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Abstract. We study the holomorphic Euler characteristics of tautological sheaves on Hilbert
schemes of points on surfaces. In particular, we establish the rationality of K-theoretic
descendent series. Our approach is to control equivariant holomorphic Euler characteristics
over the Hilbert scheme of points on the affine plane. To do so, we slightly modify a Mac-
donald polynomial identity of Mellit.
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1 Introduction

1.1 K-theoretic descendent series

Let S be a nonsingular projective algebraic surface. For n > 0, let S denote the Hilbert
scheme of n points on S.

The Hilbert schemes carry natural K-theory classes induced from classes on S. Let X, C
S % S denote the universal family and mgim) and mg denote the projections from S ("] x S onto
the corresponding factors. A class a € K (S) induces a tautological class o™ € K(S) given by

ol = 7y, (05, @ T5a). (1.1)

In this paper, we study the structure of holomorphic Euler characteristics of tautological
classes. Namely, we consider the following K-theoretic descendent series: for classes aq,...,q; €
K (S) and integers ki, ...,k >0, set

Zs(ay,...,ap | ki,... k) = anx(S[n], /\kloz[ln] R ® /\klal[n]) € Q[[q]]- (1.2)

n>0
Our first result is a positive answer to Question 5 of [2].

Theorem 1.1. The series Zg(aq,...,ap | ki,...,k;) is the Laurent expansion of a rational
function F(q)/(1 — q)X(Os) where F(q) is a polynomial of degree at most ki + --- + k.

In anticipation of applications to descendent series for Quot schemes on simply-connected
surfaces of geometric genus 0 (see [2, Section 3.4]), we also record the following partial general-
ization in the case where one of the «; is the class of a line bundle.

This paper is a contribution to the Special Issue on Enumerative and Gauge-Theoretic Invariants
in honor of Lothar Gottsche on the occasion of his 60th birthday. The full collection is available at
https://www.emis.de/journals/SIGMA /Gottsche.html
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Theorem 1.2. If ay is the class of a line bundle and ko, ..., k; € Z are fized, then

[e.o]

> (=m) Zs(on, .. | K, k) (1.3)

k1=0

is the Laurent expansion of a rational function G(q,m) - (1 — qm)" /(1 — ¢)X\©) where G(q,m)
1 a polynomial and v € Z.

1.2 Examples
The simplest example

1
Zs(@ | @) = ZQRX(SM’OS{M) = m
n>0

of Theorem 1.1 is computed in [12, Proposition 3.3(b)]. Let o € K(S). The second simplest
instance of Theorem 1.1 is the identity

x(a)q
(a|1) E ¢"x (S, o) = 2
750 (1 — q)X(OS)

which is a consequence of [7, Corollary 1.3] when S is Fano and « is the class of an ample or
trivial line bundle. The identity for arbitrary S and « then follows from [8, Theorem 4.2].

The complexity of the numerators of the rational functions (1.2) can grow as [, k; and the
ranks of a; increase. For example, if £ € K(S) is a line bundle, then by [22, Theorem 5.25],

—L|3) Zq x(S Symgﬁ[”])
n>0
(X(£22)x(£) = x(T*S @ £2%)) (¢® = ¢°) + x(£7) (¢ — a) = ("5 7)¢”
(1 — q)x(©s) ’

Other computations of examples of K-theoretic descendent series (1.2) can be found in [1, Sec-
tion 6], [15, Corollary 8.11], [23, Section 5], [22, Theorem 5.25] and [27, Section 7].

This paper’s approach can be used to produce new formulas for descendent series. For
example, we compute the following in Section 3.4.2.

Proposition 1.3. IfV € K(S) is a rank 3 vector bundle, then

Z50V3) = = ((X(T*S  AV) + x(R2V © V) — x(WV)xV) (¢ — &)

(AW (g - ¢) + <X(3V)>q3>_

We now present examples of the form (1.3). Let £ be a line bundle on S. The simplest
example

00 _ (£)
v ne o vko(alnl Ak )y _ (D= am)X)
1;:0: —m)*Zs(L k) = Y q"(=m)*x (s, ALl = (1 — q)x(©s)



K-Theoretic Descendent Series for Hilbert Schemes of Points on Surfaces 3

of Theorem 1.2 is a consequence of [23, Theorem 5.2.1]. The next simplest example

M8

(—m)¥Zs(Loa | k,1) = Y q"(=m)Fx (ST, (A*LM) © ol)
0 n,k>0

1 — gm)X£) &

i

is computed in [2, Proposition 20]. Hirzebruch-Riemann—Roch implies that the series (1.4) is of
the form predicted by Theorem 1.2.

1.3 Comparison with cohomological descendents and other geometries

1.3.1 Cohomological descendent series

The rationality of (1.2) contrasts with the expected behavior of descendent series in cohomology.

Cohomological descendent integrals are often packaged as follows: for classes ay, ..., € K(S)
and integers ki, ..., k; > 0, form the series
Z q / chy, (« [n]) - chy, (al["])c(TS[n]). (1.5)
n>0

The series (1.5) have a different flavor than their K-theoretic counterparts (1.2). For example,
by Gottsche’s formula [12, Theorem 0.1],

c ] 1
21" /n] on(T8™) = 11 (1—qm)’

n>0 m>0

and by [6, Corollary 3],

chy (O] my _ €1(8)? Ex(q) — Es(q)
;fI/ hy (O™ con—1 (TS™) > Moo —qm)

here,

§ :nk 14

n>0

Instead, [19, Conjecture 2] conjectures that a suitably normalized version of the series (1.5)
belongs to a distinguished algebra of g-series called g-multiple zeta values. One result in this
direction is [5, Theorem 2], in which a C*-equivariant version of (1.5) for the affine plane C? is
proved to be a quasimodular form.

1.3.2 Curves

Analogs of series (1.2) and (1.5) can be studied for integrals over Hilbert schemes of points
on curves. Given a nonsingular projective curve C, classes (i,...,5 € K(C) and integers
ki,...,k; > 0, both the K-theoretic descendent series

ST (O AR @ - Al (1.6)

n>0
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and the cohomological descendent series

Zq/ chy, (BY") -+ chy (8" e(TCI™) (1.7)

n>0

are Laurent expansions of rational functions. This rationality follows from the methods of [21,
Section 2.3]. Namely, the induction scheme of [8] (whose consequences we recall for Hilbert
schemes on surfaces in Section 1.4) reduces the problem to cases where C is P'. The series (1.6)
and (1.7) can be explicitly computed for this geometry using the relation

O(d)!" = (d+1)0 — (d+1—n)O(~1) € K((P)") = K@)

from the proof of [16, Theorem 2].

1.3.3 Quot schemes

Tautological integrals over Quot schemes parametrizing quotients (of dimension at most 1)
of vector bundles on surfaces have been studied in [2, 3, 4, 14, 24, 25]. Such Quot schemes
are typically singular but carry perfect obstruction theories; see, for example, [25, Section 4].
Descendent series of Quot schemes can therefore be defined through virtual structures.

Hilbert schemes of points on surfaces, in particular, can be regarded as Quot schemes
parametrizing finite length quotients

Og —» Z.

The associated virtual structure sheaves and virtual fundamental classes differ from the ordinary
structure sheaves and fundamental classes of Hilbert schemes, and in fact give rise to more easily
understood invariants. The virtual structures have explicit descriptions:
n
[SM]™ = (—ure(kg) N [SM], oghy =3 (-1F AR,
k=0
TYirst = st — (ke

Given classes aq,...,qp € K(5) and integers ki, ...,k > 0, one can form the virtual coho-
mological descendent series

S [ o) e fof (i) (1)

>0 ]]Vlr

and the virtual K-theoretic descendent series

Z q"x(S["], /\kloz[ln} ® - ® /\klal[n] ® OVir). (1.9)
n>0

In contrast to (1.5), the series (1.8) is proved in [14, Theorem 2] to be the Laurent expansion
of a rational function. The series (1.9) is proved in [2, Theorem 1] to be the Laurent expansion
of a rational function; it is a consequence of [2, Theorem 4] that this rational function can be
written with denominator (1 — g)2(k1+-+k),

We remark that the rationality of (1.9) also follows from Theorem 1.2; in (1.3), one specializes
a1 = Kg and m = 1. Unlike in (1.2), the order of the pole of (1.9) at ¢ = 1 need not depend
on S. For example, by [2, Example 7] or by substituting m = 1 and £ = Kg in (1.4),

(S ol @ 0¥) = —ei(a) Ky - —1— —rk(a) K% —
nZZ;)q X( ) () S - 1_q () S (1_q)2
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The following observation accounts for the similarity in the behavior of descendent series for
Hilbert schemes on curves and virtual descendent series for Hilbert schemes on surfaces: if S
is a smooth projective surface admitting a smooth canonical curve C' € |Kg|, then the virtual

structures Ogiﬁl] and [S ["]]Vir localize onto C™. Namely, if .- C[") ¢ Sl is the inclusion induced
by the inclusion C' C S of a canonical curve, then by [21, equation (33)],

(ST = (—1)me [C1].
Similarly, if © € K(C) is a theta characteristic, then by [2, Theorem 15],
o4, = (—1)"t, det O,

Virtual descendent integrals on S can therefore be written in terms of tautological integrals
on CM.

1.4 Universal series

For fixed aq,...,aq € K(S), important structure emerges when the k; are allowed to vary and
all series Zg(a1,...,a; | ki1,...,k;) are considered together.
Set

ZS(a17"')al) = Z qn(_ml)kl (_ml)le(S[n})/\kla:[[n] ®®/\klal[n]) (110)

n>0
kiyeenrky >0
Now, fix an r-tuple r = (r1,...,7;) of integers. By [8, Theorem 4.2], there exist universal
series
A", B", CI,Di, B € Qlg,ma, ..., my] (1.11)
for which, given any surface S and any collection aq,...,a; of classes in K(S) such that

rank(a;) = r; on each component of S, one has

l
ZAS(OQ’ o) = (Ar)x(os)(Br)’CE H(Cf)’CS‘Cl(ai)(Df)Cz(ai) H (E;j)cl(ai)‘cl(aj). (1.12)
i=1 1<i<j<l

More generally, such a factorization into universal series exists for generating series formed
from integrals of multiplicative characteristic classes of tautological bundles and the tangent
bundle. See [8, Theorem 4.2] for a precise statement.

One such series of interest is the Verlinde series

Vs(a) = anx(S["],det (a["})).

The series Vg(a) is formed from a subset of terms of (1.10) when « has positive rank. For o
of negative rank, Serre duality implies a close relationship between Vg(a) and Vg(—a); see [8,
Theorem 5.3]. The series Vg(«) for a of rank —1, 0 or 1 are explicitly computed in [8, Theo-
rem 5.3]. A relationship between the universal series appearing in a factorization of Vg(«) and
those appearing in a factorization of the Segre series

Z qn / Son (a/[n])
” Sln]
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for o/ of rank —rk(«) — 1 was proposed by Johnson in [13] and further explicated in [16, Con-
jecture 1]. This relationship is used in [16, 17] to obtain conjectural formulas for Vg(«) for o of
rank —3, —2, 2 or 3. It is expected that Vs(a) is an algebraic function of ¢ for any «.

For general o, not much is known or conjectured about Zg(al, ..., ) and their constituent
universal series (1.11); one framework using vertex operators is presented in [27]. Our approach
yields a new combinatorial expression for the series Zs(al, ..., aq). However, it seems challenging
to extract concisely stated consequences for the entire series, or even the Verlinde series. The
individual coefficients in the m-variables Zg(aq,...,aq | k1, ..., k;) studied in Theorem 1.1 seem
more tractable from this perspective.

1.5 Outline

In Section 2, we introduce an equivariant affine analog Z(Cz of the series Zg and demonstrate
that Theorems 1.1 and 1.2 follow from their equivariant analogs, Propositions 2.2 and 2.4.
In Section 3.1, we obtain Propositions 2.2 and 2.4 via the combinatorial identity Proposition 3.1.
This identity is a slight modification of a formula obtained in [18] from a result of [11]. We also
use this identity to prove Proposition 1.3.

2 Descendent series from equivariant descendents

2.1 Equivariant descendents

The following notation will be useful. For a variable or constant m and a K-theory class « set

(o.9]

Ag o = Z(—m)k AF .
k=0

Consider C? equipped with the action of a torus T' = diag(t1,t) scaling the coordinate axes

with weights tl_l and t5 L The action of T on C2 lifts to an action on the Hilbert schemes ((CQ) ],
The definition (1.1) is also valid in the equivariant setting; in this way, a class v € Krp ((CQ)

induces a tautological class v e KT(((C2)M).
Definition (1.10) can be extended to the equivariant setting. Given ~1,...,y € Krp ((CQ),
define

ZCQ (Vla ... 7’Yl)(tla t?)

=Y (@) A @@ An A € Qb ) lg, ma ).
n>0

Here, each term on the right-hand side is an equivariant Euler characteristic and can be regarded
as a rational function on 7.
2.2 Localization on the Hilbert scheme

We recall the following special case of K-theoretic equivariant localization. Let M be a smooth
complex variety equipped with an action of a complex torus T such that the fixed locus M7 is
a nonempty finite set of points and let .#7 € Kp(M).

Proposition 2.1 ([26, Theorem 3.5]). There is an equality of T-equivariant Euler characteristics

00.7) = Y x(rsfir ) e Q. .)

peMT
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When applied to the Hilbert scheme of points, (2.1) yields a combinatorial description of
Zc2(11, ..., 7). We record this description.

A Young diagram X is a finite subset of ZQ>0 satisfying the following property: if (¢, c2) € A,
then for any (¢}, c}) € Z2, such that ¢, < ¢; and ¢} < ¢g, one also has (¢}, ) € .

We can associate to a Young diagram A the point p) € ((CQ)“’\H cut out by the monomial
ideal

Span{z}' 2%’ | (b1,bs) € A} C Clay, a0] = H*(Oc2).

The T-fixed locus of (C2)M consists of the points py with X of size n.
For v € Kr(C?), let x(v]o) € Z[ ] denote the T-character of the fiber of v over the
origin. For \ of size n, the fiber ~ |p» has T-character

x(vlo) Yt
(c1,e2)EN

In particular, if
xlo) = vi - Z wj,

where each v; and w; is a T-weight (a Laurent monomial in ¢; and t»,) then the fiber A%y,
has T-character

— o, t5HE2
Exp[—mxw 5 t;w;ﬂ— I it ty)

4C14C2
(c1,cz)e>\ (01 CQ)E)\ H ( mw]tl t2 )

the definition of the plethystic exponential Exp is recalled in (3.1).

Let A be a Young diagram. Given (c1,c2) € A, define the leg length [((c1, c2)) to be the largest
integer k for which (¢; + k, c2) € A and the arm length a((c1, c2)) to be the largest integer k for
which (Cl, Cco + k) e

For A\ of size n, the T-character of the fiber of the cotangent bundle 7* ((CQ)M at py is
computed in [9, Lemma 3.2] to be

SO O
Oex

Set Cy to be the T-character of AJT* ((CQ)[n]\pA; explicitly,
O = Exp[—x(pr, T7(€) ™],,)] = T] (1 = 77150 (1 = "5, (2.2)
OeA

By (2.1), we conclude that

!
Ze2 (7 m) (s t2) = ZEXP{ <ij-x(%'\o)>
j=1

t?t?] . (2.3)

(c1,c2)EN

In mathematical physics, series of the form (2.3) arise as rank 1 Nekrasov partition functions
of 5-dimensional supersymmetric gauge theories with fundamental matter.
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2.3 From C? to a general surface
2.3.1 Arbitrary descendents

Fix v1,...,v € KT((CQ). As a=(ay,...,a;) ranges over lem let

ga(q) € Q(t1,t2)[[q]]

be the collection of series for which

Zer (v, o) (1, 1) = Exp[ o m] S omg e migala)- (2.4)

We remark that

. A
B0 | = Ze (@)t

which can be seen by Proposition 3.1 or otherwise.
We formulate the following equivariant analog of Theorem 1.1.

Proposition 2.2. The series ga(q) are polynomials in q. Moreover,
deg,ga < a1+ +

Proposition 2.2 is a consequence of (3.9), whose proof is the subject of Section 3.4.1.
Returning to our original problem, let S be a projective surface and let aq, ..., a; be classes

in K(S5). Without loss of generality, assume that «; is of rank r; on all components of S.
Define fa(q) € Q[[g]] to be the collection of series for which

Zs(ay,...,qp) = 1_q OS)Zm -my falq). (2.5)

Proposition 2.2 implies the following rephrasing of Theorem 1.1.
Corollary 2.3. The series fa(q) appearing in (2.5) are polynomials in q. Moreover,
degqfa < ap+---+ay.

Proof. The first step is to use the argument of [8, Sections 4 and 5] to reduce to the case
when S is toric and a1, ..., € K(S) are torus-equivariant. By the factorization (1.12), each
coefficient of each f, is a universal polynomial in the Chern numbers

x(0s), K%, Ks-c1(aj), ca(ay), ey - ei(oym), 1<j<l, 1<4.,"<l (26)

Any polynomial that vanishes at all values of the form (2.6) when (for example) S is toric and

a1, . ..,qp are torus-equivariant must be identically zero.
So, let S be toric, let T' = diag(t1,t2) act on S with finitely many fixed points s; and let
al,...,oq € Kp(S). For each s;, let w;; and w;, denote the cotangent weights at s;, let U;

denote the toric chart centered at s;, and set
(@))i = ajlu;, € Kr(U;) = Kp(C?).

The action of T on S lifts to an action on SI™. By (2.1), there is the following equality of
T-equivariant Euler characteristics

Z an(S[nL /\:nloz[l"} R R /\mlal H Z(C2 a1 , (al)i)(wil,wi2).
n>0
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So, the (nonequivariant) series Zg can be recovered from Zc2 as follows:

Zs(ay,...,qp) = (H Ze2((en)is - - - (a,)i)(wil,%))) (2.7)

t1=1,t2=1

Moreover, by T-equivariant localization on S, one has

x(0s) = <Z 1- wil)l(l — wi2)>

7

)

t1=1,to=1

so that

(HEXP[(l —wz‘j(l —t%)D

t1=l,t2=l:|

(2.8)

hetiet EXp[(; (1- wh)q(l —w@))

= Explgx(Og)] = (1_ql)x((95)

By (2.8), the specialization at t; = 1, to = 1 of the product of prefactors of each term on
the right-hand side of (2.7) matches the denominator of the right-hand side of (2.5). Applying
Proposition 2.2 to each factor in (2.7), we obtain the corollary. [

2.3.2 Descendents with a7 a line bundle

We now turn to Theorem 1.2, which we will also deduce from an equivariant analog, Proposi-
tion 2.4. The argument is a slightly more intricate version of that of Section 2.3.1.
Fix v1,...,m € K ((CQ) such that 1 is the class of a equivariant line bundle. Set

= x(71lo)-

Note that u is a monomial (with coefficient 1) in ¢+ and tF. As a = (as,...,q;) ranges over
753, let

ga(q,m1) € Q(t1,t2)[[g, m1]]

be the series such that

5 q—qmiu ~
Z(CQ(’Yla s 77l> = Exp[(l — tl 1 _ t2 :| ZmZ ’ 'm?l.gé' (29)

Proposition 2.4. The series ga(q, m1) are Laurent expansions of rational functions in q and my
of the form

S(t:ltvtg:a q, ml)

Hw(1 - U)) Hw’(l - mlw,) ’

where s is a polynomial and w and w' range over finitely many T-weights.

Proposition 2.4 is a consequence of (3.15), whose proof is the subject of Section 3.4.3.

Now, let S be a projective surface and fix a1, ..., q; € K(S) such that «; is the class of a line
bundle. Again, assume that o is of rank r; on all components of S.

Let fa(g,m1) € Q[[g,m1]] be the collection of series for which

x(a1)

5 (1—qm1 1) a 7
ZS(ah'")al) - 1 _q X(OS Zm Ty fa(Q7 ml)'
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Corollary 2.5. The series fé(q) is the expansion in q and mi1 of a rational function whose
denominator is a power of (1 — gmy).

Proof. Again, it suffices to prove the corollary for toric S and torus equivariant ay,...,q; €
K(S). Let s;, w;, wi,, U; and (e )]; be as in the proof of Corollary 2.3. By equivariant
localization on S, we have

V=)

t1=1,t2=1:|

et EXPKZ <1C”—_w(f>l<11(a—1)w;>>

i
= Explgx(Os) — gmix(a1)]
1— x(ea)
_ L =gm)*er (2.10)
(1 — q)X(OS)
Now, plug equation (2.9) into (2.7) and use (2.10) to combine prefactors. Putting the re-
maining expressions over a common denominator as needed, given some a we may write

’r(tit7 tg:; q7 ml)
[T,(1 =) T (L = gmat) |,y gy

where r is a polynomial and v and v’ range over finitely many T-weights. In particular, if the
rational function

T(tlia tQi?q’ml)

[, =) [1, (1 = gmiv’)

is expanded in positive powers of m; and ¢, then each qkm’f,—coefﬁcient of the resulting series
is well defined under the specialization t;1 = 1, to = 1. We conclude that each qkm]f/—coefﬁcient
of (2.11) has no poles of the form 1 —v. By induction on the degree k + &/, it follows that each

qkmlf/—coefﬁcient of the quotient

.

(2.11)

T(tita t2i>q,m1)
[I,(1 —v)

also has no poles of the form 1 — v and is therefore a Laurent polynomial in ¢; and 9. It follows
that

1

t1=1,t2=1 . H'U/(]' — qml’l)/) t1=1,t2=1
1

ti=Ltr=1 [[,(1—qmi)

;o T(tliatéta(b ml)

T ILA-v

_ r(tliatéta q, ml)

Hv(l - U)

3 A Macdonald identity

3.1 Plethystic notation

Proposition 2.2 follows from a slight modification of a Macdonald polynomial identity obtained
in [18, Section 7], where the identity is applied to find symmetries among conjectural expressions
for mixed Hodge polynomials of certain character varieties. We recall this identity following the
presentation in [18].

Let p, denote the n-th power sum and let Sym denote the completion of the ring

@(tlth)[plap27 .. ]
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of symmetric functions over Q(¢;,t2) with respect to degree. We use the following “plethystic
notation”. Let

X = Z ckxk
k

denote a Laurent series where each ¢x € Q and each x¥ is a Laurent monomial with coefficient 1

in 1, t9 and the additional variables ¢, m{, mo,.... Then, we set
pnlX] = ch(xk)n.
k

For arbitrary F' € Sym, the value of the expression F[X] is defined by stipulating that the
assignment F' — F[X] is a ring homomorphism. The plethystic exponential Exp is defined as

EXp[X]ZGXp(ZIZ:[X]) :1—|—p1[X]—|—pZ—;p%[X]—I—-~- . (3.1)
n=0

Note that
Exp[X + Y] = Exp[X] - Exp[Y].

In particular, if z; and y; are Laurent monomials with coefficient 1, then
[, —y)
Exp[ Ti — y] ==L
2 2 S iy
where infinite products are taken in a suitable completion.

3.2 Macdonald polynomials

For a Young diagram A, let Hy € Sym denote the corresponding Macdonald polynomial as
normalized, for example, in [10, equation (11)]. Equivalent definitions may be found in [10,

Theorem 2.2] and [18, Definition 4.1]; note that the Macdonald polynomials are denoted H)
in [10, 11].
We summarize the relevant properties of the symmetric polynomials Hy.

e The polynomial H) is homogeneous of degree |\|.
e The polynomials H) form a Q(t1,%2)-basis of the space of symmetric functions.

e If z is a Laurent monomial with coefficient 1, then by [10, Corollary 2.1],
Hy[1 - z] :Exp[—x > t?t?] = ] (1 —at5e3). (3.2)
(e1,c2)EN (e1,c2)EN

In particular,

mi=1, )= )N [ e (33)
(61,62)€>\

e The ring Sym carries the Macdonald scalar product (, ), satisfying

(Hx,Hp)s = 65y - Hy[-1] - Cy,
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where
C/\ — H (1 _ tll(D)+1t2_a(D)) (1 _ tl_l(D)tg(D)+1)
Oex

denotes the Laurent polynomial (2.2). In particular, the scalar product (,). has repro-
ducing kernel

Hy\[X|H\Y
H[-1] - Cy
3.3 A plethystic symmetry
We will deduce Proposition 2.2 from a special case of the following symmetry.
Proposition 3.1 (cf. [18, Section 7]). For Laurent series X and Y, the expression
Y HA[X] |: c c:|
Ex Exp|-Y 17 ts? 3.5
p[(l—m(l—tz)]z; oy PRl 2 39

18 symmetric under exchange of X and Y.

Proof. We slightly modify the proof from [18], which uses the Macdonald polynomial iden-
tity [11, Theorem 1.3]. Denote by U, U* and V: Sym — Sym the operators

(UF)[X] = F[1+ X], (U*F)[X]:Exp[ }F[X},

(1 —t1)(1 —t2)
VH, = Hy[-1] - Hy.

Then, [11, Theorem 1.3] states that

X
(VU*U)H,[X] = Exp Exp|—X 1157 ). (3.6)
(1 —t1)(1 —to)

(c1,e2)€EA
In other words, the composition VU*U sends Macdonald polynomials to normalized T-weights
of tautological bundles at fixed points on the Hilbert scheme.

By [11, Proposition 1.11b], the operators U and U* are adjoint with respect to (,).. More-
over, the operator V is self-adjoint. So, the operator VU*UV is self-adjoint. As (3.4) is the

reproducing kernel for ()., we have
(VU*UV) [Z } (VU*UV)x [Z } (3.7)

where the subscript X or Y denotes action on symmetric functions taking that argument.
By (3.6), the left-hand side of (3.7) equals

o [(1 - tlil - t2)] EA: Hg[jq o {_Y 2 tilt;ﬂ '

(c1,c2)EX

As (3.4) is symmetric under exchange of X and Y, the proposition follows. |

It would be interesting to have a geometric interpretation of Proposition 3.1.
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3.4 Specialization

To prove Propositions 2.2 and 2.4, we apply Proposition 3.1 to control the series Zcz (Y15 yM)-
With (2.3) in mind, for j =1,... 1, we set

u; = x(vjlo) € Z[tli,tzi]

to be the T-character of the fiber of «; at the origin 0 € C2.

3.4.1 Arbitrary descendents

Apply the specialization

X =q, Y:ijuj

to expression (3.5). By (3.3), (3.2) and (2.3), this specialization equals

<Z mJ“J) > t?t?]

(e1,c2)EN

S myuy g™
B | = ) 2

y mjiu; ~
(Egj;(;_ t2)]Z<C2(71, o)t ) (3:8)

Applying Proposition 3.1, we find that the series (3.8) equals

H miu
q )\(Zj 1 ¥ ]) B c14co
Exp[(l_tl)(l—b)]z Cy H (1 - qt't3).
A (c1,c2)EN

= Exp[

Recall the definition of g, from (2.4). We conclude that

> mit--omiga(q)

a

S myu; ] T Hy(Yh_) mju;)

(1 —11)(1 —t9) Cy

= Exp [—
A (c1,c2)EN

(1 — qti't5?). (3.9)

As H) is homogeneous of degree |A|, only partitions A of size at most a1 + -+ + a; can
contribute m{?* - - - m;"-terms to the right-hand side of (3.9). As the largest power of ¢ that can
appear in the A\-summand of (3.9) is |\|, Proposition 2.2 follows.

3.4.2 Computation of descendent series

For any fixed a, equation (3.9) yields an expression for g, as a finite sum in terms of Macdonald
polynomials. This expression can be used to obtain new formulas for descendent series.

For example, we prove Proposition 1.3. Let v € K ((CQ) be a rank 3 vector bundle. We may
write

X(7]o) = v1 + v2 + v3,

where v1, v2 and v3 are monomials with coefficient 1 in t% and tQi. For this section, set m = m;.
Equation (3.9) implies

q —m(vy + vy + v3) Hy(m(v1 + v + v3)) c1 e
Z —E 1 —qty'ty?). (3.1
CQ(’Y) Xp (1 — tl)(l — t2) :| Z C)\ ( 1_1)6)\( qtl t2 ) (3 0)
C1,C2
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Set
U(l) — X(’y’g) = v1 + Vg + U3,
v(2) — X(/\2’Y|O) = V1V2 + V1U3 + V203,

X(A3’Y|O) = V1V2V3.

We explicitly compute the right-hand side of (3.10) to order 3 in m using formulas for H) as
listed in [20, Section 7.12], for example. After writing the result in terms of the plethystic
exponential, we obtain

q—mqu+m?(q—g?)vP+m?(q—¢?) (@D v+ q(t1+12) v — (1+q)v®)

+0(m"). (3.11)

We rewrite (3.11) as

Ze2(7) = Exp[ax(Oc2) — max(v) + m*(q — ) x (A*y) + m? (¢ — ¢®) (ax(A*y @ 7)
+ax(T*C? @ A3y) — (1 + g)x(A*y))] + O (m?). (3.12)
Now, let S be a toric projective surface and V be a torus-equivariant rank 3 vector bundle

on S. As explained in Section 2.3.1, it suffices to prove Proposition 1.3 for such S and V.
Equations (3.12), and (2.7) and equivariant localization imply that

Zs(V) = Exp[ax(0s) — max(V) + m*(q — ¢*)x(A*V) + m* (¢ — ¢*) (ax (N V @ V)
+ax(T*S @ A*V) = (14 ¢)x(A*V))] + O(m?)
(- mg)XV) <1 _ m2q2>x(/\2v) (1 _ m3q3>x(/\2V®V)

(1= ¢q)xOs) \ 1—m2q 1 —m3g?
1 — m3¢g3 X(TS@AV) m3q x(A3V) A

Extracting the m? term of both sides of (3.13) yields Proposition 1.3.

3.4.3 Descendents with «; a line bundle

When ~; is the class of a line bundle, Proposition 3.1 yields extra information about the structure

of Z(C2<717 ces ,’yl).
By the homogeneity of Hy and (3.2), we have

Hilg = m) = VL= ] = P B 3 i)
(c1,e2)EN

As 71 is a line bundle, the T-character u; = x(71lo) is @ monomial (with coefficient 1) in ti
and tf. So, applying the specialization

l
X =q—qmu, Y:ijuj
j=2
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to expression (3.5), we obtain

Sy myu; g e
Exp[(1 — (1= t) Z Exp (iju]> Z 17 t?
A (61,62)6/\
St omius .
= Exp q jtj(ll;) Ze2 (1, -, ) (t, t2). (3.14)

By Proposition 3.1, the series (3.14) equals

Exp[ ¢~ damth ]ZH)‘(ZJ 2 ) H 1 — qtf'ts?

_ _ — C1.Co
(1—=t1)(1 —t2) x C (cl,cz)eAl gmiuity'ty

Recall the definition of g from (2.9). We conclude that

Yo miu;
(1 — tl)(l — tQ)]

> mg? - -m{"ga(g,m1) = Exp | —

.ZHA(ZJ —2 ;) L. (3.15)

— C14C2
X )y (e en)en 1 — gmyurt]'ty

Only partitions of size at most as + --- + a; can contribute mg? - - - mj’-terms to the left-hand
side of (3.15). Proposition 2.4 follows.
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