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Abstract. We discuss a class of bow varieties which can be viewed as Taub-NUT deforma-
tions of moduli spaces of instantons on noncommutative R*. Via the generalized Legendre
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Bow varieties, introduced by the third author [6, 7], are a common generalisation of quiver
varieties and of moduli spaces of solutions to Nahm’s equations. A class of bow varieties de-
scribes, via an analog of the ADHM construction, moduli spaces of (framed) instantons on
ALF-spaces. In the present paper, we are interested in a very particular type of bow varieties,
which can be viewed as a moduli space of U(r) instantons on the noncommutative Taub-NUT
space (cf. Section 3). The case r = 1 of these has been studied by Takayama [21]. Our approach
is via spectral curves and line bundles. This allows us to give a formula for the Kahler potential
of the hyperkéhler metric via the generalised Legendre transform of Lindstrom and Rocek [16].
We also derive the asymptotic metric in the region where the U(r)-instantons of charge k can
be approximated by kr well-separated constituents (cf. [7, Section 9]), which we expect to be
Euclidean U(2)-monopoles (cf. [10]).

1 Spectral curves, line bundles, and matrix polynomials

The complex manifold T = TP! is equipped with the standard atlas (¢, 7), (f ,7), where C=¢1,
7 = n¢ 2. We recall [1, Proposition 2.2] that H'(T, Or) is generated by monomials of the form
n'¢7, i >0, j < 2i. Of particular interest is the line bundle .#%, z € C, with transition function
exp(zn/().

A spectral curve (of degree k) is a compact 1-dimensional subscheme of TP' defined by the
equation P(¢,n) = 0, where P((,n) = n* + Z§:1 pi(O)n*~%, degp; = 2i. Tt can be reducible or
nonreduced, and its arithmetic genus g is equal to (k — 1)2.

On a spectral curve S, we consider the Jacobian Jac?™!(S) of line bundles L (i.e., invertible
sheaves) of degree g—1 = k? — 2k, i.e., satisfying x(L) = 0. The line bundle Og(k —2) has degree
g — 1, and therefore we have an isomorphism Pic®(S) — Jac?"!(S), L — L(k —2). As shown in
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[1, Proposition 2.1], any line bundle on S of degree zero is a restriction of a line bundle on T, and
hence, the same holds for line bundles of degree g— 1. The theta divisor ©g C Jacd~1(S) consists
of line bundles with nontrivial cohomology. Beauville [2] has shown that any L € Jac?!(5)\Og,
viewed as a sheaf on T, has a free resolution of the form

0 —— Op(—3) =29 o ek [ 0, (1.1)

where A(¢) = Ag + A1 + Aa¢?, A; € Maty 1 (C), is a quadratic matrix polynomial, the charac-
teristic polynomial of which is P(¢,n). The essential idea is that, since 7: S — P, (¢, n) — (,
is a finite flat morphism, and L is locally free, the direct image m,L is also locally free. Since
hO(L) = h*(L) = 0, the same holds for 7, L, and so 7, L ~ O(—1)®*. Moreover, 7, L is a module
over .95, i.e., it corresponds to a homomorphism A: L — 7,L(2) satisfying P(¢, A(¢)) = 0.
Since L is a line bundle, the matrix A(() is regular for every (, and hence P((,n) is the charac-
teristic polynomial of A(().

Remark 1.1. The Beauville correspondence described above can be also rephrased as follows.
Consider the set @ of quadratic matrix polynomials A(¢) such that A((p) is a regular matrix
for every (o € P!. This is an open subset of C3** and since GL,(C) is reductive, there exists
a good quotient ¢ = @Q/GLg(C). This quotient, with its scheme structure, can be viewed
as the universal Jacobian of spectral curves, parametrising pairs (S, L), where S is a spectral
curve and L € Jac? 1(S9)\Og. It can also be viewed as an open subset of Simpson’s moduli
space of semistable 1-dimensional sheaves on the Hirzebruch surface Fo with Hilbert polynomial
h(m) = km [20].

1.1 Real structures

The manifold T is equipped with a real structure (i.e., an antiholomorphic involution) o defined
by

a(¢m) = (=1/¢,—1/¢?).

If a spectral curve S is real (i.e., o-invariant), then we obtain an induced antiholomorphic
involution ¢ on Pic(S). This involution corresponds to complex conjugation of the matrix
polynomial in (1.1) [4, Section 1.2]. Since we are interested in Hermitian conjugation, we need
to replace o by the following antiholomorphic conjugation on Jacd~1(S):

L o(L)* @ Og(2k — 4).

We denote the invariant subset of Jac/~1(S) by Jacﬂggl(S ) and the corresponding subset of 7
(cf. Remark 1.1) by #&. A line bundle L belongs to Jacf{l(S) if and only if it is of the form
Lo(k — 2), where Ly is a degree 0 line bundle with transition function expq({,n) satisfying

(¢, n) = q(a(¢,m)).
It has been shown in [4, Proposition 1.7] that /,iR decomposes into disjoint subsets f,f ,

p =0,...,[k/2], corresponding to standard Hermitian forms ¢ = — Y% 2> + E’];:p—‘,—l | 2]
of signature (p,k — p) on C*. Denoting by ¢ also the diagonal matrix defining the quadratic
form, ¢, ,f consists of SU(p, k — p)-conjugacy classes of quadratic matrix polynomials A(¢) which
satisfy

qAog = =45, qAigT = A, qAagTh = A

Remark 1.2. Equivalently, the component _#} to which a real (S, L) belongs is determined by
the signature of Hitchin’s metric on H°(S, L(1)) [11, Section 6].



Deformations of Instanton Metrics 3

Remark 1.3. It is perhaps worth pointing out that, for any real spectral curve S and any p,
Jacﬂ%_l(S )\Os has a nonempty intersection with _#P. Indeed, for small s € R, the line bundle
Z%(k—2)|s belongs to _# (cf. [11, paragraph after formula (6.11)]). Thus the map associating
to L € /ko its support S is surjective. Each _#} is, however isomorphic to /ko, e.g., via
A(¢) = D1A(C)Ds for an appropriately chosen pair of diagonal matrices.

We shall be interested only in the component /,S The sheaves in this component are
represented by matrix polynomials of the form

T(C) = (Ty +iT3) + 2AT1¢ + (Ty — iT3)¢2, T; € u(k), (1.2)

modulo conjugation by U (k). As in [4], we shall call sheaves belonging to ¢, ,S definite.

1.2 Nahm’s equations

Jac9™1(S) is a torsor for Pic’(S). Therefore the tangent bundle of Jac/™!(S) is parallelisable
and canonically isomorphic to Jac?1(S) x H!(S, Og). If we choose an element of H'(S, Og), we
obtain a linear flow on Jac?~!(S). Restricting this flow to the complement of the theta divisor,
and choosing an appropriate connection (cf. [11] and [1]) yields a flow of quadratic matrix
polynomials corresponding to elements of Jac/™!(S)\Og. In particular, for the flow given by
[n/¢] € HY(S,0g), ie., L — L ® £, there is a connection such that the restriction of the flow
to z € R and to the definite line bundles (i.e., to matrix polynomials of form (1.2)) is given by

OT(Q) _ 1y OT)
5 = 3|10 5

which is equivalent to Nahm’s equations

.1 ,
Tit+3 Zk: cijk[Tj-Ti) =0, i=1,2,3. (13)
J7

2 Factorisation of matrix polynomials

We consider the flat hyperkéhler manifold T* Maty, (C), which we identify with Maty, ;(C) &
Maty, (C). It has a natural tri-Hamiltonian U (k) x U(k)-action given by

(9.h)-(A,B) = (gAh"',hBg™"),

and the corresponding hyperkahler moment maps are:
(12 +ip3)(A, B) = AB, 2 (A, B) = AA™ — B"B,
(va +1iv3)(A, B) = —BA, 2iv1(A, B) = BB* — A*A.

We can view these moment maps as sections of O(2) @ gl (C) over the P! parametrising complex
structure, and write them as quadratic matrix polynomials:

u(C) = (A= B*Q)(B + A7(), (2.1)
v(¢) = =(B+ A"()(A - B(). (2.2)

As explained in the previous section x(¢) and —v/(¢) define 1-dimensional sheaves F, ' in _#}
(i.e., real, acyclic, and definite). Moreover, F and F’ are supported on the same spectral curve S.
Our first goal is to relate F' to F. Since we do not need the reality conditions for this, let us
consider arbitrary linear matrix polynomials A(¢), B((), such that the roots of det A(() are
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disjoint from the roots of det B((). Let F € _# (resp. F' € _#j) be the sheaf determined
by A(¢)B(¢) (resp. by B(¢)A({)). Let S be the common support of F and F’, and let Ay
(resp. Ap) be the Cartier divisor on S given by 7 = 0 on the open subset det B(({) # 0 (resp. on
the open subset det A(¢) # 0).

Proposition 2.1. 7' ~ F(1)[-Aa].

Proof. We have a commutative diagram

0 0 0
0 —— Op(—3)8k AQPO 0 pyek F 0
JB(O lB(c‘) J
0 —— Op(—2)k PO L pek ) 0

where C' is the cokernel of B((). Therefore, /(1) ~ F[Ap|. Since [A4 + Ap] ~ Og(2), the
claim follows. [

We now ask whether a given quadratic polynomial T'(¢), corresponding to a sheaf in /ko’
can be factorised as in formula (2.1). Generically, the answer is yes.

Proposition 2.2. Let T(() be of form (1.2) and suppose that
(i) the polynomial det T'(¢) has 2n distinct zeros (i, ..., Con,

(13) the corresponding eigenvectors v; € KerT((;), i = 1,...,2n, are in general position, i.e.,
for any choice iy < -+ < i, €{1,...,2n}, v;,,...,v;, are linearly independent.
Then T'(¢) can be factorised as (A — B*()(B + A*().

Proof. After rotating P!, we can assume that ( = oo is not a root of det 7'(¢). Let A U o(A)
be a decomposition of the set of zeros of det7'(¢). Theorem 1 in [17] implies that there is
a decomposition T'(¢) = (C1 + D1¢)(C2 + D2() such that A is the set of roots of det(Ca + D2().
Applying the real structure shows that (D5 — C5¢)(—D7; + C;() is also a factorisation of T'(¢).
We can rewrite these factorisations as

T(¢) = (C1D1" + ¢)(D1Ce + D1D2¢) = (=D5(C5) ™" +¢)(C5 D] — C507¢).
Theorem 2 in [17] implies now that Cy Dt = —D3(C3)~ 1, i.e., D7 'C3 = —C ' D3. In addition,
comparing the constant coefficients of the two factorisations, we have C1Cy = —D3D7. Hence
(D7'C3)" = Co(D}) ™ = —C7 ' D3D;(DY) ! = —C ' Dy = D¢y

Therefore, D 1C% is hermitian (and invertible). We can write it as —gdg*, where g is invertible
and d is diagonal with diagonal entries equal +1. Then

T(¢) = (C1 + D1¢)gg ' (Ca + D3() = (Crg + D1g¢)d(—g* D} + g*C;(). (2.3)

The uniqueness of monic factors of 7'(¢) implies that the map A — d is injective. Since both
sets have the same cardinality (equal to 2¥), this map is surjective, i.e., there is a choice of A
such that the corresponding d is the identity matrix, and formula (2.3) becomes the desired
factorisation. |
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3 Deformed instanton moduli spaces

We consider a bow variety M corresponding to the bow representation diagram in Figure 1:
with 7 A-points and the rank of all bundles equal to k. In other words, M is the moduli space

A

Ho H1 H2 T Hr Hr+1
Figure 1. Bow representation diagram with r A-points p1, ..., s, and constant rank k.

of u(k)-valued solutions to Nahm’s equations on [ug, ttr+1] which have rank 1 discontinuity in
(T2 + 1T3) + 21T ¢ + (T2 — iTg)CQ at each Wi, v =1...,7, and (T2 + 1T3) + 21T ¢ + (TQ — iTg)CQ
is equal to (B 4+ A*()(A — B*() + ¢, (¢)Id at po and to (A — B*¢)(B + A*¢) + cgr(¢)Id at 41,
where A, B € Maty, ,(C) and cr, cg are quadratic polynomials satisfying the reality condition.
Let us consider two limiting cases.
First, is the case when we let the lengths of all intervals go to zero, then M is the quotient
by U (k) of the set of solutions to the following matrix equations:

r

[A—B*¢,B+ A" =Y (v; — 0;¢)(w; + Q)" + (e (€) — er(Q)),

i=1

where v;,w; € CF. In particular, if cz(¢) — cr(¢) = a(, then M with the complex structure
corresponding to ¢ = 0 is biholomorphic to the moduli space of framed torsion-free sheaves on P?
with rank r and ¢o = k [18, Theorem 2.1]. For an arbitrary nonzero (cr(¢) — cg(¢)), M (with
to = - -+ = ly4+1) has been interpreted by Nekrasov and Schwarz as a moduli space of instantons
on a noncommutative R* [19]. We can, therefore, view M with arbitrary p; as a deformation of
the moduli space of instantons on noncommutative R* with the noncommutativity parameter
cr(¢) — cr(¢). It changes the space geometry from a higher-dimensional ALE to ALF kind, as
we explain in the beginning of Section 4. For r = 1, these moduli spaces have been investigated
in detail by Takayama [21].

We remark that the hyperkédhler metric on our M has a T"-symmetry, compared to a U(r)-
symmetry of the moduli space of instantons on the noncommutative R?,

Second, in the case with ¢, (¢) = cr((), M is isometric to the moduli space of instantons on
the Taub-NUT space [8]. Notably, while the deformation to nonzero cr,(¢) —cr(¢) appears rather
benign from the moduli space point of view, it is nearly fatal to the ADHM-type transform from
the bow to the instanton, since the corresponding small bow representation moduli space becomes
empty, instead of being the Taub-NUT space. This is completely analogous to the situation with
the original ADHM construction and its noncommutative deformation of Nekrasov and Schwarz.

3.1 Complex structures

We shall now show that the complex-symplectic structures of M do not depend on the u;
(this has been shown by Takayama for r = 1). First of all, M is isomorphic to a hyperkéhler
quotient of M x T Maty, ,(C) by U(k) x U(k), where M is the moduli space of solutions to
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Nahm'’s equations on r + 1 intervals as above, without the bifundamental representation, i.e.,
without the half-circles labelled by A and B. We discuss first the complex-symplectic structures
of M. Let us consider the complex structure I corresponding to 0 € P! (all complex structures
of M are isomorphic). We can, following Donaldson [9], separate the data given by Nahm’s
equations and boundary conditions, into a complex and a real part. The complex part is given
by solutions of the Lax equation 3 = [, o] on each interval [p;, pi1], where B(t) = Ta(t)+iT3(t),
a(t) = iT1(t) with rank 1 discontinuity at pi,...,u,. It follows from results of Donaldson [9]
and Hurtubise [13] that M is biholomorphic to the quotient of this space by GL(k, C)-valued
gauge transformations which are identity at pg and p,4+1 and match at the remaining ;. This
biholomorphism preserves also the complex-symplectic form. On each interval one can apply
a complex gauge transformation to make « identically zero and [ constant. If we do this
beginning with the left-most interval and such a gauge transformation with g(u) = 1, we can
make f((t) equal to a constant 3; on each [pi—1, ], i = 1,...,r + 1, with 8,41 — 8; = I;J; for
a vector I; and a covector J;. The map associating to (8(uo), g(pr+1), I, J), where I = [I1, ..., I;]
and J = [J1,...,J;]" to a point of M is a complex-symplectic isomorphism between M and
T*GL(k,C) x T* Maty, .

The complex-symplectic quotient of the product of T*GL(k, C) x T* Maty, , and T* Maty, ;,(C)
by GL(k, C) x GL(k,C) (which is the remaining gauge freedom at po and pi,4+1) can be performed
in two stages: the quotient by the left copy of GL(k, C) (the one which acts trivially on I and J)
is T* Maty, , xT™* Maty, 1 (C). The remaining symplectic quotient is the same one as in the case
with g = -+ = py41. This shows that, as long as ¢({) — cr({) # 0, M is isomorphic,
as a complex-symplectic manifold, to the corresponding space of noncommutative instantons.

3.2 Spectral curves

We shall now describe the moduli space M using the language of spectral curves and line bundles.
We denote by S; the spectral curve on the interval [p;, p;4+1]. Due to the matching conditions,
Sy is equal to Sy shifted by n — n+ ¢(¢), where ¢(¢) = c(¢) — cr({).

Hurtubise and Murray [14] analysed what happens to spectral curves and line bundles at
rank 1 discontinuity of solutions to Nahm’s equations. Namely, for ¢ = 0,...,7 — 1, we have
SZ' N Si—i—l = Di,i—i—l U Di—i—l,i with U(Di,i+1) = Di+1,i and the line bundles at Hi+1 equal to
OSi(2k)[_Di,i+1] € Jacg_l(Si), OSi-H (2k)[_Di,i+1] € Jan_l(Si+1). It follows that Si,...,S,_1
satisfy the following condition

Zg‘j*““ [Diit1 — Di—1,] ~ Og,.

(3

(3.1)

It remains to identify the condition satisfied by Sy and S,. The line bundles at pp and at p,41
are L5 (2k)[=Doa] and ppy1 is ZLEH T (2k)[=Dro1,], respectively. For any quadratic
polynomial ¢ = ¢(¢) denote by ¢. the automorphism of T = TP! given by n +— 1 + ¢(C).
The induced map on H'(T,Or) is trivial. Let us denote by S, the image of Sy under ¢,
(equivalently, the image of S, under ¢.,). It follows that B(¢)A(() represents the line bundle
LT (2k) [~ e, (Do) and A(¢)B(C) represents the line bundle £¢7 ™" (2k)[—dep (Dr—1,4)-
Proposition 2.1 implies that

LTI (2k) [~ ey (Dop)] = LET T (2k) [~ e (Dr-14)] ® Os, (1)[-A4],
that is,
fé};ﬂ—uwm—uo(l) [Qf)cL (Do) — bep(Dr—1,y) — AA] ~ QOg,, (3.2)

where Ay is be the divisor on S, cut out by = 0 on the open subset det B({) # 0 (thus
det A(() = 0 on Ay). In addition, the spectral curves S, Si,...,S,—1 satisfy appropriate
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nondegeneracy conditions, which simply mean that the flow of line bundles on each S; does
not meet the theta divisor. Conversely, given generic curves S, Si,...,S,—1 satisfying these
conditions together with trivialisations in the formulas (3.1) and (3.2), we obtain, using the
results of [14] and Proposition 2.2, a unique gauge equivalence class of solutions to Nahm’s
equations in M. Here “generic” means that S; N S;41 fori =0,...,r —1 as well as S.N{n = 0}
consist of distinct points.

3.3 Generalised Legendre transform

The complex symplectic quotient described in Section 3.1 can be performed for each complex
structure, i.e., on the fibres of the twistor space of M x T* Maty, (C). The spectral curves and
(real) trivialisations of line bundles (3.1) and (3.2) provide twistor lines corresponding to an open
dense subset of M. In particular, for each complex structure, the roots of polynomials defining
spectral curves and values of trivialising sections of line bundles (3.1)-(3.2) define Darboux
coordinates for the corresponding complex-symplectic form. This picture is a particular case of
the generalised Legendre transform construction of Lindstrom and Rocek [12, 16], which we now
recall.

The generalised Legendre transform describes 4n-dimensional hyperkahler metrics, the twistor
space Z2" ! of which admits a projection to the total space of a vector bundle E = @} ; O(2k;)
over P, k; > 1,4 =1,...,n. The projection is required to commute with real structures and
its fibres for each ¢ € P! are Lagrangian for the fibre-wise complex symplectic form on Z2"+!.
The hyperkéahler structure is then defined on a subset M of real sections of E consisting of those
a;(¢) = ZZEO w;qeC*, i =1,...,n, which satisfy

oF

Fwia = 6w
a

=0 for a=2,...,2k —2, (3.3)
for a function F' defined as a contour integral

F(wia) = 7{61((, al(C),...,an(C))(Clg.
Complex coordinates on M with respect to the complex structure corresponding to ( = 0 are
given by z; = wjo, ¢ = 1,...,n, and by u;, where u; = Fy,,, if k; > 2 and u; +u; = F,,, if k; = 1.
The other coefficients w;, with a > 0 are understood to be functions of {z;, u;} determined by
equations (3.3). The Kéhler potential is given by K = F — 2" | Re ujw;.

In the case of our bow variety M, E = @le O(24)®" with the summands corresponding
to coefficients of powers of 7 in the polynomials defining the spectral curves Se, Si,...,S-—1.
It has been shown in [5] that conditions such as (3.1) and (3.2) on spectral curves correspond
to a particular choice of the function G and the contour ¢ in formula (3.4). In fact, one can
replace the usually multi-valued function G with a single-valued function on a branched cover
of P!. This cover is precisely the union of spectral curves S, U S; U---U S,_;. Although it is
not necessary (as long as we allow integration over chains rather than contours), it is better to
enlarge this cover by the fixed projective line 7 = 0 (the integration contour will enter this line
from S, at points of Ap and leave it at points of A4).

In order to have trivialising sections satisfying assumptions of [5, Theorem 7.5] (cf. Exam-
ple 8.2 there), we need to replace a nonvanishing section s; of the left-hand side in formula (3.1)
by s;/c*s;, which is a section of

(3.4)

2( i1 —phs
‘Zs.(u e )[Di,i—i-l +Dji1— Diy15 — Di—14].

K3

Similarly, we obtain from formula (3.2) a section of

Lt 0) [ (Do 1) + ben(Dpr—1) + Ap — ey (D1,0) — ben (Dro1,r) — Aa).
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The assumptions of [5, Theorem 7.5] are now satisfied, and we can conclude from it that the
hyperkahler metric on M is given by the generalised Legendre transform applied to the func-
tion F'(w;,) given by

r—1 ) 2

n 1 n 1 n
%d ——E Wit1 — i % ——d¢ — =—(fr+1 — tbr + 1 — 14 74 —d(,
v 2¢2 ¢ 2mi 4 (ki ) 3, 2¢° ¢ 27 1( ' ' 2 0. 2¢3 ¢

=1 2 c

where 0; (resp. 0.) is the sum of simple contours around points in S; (resp. in S,.) lying over
0 € P!, while v is a contour which enters (resp. leaves) each S;, i = 2,...,r, at points of
Dit1i+ Di—1,; (resp. Djit1 + Dji—1), and it enters (resp. leaves) S, at points of ¢, (Do,1) +
¢CR(DT‘71,T) + AA (resp. ¢CL (Dl,O) + ¢CR(DT,7"71) + AB)

4 Asymptotic metrics

In the case pp = --- = pry1, the hyperkdhler metric on M has Euclidean volume growth
(i.e., proportional to R*") and it is asymptotic to a Riemannian cone on a singular 3-Sasakian
manifold. Allowing the length of m of the r intervals [, pi+1] to be positive, reduces the volume
growth power exponent by mk. In particular, if p;41 — p; > 0 for every ¢ = 0,...,r, then the
volume growth is proportional to R3*". In this section, we shall show that, on an open dense
subset, the metric is asymptotic to the Lee-Weinberg—Yi metric [15].

The basic idea is the same as in [3]: the functions Tj(t) = €Tj(et) satisfy the same Nahm
equations (1.3) as the original T;(¢). Thus, exploring infinity of M is equivalent to studying
finite 7} on rescaled long intervals. Under such rescaling, the lengths of the intervals go to
infinity and we can consider a hyperkahler manifold “glued together” from r moduli spaces
of solutions to Nahm’s equations on R with a rank 1 discontinuity at ¢ = 0, plus diagonal
matrices A, B. The resulting hyperkahler metric will be the asymptotic metric in the region
of M where spectral curves degenerate to unions of lines. Let us recall from [3] the precise
definition of these building blocks.

4.1 Building blocks

Let a_, ay be positive real numbers. We shall denote! by N (a_,a;) the moduli space of u(k)-
valued solutions (Ty(t),T1(t),T2(t),T5(t)) to Nahm’s equations on R satisfying the following
conditions:

e The solutions are analytic on (—o0,0] and on [0,00). At ¢ = 0, there is a rank one
discontinuity, i.e., there exist vectors I, J* € C¥ such that (T5+i73)(04) — (T2 +iT3)(0_) =
IJ and Ty (04) — Ty (0-) = $(1I* — J*J).

e The 7} approach exponentially fast a diagonal limit as ¢ — oo with (T1(—00), To(—00),
T3(—00)) and (T1(4+00), Ta(400), T3(+00)) regular triples, i.e., the centraliser of the triple
consists of diagonal matrices.

e The gauge group has a Lie algebra consisting of functions p: R — u(k) such that:

(1) p(0) =0 and p has a diagonal limit at ¢t — o0,

(2) (p— p(400)) and [p, 7] decay exponentially fast for any regular diagonal matrix 7 €
u(k), and similarly at ¢ = —o0,

(3) agp(+00) + limy—y 4 oo (p(t) — tp(+00)) = 0, and similarly at ¢t = —oo.

'These were denoted by F x(a,a’) in [3].
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Let us denote by x; (resp. x; ) the i-th diagonal entry of the triple (71 (+00), T (+00), T3(+oo))
(vesp. (T1(—00), To(—00),T5(—00))). The collection {x; }¥ ; of k triplets (as well as {x; }¥ )
might be viewed as k points of R®. As shown in [3], Ni(a_, a+) is a hyperkéhler? manifold, which
topologically is a torus bundle over Cj (R3) x Cj, (Rg) where Cj, (R?’) denotes the configuration
space of k distinct and distinguishable points in R3. The actlon of the torus TF x T* is tri-
Hamiltonian and the hyperkéhler moment map is given by x; X ,i=1,...,k Letus write x™*
for x;, x for x;, and x,, € R%* v = 1,2, 3, for the vector ofu coordmates ofthe xt il =1,... k.
The metric is given by the Gibbons-Hawking ansatz, i.e., it is of the form

de ®dx, + (dt + A)TdL(dt + A), (4.1)

where dt is the diagonal matrix of 1-forms dual to Killing fields, A is a connection 1-form, and
the matrix ® (which determines the metric up to gauge equivalence) is given explicitly by

Usgn(iy + D T ||xz " if i = j,
O = g B
i op - .
] s
where s;; = — sgn(7) sgn(j).

There is one more building block, corresponding to matrices A, B. In our asymptotic region,
these will become almost diagonal, so that this building block is H* with its standard flat metric
and the diagonal torus action.

4.2 Asymptotic coordinates and metric

We now obtain the asymptotic metric, analogously to [3], by gluing together these building
blocks, i.e., performing the hyperkahler quotient with respect to the torus.

We start with the product [[/_; Ni(a’,a’) x H* with @’ +a"™ = pj41 — p; for i =0,...,7,
where aS)r = a’"*! = 0. This hyperkéhler manifold has, as explalned above, a tri-Hamiltonian
action of T% x T* on each of the first r factors and of T% on the last factor. Let us denote
the torus 7% x T* acting on Nk(ai,qi) by T, x T;", where T, (resp. T;") is given by gauge
transformations asymptotic to exp(a’.h — th) as t — —oo (resp. t — +00), with h € u(k). Let
us also write 7p for the standard torus action (¢,q) — ¢(t,q) on H¥, and 7, for the action

(t,q) — c;S(t_l,q). We now perform the hyperkdhler quotient with respect to (Tk)rﬂ, the i-
th factor of which is embedded diagonally into TiJr X T 4,4 =0,...,7. The level set of the
hyperkihler moment map is (cz,...,cy) for the first copy of T*, by (cg,...,cg) for the last
copy, and is equal to 0 for all others (where cr, cg are points in R? determined by the quadratic
polynomials ¢r,(¢), cr(¢) used to define the bow variety M).

The resulting metric is again of the form (4.1), where this time we have kr points x* € R3:
k for each of the middle r — 1 intervals and k given by the moment map on each copy of H. Let
us denote by x;5, j = 1, ..., k the points corresponding to the interval [p;, 1), ¢ = 1,...,r —1.
Each x;; is equal to xj for Ni(a™ i a+) and also to X for Nk( ZH ’fl) Let us also write
Y1i,---,¥k € R? for the coordinates on each H\{0} given by the hyperkéhler moment map.
The metric on H can be also written in the form (4.1) with ® = |ly||~!. Observe that x; for
Ni(al,al) (resp. xj for Nj(a”,a,)) satisfy x; = y; + cr, (resp. x;' =y;+cr).

The kr x kr matrix ® defining the asymptotic metric is described as follows. Let ®* i =
1,...,7—1, be the 2k x 2k matrix describing the metric on NV (a",a’ ). We decompose each @

2Strictly speaking the metric is positive-definite only in an asymptotic region.
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y1+eL m X11 #2 X21 X(r—1)1 Hr y1t+cr
Y2 +cL X12 X22 X(r—1)2 Y2 + cr
Yk +cL X1k X2k X(r—1)k Yk T CrR

Figure 2. Bow asymptotic as hyperkahler reduction of the approximation blocks. The bow interval is
cut at crosses into subintervals, each containing a single A-point p; with length a; to the left of p; and
length aj' to its right. The corresponding approximation space is N (a’ , ai).

into k X k blocks (corresponding to the positive and negative superscripts labelling coordinates)
as
i i
< Y 12)
V] 1 °
21 P22

Next, we form an 7k x rk-matrix ¥’ as follows: the matrix U¢ has k? r x r blocks labelled
by Wi , where, for 1 <r — 1,

(m,n)
i Jel, ifm=it+s—2andn=i+t—2,
(mn) =7 otherwise.

r

For i =, set Wi, = o1, \Ilzr,l) = 7, \Ilzl’r) = o5, \117(’171) = ®5,, and the remaining blocks
equal to 0. Finally, let U° have the (1, 1)-block equal to diag([ly1||™%, ..., [lyk[ ™), and all other
blocks equal to 0. Then the matrix ® for the asymptotic metric is the sum Z;:o UJ with X;
for NVjy(al,al) and xj for Ni(a”,a’,) replaced by, respectively, y; + ¢z and y; + cg.

To recapitulate: the asymptotic metric is given by formula (4.1) for the just defined rk x rk
matrix ® in coordinates y1,...,yx, Xij, ¢ =1,...,r—=1,5=1,... k.

Remark 4.1. The asymptotic metric appears already, albeit in a different form, in [7, Section 9].
The setup we have just presented allows to prove easily that it is, indeed, the asymptotic metric

on M.

Let now

R:min{Hym—ynH,Hxim—me; i=1,....r—1, myn=1,...,k, m;én}



Deformations of Instanton Metrics 11

If R — o0, then the spectral curves become close to unions of lines. The proof that this metric
is exponentially (in the parameter R) close to the metric on M proceeds as in [3, Theorem 9.1],
with minor modifications (the main one being that we can solve the real Nahm equation with
boundary conditions of M since R > 0 guarantees that the stability condition for the complex-
symplectic quotient of M x T* Maty, x(C) (cf. Section 3) is satisfied).
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