-s

Figure 12. Edge weights t. in the zero-temperature limit. The ¢’s are independent Bernoulli random
variables with given parameters, and all the E,’s are exponential random variables independent of the
Bernoulli ones.

Denote by F®)(t,n) the first-passage time from the line {0} x Zs; to the point (s + t,n)
in the modified lattice

FO)(t,n) = min te,
( ) m: {0} XZ>1—(t+s,n) ;

where the directed paths 7 are as in Fig. 11, and the edge weights are given in Fig. 12. If s = 0,
then we mean the unmodified first-passage time (as studied in [4]). Above the main diagonal
(i.e., for n > t) we have F(O)(t,n) = 0 because due to the presence of the Bernoulli components,
there always exists a path with zero total weight between (t,n), n > t, and the vertical axis
{0} X ZZI-

For the first-passage percolation model, an analogue of Proposition 6.6 holds:
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Proposition 6.8. For fized s, t, the joint distribution of the first-passage times {F®)(t, n) fnezs,
with parameters vi < Vo < --- in the modified lattice is the same as that of the unmodified ones

{F(O) (t, n)}nez>1, but with the shifted sequence of parameters Vg1, < Voyg < ---.
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