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Abstract. Drinfeld orbifold algebras deform skew group algebras in polynomial degree
at most one and hence encompass graded Hecke algebras, and in particular symplectic
reflection algebras and rational Cherednik algebras. We introduce parametrized families
of Drinfeld orbifold algebras for symmetric groups acting on doubled representations that
generalize rational Cherednik algebras by deforming in degree one. We characterize rich
families of maps recording commutator relations with their linear parts supported only on
and only off the identity when the symmetric group acts on the natural permutation repre-
sentation plus its dual. This produces degree-one versions of gl -type rational Cherednik al-
gebras. When the symmetric group acts on the standard irreducible reflection representation
plus its dual there are no degree-one Lie orbifold algebra maps, but there is a three-parameter
family of Drinfeld orbifold algebras arising from maps supported only off the identity. These
provide degree-one generalizations of the sl,-type rational Cherednik algebras Hg .
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1 Introduction

Skew group or smash-product algebras S(V)#G twist the symmetric algebra S(V') of a finite-
dimensional vector space V together with the action of the group algebra CG of a finite group G
acting linearly on V. The center is the invariant polynomial ring S(V)“ and there is a natural
grading by polynomial degree, with elements in V' of degree one and elements in CG of degree
Z€ero.

Utilizing parameter maps that originate as Hochschild 2-cocycles to explore formal deforma-
tions of S(V)#G has proven useful because although the resulting algebras are noncommutative
they give rise to deformations of S(V)¢ (by examining centers), yet are easily described as quo-
tient algebras. Both the polynomial degree and the support, i.e., which group elements appear
in the nonzero image, are helpful descriptors for the parameter maps and hence the relations
for the quotient algebras.

Degree-zero deformations of skew group algebras involve parameter maps that identify com-
mutators of elements in V with certain elements of the group algebra. Several important families
of these are of broad interest in noncommutative geometry, combinatorics, and representation
theory and are the subject of an already extensive literature (see [12] and [13] and further
references therein). By comparison, finding elements of degree one with which to identify com-
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mutators of elements in V' requires a more intricate analysis of which cocycles pass obstructions
in cohomology in order to determine if the resulting deformations satisfy PBW properties [8, 18].
As a result, degree-one deformations are not as well understood or as often studied, yet could
also be significant in giving insight into deformations of the invariant algebra S(V) and in con-
nection with singularities of orbifolds.

Degree-zero deformations of skew group algebras are called Drinfeld graded Hecke algebras
in recognition of their origins in [4] (see also [15]). These include the important special cases
when G acts on a symplectic vector space, and more particularly when G is a complex reflection
group acting by the sum of a reflection representation and its dual (a doubled representation).
The latter leads to the rational Cherednik algebras, first introduced in [3] as rational degenera-
tions of double affine Hecke algebras and later highlighted as an important subfamily of the more
general symplectic reflection algebras introduced in [6]. When built from an action of the sym-
metric group, rational Cherednik algebras model Hamiltonian reduction in quantum mechanics
and are used to show integrability of Calogero-Moser systems [5].

Degree-one deformations of skew group algebras were termed Drinfeld orbifold algebras and
characterized via explicit PBW conditions on parameter maps in [18], building on [1] and [2]. The
conditions are also interpreted in Hochschild cohomology. In [8] we describe the Drinfeld orbifold
algebras for S,, acting on its natural permutation representation, W = C", by starting with
candidate 2-cocycles and imposing the PBW conditions from [18]. Here we expand on that class
of examples by considering S,, acting on both its doubled permutation representation W* & W
and the doubled representation h* @ b, where W = b @ ¢ is the sum of the (n — 1)-dimensional
irreducible standard and the trivial representations. This not only results in much richer families
of algebras, but also yields degree-one generalizations of rational Cherednik algebras for these
doubled representations.

More specifically, in [8] we describe all Drinfeld orbifold algebras where the linear parts
of the maps recording commutator relations are supported only on or only off the identity in .S,
and show there are no such maps with linear part supported both on and off the identity.
For the two doubled representations of S, considered here we describe all degree-one families
of Drinfeld orbifold algebras whose maps have linear part supported only on or only off the
identity (Theorems 7.1 and 7.2). For maps with linear part supported both on and off the
identity we provide a family of examples involving W* @ W (Theorem 5.10) and observe there
are no corresponding such maps for the doubled standard representation h* @ b (Remark 6.6).
We summarize our main results.

Theorem 1.1. For the symmetric group Sy, (n > 3) acting on V = C?" by the doubled permu-
tation representation, there is

(1) a 17-parameter family of Lie orbifold algebras described by 22 homogeneous quadratic equa-
tions, and

(2) a seven-parameter family of Drinfeld orbifold algebras described in terms of parameter maps
with linear part supported only off the identity that are controlled by four homogeneous
quadratic equations in siz of the parameters.

These are the only degree-one deformations of the skew group algebra for Sy, acting by the doubled
permutation representation whose parameter maps have linear part supported only on or only off
the identity.

See Theorems 4.1 and 5.9 for more details about the maps, Theorems 7.1 and 7.2 for the
resulting quotient algebras, and Table 2 in Section 7.1 for a summary.

Theorem 1.2. For the symmetric group S, (n > 3) acting on V = C*"~2 by the doubled stan-
dard representation, there are no degree-one Lie orbifold algebras, but there is a three-parameter
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family of Drinfeld orbifold algebras described by parameter maps with linear part supported only
off the identity.

These are the only degree-one deformations of the skew group algebra for S, acting by the
doubled standard representation whose parameter maps have linear part supported only on or
only off the identity.

See Theorems 6.3 and 6.4 for details, Theorem 7.3 for the resulting algebras, and Table 3
in Section 7.2 for a summary. The Sy case in Theorems 1.1 and 1.2 can be analyzed in a similar
way but there are some differences in the dimensions of spaces of pre-Drinfeld orbifold algebra
maps and in the explicit PBW conditions.

The algebras in Theorems 1.1 and 1.2 specialize to the well-known rational Cherednik alge-
bras for the symmetric group, described as of gl,,- and sl,,-type respectively in [9], and hence
should be of substantial interest. In particular, Theorem 1.2 provides a degree one version
of the sl,-type rational Cherednik algebras Hp.. We refer to the algebras as degree-one ratio-
nal Cherednik algebras. Investigating their structure, properties, combinatorics, representation
theory, geometric significance, and potential importance in physics should provide fertile ground
for future research. It would also be natural to explore whether similar algebras exist for other
complex reflection groups.

The paper is organized as follows. After a brief summary of preliminaries in Section 2 that
apply to any finite group acting linearly on C", we restrict to the setting of the symmetric
group and the two doubled representations of interest, except as noted in Lemmas 3.1 and 5.1,
Proposition 6.1, and Corollary 6.2. All pre-Drinfeld orbifold algebra maps for S,, acting by the
doubled permutation representation are constructed in Section 3. We analyze when these lift
in Sections 4 and 5, proving Theorems 4.1, 5.9, and 5.10 using computational details treated
earlier in the two sections. In particular, Sections 4.1-4.3 provide explicit equations governing
the parameter maps described in Theorem 4.1 and Section 4.5 provides some related algebraic
varieties that may be of independent interest. Section 6 begins with Proposition 6.1 providing
conditions under which we can combine Drinfeld orbifold algebra maps for subrepresentations
into a map for their direct sum. Corollary 6.2 is then used with the results from Sections 4
and 5 to describe in Theorems 6.3 and 6.4 all Drinfeld orbifold algebra maps for S,, acting by
the doubled standard representation on the subspace h* @& h when the linear part is supported
only on or only off the identity. In Section 7 we present as quotients the resulting degree-one
rational Cherednik algebras arising from the maps in Sections 4-6.

2 Preliminaries

Throughout this section, we let G be a finite group acting linearly on a vector space V = C".
All tensors will be over C.

2.1 Skew group algebras

Let G be a finite group that acts on a C-algebra R by algebra automorphisms, and write 9s
for the result of acting by ¢ € G on s € R. The skew group algebra R#G is the semi-direct
product algebra R x CG with underlying vector space R ® CG and multiplication of simple
tensors defined by

(reg)(s®@h)=r{s)®gh

for all ;s € R and ¢g,h € G. The skew group algebra becomes a G-module by letting G act
diagonally on R ® CG, with conjugation on the group algebra factor:

I(s®@h) = (%s) ® (%h) = (*s) ® ghg ™.
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In working with elements of skew group algebras, we commonly omit tensor symbols unless the
tensor factors are lengthy expressions.

If G acts linearly on a vector space V = C", then G also acts on the tensor algebra T'(V)
and symmetric algebra S(V') by algebra automorphisms. Assign elements of V' degree one and
elements of G degree zero to make the skew group algebras T(V)#G and S(V)#G graded
algebras.

2.2 Cochains

A k-cochain is a G-graded linear map pu = > ; Hgg With components jg: /\kV — S(V).
If each py maps into V, then p is called a linear cochain, and if each ;1 maps into C, then p is
called a constant cochain.

We regard a map p on /\k V as a multilinear alternating map on V¥ and write u(vy, ..., vg)
in place of u(vy A--- Avg). Of course, if p(vy,...,vx) = 0, then p is zero on any permutation
of vi,...,vg. Also, if u is zero on all k-tuples of basis vectors, then u is zero on any k-tuple

of vectors. We exploit these facts in the computations in Sections 4 and 5.

The support of a cochain i is the set of group elements for which the component 14 is not
the zero map. For X a subset of GG, we say a cochain p is supported only on X if uy = 0 for all g
not in X. Similarly, we say u is supported only off X if uy = 0 for all g in X. At times, it is
convenient to talk about support in a weaker sense, so we say p is supported on X if p1y # 0 for
some ¢ in X and that p is supported off X if g # 0 for some g not in X. (Hence, it is possible
for a cochain to be simultaneously supported on and off of a set.) The kernel of a cochain p is
the set of vectors vy such that u(vg,vi,...,vk_1) =0 for all v1,...,v5_1 € V.

The group G acts on the components of a cochain. Specifically, for a group element h and
component fiy, the map "y, is defined by (h,ug) (v1,...,0%) = h(ug (hilvl, - ,hilvk)). In turn,
the group acts on the space of cochains by letting " = deG h,ug ® hgh~!. Thus p is a G-
invariant cochain if and only if hug = ppgn-1 for all g,h € G.

2.3 Drinfeld orbifold algebras

L

For a parameter map k = k=~ + k%, where x” is a linear 2-cochain and ¢ is a constant 2-cochain,

the quotient algebra
He = T(V)#G/ (vw — wv — k¥ (v,w) — k% (v, w) | v,w € V)

is called a Drinfeld orbifold algebra if the associated graded algebra grH, is isomorphic to the

skew group algebra S(V)#G. The condition grH, = S(V)#G is called a Poincaré—Birkhoff-

Witt (PBW) condition, in analogy with the PBW Theorem for universal enveloping algebras.
Further, if H,; is a Drinfeld orbifold algebra and ¢ is a complex parameter, then

Hyp :=T(V)#G[t]/ (vw — wo — &L (v, w)t — £C (v, w)t? | v,w € V)

is called a Drinfeld orbifold algebra over CJt]. In [18, Theorem 2.1], Shepler and Witherspoon
make an explicit connection between the PBW condition and deformations in the sense of Ger-
stenhaber [10] by showing how to interpret Drinfeld orbifold algebras over C[t] as formal defor-
mations of the skew group algebra S(V)#G. For more on the broader context of formal defor-
mations see [8, Section 4].

2.4 Lie orbifold algebras

The parameter maps of Drinfeld orbifold algebras decompose as k = > 9599 When « is a para-

meter map for a Drinfeld orbifold algebra and the linear part x* = mf is supported only on the



Degree-One Rational Cherednik Algebras for the Symmetric Group 5

identity then the map gives rise to a Lie orbifold algebra (see [18, Section 4] and Definition 2.1).
Lie orbifold algebras deform universal enveloping algebras twisted by a group action just as
certain symplectic reflection algebras deform Weyl algebras twisted by a group action.

2.5 Drinfeld orbifold algebra maps

Though the defining PBW condition for a Drinfeld orbifold algebra H, involves an isomorphism
of algebras, Shepler and Witherspoon proved an equivalent characterization [18, Theorem 3.1]
in terms of properties of the parameter map .

Definition 2.1. Let £ = x’ + k© where x” is a linear 2-cochain and ¢ is a constant 2-cochain,
and let Alts denote the alternating group on three elements. Let V9 denote the set of vectors
in V that are fixed by group element g. We say « is a Drinfeld orbifold algebra map if the
following conditions are satisfied for all g € G and vy, v, v3 € V:

im /15 cvY,
the map x is G-invariant, (2.2)
D B (Va2 o(3) (Vo) — Ve) =0 in S(V), (2.3)
o€Alts
S wE (0o + Yooy, KL (Va(2) v =2 K (0s(2), o3) (Vo) — Vo)) (24)
o€Alt3 xy=g o€Alts3
D D 5 (o) + (1), Ky (Vo) Vo)) = 0. (2.5)
o€Alt3 xy=g

In the special case when the linear component % of a Drinfeld orbifold algebra map is supported
only on the identity, we call x a Lie orbifold algebra map.

To simplify reference to the expressions appearing in the last three Drinfeld orbifold algebra
map properties, we define operators 1) and ¢ that convert 2-cochains (such as x” and x¢) into
the 3-cochains we see evaluated within the properties.

Definition 2.2. Let p denote a linear or constant 2-cochain and v a linear 2-cochain. Define
() = deG 149 to be the 3-cochain with components ), : /\3 V — S(V) given by

%(Ul, V2, ’1)3) - Z :UJg(’UO'(l)? va(?))(gva(?)) - UO’(3)>'

og€Alts

Define ¢(p,v) = deG $g9 to be the 3-cochain with components ¢, = ¢y, Where

Gy /\3 V — V & C is given by

Y=g

Py (v1,v2,03) = Z (Vo (1) + YVa(1), Yy (Va(2), Vo(3)))- (2.6)

ocAltg
Thus ¢(u,v) is G-graded with components ¢, and also (G x G)-graded with components ¢, ,.
For the interested reader, we indicate in [8] how the maps ¢ and ¢ relate to coboundary and
bracket operations in Hochschild cohomology of a skew group algebra.
2.6 Drinfeld orbifold algebra maps (condensed definition)

Equipped with the definitions of 1) and ¢, the properties of a Drinfeld orbifold map x = k% + k€
(Definition 2.1) may be expressed succinctly:
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im lié’ C V9 for each g in G,
the map « is G-invariant,

(2.1)
(2:2)
(2.3) ¢(k*) =0,
(2.4)
(2.5)

Note that any G-invariant 2-cochain whose linear part is supported only on the identity
trivially satisfies properties (2.1) and (2.3), so in this case it is enough to analyze conditions
under which properties (2.4) and (2.5) hold (see Theorem 4.1 and Section 4).

Remark 2.3. If H, is a Drinfeld orbifold algebra, then x must satisfy conditions (2.2)—(2.5),
but not necessarily the image constraint (2.1). However, [18, Theorem 7.2(ii)] guarantees there
will exist a Drinfeld orbifold algebra Hj; such that Hz = H,, as filtered algebras and k satisfies
the image constraint im T{g C V9 for each g in G. Thus, in classifying Drinfeld orbifold algebras,
it suffices to only consider Drinfeld orbifold algebra maps.

Theorem 2.4 ([18, Theorems 3.1 and 7.2(ii)]). A quotient algebra H, satisfies the PBW con-
dition gr H,, = S(V)#G if and only if there exists a Drinfeld orbifold algebra map K such that
H. = Hz.

2.7 Strategy

As described and utilized in [8], the process of determining the set of all Drinfeld orbifold
algebra maps consists of two phases, and language from cohomology and deformation theory
can be used to describe each phase. First, one finds all pre-Drinfeld orbifold algebra maps,
i.e., all G-invariant linear 2-cochains satisfying the image condition (2.1) and the mixed Jacobi
identity (2.3). To find such maps supported on transpositions (Proposition 3.4) we utilize
a bijection between pre-Drinfeld orbifold algebra maps and a particular set of representatives
of Hochschild cohomology classes (see Lemma 2.5). But to find such maps supported only on the
identity (Proposition 3.2) we present a simpler argument based on Lemma 3.1 analyzing the
eigenvector structure of images dependent on the group action on input vectors. In the second
phase (Sections 4 and 5) we determine for which pre-Drinfeld orbifold algebra maps x” there
exists a compatible G-invariant constant 2-cochain £ such that properties (2.4) and (2.5) hold.
We say C clears the first obstruction if property (2.4) holds and clears the second obstruction
if property (2.5) holds. If a G-invariant constant 2-cochain £ clears both obstructions, then we
say k! lifts to the Drinfeld orbifold algebra map x = k* + k©.

2.8 Hochschild cohomology to pre-DOA maps

We briefly recall how Hochschild cohomology can be used in general to find linear and constant
2-cochains « that are both G-invariant and satisfy property (2.3). For more detailed background
discussion about the connections to deformations and further references see [8].

For an algebra A over C with bimodule M, the Hochschild cohomology of A with coefficients
in M is HH®*(A, M) := Ext%g 400 (A, M), which is abbreviated to HH®*(A) if M = A. For any
finite group G acting linearly on a vector space V' = C", and for A = S(V)#G, using results
of Stefan [19] yields the following, where RY denotes the set of elements in R fixed by every g
in G,

HH®(S(V)#G) = HH*(S(V), S(V)#G)Y = (H*)“.
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Here H*® is the G-graded vector space H®* = gecH g with components

p—codim(V9) codim(V9)
* )L
mi=siviye A v)'e A (V) ey,

first described independently by Farinati [7] and Ginzburg—Kaledin [11]. Note that H® is tri-
graded by cohomological degree p, homogeneous polynomial degree d, and group element g.

Since the exterior factors of Hg’d can be identified with a subspace of AP V* and since
SU VI @ NP V* ® Cg = Hom (APV, Sd(Vg)g), the space H® may be identified with a subspace
of the cochains introduced earlier in this section. The next lemma records the relationship bet-
ween properties (2.2) and (2.3) of a Drinfeld orbifold algebra map and Hochschild cohomology.
When d = 1, the lemma is a restatement of [18, Theorem 7.2(i) and (ii)]. When d = 0, the
lemma is a restatement of [17, Corollary 8.17(ii)]. It is also possible to give a linear algebraic
proof in the spirit of [16, Lemma 1.8].

Lemma 2.5. For a 2-cochain k = ) kgg with im kg C SUV9) for each g € G, the following

are equivalent:

geG

(a) The map k is G-invariant and satisfies the mized Jacobi identity, i.e., for all vi,ve,v3 € V
[v1, K(va, v3)] + [v2, K(vs, v1)] + [vg, K(v1,02)] =0 in S(V)#G,
where [+, -] denotes the commutator in S(V)#G.
(b) For all g,h € G and vi,ve,v3 € V:

(4) h(“g(“bw)) = thhfl(hvlahl@)y and
(17) kg(v1,v2)(9v3 — v3) + Kg(v2,v3) (91 — V1) + Kg(v3,v1) (V2 — v2) = 0.

(¢) The map K is an element of

2—codim(V9) codim(V'9)

= (@(sfvs A e A )

geG

Remark 2.6. Part (b(i7)) of Lemma 2.5 is 2¢(k) = 0. Part (¢) of Lemma 2.5 shows that x can
only be supported on elements g with codim V9 € {0, 2} since negative exterior powers are zero

and an element g with codimension one acts nontrivially on Hg2 4,

3 Pre-Drinfeld orbifold algebra maps

Except as noted in Lemmas 3.1 and 5.1, Proposition 6.1, and Corollary 6.2, for the rest
of the paper, let G = S,, be the symmetric group with n > 3, let W = C™ denote its nat-
ural permutation representation, and consider the doubled permutation representation of .S,
onV =W*aW = C>. Let By = {y1,...,Yn} be the standard basis for W and B, = {z1,...,2,}
be the corresponding dual basis for W*. Then the action of o € S, is given by “y; = yu(;)
and 7x; = ;). Recall that W* = b* & 1", where S, acts trivially on the 1-dimensional sub-

n
space t* of W* spanned by x[, = >~ x; and by the standard reflection representation on its
i=1
(n — 1)-dimensional orthogonal complement h*, and similarly W = § @ ¢. In Remark 4.4 and
Section 6 we also consider the doubled standard representation of S,, on the subspace h* @ h

spanned by

1 1
{a‘ci == =T, i =Y — Yy |1 <0< n} (3.1)
n n
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In this section we identify all pre-Drinfeld orbifold algebra maps for S,, with n > 3 acting by
the doubled permutation representation on W* @ W. That is, we find all linear 2-cochains s
satisfying the image condition (2.1), the G-invariance condition (2.2), and the mixed Jacobi iden-
tity w(ﬁL) =0 (2.3). To organize computations we make use of Lemma 2.5 relating Hochschild
cohomology and pre-Drinfeld orbifold algebra maps.

By Remark 2.6, we need only consider group elements whose fixed point space has codimen-
sion zero or two. Thus for S, acting by the doubled permutation representation we consider
two cases: k% supported only on the identity and s supported only on the set of transpositions
(which act as reflections on W and bireflections on W* & W).

3.1 Pre-Drinfeld orbifold algebra maps supported only on the identity

We first prove a lemma that describes all G-invariant maps K1 : /\2 V =V ®C, where G is any
finite group and V' is a permutation representation of GG. Since properties (2.1) and (2.3) are
trivially satisfied when g = 1, this will produce pre-Drinfeld orbifold algebra maps supported
only on the identity. Recall that «; is G-invariant if and only if

k1(9u,9v) = Yk1(u,v)) (3.2)

for all g in G and u,v € V. The following lemma shows that how G acts on a set of representative
basis vector pairs determines a G-invariant linear cochain.

Lemma 3.1. Suppose G is a finite group acting on a complex vector space V' by a permutation
representation. If kI is G-invariant, then the following two conditions hold for all g in G and
all basis vector pairs v; and v;.

(1) If g swaps v; and vj, then mlL(vi,vj) is an eigenvector of g with eigenvalue —1.

(i4) If g fizes v; and vj, then the vector k¥ (vi,v;) is in the fized space V9.

Suppose every ordered pair v, w of basis vectors can be related to some v;, vj in a set S of repre-
sentative basis vector pairs by v = 9v; and w = Jv; or v = Jv; and w = Jv; for some g € G.
If k¥: S — V satisfies (i) and (ii) for all representative pairs in S, then there is a unique way
to extend k¥ to be G-invariant on \* V.

Proof. Assume s} is G-invariant. By (3.2), if g fixes both v; and vj, then x¥(v;, v;) must be
an element of V9. And if g swaps v; and v;, then due to skew-symmetry, Kl (vi,v;) must be
a (—1)-eigenvector of g.

Suppose kE: AV — V satisfies (i) and (i) for a set of representative basis vector pairs.
If v = 9v; = h; and w = Jv; = hvj for some representative pair v;, v; and some g, h € G, then
h~1g fixes the basis vector pair v;, v;. Hence by (ii), k¥ (v;,v;) is in V™9 and Ik (vs,v;) =
"kl (vi,v;). If instead v = 9v; = "v; and w = 9v; = "v;, then h~1g swaps v; and v;. Hence by (i),
IkE(vi,v;) = "k¥(v;,v;). These imply that the unique way to extend ¥ to be G-invariant is
well-defined. |

We now apply this to the doubled permutation representation of S, on W*@®W equipped with
the basis B, U By, where B, = {y1,...,yn} is the standard basis for W and B, = {z1,...,z,}
is the corresponding dual basis for W*. The following proposition summarizes the definitions
of all G-invariant skew-symmetric bilinear maps, i.e., describes (H 12 Yo H 12 ’1)G.

Proposition 3.2. Let S, (n > 3) act by the doubled permutation representation on V =
W* @ W = C?" equipped with basis By U By. The Sy-invariant linear and constant 2-cochains
Kl N2V = Voand k8 N°V — C are as given in Definition 3.7 in terms of complex parame-
ters ag, by for 1 <k <7 and o, in C respectively.
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Proof. Linear cochains. If V = C?" is the doubled permutation representation of S, and
ki /\2 V — V is an S,-invariant map, then the value on any pair of basis vectors in B, UB, =
{z1,...,%n,Y1,...,yn} can be obtained by acting by an appropriate permutation on one of the
representative values k¥ (21, z2), k¥(y1,v2), k¥ (x1,y1), or k¥ (z1,90).

Consider k¥ (z1,72). The permutation o = (12) swaps 1 and z2, so by Lemma 3.1, k¥ (x1, 22)
must be a (—1)-eigenvector of (12), i.e., a linear combination of the vectors x; — x2 and y; — yo.
Both of these vectors are fixed by the group S(3 ., of permutations that fix both x1 and zs.
Thus, for a choice of complex parameters a; and by, we let

KT (21, 22) = ay(z1 — x2) + bi(y1 — 1)

A similar argument shows we can let

kE(y1,y2) = ag(z1 — 22) + ba(yr — 4o)

for some choice of complex parameters as and bs.

Consider Iif(ﬂ?l, y1). There are no permutations that will swap z; and y;. The group of per-
mutations that fix both xy and y; is Sg . ), so by Lemma 3.1, k¥ (x1,y1) must be an element
of the subspace

We define k¥ (x1, 1) to be a linear combination of the basis elements, using complex parameters
as, a4, b3, and by as weights. Orbiting yields the definition

KT (23, i) = asm; + sy + b3yi + bayp)

for 1 <i<n.

Consider k¥ (x1,%2). There are no permutations that will swap x; and y2. The group of per-
mutations that fix both z1 and y3 is S¢3. n), so once again by Lemma 3.1, HlL(.’IJl, y2) must be
an element of the subspace

We define s (21,%2) to be a linear combination of the basis elements using complex parameters
as, ag, a7, bs, bg, and b7 as weights. Orbiting yields the definition

Hf(l’i, yj) = asTi + aT; + arlp,) + bsy; + beyj + b7y[n]

for 1 <4, <n with i # j.

Constant cochains. By comparison there is only a two-parameter family of G-invariant con-
stant cochains. First, using (3.2), if a constant cochain £§': A*V — C is S,-invariant and some
element g € S, swaps v; and v;, then k{ (v;,v;) = 0. Thus &§ (24, 7;) = &{ (i, y;) = 0. Also due
to Sp-invariance, the value of k¢ (;, y;j) only depends on whether ¢ = j or i # j, so for o, 5 € C,
we can let ¢ (z;,v;) = a and /ilc(xi,yj) = 3 for i # j. This shows we have a 2-dimensional
space of Sy-invariant maps /ilc. |

Remark 3.3. It is also possible to confirm the dimensions for the linear and constant invariant
cochains by using the equivalences from Lemma 2.5 and calculating inner products of characters.
If n > 3, then, omitting details, we find for the linear cochains,

2 Sn
dim (Hf’l)sn = dim <V® /\ V*> = <XL7XVX/\2 V> = <XV7X/\2V> = 14,

and for the constant cochains,
2 Sn
i (3) =i (V)™ = oy 2

as expected.
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3.2 Pre-Drinfeld orbifold algebra maps supported only off the identity

The following proposition describes (Hg2 Yo H 92’1)G where ¢ is a transposition.

Proposition 3.4. Let S,, (n > 3) act by the doubled permutation representation on V.= W* @
W =2 C?", equipped with the basis By UB,. The Sp-invariant linear and constant 2-cochains that
sastify the mized Jacobi identity and are supported only on transpositions are the maps of the
form given in Definition 3.8.

Proof. We find the centralizer invariants (Hg,o @ Hg’l)z(g ) when g is a transposition. Let
g = (12) and first note that the centralizer of g is Z(g) = ((12)) X Sy3,....n}, the fixed point space
of g is

V9 = Span{x1 + 22,3, ..., Tn, Y1 + Y2,Y3, -, Yn},
and the orthogonal complement is
(V9L = Span{z| — z2,y1 — 12}
A basis for A2((V9)1)* is the volume form
voly = (21 — a3) A (47 — y3).
Note that Z(g) acts trivially on volgL, o)
(H20) 29 = 20 = A (V9)1)" @ Cg = Span {vol: @ (12)}

and

(Hg’l)Z(g) — VZ(g) ® /\2 ((Vg)l)* ® (Cg

n n
ve { raa S wn +yzy}}

= Span {v ® volé‘ ® (12)
=3 i=3

After orbiting the centralizer invariants to obtain G-invariants (see the end of Section 4.1
in [8] for more detail), these yield the description in Definition 3.8 for the cochain k. =
Z(ij)esn (mgj) + m(Lij)) ® (ij) supported off the identity. |

3.3 Pre-Drinfeld orbifold algebra maps

By Lemma 2.5 and Remark 2.6, the polynomial degree one elements of Hochschild 2-cohomology
found in Propositions 3.2 and 3.4 provide a description of all pre-Drinfeld orbifold algebra maps.

Corollary 3.5. The pre-Drinfeld orbifold algebra maps for S, (n > 3) acting by the doubled
permutation representation on V.= W* @& W = C?" are the linear 2-cochains vk = kI + /eref
for /if described in terms of the parameters ay,...,a7, by,...,b7 as in Definition 3.7 and /irLef

controlled by the parameters a, a*, b, b as in Definition 3.8.

In Theorems 4.1 and 5.9 we will characterize when the maps x¥ and /ifef lift separately
to Drinfeld orbifold algebra maps and in Theorem 5.10 we will show it is also possible to lift
f@f +K,féf. Any two lifts of a particular pre-Drinfeld orbifold algebra map must differ by a constant
2-cochain that satisfies the mixed Jacobi identity. Lemma 2.5 and the results in this section

yield the following corollary describing these maps.

Corollary 3.6. For S, (n > 3) acting on V.= W* @ W = C?" by the doubled permutation
representation, the Sy-invariant constant 2-cochains satisfying the mized Jacobi identity are the
maps k¢ = /ﬁ?? + mgf with K,? given in terms of parameters o and B in Definition 3.7 and /frcef

described using parameter ¢ in Definition 3.8.
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3.4 Definitions of linear and constant cochains

For convenience we collect here the definitions of the components of the maps determined in Pro-
positions 3.2 and 3.4 and that will be needed to lift xI in Section 4 and xL; in Section 5.

Some parts of the descriptions below involve sums of basis vectors over subsets of [n] =
{1,...,n}. For I C [n] let vi = },.;v;, where v stands for x or y and at times we omit the
set braces in I. Let vf denote the complementary vector v,,) — vy. In all three definitions, S,
(n > 3) acts by the doubled permutation representation on V = W* @& W = C?" equipped with
basis By UBy = {Z1,...,Zn, Y1, -, Yn}

Definition 3.7 (cochains supported only on the identity). Given complex parameters ay, by for
1 <k<7anda,p in C, let x¥: /\2V — V and ¢ /\2V — C be the S,-invariant maps
defined by

k1 (i, 25) = a1 (@i — 5) + b1 (yi — y5), (3.3)

K1 (Wi yj) = ag(wi — 25) + ba(yi — yj), (3.4)

KT (@i, i) = as®; + sy + b3yi + bayp), (3.5)

wE (2, Yj) = asT; + agTj + a7y + bsyi + bey; + b1y, (3.6)
and

Y (i y) = 6 (i, y5) =0, kS (i) =a, k] (zi,y5) = B,

where 1 <1 # j <n.

Definition 3.8 (cochains supported only on transpositions). Let a, a*, b, b, ¢ be complex

parameters and let 7" be the set of transpositions in S,,. Define a linear 2-cocycle /@rLef =

> geT nég, where for g = (rs), the component K;g];: A’V — V is defined for 1 < i,5 < n by

kg (i, ) = Ky (Yi,y5) = 0

and
axy s+ aL:Ef’s + byr s + bLym if i=j isin {r s},
Hé(l’i, yj) = _(axr,s + aLxﬁ:s + byr,s + blyr,s) if {Z,]} = {7’, 3}7
0 otherwise.

C

Similarly, the g = (rs) component of the constant 2-cocycle iy,

1<4,j<nby

= D geT /@gcg is defined for

’ﬂg(ﬂ% Tj) = ’fg(yi,yj) =0
and
¢ if i=j isin {r s},
Koy = —c i {i,j} = {r.sh
0  otherwise.

Lastly, we define a constant 2-cochain ngcyc which we use to lift £Z; in Section 5.1. The map

mgcyc is not a Hochschild 2-cocycle but rather is based on the form of qﬁ(lifef, anef) in Proposi-
tions 5.3 and 5.4 and is constructed to ensure ¢(kZ,, kL) = 2¢(mgcyc) as in Proposition 5.5,
thereby clearing the first obstruction to lifting mrLef. The cochain Iigcyc will also clear the second

obstruction to lifting nﬁ:ef, as verified in Lemma 5.6.
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Definition 3.9 (cochains supported only on 3-cycles). Define an S,-invariant map mgcyc =
desn /igg with component maps K,gi /\2 V — C. If g is not a 3-cycle, let ’ig = 0. For a 3-
cycle g = (i j k), define the outcome of /{5 on a pair of basis vectors to be zero unless the indices
are two distinct elements of {7, 7, k}, in which case the outcome is defined by the following (and
skew-symmetry):

2
kS (i, 5) = K (25, 21) = K5 (2, 25) = (b" —b)
and

2
kS Wi, y5) = K5 (5. u0) = &S (yk, vi) = (a* — a)

and

kS (i, y5) = K (Y5, 2n) = Kg(@r, yi) = 65 (yir ) = S (25, yk) = Kg (Y, 77)
= —(aJ‘ — a) (bJ‘ — b).

4 Lie orbifold algebra maps that deform S(W* @ W)#5S,,

In Section 3, as summarized in Proposition 3.2 and Definition 3.7, we determined the pre-Drinfeld
orbifold algebra maps xI supported only on the identity. Here we find conditions under which
these maps also endow V with a Lie algebra structure — i.e., under which they lift to Lie orbifold
algebra maps because there exists a constant 2-cochain ¢ such that x = Rf + k¢ also satisfies
the remaining properties (2.4) and (2.5).

Our main goal is to write down conditions on the parameters involved in the definitions
of k¥, k¢, and k¢, such that properties (2 4) and (2.5) hold, or in other words, such that
<;5(/<;1L,/£1) = 2¢(k{ + %) and ¢(k{ + S}, k1) = 0. Since Qw(kal + k%) = 0, we have that
k{ + Kk, clears both the first and second obbtrucmons and the map »¥ gives rise to a Lie orbifold
algebra if and only if ¢(n1 , /11) = ¢(H1 + nref, /flL) = 0. We use this to arrive at characterizing
PBW conditions on parameters as summarized in the proof of Theorem 4.1, which states that x
can be lifted to k = k¥ +x{ + Hrc(;f precisely when a list of 22 homogeneous quadratic conditions
in 17 parameters hold.

It will be convenient along the way to also consider qb( Krofs K ) for use in Theorem 5.10,
by using * to denote either C' or L and x to denote either a transposition or the identity and

computing, for vi,v9,v3 € V,
Gy (v1,v2,v3) 1= ks (v1, ﬁf(vz,vs)) + Ky, (02,Hf(v3,vl)) + Ky, (037/4%(01,02))

as uniformly as possible. This notation omits a factor of two (and hence differs from that in [8])
because 1 (k{ + Href) = 0 means the factor of 2 is irrelevant to clearing the first obstruction and
it is also irrelevant to clearing the second obstruction.

First note that due to bilinearity and skew-symmetry it suffices to compute ¢, ;, with  equal
to the identity or a transposition, on basis triples of six main types for 1 < 4,7,k < n, where
n > 3.

1. All basis vectors in W or in W* and 4, j, k distinct: (x4, 25, 2%), (¥, Y5, Yk)-
2. Two basis vectors in W or in W* and i, j, k distinct: (x4, 25, yk), (¥4, Y5, k).
3. Two basis vectors in W or W* and 4, j distinct: (i, x5,95), (Wi, y5,25)-

This is done in the next three subsections.



Degree-One Rational Cherednik Algebras for the Symmetric Group 13

4.1 All basis vectors in W or in W* and three distinct indices
For any distinct indices ¢, 7, k with 1 <4, j,k < n, we have
¢;71(:Ei,xj,a:k) = K;(:L‘i, mf(xj,xk)) + K;(:Ej,/ﬁf(xk,:ri)) + K;(:Ek,/-if(xi,:nj)).

Using bilinearity, skew-symmetry, and Definitions 3.7 and 3.8 of k1 and ke yields for x either
the identity or any transposition,

Ky (zi, x5 — xg) + Ky (x5, T — 24) + Ky (Tp, T — 5)

= 2[ry (@i, w5) + Ko (), op) + Ky (2k, 26)] = 0,
and
Ko (Tis Yj — Y) + k(@5 yk — vi) + Ko (2, v — y5) = 0.
Combining these shows that ¢ ;(z;,zj, 7)) = 0 and similarly ¢} (vi, yj,yx) = 0, for any (dis-

tinct 4, j, k with) 1 < 4,5,k < n, for x either the identity or a transposition, and with * = C
or * = L. Thus this case imposes no restrictions on any parameters.

4.2 Two basis vectors in W or W* and three distinct indices

For any distinct indices i, j, k with 1 < 4,5,k < n, using the definition of ¥, bilinearity, and
skew-symmetry yields

G 1 (i, 2, yx) = 2ask (25, 25) + asky (v — x5, Tp) + arky (@5 — 25, T))
— b1y (Yi — Y5, Yk) + bs (53 (2i, y5) — K (25,vi))
+ (bg — a1) k(@ — x5, yk) + brry (2 — 5, Yp)) -
When 2 = 1 and * = C, since x{ (v,w) = 0 when v,w € W or v,w € W*, we have
&S (i g, yp) = bs(B— B) + (bs — a1) (B — B) + br (@ —a+ (n— 1)(B — B)) =0,
and when = = 1 and * = L using the definition of < yields
o1 1 (zi, 25, y8) = 1 (2 — 75) + 2 (v — ¥5),

where

Y1 = al(ag, + ag + 7”LCL7) —bras — bsag + a5(b5 + bg + nb7) -+ b7(a3 — a5 — a6),
Yo = bl(a5 + ag + na7) —biby + bias + b5(b5 —ay; + nb7) + b7(b3 — by — b@).

When x = g is a transposition, by Definition 3.8 we have that

Gy (Tis i, yk) = (b — a1)ky (@i — x5, Yk)
B {:l:(b6 —a1)ky(z,yk), if g= (k) with [ =i or [ =j respectively,

0, otherwise,

and we define

73 = —(bs — al)’i(cjk)(l’jayk) = c(bg — a1).
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Interchanging the roles of x and y and recomputing yields that for distinct ¢, j, k with
1<i,j,k<n,

G (Wis Yjs wr) = =206k (Yir y5) — bsry (Ui — Yj k) — brws (Yi — Yjs Yjn))
— agky (i — xj, n) — a6 (K (2, y5) — ka(25,95))

+ (b2 + as) ki (wr, yi — yj) + arky (Tp), vi — v5).
In particular,
oS (Y, yj o) =0 and ol (i, vy, 2k) = val@i — 25) +¥5(yi — ;)
where

Y4 = —az(bg + b5 + nb7) — asa1 — asbg + a6(a6 + b2 4+ nay) + a7(az — ag — as),
Y5 = —b2<b6 + bs + nb7) — azby — agbs + bﬁ(aﬁ + a5 + na7) + a7(bg —bg — b5).

When x = g is a transposition, we have
Gg1(Yir Yj, k) = (b2 + as) kg (Tr, yi — yj)

{i(bQ +as)ky(zp, y) if g=(lk) with [ =4 or [=j respectively,

0 otherwise,

and we define
Yo = —(bz + as)r§ (xx,y;) = c(ba + as).

4.3 Two basis vectors in W or W* and two distinct indices
For any distinct indices 7, 7 with 1 <i,j < n, we have
Gp(Tis g, y5) = (a3 + as)ry (i, 25) — bikg(Yi, Y;) + aakiy (T4, Tpn)) — arkiy (25, T

+ (—a1 + b3) Ky (w4, y5) — bsky (x5, 9:) + (a1 — be)ky (75, y5)
+ bakiy (i, Yn)) — b765 (25, Yp))-

In particular if x = 1 and * = C' then we set
vr = &% 1 (2, 25,y;) = alar — bg + by — br) — Blar — by + bs — (n — 1)(bg — by)),

and if x =1 and * = L then

¢1L,1(1‘z', T, Y;) = V8T [n] + V9Ti + V10T; + V11Y[n) + V12¥i — V13Y5>

where

8 = a7(bs — bs) — agbe + (by — b7)(ag + (n — 1)ar + ag),

Yo = ai(as + nay) + as(bs + nby) + ba(as — as — ag) — azby — bsag,

Y10 = —a1(as + ag + nay) — as(bs + nbr) — br(ag — as — ag) + azby + bzag — azbe,
Y11 = br(b3 — bs) — babs + (bs — b7)(a1 + bs + (n — 1)b7 + bs) — bi(as — ar),

Y12 = bi(as — ba + az + nay) — bs(ar + bg — bz — nby) + ba(bs — bs — bg),

v13 = b1(—b2 + a5 + az + nay) + bs(bs + nby) + b7(bs — bs — bg) — a1(bs — bg).
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For x = g a transposition, we have that

Gy1 (i, w5, y5) = (—a1 + b3) kg (i, yj) — bsky (w5, 9i) + (a1 — be )k, (75, y5)

(2a1_b3+b5_b6)/€;(xj7y])v if g:(zj)a
0, otherwise,

and we define
14 = (2a1 — by + by — bg)KS (x5, y;) = c(2a1 — bs + bs — bg).

Interchanging the roles of x and y and recomputing yields that for any distinct indices 7 and j
with 1 <14,j <mn,

&% 1 (Yisyj, w5) = —(bs + b6 ) (i, y5) — aoks(zi, 25) — bar(Yi, Ypm) + b765 (Y5, Ypn))
+ (a3 + b2)ky (x5, i) — askiy (@i, y;) — (as + ba)ky (x5, y5)

+ asky (T Yi) — arkig (T()s v5)-
In particular, we set
5 = &1 (Y, yj, 7)) = a(—by — a5 + as — ay) + B(bz + az — ag + (n — 1)(as — ar)),
and
<Z51L,1(yz‘, Yj, Tj) = V16T [n) + V17T5 + V18T5 + V19Y[n] T V20¥i + V21Y5;

where

Y16 = az(az — ag) — asas + (as — a7)(=ba + as + (n — L)az + as) + az(bsy — b7),
yi7 = —az(a1 + bg + bz + nby) + ag(be — as + az + nay) + ag(asz — as — ag),
Y18 = az(a1 + be + bz + nbr) — ag(as + nar) — ar(az — as — ag) — ba(az — as),
Y19 = br(az — ag) — bsas + (ag — a7)(bs + (n — 1)b7 + bs),

Y20 = —ba(b3 4 nby) + bs(a3 + nag) + as(bz — bs — bg) — a2by — agbs,

Y21 = ba(bs + bg + nb7) — bg(as + naz) — az(bs — bs — bg) + agby + asbs — bsas.

Lastly, when x = ¢ is a transposition, we have

by (i, y5) = (az + ba)ky (25, yi) — asky(wi,y;) — (as + b2)ry (x5, y;)

—(2b2 + a3 + a5 — ag)ky(zj,y5), if g=(ij),
0, otherwise,

and we define

V22 = (2b2 + a3 + a5 — ag)rg(w), y;) = (202 + a3 + a5 — ae).

4.4 Lie orbifold algebra maps

We now use the calculations in Sections 4.1-4.3 to describe all Drinfeld orbifold algebra maps
with linear part supported only on the identity, i.e., all Lie orbifold algebra maps s + KC.
The corresponding Lie orbifold algebras are described in Theorem 7.1.
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Theorem 4.1. Let S, (n > 3) act on V. = W* @ W = C* by the doubled permutation
representation, and let HIL and IQIC be as described in Definition 3.7 and Hrcef be as in Definition 3.8
with complex parameters aq,...,a7, by,...,b7, a, B, and ¢. The Lie orbifold algebra maps are
precisely the maps of the form k = k1 —1—/{?—1—%% satisfying the conditions v; = 0 for 1 < i < 22.

Proof. Let k” be a pre-Drinfeld orbifold algebra map supported only on the identity. By Corol-
lary 3.5 we know x’ = Ii{’ is as given in terms of a; and b; for 1 < ¢ < 7 in Definition 3.7.

In considering property (2.4) when g = 1, note that ¢ = 0 for any k¢, so we must have
1,1 = 0 as well. The result of computing ¢(HIL, /if) is given in Sections 4.1-4.3 as the values
of the various qﬁf 1 (u,v,w). These show that ¢;; = 0 precisely when the parameters a;, b; for

i=1,...,7 satisfy the conditions
M1=Y2=v=75=0 and % =0 for 8<i<13, and 16 <i <21. (4.1)

Since x” is supported only on the identity we must also consider property (2.4) for g # 1 and

find all G-invariant constant 2-cochains such that w(nc) = 0 (i.e., satisfying the mixed Jacobi
identity). By Corollary 3.6, these are supported on the identity and transpositions and are given
by k¢ = E? + /ircef with /4;10 defined using « and § as in Definition 3.7 and mgf defined using ¢
as in Definition 3.8.

Now assume k¢ + k¢, clears the first obstruction, i.e., that the conditions in (4.1) do hold
for kT, and consider property (2.5) for each of x{ and ﬂgf. Using the values of qblcjl (u, v, w)
and ¢gl(u,’u,w) in Sections 4.1-4.3 we see that x{ clears the second obstruction for x¥, i.e.,
¢(/€10, mlL) = 0, precisely when in addition

7 =715 = 0. (4.2)
IiC KL

We also see that /igf clears the second obstruction for H,f , i.e., that qb( rof> 1) = 0, precisely
when in addition,

Y3 =Y = Y14 = Y22 = 0. (4.3)

Thus &% lifts to k¥ + k¢ + k&, if and only if v; = 0 for 1 <4 < 22. [

Corollary 4.2. Theorem 4.1 includes precisely the following special cases:

(1) k = k¥ satisfying conditions (4.1),
(2) K = Kl + K satisfying conditions (4.1) and (4.2), and
(3) k= rF + K{ + kG, with kS, # 0 satisfying conditions (4.4)—~(4.17).

Proof.

Cases (1) and (2). These are immediate by the forms of (4.2) and (4.3) since k¢ = 0 if and
only if « = 8 =0 and mgszifandonlyifc:O.

Case (3). Suppose instead that x¥ lifts to ki + k¢ + kG, with k¥, # 0. Then in addition
to (4.1) and (4.2), we have ¢ # 0. This reduces the conditions in (4.3) to

a1 = bg and ay — bg +bs =0, or equivalently by — by — bg =0, (4.4)
by = —as and by + a3 —ag =0, or equivalently a3 — a5 — ag = 0. (4.5)
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These in turn allow simplification of the conditions for k{ + k<, to clear the first obstruction
if /frcef # 0 clears the second obstruction for k¥ by reducing (4.1) to

ai(as —ay) — (bs — b7)(as + as + (n — 1)ar) =0, (4.6)
bi(ag — az) — (bg — b7)(bs + bg + (n — 1)b7) =0, (4.7)
az(bs — b7) — (as4 — ar)(as + as + (n — 1)ar) =0, (4.8)
ba(by — b7) — (ag — a7)(bgy + b5 + (n — 1)by) =0, (4.9)
aq(ag + nag) + as(bg + nby) — brag — bsag = 0, (4.10)
a1 (ag + naz) + as(bg + nby) — byag — bsag = 0, (4.11)
b1 (a3 + nayg) + bs(bs + nby) — 2b1by — 2b5b = 0, (4.12)
b1 (as + naz) + bs(bs + nby) — 2b1by — 2bsbg = 0, (4.13)
—az(bs + nbs) + ag(az + nas) — 2a1a2 — 2asa6 = 0, (4.14)
—ag(bs + nby) + ag(as + naz) — 2a1a2 — 2asag = 0. (4.15)

Conditions (4.4) and (4.5) also reduce the conditions in (4.2) for k¢ to clear the second obstruc-

tion for kI assuming /{gf # 0 also clears the second obstruction for " to

(a+ (n—1)B)(bs — b7) =0, (4.16)
(a+ (n — 1)B) (a1 — a7) = 0. (4.17)
Thus &% lifts to k¥ + k¢ + £, with £ # 0 when (4.4)—(4.17) hold. [

Remark 4.3. Note in Case (3) of Corollary 4.2 with ¢ # 0 that if &« # —(n — 1)f, then
ay = a7 and by = by;. These combined with a3 = a5 + ag and b3 = bs + bg in (4.4)—(4.5)
mean that the definitions of k¥ (z;,y;) in (3.6) (but with j allowed to be i) and the definition
of kI (x;,y;) in (3.5) agree. Furthermore, conditions (4.6)—(4.9) then hold and conditions (4.10)-
(4.15), simplify further to

ay(as + na4) + a5(bs + nb4) —bias — bsag = 0,
bl(ag + nay) + bs(bs + nb4) — 2b1by — 2bsbg = 0,
—az(bs + nby) + ag(as + nay) — 2a1a2 — 2asa6 = 0.

4.5 Algebraic varieties corresponding to image constraints

The homogeneous quadratic PBW conditions v; = 0 for 1 <4 < 22 give rise to a projective vari-
ety that controls the parameter space for the family of maps in Theorem 4.1 and corresponding
Lie orbifold algebras in Theorem 7.1. Based on computations done for a few specific values of n
in Macaulay?2 [14] with the graded reverse lexicographic monomial ordering and the parameter
order ay,...,ar, bi,..., b7, a, B, ¢ we conjecture that this projective variety has dimension seven.
It contains the lattice of subvarieties described in Table 1 arising from the PBW conditions and
additional constraints on how im k¥ relates to subrepresentations of the doubled permutation
representation. While not needed for Theorem 4.1, these are included as being of potential
independent interest.

Remark 4.4. Observe that x; = Z; + %azw and y; = ¥; + %y[n] can be used in (3.3)—(3.6) to
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decompose the results according to V=2h*d* o h & v

KT (i, 15) = a1(Z; — 75) + b1(Gi — ), (4.18)
51 (yir y;) = a2(Z; — Tj) + ba (T — Tj), (4.19)
1
KT (i, yi) = as®; + ﬁ(a?) + naq)z ), + b3y + ﬁ(be; + 1)y, (4.20)

1 1
H%(Ii, yj) = as5xi+ agx;+ E(a5+ ag+ na7)x[n] + b5y + bey; + ﬁ(b‘:’—i_ be+ nb7)y[n]. (4.21)

Using Remark 4.4 we see that if the image of mlL is contained within h* @b then the coeflicients
of z[,; and yp,) are zero; i.e.,

a3 +nag =0, b3 + nby = 0, (4.22)
as + ag +nay =0, bs + bg + nby = 0. (4.23)

If the image of fif contains at most one copy of the trivial representation, i.e., some linear
combination of z[,; and y,], then the coeflicients of z[,; and y,) satisfy this weaker condition:

(ag 4+ nayq)(bs + bg + nbr) = (bs + nby)(as + ag + nay). (4.24)

Similarly, if the image of s contains at most one copy of the standard representation then the
coefficients of &; and g; satisfy these conditions:

aibj = biaj for 1<i<j<6 and ¢4,j 75 4. (4.25)
Lastly, if the image of nf is contained within ¢* @ ¢ then the coefficients of ; and g; are zero:

a;=b;=0 for 1<i<6 and 1i#4. (4.26)

In Table 1 we list constraints on im k¥, resulting conditions, in addition to (4.1)—(4.3), needed

to describe the subvariety of maps subject to each constraint, and the conjectured dimension and
degree based on computations. Dropping condition (4.24) in the first three rows, i.e., allowing
an additional summand of the trivial representation in im HlL in those cases, did not change the
computed dimension or degree of the variety.

Table 1. Conjectured dimension and degree of projective varieties for Lie orbifold algebras obtained

from constraints on im &Y. When im x¥ is contained in the trivial representation, the resulting seven
1 1 )

defining polynomials, the dimension and degree, and related simple x maps can be found by hand.

Constraint on im s Conditions Dimension | Degree
contained in perm @ std | (4.24) 7 8
contained in perm (4.24), (4.25) 6 30
contained in triv (4.24), (4.25), (4.26) 4 1
contained in std @ std (4.22), (4.23), (4.24) 6 6
contained in std (4.22), (4.23), (4.24), (4.25) 5 4

5 Drinfeld orbifold algebra maps that deform S(W* @ W)#S,

In Section 3 we defined a pre-Drinfeld orbifold algebra map /QrLef. Here we aim to lift /ﬁrLef to

a Drinfeld orbifold algebra map. We evaluate d)(FcL kL ) and clear the first obstruction by

ref’ "Vref
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defining a G-invariant 2-cochain mgcyc such that ¢(kZ;, kL) = Zw(ngcyc). We then clear the
second obstruction by showing (f)(lﬁ}gf—l-ligcyc, Iﬁ}féf) = 0 and giving conditions on the parameters a
and S for /-if and a, at, b, b for “rLef such that (;5(1{10, ’{{Jef) = 0. It follows in Theorem 5.9 that
kle + kS, + ﬁgcyc is always a Drinfeld orbifold algebra map and k2, + x{ + &, + I€3C_Cyc is
a Drinfeld orbifold algebra map precisely when conditions (5.3) and (5.4) hold.

Characterizing in general when k¥ + mrLef lifts is straightforward but rather more involved.
Instead, in Theorem 5.10 we provide a nontrivial choice of parameters and verify in that case
that it is possible to lift simultaneously to &% + L, + k¢ + kS, + chyc. There could very well
be other parameter choices for successfully lifting i + /-eref. This is indicated by the question
marks in Table 2 summarizing the results in this and the previous section.

5.1 Clearing obstructions to deformations of S(W* @ W)#S,,

We begin by recalling a lemma from [8] that allows for a reduction in the computations necessary
to remove obstructions and lift x maps.

Invariance relations. Recall that a cochain p =3 pigg With components /i, ANV = S(V)
is G-invariant if and only if "y, = ppgn—1 for all g, h € G. Equivalently,

"(ug(vis - vk)) = g1 ("o, o)

for all g,h € G and vy, ...,v; € V. Thus a G-invariant cochain is determined by its components
for a set of conjugacy class representatives.

In the following lemma that applies to any finite group, one can let p = &% or pu = k¢
and let v = k” to see that if k¥ and k€ are G-invariant, then QS(H*, IiL) and 1 (k*) are also G-
invariant. This is helpful because, for instance, if ¢, = 21, for some g € G, then acting by h € G
on both sides shows ¢p,g,-1 = 2wh£h71 also. Thus if ¢, = 29, for all g in a set of conjugacy
class representatives, then (Z)(HL K ) = 21/1(%;0). Similar reasoning applies to properties (2.3)
and (2.5) of a Drinfeld orbifold algebra map.

Lemma 5.1 ([8, Lemma 5.1]). Let G be a finite group acting linearly on V= C". If p and v
are G-invariant 2-cochains with v linear and p linear or constant, then ¢(u,v) and (u) are
G-invariant. Specifically, at the component level, for all x,y,h € G and vy,ve,v3 € V we have

h(¢x,y (Ula V2, U3)) = thxh_l,hyh—l (hvla hU?a hv3) .

5.2 Clearing the first obstruction

We begin by recording simplifications of a summand, ¢;, ., of the component ¢y of qb(fi;‘ef, mfef),
where * stands for L or C. Simplification of qﬁ;T(u,v,w) depends on the location of the basis
vectors relative to W and W™ and relative to the fixed spaces V7 and V7, so recall that v* is
the vector dual to v and define the following indicator function. For g € S, and v € V| let

1 if veV9,
59(”) :{

0 otherwise.
Note that for g € G and v € V,
0g(v") = 04(v)-
Remark. Let ¢7 . be as in Lemma 5.2. Then for all u,v,w € V' we have
Por (0, 0, W) = ¢ - (u, v, w). (5.1)

This follows from the definition of ¢ . and that kL is T-invariant.
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Lemma 5.2. Let k;; with x = L or x = C be as in Definition 3.8, with common parameters
a,a’,b,b- € C. Denote a term of the component oy of qb(/i’rkef,/ifef) by ¢5 -, where o and T are
transpositions such that o = g.

(1) Ifu,v,we W, u,v,w € W*, u,v € V7, oru € VTNV, then ¢, (u,v,w) = 0.

(2) If u e VI\ V7 and v ¢ V7, then the basis vectors moved by T are of the form v, Tv,
v*, Tv*. We have ¢, (v,"v,u*) = 0,

2(at —a)[l — 6-(%u)ls(u*,u) if ueW,

QZ):,T(U’? v, U*) = _(ZS:;,T(U’ v TU*) N {Q(bL — b) [1 — 57_(0”)]/{;(“’ U*) Zf u € W*’

and by (5.1),
¢;,T(uvTU7T’U*) = _qbz*f,r(u’TUa V) = ¢<*7,T(U’U7U*)'

(3) Ifv ¢ VT, then

QZ);,T(U’ Tv,0") =

{2(@l —a) [6-(0)rE(V*,v) + 6, (TTo)rE(VF, V)] i veW,
2(bt = b) [0 (V)KL (v, %) + 6-(TTv)RE(T0, )] i ve WX,

and by (5.1),
¢;,T(U?TU7TU*) = _gb:,T(’U?T’U’fU*)'

Proof.
Case (1). When u,v,w € W or u,v,w € W*, then ¢ (u,v,w) = 0 because

& (u,v,w) = ki (w4 Tu, w2 (0,w)) + k5 (v + To, KE (w, w) + K (w4 Tw, kE (u,0)), (5.2)

and k% is zero whenever both input vectors are in W* or both are in W. As in [8], by (U, v, w) =
0 when u,v € V7 follows from (5.2) and that V7 C ker s}, while ¢7  (u,v,w) = 0 when u €
VTNV uses also V7 C ker k.

Case (2). Assume u € V7 \ V7 and v ¢ V7. First note that

by (v, v, u") =0

by using (5.1) and the alternating property to see that ¢ (v,,u*) = —¢} (v, v, u").

We can reduce to ¢4 (u,v,0*) = 2k} (u, kE(v,v*)) by using u € V7 C kerx’ in (5.2).
Using bilinearity and V7 C ker ,, the right hand side is a linear combination of expressions
Ky (u, hu) and K (u, hu*) for h € (o). The appropriate coefficients in terms of a, a*, b, b* can
be described in terms of the indicator function for the fixed space of 7 and depend on whether
u e W* or u € W. Also note that Zh€<g> hu € Vo C ker k. Thus, for u € W* we have

— Z [a(l — 05 (hu)) +até, (hu)]fff; (u, hu) + [b(l -9, (hu*)) + b6, (hu*)]/@;(u,hu*)
he(o)
= (a* —a) Z 6 ("u) ik (u, "u) + (b —b) Z o (Mu*) ks (w, "u*)
he(o) he(o)
= (bl — b) [5T(u)/<c:';(u, u*) + 0, (u)k (u, ”u*)],
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where the term with coefficient a* — a is zero because &’ (u,u) = &% (u,%) = 0. Since u € V7
and k% (u, u*) = —k%(u, u*), this yields

Gy (u,0,0%) = 267 (u, KE(v,0%)) = 2(bF = b) [1 = 6-(w)] &5 (u, u*).

When u € W, the calculation of £}, (u, KE (v, v*)) involves a sign difference, and the coefficients
on the two sums are reversed, so the one with coefficient a~—a survives and yields &y (U, v,0%) =

2(at —a)[1 = 6;(uw)] ki (u*, u).

Similar calculations show
G (1,0, 70%) = =g - (u, v, 07).
Case (3). Assume v ¢ V7. Then xZ(v,v) = 0 and hence
G+ (v,0,0%) = K (v + T, kL (v, v")) + k(v + v, o (O v)) = =25 (v + v, kL (v, v")).
A calculation as in case (2), using xZ (", v*) = kL (v,v*) and that &, (v) = §,(") = 0 yields

G+ (v,v,0") = =2 [k} (v, kE(v,v ) + k5 (v, /if.’(Tv?Tv*))]
_ {Z(aL —a) [0: (V)KL (v*,v) + 6 (TTv)RE(0F, )] if v e W, n
2(bt =) [6-(0) K% (v, v*) 4+ 6:(TTv)kE (v, W) i v e W

As mentioned in the outline of the proof of Theorem 5.9, the next two propositions are used
to evaluate both qb( Kpafs K ref) and qS( Krafs K fef)

Proposition 5.3. Let s} with x = L or x = C be as in Definition 3.8. For g € S, where
n > 3, let ¢y be the g-component of <Z>(/<g;“ef, ref) If g is mot a 3-cycle then ¢ = 0.

Proof. Since k] is supported only on transpositions and the only cycle types that arise as
a product of two transpositions are the identity, double transpositions, and 3-cycles, it suffices
to consider only the components ¢ and ¢ where g is a double transposition, and in fact only ¢7
when n = 3. Since """ = "(o7), it suffices to use only representatives of orbits of factor pairs
under the action of S, by diagonal conjugation.

Case 1 (g = 1). The identity component ¢} of ¢ (K, /ﬁ;rLef) is a sum of terms ¢? _,, where

0 ranges over the set of transpositions in S,,. For each transposition o, since 0~! = ¢ we have
imkl | =imk} C V7 C kers}, and thus £} (u, k%, (v,w)) = 0 for all u,v,w € V. It follows

that ¢> 1 =0 for each transposition o € Sy, and hence, ¢] = 0.
Case 2 (g = (12)(34)). Note that ¢; = Dl12),34) + P(3a),(12)- Since we know that both

im /{634) C V2 C ker /@?12) and im /{{“12) C VB C ker 5?34), we see that ¢7(u,v, w) = 0. [

Proposition 5.4. Let ko = n g+ n ¢ be as in Definition 3.8 with parameters a,b,c € C, and
let ¢y denote the g-component of qb( Kpofs K rLef): where x = L or x = C and g is a 3-cycle. Then

(bg =0. For (155 we have ¢g (u,v,w) =0 if u € VI, and for v ¢ VI, ¢§ (v,gv,QQU) =0, and

¢5(v,gv,v*) = ¢§(gv,92v,v*) = ¢5(92v,v,v*)
B 2(a¢—a)(bL—b)(gv—v)+2(aL—a)2(9v*—v*) if veW,
B 2(al—a)(bJ-—b)(gv—v)+2(bj-—b)2(gv*—v*) if ve W,

with values on triples involving a third basis vector of the form 9v* or 9v* obtained by acting
by g or g* respectively.
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Proof. By the orbit property in Lemma 5.1, it suffices to evaluate ¢g for the conjugacy class
representative g = (123). Note that Z(g) = ((123)) x Symyy 3, and the factorizations of g as
a product of transpositions are all in the same Z(g)-orbit under diagonal conjugation, so

Gy = D12),(23) T P(23),(31) T P(31).12)-

For each pair of transpositions o and 7 with o7 = g = (123), we have V9 C VN V" and
VN VT C ker¢; . by Lemma 5.2(1). So if any vector in a basis triple is in V9, then ¢}
evaluates to zero. It remains only to consider triples {u,v,w} C {x1, z2,x3,Y1,Y2, Y3}

Lemma 5.2(1) yields ¢ (z1,22,23) = ¢;(y1,92,y3) = 0. There are, up to permutation,
%(g) — 1 =9 basis triples with two elements in W* and one element in W:

x1,22,Y1, x2,T3, Y1, x3,%1,Y1,
x2,x3,Y2, x3,T1,Y2, T1,22,Y2,
xr3,T1,Ys3, x1,22,Y3, xr2,X3,Y3.

The G-invariance in Lemma 5.1 yields

and thus since each of the three columns of basis triples is a g-orbit, it suffices to compute ¢
on just the basis triples

x1,T2, Y1, T2, 3, Y1, and 3,1, Y1-

For each of these three basis triples, u, v, w, the result ¢ (u,v,w) will be the same by Lemma 5.2
(although the reason varies for a given term on different triples), namely

Dg(u,v,w) = G(19) (23)(U, v, W) + Plagy (31)(w, v, W) + (51 (1) (s v, W)
=0- Q(bl - b)ﬁ?23)($3,y3) + 2(()L - b)/{(km)(xl, Y1)
0 i *—C,
= =2(bt —b) [axas + atzyg + byzs + by
+ 2(bJ- — b) [aa:Lg + aLxl{?) +by1 3+ bLylLﬁ] if

L
C,
L

0 if  *
B {2(()L —b)[(at —a)(ze —z1) + (bF = b)(y2 —w1)] if =

A similar reduction and computation applies to the nine basis triples with two elements in W
and one element in W*, and that combined with the orbiting properties in Lemma 5.1 lead to
the conclusion in the statement. |

Using the form of QS(Kf'ef, ﬁéf) in Propositions 5.3 and 5.4 we define the cochain chyc in Defi-

o . L L
nition 3.9 to ensure ¢(ﬁref, K

ref) = 21 (Kg_cyc) as in the next proposition.

Proposition 5.5. Let mrLef and Kgcyc be as in Definitions 3.8 and 3.9, with common parameters
a,at,b,b- € C. Then gb(anef, /eref) = 2¢(“3C_cyc)-

Proof. We compare the component ¢, of qb(/ifef, mrLef) with the component 21, of 2 (K}gcyc).
If g is not a 3-cycle, then ¢, = 0 by Proposition 5.3; and Iigcyc is not supported on g, so 143 =0
as well. If g is a 3-cycle, then it suffices to compare components ¢, and 21, on basis triples of
the form in the statement of Proposition 5.4.
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Case 1. If u € V9, then ¢4(u,v,w) = 0 by Proposition 5.4 and 4(u,v,w) = 0 because
9y —u=0and VI C kermg.

Case 2. If v ¢ V9, then ¢g(v,gv,92v) = 0 by Proposition 5.4 and wg(v,gv,gzv) = 0 by
g-invariance of mg.

Case 3. For triples of the form (v,%v,v*), (gv,gzv,v*), and (921),1),1)*) with v € V9, use
Proposition 5.4 to find ¢4(v, 9v,v*) = ¢q4 (gv, 9211, v*) = ¢y (921), v, v*) and Definition 3.9 to confirm
that ¢, = 214 on each such triple, using that

P (v,9v,0%) = kS (v, 9v) (90* — v*) + ﬁg(gv,v*)(gv — )+ fig(v*,v) (9211 — ),

9
Yg (v, Py, V) = Iig (90, 921)) (Jv* — ") + /{5 (921), v*) (921) —9v) + Ii?(v*, 9v) (v — 9211),
Py (921), v,v*) = Iﬁg (921), v) (Jv* —v*) + /ig(v, v*) (v — 9211) + Iig (v*, Tp) (9 — v). [ ]

5.3 Clearing the second obstruction

The final step in determining when the cochain = L, + ligcyc +£%: +k{ is a Drinfeld orbifold

algebra map is to understand when ¢(mgcyc+/€gf—i—nlc, kL) = 0, which is stated as Corollary 5.8
and follows immediately from Propositions 5.3 and 5.4 and Lemmas 5.6 and 5.7. This clears the

second obstruction and completes the proof of Theorem 5.9.

Lemma 5.6. Let xL; and chyc be as in Definitions 3.8 and 3.9, with common parameters
a,a’,b,b- € C. Denote a term of the component ¢g of gb(/f?)c_cyc,/{fef) by ¢or, where o is
a 3-cycle and T is a transposition such that ot = g. Then ¢, = 0.

Proof. The proof proceeds by considering the same exhaustive cases as in Lemma 5.2, but
using the definition of /<;3C_Cyc to show in fact ¢, = 0 in cases (2) and (3). Showing that
qﬁ(’;,T(u,v,w) = 0 when u,v,w € W, u,v,w € W*, u,v € V7, or u € V" N V7 proceeds exactly
as in the proof of Lemma 5.2 since the methods did not depend on anything about k. other
than V7 C ker &},

As in the proof of case (2) in Lemma 5.2, assume v € V7 \ V7 and v ¢ V7 and note

gbo’,T(’Ua TlUv U*) = 07

and
bor(u,v,0%) = 265 (u, KE (v, 0%)).

Using bilinearity and V7 C ker x}, the right hand side is a linear combination of expressions
Ky (u, hu) for h € (o). The appropriate coefficients in terms of a, a’, b, b can be described
in terms of the indicator function for the fixed space of 7 and depend on whether u € W* or
ueW. Also, Y jcip hu € Vo C ker k%. Thus for u € W*,

mg(u, /ﬁf(v,v*)) = (aL —a) Z 5T(hu)ﬁg(u, hu) + (bL —b) Z 5T(hu*)l-€g(u,hu*)
he(o) he(o)
= (a* — a) [6:(“u)kS (u, u) + 6, ("Zu) kS (u, UQu)]
+ (b =) [0, (Pu)kE (u, u*) + 5, (UQu) kS (u, UQu*)
(“u) — u

5 ]
= [6-(°u) = 8- (") [(a* — a) (0" = )" — (0"~ 1) (0"~ 0) (b~ B)] =0,

and hence ¢y (u,v,v*) = 0. A similar calculation shows that

¢U,T(u7vu Tv*) = —(ZSU,T(U,’U,U*) = O
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and applying G-invariance leads to the same conclusions when w € W. Then (5.1) also implies

¢0'77'(u7 TlU? TU*) = _¢U,T(u7 TU? U*) = ¢U,T(u7 v, U*) = O
For case (3) assume v ¢ V7 and note that as in the proof of Lemma 5.2,
bor(v,0,0%) = —2KF (v+ T, kE (v, v)).

Since kS ("0, kZ(v,v%)) = k& (v, KE (v, *)) = K (v, kE(v,v*)) = 0 by the same calculation as

in case (2) except with v and v in place of u, it follows that

bor (v, 0,0%) = =2[KS (v, KE (v, 0%)) + kS (v, KE (v, 0*))] = 0.
Lastly, (5.1) yields
(bU,T(vaU?T’U*) = _¢O',T(U7Tv7v*) = O .

The case where * = L is included in the preliminary calculations of the following lemma
because it will be useful as a starting point in the proof of Theorem 5.10. We note that when
n = 2 conditions (5.3) and (5.4) need to be modified to a(a + ) = b(a + 8) = 0.

Lemma 5.7. Let m? and Iiféf be as in Definitions 3.7 and 3.8, with parameters a, 3 € C and

a,a’,b, b € C respectively. Denote a term of the component ¢g of qﬁ(ni‘,/ﬁfef) by ¢7 4, where

x =C or*x= L and g is a transposition. Then gbfg = 0 if and only if the following conditions
hold
aa+ Bla+(n—2)at) =0, aat+B(2a+ (n-3)a") =0, (5.3)
ab+B(b+(n—2b") =0,  abt+B(2b+ (n—3)b") =0.
Proof. As in Section 4, it suffices to compute ¢7 4 on basis triples of the following forms for
1<4,5,k <n.
1. All basis vectors in W or in W* and 1, j, k distinct: (x4, x5, %), (¥, Y5, Yk)-
2. Two basis vectors in W or in W* and 4, j, k distinct: (x4, 25, yx),  (Yi, Y5, k).
3. Two basis vectors in W or W* and i, j distinct: (i, x5,95), (Vi v, x5).

Case 1. For any distinct indices 4, j, k with 1 < 4,5,k < n, using (2.6) and Definition 3.8

of kL, it is immediate that ¢ g(zisxj, xx) = 0, and in similar fashion ¢7 ,(vi, yj, yx) = 0, for any

(distinct 4, j, k with) 1 < 4,7,k < n. Thus this case imposes no conditions on any parameters.
Case 2. For any distinct indices i, j, k£ with 1 < 4,7,k < n, using the definitions of Iﬁ}f’ef
and /1?, bilinearity, and skew-symmetry yields

2kK7 (xj, axi, + ainLk + byix + bLyiJ,;) it g=(ik),
01 g(Ti, 5, yk) = § =267 (w4, awji, + atagy + by + bys) i g = (k)
0 otherwise.
2[abt + B(2b+ (n—3)bH)] if g=(ik) and *=C,
= —2[abL+B(2b+(n—3)bl)] if g=(jk) and x=0C,
0 otherwise.

Interchanging the roles of x and y and recomputing yields that for any distinct indices i, j,
k with 1 <i,5,k <n,

2[aat + B(2a + (n — 3)at)] if g=(ik) and x
¢’1‘79(yi,yj, xE) = —2[04(1L + B(Za +(n— 3)aL)] if g=(jk) and =x
0 otherwise.

G,
C,
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Case 3. For any distinct indices ¢, j with 1 < 4,5 < n, using the definitions of nfef and ch,
bilinearity, and skew-symmetry yields

2K7 (xz +xj,az; + alej + by + bLyé) if g=(ij),
&1 g(i, x5, y5) = { 267 (23, @i + a*ajy, + by + bhys) it g=(jk),
0 otherwise.
4fab+ B(b+ (n—2)bL)]  if g=(ij) and x=C,
=q2[abt + 320+ (n—3)bH)] if g=(jk) and *=C,

0 otherwise.

Interchanging the roles of z and y and recomputing yields that for any distinct indices i, j
with 1 <4,7 <n,

4[aa+ Bla+ (n—2)at)] if g=1(ij) and x=C,
gb}{,g(yi,yj, xj) = 2[aal + B(2a + (n— 3)aL)] if g=(jk) and x=0C,
0 otherwise.

Setting the results in cases 2 and 3 equal to zero yields conditions (5.3) and (5.4). |

Corollary 5.8. Let /eref and I£3C_Cyc be as in Definitions 3.8 and 3.9, with common parameters
a,a,b,b+ € C. For every g € Sy, the component ¢g of ¢(/<crcef + chyc, /@'ﬁef) is identically zero.
The component ¢4 of ¢(I<a10, kL) is zero for all g € S, if and only if conditions (5.3) and (5.4)
given in Lemma 5.7 hold.

kG, kL ) is identically zero by Propositions 5.3 and 5.4,

Proof. In fact, each component of ¢( rofs Frof
and each component of gﬁ(mgcyc, /iféf) is identically zero by Lemma 5.6. By Lemma 5.7 we have
¢(k¥, kL) = 0if and only if conditions (5.3) and (5.4) are satisfied because the component ¢,

is identically zero for g not a transposition by the definitions of /Q? and Hféf' |

Conditions (5.3) and (5.4) given in Lemma 5.7 give rise to a variety that controls the parame-
ter space for the family of maps in Theorem 5.9 and Drinfeld orbifold algebras in Theorem 7.2.
We conjecture that this projective variety has dimension four based on computations done for
a few specific values of n in Macaulay2 [14] with the graded reverse lexicographic monomial
ordering and the parameter order a, a't, b, b*, a, S, c.

5.4 Drinfeld orbifold algebra maps

Now we use the details of clearing the obstructions from Section 5.1 to describe all Drinfeld orbi-
fold algebra maps with linear part supported only off the identity. The corresponding Drinfeld
orbifold algebras are given in Theorem 7.2.

Theorem 5.9. For S, (n > 3) acting on V.= W* @ W = C?" by the doubled permutation
representation, the Drinfeld orbifold algebra maps supported only off the identity are precisely
the maps of the form k = kX, + /@3C_Cyc + kG, + kY, with kb, and k%, as in Definition 3.8, /~£3C_Cyc
as in Definition 3.9, /<;10 as in Definition 3.7, and with the parameters a, a™~, b, b+, ¢, o, and B
satisfying these conditions derived in Lemma 5.7:

(5.3) aa+B(a+ (n—2)a*) =0, aat + B(2a+ (n—3)at) =0,

(5.4) ab+B(b+ (n—2)bt) =0, abt 4+ B(2b+ (n —3)bt) = 0.

In particular, k = fif’ef + ligcyc + lircef s always a Drinfeld orbifold algebra map.
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Proof. Suppose x” is a pre—Drinfeld orbifold algebra map supported only off the identity.

By Corollary 3.5 we must have x = /<; < for some parameters a, a’,b, bt € C as in Definition 3.8.
It remains to find all G-invariant maps k¢ such that properties (2.4) and (2.5) of a Drinfeld
orbifold algebra map also hold.

First we find a particular lift.

e First obstruction. Propositions 5.3 and 5.4 glve the value of qb( Krofs K ref) These values sug-
gest how to construct the S,-invariant map /13 Leye such that property (2.4) holds, as given

in Definition 3.9. Proposition 5.5 then verifies that ¢ (xL;, k%) and 21/1(/<;gcyc) are indeed
equal.
e Second obstruction. By Lemma 5.6, we have that ¢ (x§ cyc? kL) =0.

Thus x = L, + Kgcyc is a Drinfeld orbifold algebra map.

Next, we modify this particular lift to obtain all possible lifts. Let ¢ be any G-invariant
constant 2-cochain.

o First obstruction. Since ¢(kk;, kL) = 2¢(/<;3C_Cyc) it follows that ¢ (kL, k 1"ef) = 2¢(k )

if and only if ’QZ)(I{C — /<;3C_Cyc) = 0. By Corollary 3.6 this occurs if and only if k¢ — ﬁg:cyc =
/-iroef—i—/*ilc, with Hrcef as in Definition 3.8 for some parameter ¢ € C and /Q? as in Definition 3.7

for some parameters a, 5 € C.

e Second obstruction. By Corollary 5.8, ¢(r{ + r&; + /<;3C_Cyc, kL) =0 if and only if (5 3)
and (5.4) are satisfied. This occurs in particular when x{" = 0 in which case k&, + /-£3_Cyc

clears the second obstruction and /<;rLef lifts with no restrictions on the parameters a, a’,

b, bt or c.

Thus the 1ifts of /4; ¢ to a Drinfeld orbifold algebra map are precisely the maps of the form
k= kE+ kS + kG + chyc satisfying conditions (5.3) and (5.4). [ |

Lastly, by specifying parameters we obtain some Drinfeld orbifold algebra maps that are
supported both on and off the identity. The proof uses results related to clearing obstructions
that appeared in Section 4 and Section 5.1.

Theorem 5.10. For S, (n > 3) acting on V.= W* @ W = C2" by the doubled permutation

representation there are Drinfeld orbifold algebra maps of the form rk = k¥ 4+ kC with linear
C

part k¥ = Kkt + kZ, and constant part K¢ = k{ + kS, + K cyc: Where
(1) k¥ is as described in Definition 3.7 with a; = b; = 0 for i = 1,2,3,5,6 and a4 = ay
and by = by are not both zero,

(2) K§ is as described in Definition 3.7 with o = B,

(3) kE, and kS, are as in Definition 3.8 and Kg_’cyc is as in Definition 3.9 with 2a+ (n—2)a™ =
20+ (n —2)b+ =0, but a, a*, b, and b+ not all zero.

Proof. As in the proof of Theorem 5.9, even without the given parameter choices we have
(b(liéf,mfef) = 2¢(mgcyc) = 21/1(&10 + ﬁgf + chyc). Setting a; = b, = 0 for ¢+ = 1,2,3,5,6,
ay = ay, and by = b7 in (4.1) and in the values of ¢L (u,v,w) in Sections 4.1-4.3 shows
qb(fif, K1 ) =0 and d)( Krags K ) = 0 respectively. Using the forms of gZ) given in Lemma 5.7 and
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the assumptions that a4 = a7 and by = b7 yield that

2(2b +(n— 2)bL) (a4x[n] + b4y[n]) it g=(ik),
¢fg(mi, Zj, yk) = —2(2b + (n — 2)bL) (a4x[n] + b4y[n]) if g= (]]ﬁ),
0 otherwise,
4(2b +(n— 2)bl) (a4ﬂf[n] + b4y[n]) if g=(ij),
¢fg(xi, .%'j, yj) = 2(2b + (n - 2)bJ‘) (CL4(L‘M + b4y[n]) if g = (]k),

otherwise,

and similarly for gbfg (vi, yj, x) and ¢1ng (yi,y;, ), but replacing b with @ and b+ with a*. By the
hypothesis on a, a*, b, and b, all of these are zero, so (b(:‘if, "‘%Lef) = 0 and hence

(rb(ﬁ% + ﬁfeﬁ K;% + Kféf) = gb(’il{:efv F&féf) = 21/) (Kgcyc) = 211Z) (H? + K’rcef + chyc)'

L

Thus with the given parameter choices x{ + k&, + chyc clears the first obstruction for kf + kL.

We claim x{ + £, + chyc also clears the second obstruction for k¥ + kL. because

C C C L L
(b(Hl + Rref + ’%3-cyc? K1 + ’k‘:ref) =0.

By the assumptions on a; and b; for 1 < i < 7 conditions (4.2) and (4.3) are satisfied and thus
qb(/{? + ﬁrcef,mf) = 0. Also gb(/ﬁgcyc,/{f) = 0. This is because for any 1 < 4,7,k < n and any

3-cycle g, by a1 = as = by = by = 0 we have

(rbg:l(xiv l‘j,ﬂfk) = Qs_gl(ylay]vyk) = O)

and by a4 = a7 and by = b7 we have
¢§:1(wi,wj,yk) = Fig(xz‘, Hf(xj,yk)) + nf(wj,fff(yk,xi)) = nf(:ri — Xj, A4T[p) + b4y[n]) =0

because Hg (.Z‘Z',g.%'i + gflxi) = 0 regardless of whether ¢ € V9 by Definition 3.9, and similarly
qﬁgl (vi,yj, k) = 0. By Corollary 5.8 we know that (b(/ﬁrcef + /<a3o_cyc, kL) = 0 in general, and that
¢(k¥, KkL;) = 0 because conditions (5.3) and (5.4) are satisfied when a = 8 and 2a+ (n—2)a’ =
20+ (n — 2)b+ = 0.

Thus with the given choices of parameters, H? + ngf + /<;3C_Cyc clears the second obstruction
as well and lifts k¥ + kL; to a Drinfeld orbifold algebra map. [

6 Drinfeld orbifold algebra maps that deform S(h* @ bh)#S,

We now use the results in Sections 4 and 5 on Lie and Drinfeld orbifold algebra maps that
produce deformations of the skew group algebra S(W* @ W)#5S,, in order to understand which
maps produce deformations of S(h* @ h)#5S,.

In contrast to the complicated families of Lie orbifold algebras and maps in Theorems 4.1
and 7.1, when S, instead acts on its doubled standard subrepresentation h* @ b there are no Lie
orbifold algebra maps with nonzero linear part (Theorem 6.3). However, Theorem 6.4 describes
a three-parameter family of Drinfeld orbifold algebra maps that do provide polynomial degree one
deformations generalizing the sl,,-type rational Cherednik algebras Hy . (see also Theorem 7.3).
We begin with a result that applies to any finite group and provides conditions under which
we can combine Drinfeld orbifold algebra maps for subrepresentations into a map for their
direct sum.
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Proposition 6.1. Let G be a finite group acting linearly on finite-dimensional vector spaces
Ui,Us,...,U,. Given Drinfeld orbifold algebra maps kly, for G acting on U; (i = 1,...,71),
define k on /\2 (EB§:1 Ui) so that k agrees with K|y, for pairs of vectors from the same U; and
is zero on mized pairs, i.e., K(U;,U;) = 0 fori # j. Then & is a Drinfeld orbifold algebra map
for G acting on @;_, U; if and only if whenever i # j all group elements in the support of K|y,
act trivially on Uj.

Proof. Fori=1,...,r, suppose x|y, is a Drinfeld orbifold algebra map for G acting on U; and
define x on A? (P;_, U;) as above. Conditions (2.1) and (2.2) of the definition of a Drinfeld
orbifold algebra map are straightforward to verify. For conditions (2.3)—(2.5), consider a triple of
vectors from @;_, U;. If all three vectors are from the same U;, then equations (2.3)—(2.5) hold
by virtue of |y, being a Drinfeld orbifold algebra map. If the three vectors are from U;, Uj,
and Uy with 4, j, k distinct, then conditions (2.3)—(2.5) are easily seen to hold because k is
defined to be zero on pairs of vectors from different summands.

By multilinearity and skew-symmetry, all that remains is to examine the case where two
vectors, say u and v, are from the same U; and the third vector, say w, is from some U; with
j # i. Recall that

b oy (w0, W) = Ky (u + Yu, né(v, w)) + K (v + Yu, /15('11}, u)) + K5 (w + Y, /ié'(u, v))
In the present case, the first two terms are zero because %5((]1', U;) = 0, and the last term is zero
because £%(Us, Us) C U; and £5(U;, U) = 0. Thus ¢4, (u,v,w) = 0, which implies equation (2.5)
is satisfied for all g in G. We also see (2.3) and (2.4) will be satisfied if and only if for all g € G,
we have ¥ (u,v,w) = 0 for * = L and * = C, respectively.

g
To this end, recall that

Vg (u,v,w) = /-@Z(u,v)(gw —w) + ﬁ;(v,w)(gu —u) + n;(w,u)(gv —v).

Continuing with u,v € U; and w € Uj, we see that ¢ (u,v,w) = rj(u,v)(Yw — w) because

tiy(Ui, Uj) = 0. Thus for conditions (2.3) and (2.4) to hold for all g in G and all triples of this
type, it is both necessary and sufficient for group elements in the support of x|y, to act trivially
on U; whenever i # j. |

As a corollary, in the case of two summands U; and U with G acting trivially on U; and
klr, =0 (so that the support of k|y, is empty), we have:

Corollary 6.2. Let G be a finite group acting linearly on a vector space V.= Uy ® Us, where
each U; is a subrepresentation. If G acts trivially on Uy, then every Drinfeld orbifold algebra
map Kly, on /\2 Uy extends to a Drinfeld orbifold algebra map k on /\2 V with im k¥ C Uy and
such that Uy C ker k.

We now use Corollary 6.2 to show there are no Drinfeld orbifold algebra maps with linear
part supported only on the identity for S, acting on h* @ b.

Theorem 6.3. For S, (n > 3) acting on h* ®h = C>"~2 by the doubled standard representation
there are no degree-one Lie orbifold algebra maps.

Proof. If there were a Lie orbifold algebra map x*+ k¢ for the doubled standard representation
with £¢: A*(h* @ h) — CS,, and nonzero k*: A*(h* & h) — b* @ b, then it could be extended
as in Corollary 6.2 to yield a Lie orbifold algebra map for S, acting on V = W* @ W = C*"
via the doubled permutation representation. The possible forms of Lie orbifold algebra maps s
for the doubled permutation representation are controlled by Theorem 4.1, which includes the
PBW conditions v; =72 = 74 = 75 = 0 in (4.1). We will use these to show that in fact x =
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by first imposing the image constraint im x* C h* @ b and the kernel constraint ¢* @ ¢ C ker
from Corollary 6.2.

First, use z; = T; + %x[n} and y; = ¥; + %y[n] in (3.3)-(3.6) to write the values of k¥ according
to the decomposition V 2 h* & 1* D bh P

K (23, 25) = a1 (T — T;) + b1 (T — 75),

K (i, y5) = ag(@ — 75) + ba(Fi — T5),

B 1
/‘Cf(fﬂi,yi) = as3x; +

1
ﬁ(a?) + naq) Ty, + b3y + ﬁ(b:% + 1b4)Yin)

_ 1 _ _ 1
wE (2, Yj) = asT; + asT; + E(% + ag + nar)rp + bsyi + bey; + 5(65 + b + 1b7) Y[ -

Thus im &* C b* & b implies

as +nayg =0, b3 +nby = 0,
as + ag + nay = 0, bs + bg + nby = 0.

Second, impose the extension conditions sl (w;,v;) = kL(v;,v;) = 0 for w; in the basis
{Tiv1 =2, yir1—vi | 1 <4 <n—1} of h*@h and v;, vj in the basis {z(,), Y, } of " S = (h*@h)*.
From

kE(zip1 — 4, Tpy)) = na1(Tiy1 — i) +nb1(Yiv1 — vi) = 0,
KJL(yH—l = YirYpn) = na2(Tit1 — ;) + nb2(yit1 — yi) =0

we obtain a1 = by = as = by = 0. We also require that

K (i1 — i, yp)) = (a3+ nas— (a5+ as)) (@1 — 23) + (b3+ nbs — (bs+ bg)) (i1 — v:) = 0

and

K5 (@), vir1— yi) = (a3+ nag— (as5+ ag)) (wir1 — 2:)+ (ba+ nbs— (bs+ be)) (Yir1— vi) =0,

and thus all four coefficients are zero. Using the results of the image constraint to simplify those
coefficients yields

ag — a5 — a7 =0, by — bs — by = 0,

ag — ag — a7 =0, by — bg — by = 0,

from which it follows that a5 = ag and b5 = bg. The remaining extension requirement imposes no
further constraints on the parameters because one verifies s (%), Ypn)) = 0 using a5 +ag+naz =
bs + bg + nby = 0.
To analyze the PBW conditions 71 = v2 = 74 = 75 = 0 in (4.1) it will help to first observe
that the above constraints as = ag and a5 + ag + nay = 0 yield that
n
as = ag = ——ary,
5 6 57
and hence that
n—2 n(n — 2
5 ar and ag = —nag = (2)

with corresponding expressions in terms of by for b3, by, b5, and bg. These allow the simplification

a4 = as +ay = — az,

d11(xs, x5, yx) = [—bsas+ br(az—as—ae)|(z; — )+ [bs(bs+ nbr)+ br(bs— bs— be)| (yi —v;)

n? n?
= Za7b7(ﬂ?z‘ —xj) + Zbg(yi - yj)-
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Similarly,

n? 2
&1 (Vi yj, Tk) = Za7(l‘i —xj)+ Za7b7(yi —Yj)-

Requiring each of these to be zero forces a7 = b7 = 0, and thus a; = b; =0 for 3 <i <6
as well. Since we already have a; = by = ag = by = 0, this proves there are no Lie orbifold
algebra maps for S, acting on the doubled standard subrepresentation h* @ b with x“ £ 0. W

For maps with linear part supported only off the identity there is instead a three-parameter
family of Drinfeld orbifold algebra maps that generalize the commutator relations for the rational
Cherednik algebra Ho.

Theorem 6.4. Let S,, (n > 3) act via the doubled standard representation on the space h* @b =
C?=2 spanned by T; = x; + %x[n] and Y; = y; + %y[n} with 1 < i < n. Let a+,bt, ¢ € C.
All Drinfeld orbifold algebra maps with nonzero linear part supported only off the identity have
the form k™ + k© defined for 1 <i# j <n by

K:L(jiw/ij) = ﬁL(ingj) = 07

n ‘
K (20, 55) = —3 Z (a(zi + Zk) + b (T + Te)) @ (ik),
ki

R, 35) = 5 (ot @+ &)+ 015+ 5) © (i)

and
n2 n2
(@, 75) = — (00 (k) — (kji), w8055 = — () Y (k) — (kji),
4 4
k#i,j k#i,5
n2
K (T3, i) = ¢ Y _(ik), wC (@0, 75) = —elif) — Jratbt Y (ijk) — (kji).
ki k#1,j

Proof. Suppose k = k' + k% is a Drinfeld orbifold algebra map for the doubled standard
representation with <€: A%(h* @& h) — CS, and nonzero x“: A%(h* ® h) — (b* ® ) ® CS,
supported only off the identity. Extend k as described in Corollary 6.2 to yield a Drinfeld orbifold
algebra map for S,, acting on V = W* @ W =2 C?" via the doubled permutation representation.
By Theorem 5.9 the possible forms of such extensions are mrLef + /@10 + /{f’;f + Kgcyc satisfying the
PBW conditions (5.3) and (5.4).
We start by imposing the condition imx” C b* @ h. Use z; = x; — %x[n], Ui = Yi — %y[n],
Z;j = T; + Z;, and y;; := ¥; + y; to rewrite the nonzero values of néj) as
Koy (@i i) = K (@5, 47) = =K (@0, 95) = =k (@5, 1)
= awij + a’ @ + byij + by = (o — a) @i+ atapy + (b= 01 )yij + by
_ 1 _ 1
= (a,— al)xij—l— E(2a + (n— 2)GL)$[N]+ (b— bj‘)yij—i— E(2b + (n— Z)bj‘)y[n].
This shows 2a + (n — 2)at = 2b+ (n — 2)b* =0 or
n

51# (6.1)

and substituting these into (5.3) and (5.4) yields that

a(a = B) = a*(a = ) =b(a = f) = b"(a - ) =0.

Thus since £ # 0 we must also have a = 3 in x{.

n
a—ar=——a* and b-bt=—
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Next consider conditions arising from * @ ¢ C kerx in Corollary 6.2, i.e., k% (w,v) =
k€ (u,v) = 0 for all w in the basis {zj11 — &4, yiy1 — % | 1 < i < n— 1} of b* @ bh and u v
in the basis {z[,), yj,} of ©* ® 1= (h* ® )+

For k¢, since k§ (i, 2;) = £ (yi,y;) = 0 and &§ (24, yp)) = K7 (@), vi) = a+(n—1)8 for any
1 <i,j < n, the only extension condition that is not automatically satisfied is KZlC(IL‘[n], y[n]) =
n(a+ (n —1)B) = 0. Together with o = 3 this forces a = 8 = 0 and thus x{ = 0.

For k}, and mgcyc, the definitions of Hé’ and Iﬁ}gc when g is a transposition and of ng when g

is a 3-cycle yield that
Ky (v, Z hv) = Ky (v, Z hv*) =0 (6.2)
he(g) he(g)

for all v € {xl, ey Ty YLy -5 Yn ). This in turn implies that all of the extension conditions hold
for k7 ; and /-;3 cyes yleldmg no further constraints on parameters.

We now evaluate “refv gf, and I€3_Cyc at pairs of vectors from {Z1,...,Zpn,J1,...,Yn}. For g
a transposition, ¢ an index moved by g, v a vector in {Z;,9%;,9;,9%:}, and * = L or * = C,
we have £ (0,90) = 0 and we use (6.2) to observe that for 1 <i <n,

k(= = * 1 * 1 * 1 *
/{g(xiayi) = (:L"La yz) = /{g(l'iayi) - E’ig(:ﬂ’ny[n}) - E/{g(l'[n]ay]) + ﬁ’{g('w[n]ay[n})
=K (xz,yz)
It then follows from (6.1) that

n n
ﬁg(%ﬂi) = L(% 9g;) = _§GJ_jij — §bLZ7ij7
F‘:gc('flag’b) = _’%C(‘rlu yl) = C.

For g a 3-cycle, by the orbit property in (6.2) and by (6.1) we see that

kS (0,0%) =0,

9
2
n
Z( J_)2 if ve W,
kS (0,90) =
n2
Z(bL) if ve W*,
n2
K (,0%) = —k§ (0,%%) = ZaJ‘bJ‘.
These components produce the given definition of ¥ + £©. |
Remark 6.5. In the case k¥ = k2, = 0 then also ngcyc =0, « = —(n—1)p, and the restriction

of the constant 2-cochain k¢ = k§{ + lirC;f to /\Q(h* @ h) is given by

KT (@0, 25) = 65 (5,95) = 0, KT (23, 5) = (n -1, K[ (@, 5) = B,
ch(jzai‘]) = K’ (y’uy]) = 07 (:1:27 ) - K?(if‘“g]) = —¢C,
where 3,¢ € C, g is a transposition, and 1 < i # j < n. This corresponds to the rational

Cherednik algebra H,,3 ..

In the theory of rational Cherednik algebras, H; ., for the symmetric group, a natural iso-
morphism between H;. and Hy; . when A € C* means that only two distinct cases need be
considered, t # 0 and t = 0. Theorems 6.3 and 6.4 show that in the first case there are no further
deformations in polynomial degree one with the linear part of the parameter map supported only
on the identity while there is a three-parameter family of such deformations in the second case
with the linear part of the parameter map supported only off the identity.
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Remark 6.6. What if x were supported both on and off the identity? The specializations
of parameter values for x¥ in part (1) and for xZ; in part (3) of Theorem 5.10 on the combined
lift of k¥ + KL, means that

KT (@i, i) = KT (0, 95) = aazp) + baypa),
no. . on,
li(Lij)(xi,yi) = —“éj)(%,yj) = _§aL(xl- +Z;) — §bL(yi + 7).

But then im (/ilL + IQrLef) C b* @ b would require a4 = by = 0 so k¥ = 0. This combined with
part (2) of Theorem 5.10 shows there is no Drinfeld orbifold algebra map for S,, on h* @ b with
linear part supported both on and off the identity which extends to a map x of the form in
Theorem 5.10. But since Theorem 5.10 is not exhaustive, it is not clear whether there exist such

maps in general.

7 Descriptions of degree-one rational Cherednik algebras

Here we present, via generators and relations, degree-one PBW deformations of the skew group
algebras S(W* @ W)#5S,, and S(bh* @ h)#S,, that result from Theorems 4.1, 5.9, and 6.4 when
n > 3. This facilitates comparison with degree-zero deformations (i.e., rational Cherednik alge-
bras) and with the PBW deformations of S(W)#5S,, in [8]. The classifications are summarized
in Tables 2 and 3. We reiterate that the case when n = 2 can be analyzed in similar fashion,
but involves some differences in the dimensions of spaces of pre-Drinfeld orbifold algebra maps
and in the parameter relations required in order to satisfy the PBW conditions.

7.1 Algebras for the doubled permutation representation

First, the Lie orbifold algebra maps involving 17 parameters classified in Theorem 4.1 yield
a variety controlling the Lie orbifold algebras that deform S(W* @& W)#S,, in degree one. Based
on representative calculations in Macaulay2 [14] we conjecture that this projective variety is
of dimension seven. Some subvarieties of potential interest are indicated in Table 1 in Section 4.
When x¥ = 0 these Lie orbifold algebras specialize to rational Cherednik algebras corresponding
to the parameter ¢ and the general G-invariant skew-symmetric bilinear form Iilc involving «

and S (because W is decomposable — see [6, proof of Theorem 1.3]).

Theorem 7.1 (Lie orbifold algebras for doubled permutation representation over C[t]). Let Sy,
(n>3) act on V.=W*® W with basis B ={x1,...,Tn,Y1,...,Yn} by the doubled permutation
representation. For ai,...,a7,b1,...,b7,c, B, ¢ € C subject to conditions (4.1), (4.2), and (4.3),
define k™ = k¥ and k¢ = K{ + Klg;f to be the linear and constant cochains such that for 1 < i #
Jj<n,

K5 (i, 25) = (ar (@i — 25) + b1 (Y — y;)), K (@i, 25) = 0,
K (yi, y;) = (a2 — x5) + b2 (yi — ;) k% (yi,y5) = 0,
kY (21, i) = (asz; + as@p) + bsyi + bayp)), K (i y) = a+ ¢ (ik),

Kot
k" (i,y;) = (asm; + aex; + arzpy + bsys + bey; + bryp), K (24, y5) = B — c(iy).

Then the quotient Hy+ of T(V)#Sy[t] by the ideal generated by
{uv — vu — &% (u,v)t — &C (u,v)t? | u,v € B}

is a Lie orbifold algebra over C[t]. In fact, the algebras H, 1 are precisely the Drinfeld orbifold
algebras such that k¥ is supported only on the identity.
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Table 2. Classification of Drinfeld orbifold algebra maps for .S,, acting on W* @ W.

Linear part x Constant part £¢ Parameter relations Reference

Kt 0 (4.1) Theorem 4.1
K¢ (4.1)-(4.2)
k$ + kS, with kG, #Z 0 (4.4)-(4.17)

/iféf ﬁgc_cyc none Theorem 5.9
Iﬁ?gcyc + /frcef none
K eye T Koo + KY (5.3)-(5.4)

kb + kL, Klgc_cyc + K% + kY Theorem 5.10(1)—(3) | Theorem 5.10
? ?

0 ﬁlc + /igf none

When the indicated parameter relations are satisfied, the map x = x” + k¢ is a Drinfeld orbifold algebra
map. The question marks indicate there could be further maps with x% = /€1L + /ffef.

Second, for k* supported only off the identity, Theorem 5.9 shows that by comparison there
is only a seven-parameter family of Drinfeld orbifold algebra maps and these are controlled by
a projective variety which, according to a few representative calculations in Macaulay2 [14],
appears to be four-dimensional. The resulting algebras also specialize to rational Cherednik
algebras parametrized by «, 3, and ¢ when /-ffef = K‘gcyc =0.

Theorem 7.2 (Drinfeld orbifold algebras for doubled permutation representation over C[t]).
Let S, (n > 3) act on V.= W* @ W with basis B = {z1,...,Zn,Y1,...,Yn} by the doubled
permutation representation. Suppose a,a’,b,b, c,a, 8 € C satisfy conditions (5.3) and (5.4).
Define k' = k¥ and k% = k¢ + k%, + ﬁgcyc to be the cochains such that for 1 <i# j <n,

K'L(Ihxj) = ﬁL(y’byj) = 07

KLL(Ii, Yi) = . ((a — aL)xi,k + aLa:[n] + (b — bL)yi,k + bLy[n}) ® (ik),
j

k5 (wi,y5) = —((a — a™)mij + atapy + (b—b")yij + bhyp) © (6))

and

K (@i, y5) = B — clif) — (a—a™) (b= b)) 3 (ijk) — (kji),

k#i,j
K (i) = (b= 1) S (ijk) — (ki)
k#i,j
(i yy) = (a—a')® S (ijk) — (kji),
k#i,j
K,C(SUZ', yi) = a+c ) (ik).

ki
Then the quotient H,y of T'(V)#Sy[t] by the ideal generated by
{uv — vu — &"(u,v)t — &C (u,v)t? | u,v € B}
is a Drinfeld orbifold algebra over C[t]. Further, the algebras H, 1 are precisely the Drinfeld
orbifold algebras such that im fiﬁ C VY for each g € S, and k" is supported only off the identity.

An analogous statement may be made for algebras constructed from the family of lifts of

k1 + kL, described in Theorem 5.10 but is omitted here.
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Table 3. Classification of Drinfeld orbifold algebra maps for .S, acting on h* @ b.

Linear part x” | Constant part k¢ | Parameter relations | Reference
kL, ngcyc 2a + (n —2)at =0 | Theorem 6.4
2b+ (n —2)b+ =0
K eye T K 2a + (n —2)at =0
20+ (n—2)bt =0
0 Klrcef none Remark 6.5
K¢ a+(n—-1)=0
&{ + kS, a+(n—-1)=0

When the parameter relations hold, the map x = ¥ + k¢ is a Drinfeld orbifold algebra map.

7.2 Algebras for the doubled standard representation

By Theorem 6.3 the only Lie orbifold algebras for .5, acting on h* & b by the doubled standard
representation are the known rational Cherednik algebras H,,g .. However, by Theorem 6.4 there
is in this case a three-parameter family of Drinfeld orbifold algebras which are not graded Hecke
algebras, but which specialize when a = b = 0 to the rational Cherednik algebras Hy . for Sp,.

Theorem 7.3 (Drinfeld orbifold algebras for doubled standard representation over C[t]). Let Sy,
(n > 3) act on b* @ b by the doubled standard representation. For at,bt,c e C and ; and ¥;
as in (3.1) define k™ and k€ as in Theorem 6.4. Then the quotient H.y of T(h* © §)#Sy[t] by
the ideal generated by

{av — va — k" (a,v)t — &% (u,0)* | 4,0 € B}

is a Drinfeld orbifold algebra of S(b* @ b)#S,, over C[t|. Further, the algebras H, 1 are precisely
the Drinfeld orbifold algebras such that im Hé C (b* @ )9 for each g € S, and k" is supported
only off the identity. Specializing a’ = b = 0 yields the rational Cherednik algebra Hy.
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