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Figure 2.1. The key curves in Example 2.1 for ε1 = 0.05 and ε2 = 0.4.

Indeed, the four vertices of γ are (ρ = 7/5, ϑ = 0), (ρ = 7/5, ϑ = π), (ρ = 23/5, ϑ = π/2), and
(ρ = 23/5, ϑ = 3π/2). The diffeomorphism G1 : (ρ, ϑ) 7→

(

ρ, ϑ + ε2Θ(ϑ)
)

leaves these vertices
invariant and moves (“along” the ellipses {ρ = ρ0}, 7/5 < ρ0 < 23/5) all the other points of γ
to some points strictly inside γ. The diffeomorphism G2 : (ρ, ϑ) 7→

(

ρ + ε1P (ρ), ϑ
)

moves the
vertices of γ to points strictly inside γ because P (7/5) < 0 and P (23/5) < 0. On the other
hand, if a point C = (x, y) lies strictly inside γ, so does the point (x̃, ỹ) = G2C because |x̃| ≤ |x|
and |ỹ| ≤ |y|. Consequently, δ = Gγ = G2G1γ lies strictly inside γ (see Figure 2.1).

The diffeomorphism S = GRG−1 : M → M possesses the intersection property (since R does)
and takes Rγ to δ and vice versa:

SRγ = GRG−1Rγ = GRRγ = Gγ = δ,

Sδ = GRG−1Gγ = GRγ = Rγ.

The composition RS takes the curve Rγ to the curve Rδ which lies strictly inside Rγ and takes
the curve δ to the curve RRγ = γ which lies strictly outside δ. Thus, RS does not possess the
intersection property.

By choosing ε1 and ε2 to be arbitrarily small, one can make the diffeomorphism G arbitrarily
close to the identity transformation and the diffeomorphism S arbitrarily close to R.

A somewhat different example of this kind (with another form of the functions χ, η, P and
without the observation that the diffeomorphism S can be made arbitrarily close to the rotation
R) was presented in the note [30]. To obtain an example for an open annulus, it is sufficient to
disregard the boundary circles {ρ = 1} and {ρ = 5} in Example 2.1.
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