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Abstract. We prove a new general Poincaré-type inequality for differential forms on com-
pact Riemannian manifolds with nonempty boundary. When the boundary is isometrically
immersed in Euclidean space, we derive a new inequality involving mean and scalar curva-
tures of the boundary only and characterize its limiting case in codimension one. A new
Ros-type inequality for differential forms is also derived assuming the existence of a nonzero
parallel form on the manifold.
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1 Introduction

This article can be seen as a step in understanding the general effect of the curvature operator
of the interior of a manifold with boundary on the topology and the geometry of its boundary.
To motivate our precise setting, let us recall some previous works in this area. In [18], inspired
by questions arising in general relativity such as the positivity of the Brown—York quasi-local
mass [2], Shi and Tam shed light on how the scalar curvature affects the total mean curvature
of the boundary. Namely, if (M ntl g) is a compact Riemannian spin manifold — for basics
on spinors and Dirac operators, see, e.g., [1, 5, 8, 10] — with nonnegative scalar curvature such
that its boundary can be isometrically embedded into the Fuclidean space as a strictly convex
hypersurface, then the total mean curvature of the boundary cannot be greater than the one of
the Euclidean embedding. More precisely, if H (resp. Hy) denotes the mean curvature of the
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boundary OM in M (resp. in the Euclidean space) then

Hapy < [ Hoduy, (1)
oM oM

and the equality is attained if and only if the manifold M is isometric to a domain in the
Euclidean space. This result has a lot of deep and important consequences both in mathematics
and physics. In particular, although its proof relies on the positive mass theorem (PMT), it is
shown to be actually equivalent to this famous result of mathematical general relativity.

In the same spirit and with an alternative method, Hijazi and Montiel [9] showed that
an inequality similar to (1.1) can be deduced from a general integral inequality which holds for
any spinor field defined on OM. Such inequalities will be referred to as Poincaré type inequalities
in the following. More precisely, they proved that if (M ntl g) is a compact Riemannian spin ma-
nifold with mean convex smooth boundary 0M (endowed with the induced Riemannian and spin
structures) and if D denotes the Dirac operator acting on the spinor bundle X0M over OM, then

n? |Dg|?
] HeP < [ P, (1.2)
oM oM

for all ¢ € I'(X0M). When the boundary 0M can be isometrically immersed into another Rie-
mannian spin manifold carrying a parallel spinor ¢ with mean curvature Hy, the restriction of
such a spinor field to M provides a solution to the Dirac equation

Dy = %Hogo and lp| = 1.

Using this spinor field in the inequality (1.2) yields

H2
Hdpg < / — dpig (1.3)
oM om H

and equality is characterized by both immersions having the same shape operators. Even if this
inequality is a straightforward consequence of (1.1) and the Cauchy—Schwarz inequality, it has
interesting counterparts. First, it holds under less stringent conditions since it only requires
mean convexity while strict convexity is needed in the Shi-Tam inequality. Moreover, the as-
sumption of existence of an isometric immersion in the Euclidean space is relaxed to allow more
general ambient spaces, which include, among others, Calabi—Yau and hyperkéhler manifolds.
A further interesting property is that, although the proof of the inequality (1.3) does not use
the PMT, it still implies this result, at least in the case n = 2.

Motivated by those results, Miao and Wang [13] considered the same geometric set-up as
before but without assuming the spin condition. They showed that inequalities similar to (1.3)
could be proved by requiring a lower bound, say K, on the Ricci curvature of the Riemannian
manifold (M ntl g) instead of the scalar curvature. The condition on the Ricci curvature comes
naturally in this context and, in a first step, a Poincaré type inequality [13, Theorem 2.1] can
be established via the Reilly formula and which reads as

1
| (sVEVn < [ st (1.4

for any smooth function f on OM, any constant ¢ < %K , and where A is the Laplace operator
acting on functions on M and S is the second fundamental form of OM in M. Assuming
furthermore the existence of an isometric immersion X : 0M — R™ of M into some Euclidean
space R™ with m > n + 1 and using the components x; of this immersion in (1.4) for all
7 =1,...,m, Miao and Wang deduced that

|Ho
Hdpg < om H

‘ 2

dug,
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where FIO is the mean curvature vector of the immersion X. Note that the existence of such
an immersion is guaranteed by the Nash embedding theorem. As a corollary of that inequa-
lity, Miao and Wang obtain rigidity results for manifolds with boundary and Ricci curvature
bounded from below. It is also important to note that the inequality (1.4) has a natural physical
interpretation since, as noticed in [11, 12], it appears in the second variation of the Wang—Yau
quasi-local mass [19].

In the present article, we generalize (1.4) to differential forms of arbitrary degree, assuming
suitable but very general curvature conditions on the interior as well as on the boundary of
the manifold, see inequality (3.1) in Theorem 3.1 as well as Theorem 3.5. The special case,
where (3.1) is an equality turns out to be very rigid, imposing restrictions on the differential
form and the geometry of the underlying manifold. In view of the Shi—-Tam inequality, we look
at the particular case where the boundary is isometrically immersed in Euclidean space and are
able to both simplify the inequality and deduce a rigidity result extending Miao and Wang’s one
in case the boundary is one-codimensional in some affine subspace, see Theorem 3.3. When the
boundary can be immersed in a round sphere, the corresponding inequality turns out to be strict,
see Theorem 3.6. In a next step, we adapt to the differential-form-framework the celebrated Ros
inequality [15, Theorem 1] involving the integral of the inverse of the mean curvature over the
boundary. Assuming the existence of a nonzero parallel form on the manifold, a new inequality
relating the integral of the inverse of some op-curvature on the boundary with the volume of the
manifold can be deduced from the so-called Reilly formula, see Theorem 4.1.

The article is structured as follows. After preliminaries about basic formulae and notations
in Section 2, the main Poincaré-type inequality (3.1) is presented and proved in Section 3.
When the boundary can be isometrically immersed in Euclidean space, the inequality can be
simplified as we mentioned above, while the case where the interior curvature condition is relaxed
is presented in Theorem 3.5. In Section 4, a differential-form-version of the Ros inequality is
established.

2 Preliminaries and notations

In this section, we briefly introduce the geometric setting and fix the notations of this paper.

Let (M ntl g) be a compact oriented (n+1)- dimensional Riemannian manifold with smooth
nonempty boundary OM and let t: M — M be the inclusion map. Let du, be the Riemannian
measure induced by g on both M and M. In the following, any metric — being g on T'M
or any metric induced by g on further bundles — will be denoted by (-,-), with associated
pointwise norm | - |. Let v denote the inward unit normal along M and S := —Vv be the
associated Weingarten endomorphism-field, where V denotes the Levi-Civita connection on T'M.
Let H := 1 tr(S) denote the mean curvature of M in M. For any integer p € {0,...,n + 1},
let QP(M) := T'(APT*M) be the space of differential forms of degree p on M, that is the space
of sections of the exterior bundle APT*M — M. Let x: APT*M — A"*1=PT*)M denote the
pointwise Hodge star operator. For any (1,1)-tensor A and p-form w, let APlw be the p-form
that is pointwise defined by the following identity: for all tangent vectors Xi,..., X,

P
(AP (X1, Xp) =) w(Xy,. . AXG, LX),
j=1

In the particular case, where A = S, we denote for each k € {1,...,n} by oy the pointwise k-
curvature of M, that is the sum of the k£ smallest principal curvatures (i.e., the eigenvalues of .S)

of OM. Note that, since the eigenvalues of S are the sums of exactly p among the n principal
curvatures,

<S[p]w,w> > op|wl?
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for any w € APT*@M, with equality if and only if SPlw = opw. Moreover, for all 1 <p < g <mn,
we have % < %, with equality when p < ¢ if and only if the ¢ smallest principal curvatures are
equal.

Let d (resp. §) denote the exterior derivative (resp. codifferential) on p-forms and V be the
covariant derivative induced by V on APT*M. Recall the so-called Reilly formula [14, Theorem 3|
for differential p-forms with p > 1: for any w € QP(M)

/M(]dw|2 + [dw|* = |[Vw|? - <W[p]w,w>) dpg

= /8M (2(vow, ™M (*w)) + <S[p]L*w, w) + <S["+17P]L*(*w), U (xw))) dpg, (2.1)

where 6™ denotes the codifferential on M and WP the curvature term involved in the
Weitzenbock formula for p forms: denoting by A := dd + éd the Hodge Laplace operator on
p-forms,

Aw = V*Vw + Wy

for any p-form w. By convention, we let WP = 0 and S = 0 for all p < 0. Note that [14,
Theorem 3]

(S (xw), o* (k) ) = nH[vow]® = (SP(vow), vaw)

for any p-form w.

3 A Poincaré-type inequality for p-forms

We first prove a generalized version of the integral inequality for functions obtained by Miao
and Wang in [13, equation (1.3)].

Theorem 3.1. Let (M”+1, g) be any compact oriented (n+1)-dimensional Riemannian manifold

with smooth nonempty boundary OM. Fix p € {1,...,n} and assume that Wkl >0 on M as
well as opy1—p > 0 along OM. Then, for any exzact p-form w on OM, we have

|67V
[ > [ (sw)duy, (3.1
0 oM

M On+l-p

Moreover, if (3.1) is an equality for some non-zero w, then for the p-form & on M satisfying d& =
0 =60 on M as well as 1*& = w on OM, the identities °Mw = —ap 1 o0, SPU(VL0) =
(nH — opt1—p)vaw hold along OM and the p-form & must be parallel — hence WG = 0 must
hold — on M.

Proof. The proof mainly follows that of [14, Theorem 5]. Let w be an exact p-form on OM,
that is w = d?q for some o € QP~1(OM). By [4, Theorem 2], there exists a (p — 1)-form &
on M such that dd& =0 on M with t*& = « along OM. Let w := da € QP (M), then & satisfies
dw =0, 6w = ddé = 0 on M with *& = *(d&) = w along OM. Actually such a p-form @ on M
with do = 0 = & on M as well as t*@& = w along OM is uniquely determined by w. Namely,
because of WPl > 0 by assumption and the property xWPx—1 = Wtl-rl  we know that
Wn+1=pl > (. Together with the assumption 0,41, > 0 we can deduce from [14, Theorem 4]
that H"'"P(M) = 0 holds, where

abs

H:bs(M) = {ae QF(M) | da = 0 = dor and uJa:O}
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is, for every 0 < k < n + 1, the k" absolute de Rham cohomology group. By Poincaré duality,
HF (M) = H"17F(M), where

abs rel
HE (M) := {a e QF(M) | da = 0 = da and 1 =0}

rel

is the k" relative de Rham cohomology group. Therefore, HQI(M ) = 0, so that @ is uniquely
determined by w.

We apply identity (2.1) to w: since dw = dw = 0 by construction of & and <W[p]d),d)> > 0 by
assumption, as well as |[V&|? > 0, we have from (2.1) that

0> / (200, 6Mw) + (5P, w) + (SIHP (x), 1 () ) .
oM
By definition of the k-curvatures and the identity ¢*(*) = (—1)Prox(row) = *gp (Vo @), we have
<S["H*I’]L*(*dj), F(x@)) > opp1—pltt (:D) | = o —plvodf? (3.2)

on OM. Moreover, because o,41—p is assumed to be positive along OM, we write

2

1 58Mw 2
2vaw, 58Mw> = O'Tllfl_pl/_l@ + = Myl — a1 plva@]? - il
/2 On+41—
Tptl—p n+l-p
- o |58Mw’2
> —opi1—plvoef — —,
On+l1-p
so that
58A4a)2
0> [ (—" T <sww,w>> djig
OM On+1-p

which is inequality (3.1).

Assume now (3.1) to be an equality for some non-zero w. Let & be the p-form on M such that
d =0=0& on M and t*& = w on dM; as mentioned above. By the sequence of pointwise ine-
qualities used in the above proof of inequality (3.1), we can deduce that V& = 0 on M, that is, @
is parallel on M and, furthermore, 6Mw = —o, 411 pvo& and SFIPL* (@) = o1 pt* ()
must hold on M. As a straightforward consequence, WP/& = 0 on M. Thanks to the identity
Slnt1-p] (koma) = —*an Slp=Ue + nH *gpr o which is valid pointwise for all (p—1)-forms «, the
latter is equivalent to SP~U(v1&) = (nH — 041_p)va& along M. This concludes the proof
of Theorem 3.1. |

Remark 3.2. Note that, for 1 < p < n, if the bundle APT*M — M is trivialized by such
parallel p-forms &, then on the one hand the manifold M is flat and, on the other hand, SP—1 =
(nH —0p41—p)-1d must hold pointwise on AP~1T*9M. The first statement is a consequence from
the fact that the curvature of the manifold M vanishes as soon as that of APT*M does. The
second statement comes from the map APT; M — APTFOM @ AP~ TOM, w — (Vw,v A (vaw)),
being an isomorphism at any € M. In case p > 2 (for p = 1 that identity is trivial because
of SI% = 0 by convention and o, = nH by definition), this shows that ¢: 0M — M must be
totally umbilical.

Next we turn to the case where the boundary of M is assumed to be isometrically immersed
in some Euclidean space.
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Theorem 3.3. Let (M”+1, g) be any compact oriented (n+1)-dimensional Riemannian manifold
with smooth nonempty boundary OM. Assume that WP > 0 on M as well as Onti—p > 0

along OM for a given p € {1,...,n}. Assume also that there exists an isometric immersion
to: OM — R™ ™™ with mean curvature vector Hy. Then
n|Ho|? — )ScalaM
/ dpig Z/ Hdpy, (3.3)
M Un+1fp M

where Scal®™ denotes the scalar curvature of OM . Equality holds in (3.3) when M is the (n+1)-
dimensional flat disk D" standardly embedded in some (n + 1)-dimensional affine subspace
of R"*™_ Conversely, if (3.3) is an equality, OM is connected, p > 2 and 1o(OM) is contained
in some (n + 1)-dimensional affine subspace of R then, up to rescaling the metrics on M
and on R™ ™ the manifold M is isometric to the (n+ 1)-dimensional flat disk D" standardly
embedded in that subspace.

Proof. We take the standard coordinates (z1,...,Zptm) on R and, for any ii,...,i, €
{1,...,n+m}, we denote by dx := da;, A---Adz;, € AP(R"T™)* and by wy := (jdz; € QP(OM).
Note that, since dx; is exact, so is wy. Replacing w by wy in (3.1), we obtain

oM, |2
/ Md,ugZ/ <S[p}w1,w1>dug. (3.4)
oM On+l-p oM

We now want to deduce from (3.4) a more explicit inequality. For this, we sum (3.4) over I,
meaning that we compute the sum Z"H"l _, of both sides; mind that the indices i1, ...,%, vary
independently and hence are repeated. On the one hand, by [16, Lemma 2.2],

ZMaij‘z = pl <n>p (n\H()]Q — ]HScalaM) . (3.5)
D n(n —1)

I

On the other hand, we use the pointwise identity
Z ej A (ejua) = ko

which is valid for any k-form o and any pointwise o.n.b. (ej); of TM or TOM. As a straight-
forward consequence,

S fej Aaves AB) = (n— k), B)

j=1

for any k-forms «, 8 on an n-dimensional space. Thus we may compute the sum of the r.h.s.
of (3.4) as follows: Let A: TOM — TOM be any symmetric endomorphism of M and denoting
by dz! := i5dx; and by (e;)1<j<n a pointwise o.n.b. of TOM, we may write

n+m
Z<A[p}w1,w1> = Z <A[p](dav;fp1 Ao A dx;f';), dx;{ ARERWA da:;";>
I i1yeeip=1

n+m n+m

= Z Z Z 11’ 17ek><A[p](ej /\dxz?;,...,ip)vek /\dxz;,...,ip>

i1=142,...,ip=15,k=1

n+m n+m
= Z <Z<d:1:“,e]> dle,ek>> Z <A[p](ej /\dﬂ?g,,,,,z‘p)?ek /\da:iT27.'.7Z-p>

Gk=1 \i1=1 igyeeyip=1

Ok
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n+m

= Z Z <A[p] (€5 /\da: i ), € /\dxw, 7P>

j=lig,...,ip=1
n

= Z <A[p](ej1/\'”/\ejp)vej1/\"'/\ejp>
J15-dp=1

=p Z <Aej1 Nej, N+ ANej,, e /\--'/\ejp>
Jise-sdp=1
n

—pn—p+1) Y. (Aej Aej ANy, e A Aey, )
J1yesp—1=1

=pn—p+1)---(n—1) Z<Ae]1aejl
J1=1

_p! <"> %tr(A). (3.6)

p
When A = S is the associated Weingarten endomorphism-field, we get that

Z<S[p]w1,w1> p‘< )pH (3.7)
I

Integrating both (3.5) (after dividing by op41-p) and (3.7) over OM, we deduce inequality (3.3)

from (3.4).

If M = D"! is the (n + 1)-dimensional flat disk standardly embedded in some (n 4+ 1)-
dimensional affine subspace of R"*™, then |Ho| =1 = H, opy1-p = n+ 1 —p and Scal®M —
n(n—1) along OM = S" (the n-dimensional round sphere of sectional curvature 1), so that (3.3)
is an equality.

Conversely, if (3.3) is an equality, then for any tuple I, (3.4) must be an equality. For any I,
we denote by @w; the p-form on M such that do; =0 = dwy on M and *@; = wy along OM; the
existence and uniqueness of wy is guaranteed by [4, Theorem 2| and the vanishing of H rel(M ),
see proof of Theorem 3.1 above. Then Theorem 3.1 implies that, for any I, the p-form @y is
parallel on M, that §°Mw; = —0y,11_pra@r and that SP~U(vLor) = (nH — 0y,41-p)va@r hold
along OM. By (3.5), this implies

oM n|Hy|? — -2=L-Scal?™
2 |5 n 0 —1)
On+t1 pE vawr|® = E PR, <p>p< Uanp : (3.8)

Next we show that Y, [vo@y|? is constant along M. Differentiating along any X € TOM and
using the fact that @y is parallel on M, we have

1
X(QEI: ‘l/_mAJ[’?) — EI:<VX(1/_|(D]),I/_:(D[> = —Z(SX_HIJ[,I/J(D])

I

== (F(SXaby),vadr) =—> (SXowr,vabr) ==Y ((SXade)T,vady).
1 I I

In the following, we will prove that the last sum vanishes. For this, we will express the
(p—1)-form v &y in terms of the data of the immersion to: M — R"T™. That identity will be
used at several places in the proof. We denote by I the second fundamental form of 9. Using
[16, equation (3.3)], we have that, for each p-tuple I,

p —
oMy = S ()P (dah A Ada A Adal)
k=1 *
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(=¥ (Ho, dag, ) dafy A+ AdaT A Aday)

ip

!
It

(1) vl (@l A o] A de)

I
M’U
Ms

B
Il
—
o
Il
—_

—_

(=1 (Ho, o) darf] Ao A dfl A dof

ip

Sqﬁ

—_

tg‘ f

(Vo d:):])T) — (nHoadzp)T, (3.9)

-2

where (v4)1<a<m is a pointwise o.n.b. of TL-OM seen as a subspace of R"t™. Because of §oMw; =
—Opt1—pVaWr, we obtain

1 m

Vil = — : (Z 1P~ ((vgudap)?) - (nHo_,d:cI)T>. (3.10)
On+1—p P

Therefore, in order to show that Z[<(SX—' d.’IZ‘[)T,V_IL:)[> = 0, it is sufficient to show that

both sums Y, ((SX sdzp)T, >, ]I[VZ;_”((V@_I dzp)T)) and >, {((SXadz)T, (nHooday)?) van-

ish. Let us make the computation for the first sum, the second can be done in the same way. We
denote by ey =ej; A--- Aej,_, with j; < ja <--- < jp—1 the orthonormal frame of APTIT*OM
induced by a local orthonormal frame {ey,...,e,} of TOM. For any a = 1,...,m,

Z<(SX_|d:E[)T,Hl[Z_1]( v _ldl’[ > Z SX_nd:E] eJ><H[p ((I/aJdIEI)T)’eJ>
I

= Z<SX_| dzy,e;)(Vas dx],]ll[ffl (eg)) = Z dzr, SX Aey){dzr, v, /\]I,[f(’;l} (es))
1,J 1,J

=3 (SX Ay va ATE(es)) =0,

because of v, L TOM. Similarly, > ,((SX  dz)T, (nHoadz)") =0 by Ho L TOM.
If OM is connected, which will be assumed from now on, then Y, |vuds|? is constant
along OM. By (3.8) and the assumption that (3.3) is an equality, this constant is given by

—1

n n|Ho|? — ot )ScalaM
Z|V—‘WI| / Ont1—pdig =p <>p/ dug

g _
T b n+1l—p

e o
that is

Z\mw! —p‘<> Joar 2 dit (3.11)

faM On+1-p d:UJg

Injecting (3.11) again into (3.8), we deduce that

n|Ho|? — ot I)ScalaM B Jons H disg

On+1-p f@M On+1—p dug

 Onilp- (3.12)

Note that (3.12) holds in any codimension m.
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Next we look at the space of parallel forms on M. Let & := (&r); € @; WP (M). Fixing
a pointwise o.n.b. (e;)i1<j<n of TOM, the family

{eJ,V/\eK\ISj1<--~<jp§n, 1§k1<-~-<kp_1§n}

is a pointwise o.n.b. of APT*M. Decomposing each @ in that pointwise basis and the canonical
basis (dxy); of AP(R™™)* (where the p-tuples I are ordered) respectively allows us to consider @
as a pointwise matrix with (";m) rows and (";1) columns. Note that, because the pointwise lin-
ear map : AP(R™™)* — APT*9M is surjective, the (w; = LS(dCU[))[ obviously span APT*0M,
which already shows that the (Z) first columns of the matrix @, namely (cb[(e J)) 7,70 ust be
linearly independent since that matrix has (g) linearly independent rows. Next we would like
to show that the rank of the whole matrix @ is maximal, i.e., equal to (”+1).

This already allows for finding expressions for the inner products of columns of the matrix @.

Namely, fix e; and v A ex as above, then using equation (3.10), we compute

Z(Z)](GJ)(I][(V A eK) = Z<@[,€J> . <VJ(I)],€K>
I

1

= — ! Z<dw1,ej><z}ll[z1]((1/a4d:c1)T) — (nHopu da:[)T, eK>

Tntl-p=7 a=1
1 m
= — Z(dm[,ej><dx],zya/\]ll[§:”eK—nHo/\eK>
Intl-p 7 a=1
1

m
= - <eJ7ZVaAHl[Zl]eK—nH0/\eK>:O
Intl-p a=1

because of both v,, Hy L. TOM. This shows that every among the (pfl) last columns of w,

; i 1s pointwise orthogonal to any of the (Z) first ones

which correspond to the full-ranked matrix (@y(ey))

corresponding to the matrix (&7 (v Aeg))

1,J°

We now look at the rank of the matrix (w7(v A eK))IK. For any (p — 1)-tuples J, K, we
compute
ZQ)[(V VAN eJ)LD[(V VAN eK) = Z<I/_| wr, eJ><U_:(JJ], eK>
I T
1 m m
=— Z<dx1, Z Vg A\ ]:[,[/Z;_l]ej —nHy A eJ> . <dx1, Z Vg N\ ]Il[,i_l]eK —nHy N eK>
In+1-p 77 a=1 a=1
1 m m
=— <Zya/\ﬂ[,fl_1]eJ—nHo/\eJ,Zz/a/\]I,[};_l]eK—nHo/\eK>
U”‘H_p a=1 a=1
1 m
_ _ -1
=52 <Z<Hz[ﬁ ”erH[u]Z 1]eK> - 2<]I7[fHO](eJ)a ex) + n2|H0|2<eJ7eK>>-
n+l—p \q=1

Here we notice that, in the particular case, where all I, are simultaneously diagonalizable,
ie., if [I,,,L,] = 0 for all a, b, we can choose (ej)i<j<n SO as to simultaneously diagonalize
all I,,. Then it is easy to show that >, wr(v Aej)wr(v Aeg) =0 for all J # K. However, the
> @r(vAey)? cannot be shown to be positive. This means that, even if [I,,,L,,] = 0 for all a, b,
one column of the matrix (&7 (v A ek)) ;i May vanish, in which case @ will not be of full rank.

From now on we furthermore assume that ¢o(0M) C V, where V is an (n + 1)-dimensional
affine subspace of R"*™. Choosing a pointwise o.n.b. (v4)1<a<m of THOM C R™*™ such that

vi € Vand v, LV for all a > 2, we obviously have I,, = 0 for all a > 2 since V C R7*+™
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is totally geodesic. Therefore, choosing (e;)i<j<n as an eigenbasis for the endomorphism I,
of TOM, we have I, e; = kje;j for all 1 < j < n and the sum ) ; r(v Aey)wr(v Aek) computed
above simplifies to

Z@[(V A eJ)L:.J](I/ A eK)
I
1 _ _
=, (@2 ey 7 Ver) = 2(Lumy (), ex) +n2|H0|2<ereK>>
n+l-—p
1 2
== <<Z IQJ') —2<7’LHO,1/1> <Z I*ij) + <7”LH0,I/1>2>5JK
Tnt1-p \\jeg jeJ
1 2 1 2
= — (Z Kj — <nH0, I/1>> Sjx = B <Z va) 5JK,
Un-l—l—p jeJ On—l—l—p jeJ

where §;x = 0if J # K and 1 if J = K. Now since tg: M — V is an isometric immersion
of an n-dimensional manifold into an (n + 1)-dimensional Euclidean space, there exists a point
x € OM for which k;(z) > 0 for all 1 < j < n holds, see, e.g., [6, p. 255]. At that point x, we
can conclude that ), &r(v Aey)or(v Aeg) > 0if J = K and vanishes otherwise. Therefore the
columns of (cD (vAe K)) 1 ) form an orthogonal system of nonzero vectors at x, from which can

be deduced that the wholé matrix & has full rank (”;1) at . In turn, this implies that, at =, there
are (”;1) linearly independent rows in w, that is (";1) linearly independent w;. Necessarily there

must exist (nzl) linearly independent parallel forms among the w; on M, which is the maximal
number allowed. As a first consequence, (M ntl g) must be flat (remember that 1 < p < n).
As a second consequence, at each point of M, the family (vJ&y); must span AP~1T*OM, so
that +: 9M — M must be totally umbilical by the identity SP~U(vidr) = (nH — 0y 11_p)vadr
for all I and the assumption p > 2, see Remark 3.2. Since M is flat and ¢ is totally umbilical
in the Einstein manifold M, the mean curvature H must be constant — and positive because of
(n+1—p)H > opy1-p > 0. Up to rescaling g on M as well as the Euclidean metric on R™"™,
it may be assumed that H = 1 along OM. By [14, Theorem 13|, because (M”+1,g) is flat, ¢ is
totally umbilical and with constant mean curvature 1, the manifold (M ntl g) must be isomet-
ric to the (n + 1)-dimensional flat disk. Moreover, identity (3.12) implies that |[Ho| =1 = H
along OM. But then by the proof of the equality case in [13, Theorem 1.2], there exists an iso-
metric immersion M — V extending ¢. Since OM = S™ has constant sectional curvature 1, the
immersion ¢y must be an embedding by standard results due to Hadamard and Cohn—Vossen,
see, e.g., [3]. Again by the proof of [13, Theorem 1.2], the above isometric immersion M — V
extending ¢ is an embedding. This shows that (M ntl g) is isometric to the (n 4 1)-dimensional
flat disk standardly embedded in V. This concludes the proof of Theorem 3.3. |

Remarks 3.4.

1. For p = 1, inequality (3.3) reads

LECT Y 3.13
T GHe = Hg (3.13)
oM oM

assuming Ric = W > 0 on M as well as H = e > 0 on M. This is precisely the inequa-
lity established by Miao and Wang in [13, Theorem 1.2] when H > 0. Actually, inequal-
ity (3.13) implies (3.3) for all 1 < p < n if not only g1, > 0 and WP! > 0 are assumed
but also Ric > 0. The GauB formula for curvature implies Scal®™ = n?|Hp|? — |I? along
M. The Cauchy-Schwarz inequality yields |I|2 > n|Hy|?, so that Scal®™ < n(n — 1)|Hol|?.
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Fix now p € {1,...,n} and assume 0,41, > 0 along OM. Because of Lf_’; < H, we

n+
can deduce that H > 0 along M and that

2 —1 oM
n|HO| - n(pnfl)sca“1 > 7”L|H0|2 - (p_ 1)‘H0|2 > ’H0|2

On+1—p - On+tl—p - H

holds along M. Therefore, inequality (3.3) can be deduced from inequality (3.13) if
Ric > 0 is also assumed. Mind however that our assumption wpl > ( differs from Ric >0
for 2 <p <n—1, so that (3.3) cannot be deduced from [13, Theorem 1.2] in general.

2. According to [14, Theorem 9], given a compact Riemannian manifold (M ntl g) such that
Wil > 0 for some 1 < p < %ﬂ and with boundary OM isometric to the unit round
sphere, then M must be isometric to the Euclidean unit ball as soon as ¢, > p. Actually
this holds true for an arbitrary p € {1,...,n}. Namely if OM is isometric to the round
sphere S”, then by taking ¢9: S* — R™*! the standard embedding, we get, under the
condition 0,41, > 0 together with the identities Hy = 1 and Scal® = n(n — 1)

— 1
[ s [,
OM On—p+1 M

Therefore, if 0y,41-p > n+ 1 —p, then H > 1 and the last inequality is an equality,
therefore M must be isometric to flat D"*! by Theorem 3.3.

In the following, we consider the case where wiel > p(n —p+ 1)k for some nonvanishing real
number k.

Theorem 3.5. Let (M”H, g) be any compact oriented (n+1)-dimensional Riemannian manifold
with smooth nonempty boundary M. Fizp € {1,...,n} and assume that WP > p(n+1—p)k
on M for some number k # 0 as well as opy1—p > 0 along OM. Then, for any (p — 1)-form o
on OM, we have

2

OM 10M p(n+l-—p)x
/ |§9M qOM ¢ — PtLop
oM

dpg > / <S[p]daMoz, daMoz> dpg
On+1—p oM
with equality if and only if « = 0.

Proof. As in Theorem 3.1, we take the exact form w = d?« and consider the extension &
on M such that 6d& = 0 on M with .*& = « along OM. The form w = dé& satisfies dw = 0,
0w =0on M and t*& = w. We now apply identity (2.1) to w to get after using that <W[P]d;, d)> >
p(n + 1 — p)k|@|?, inequality (3.2) and the fact |[V&|? > 0:

0>pn+1 —p)/-i/ @) dpg + / (2(vaw, 68Mw> + <S[p}w,w> + Jn+1,p|lud)|2) dpig.
M oM

Now, by Stokes formula, we have that

/ |LD|2d,ug:/ (&, 6dd>dug/ (*&, voda) dug:/ (o, vow) dpsg-
M M 0 oM oM

Therefore, implementing this last equality into the previous inequality yields

1—
0> / (2 <VJ &, 0My — WQ> + <S[p]w,w> + Un_:,_l_p’I/_l(:J‘Q) dpg.
oM



12 N. Ginoux, G. Habib and S. Raulot

By assumption oy,41—p > 0 along OM, therefore the cross term

t(w) == 2<I/_I @, 6My — Wa>

can be written as

2

1/2 . 9 p(n+1—p)k
t(w) = o*nil_pl/_nw + 15 (62Mw — foz)
n+1—p
. ‘58Mw _ p(ngfp)ﬂa‘?
— Opt1—plvod|” — Ol
n+1-p
) ‘58Mw - p(ngfp)ﬂa‘?
> — Opti—plvaw|® —
n+l—p Ontl
n+1-p

Thus, we deduce after replacing w by d?« that

oM

On+1-p

}2

+ <S[p]daMoz, daMoz>> dpg,

which is the required inequality. Notice that, if equality in the last inequality occurs, then w is
parallel, which implies 0 = (W&, &) = p(n 4+ 1 — p)x|@|? and thus & = 0. In turn this yields
w = 0 and, because of p(n + 1 — p)k # 0, also a« = 0. This ends the proof. |

In the following, we will consider a compact Riemannian manifold (M ntl g) and assume
furthermore that its boundary is immersed into the round sphere S"*™ (k) of curvature .

Theorem 3.6. Let (M"+1, g) be any compact oriented (n+1)-dimensional Riemannian manifold
with smooth nonempty boundary OM. Assume that WP > p(n+1—p)k on M for some number
k>0 as well as opq1—p > 0 along OM for a given p € {1,...,n}. Assume also that there exists
an isometric immersion tg: OM — ST (k), with mean curvature vector Hy. Then

/ n|Ho|? — ng)n__ll)Sca
oM

On+1-p

o (m»—(p—i)(p—@)n

dug >/ Hdpyg,
oM

where, as before, Scal®™ denotes the scalar curvature of M.

Proof. We will follow the same idea as in Theorem 3.3. Let ¢1: OM — R**™+! be the isometric
immersion with mean curvature vector Hy, which is the composition of the standard embedding
S"Hm (k) < R with 9. Let us denote by dzj := da;, A--- Ada;, € AP(R™™™+1)* and by
wr = jdzr € QP(OM). Let ay the (p—1)-form on OM given by a; = z;, \adeg;/\' : '/\da:;f';, where

dal = tjdz;. Clearly, we have that wr = d? ¢;. Now Theorem 3.5 applied to a; gives that

(2

2

/ ‘56MWI . p(n+§fp)na]‘
oM

d,ugz/ <S[p]w1,w1>dug. (3.14)
On+1—p oM

Next, we want to sum (3.14) over /. First the sum of the r.h.s over I is equal to p!(Z)pH by (3.7).
Now, for the L.h.s., we compute the sum

1—
. ZI](;aMwI _pln+ : p)%alf
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as follows:

Z( 6|2 4 L) w—p<n+1—p>n<68sz,az>)

I
(35 (n 2 p—1 oM (n+1 o
(o - s ) 2 S ]

12,.. 7217
—p(n+1-p)r Y (0"Mwr ). (319
Ji

Here H; is the mean curvature of ¢; which is related to the one of ¢y by |H1|? = |Hp|? + k.
Moreover,

n+m-+1

> v -1

since 1o(OM) C S™*t"(k), sphere of radius x~'/2. In order to compute the last two sums in the
above equality, we take A = Id in (3.6), and thus, AP~ = (p — 1)Id and tr(A) = n, to get that

> \dng---Adxg;F_(p—n!( L)
12,enyip p

On the other hand, denoting by I the second fundamental form of the immersion ¢1: OM —
R+ we get from equation (3.9) that

m+1

Z(éaMwI,a1> = Z ar“<z ]I,[f;”((yw dep)') — (nHyoday) ' dal Ao A dxz;>
I i1 yeeesip a=1
m+1
= /2 Z <Z]I (Vga (v1 Adziy A -/\da:ip))T),dxg/\---/\dx;f';>

7/27 7117
+ ﬁ_1/2<(nH1_: (1 Adxg, A+ A dxip))T,dmg; A A dxz;>

In the second equality, we use the fact that, in the local orthonormal basis {vg}e=1,. m+1 of

TLOM for the immersion ¢1: OM — R™*™*1 it may be assumed that v, = —&'/2 3", w;, dw;,
which is the inner unit normal vector field for the standard immersion S"*™ (k) — R”+m+1
Hence, we proceed
Z<58Mw1,oq — kT2 Z ]I[p 1] dz AEERW d:ng;),dxg; EERWA dxz;>
I 12,5ee0ylp
- 2
+ kY2 (nHy, 1) Z !dxg Ao /\da:;f';‘
i25eesip

(36)  _ no\p—1 - "
0 - )" ) )+ o - ()" )

-1
n \n—p+1 _
:(p—l)!<p1>£ﬁ V2(nHy, ).

Now, the second fundamental form I of the immersion ¢1 is the sum of the one of 1y and the one
of the isometric immersion S**7 (k) — R*"*™+1 Therefore, (I(X,Y), 1) = k'/2¢g(X,Y) for any
X,Y € TOM. Thus, by tracing over an orthonormal frame of TOM, we get (nHy,v1) = nk'/?.
Then

Z<53Mw1’oq> =(p— 1)!<p ﬁ 1> (n—p+1).

1
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Inserting this last computation into (3.15), we finally deduce that

N
—i—p( Z+1 '<p ) (n—p+1)? <ﬁl>
p—
(

=p! (Z)p (anol2 k= )ScaldM> +(p— 1)!(19?1) plp—4)(n—p+1)°k

4
=" )p n|H0|2+nh:—p78c 19M 4 (p=4)(n—p+1)s
P n(n—1) 4

= p! <Z>p (nlﬂol2 - nfn__ll)scalaM L= _41)(]0_ 4))'€> .

Integrating the last identity and applying inequality (3.14) after simplifying by p'( ) p, we ob-
tain the desired inequality. If equality holds, then for every multi-index I, necessarlly ar =10
must hold by Theorem 3.5. But, pointwise, the a’s span AP~'T*OM, therefore we obtain
a contradiction. This shows that the inequality we obtained is strict and concludes the proof
of Theorem 3.6. |

4 A Ros-type inequality for differential forms

In this section, we generalize the Ros inequality stated in [15, Theorem 1] to the set-up of
differential forms.

Theorem 4.1. Let (M"+1, g) be any compact oriented (n+1)-dimensional Riemannian manifold
with smooth nonempty boundary OM. Fiz p € {2,...,n} and assume that the (p — 1)" relative
de Rham cohomology group is reduced to zero, WP} > 0 on M as well as On+1—p > 0 along OM.
Assume also the existence of a nonzero parallel (p — 1)-form wg on M, whose constant length
may be assumed to be 1. Then

|¢*wol?

(n+2—p)Vol(M,g9) < (n+1-— p)/é9 dpg. (4.1)

M On+1-p

If equality in (4.1) is realized, then under the assumptions that Ric > 0 (when p > 3) and the
mean curvature H is constant, then the manifold M is the (n + 1)-dimensional flat disk D" 1.

Proof. Since we assume that Hfgl(M ) =0, [17, Theorem 3.2.5] implies the existence of a p-
form w on M with dw = 0, dw = wp on M as well as t*w = 0 along OM. We apply (2.1) to w.
First, because dw = 0, it follows from [7, Lemme 6.8] that

2
‘VM‘Q > |5w‘

_— 4.2
“n—p+2 (4.2)

and since [0w|? = |wg|? = 1 and WP > 0 on M, we have
/ (Jdw|* + 0w]* — |Vw|* — (W[p]w,m) dpg
M

1 n+1—p
< 1—7>d =T TPy, g).
/M< n+2—p Hg n+2—p O( g)

Moreover M (1*w) = 0, SPl*w = 0 and

<S["+17P] (xw), L (Fw) ) > o1 —plvaw]?
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Therefore, (2.1) yields

n—l—l—p 2
——Vol(M, g) > _ dpg.
n+2—p ol( 79)_/8M‘7n+1 plVow]® dug

Now partial integration together with Cauchy—Schwarz inequality give

Vol(M, g) = / (0w, wp) dpg = / (w, dwo ) dpeg +/ (vaw, *wo) dpg
M 0

M oM
1/2 t*wo

= Tpi1-pVWs 75— dpg

oM O-n+1fp

1/2 w12 1/2
L W
< ([ owndvetan) ([ 0 ) (43)
oM OM On+1—p

so that
Vol (M, g)*

[e*wp 2 ’
fBM On+1—p d'ug

| gl duy >
oM

Injecting that inequality in the last one involving the volume of M, we obtain (4.1). Assume
now equality in (4.1) is attained, then equality holds in (4.2) so that
1
Vxw = —mX A dw

for all X € TM. Also, we have that SI"™1=Pli*(xw) = 0,11_pt* (%w), which from the identity
soar S~ 4 Sln=pHllyo = nHxgpr valid on (p — 1)-forms on dM [14, p. 624], is equivalent
to saying that SP~(v_w) = (nH — yy1_p)vaw. The Cauchy-Schwarz inequality in (4.3) is
an equality and, thus, we get that t*wy = coy41—pvw for some constant c. The constant ¢ can
be determined by just replacing the last identity into (4.1) and the second equality in (4.3) to
deduce that ¢ = “t2=2_ Now, from [14, Lemma 18], we get

n+l—-p°
AM (v _w) = —voadw + *(V,w) — SPL*w = 0. (4.4)
Here, we use that dw = 0, SP//*w = 0 and that the tangential part of V,w = —n%wu A dw is
zero as well. On the other hand, we have that 67 (v_w) = —v1dw = —v_wy. Hence, using (4.4),
we get that
AM () 1w) = —d™™ (v_wp) = vadwy — o*(Vywo) + SPH*wg

= COpt1—p(NH — Opy1—p)Vw.

Taking now the L?-scalar product of the last identity with v.w yields the following
[ ounioplnll ol = [ 18w dug = [ vl du
oM oM oM

= Vol(OM, g) — /

|ij°~’0‘2 dpig
oM

= Vol(OM, g) — 02/ U?L+1_p|1/_:w|2 dpg.
oM
Hence, we deduce that

Vol(OM, g) = c/ Ont1—p(nH + (c — 1)Jn+1_p)\1/_nw]2 dpg.
oM
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Now, the second equality in (4.3) gives that

Vol(M, g) = C/ Ont1—p|vow|? dpg.
oM

Hence, after replacing ¢ by 222 we deduce that

n+1—p’
Vol(OM,g) faM On+l-p (”H + ZT11:;)|VJW’2 dug
Vol(M, g) faM Ont1—p|vw|? dpg

< Jorr Ons1-p(nH + H)|vaw|? dug
N faM Ont1—plvawl|® dpg

=(n+1)H.

The last equality uses the assumption that the mean curvature H is constant. Therefore, we are
in the equality case of Ros inequality [15, Theorem 1]. This allows to conclude the proof. |

Note that, when p = 1, the assumptions of Theorem 4.1 reduce to Ric > 0 on M as well as
H > 0 along OM, in which case (4.1) reads

1

L djty > (n+ 1)Vol(M, g)
om H

which is exactly the Ros inequality from [15, Theorem 1].

Remark 4.2. Let us consider the particular case where M™*! is a domain in the Euclidean
space R"™L. For any p, we take iy,...,i,—1 € {1,...,n + 1} such that i; < iy < --- < i,—1 and
denote by wp := dwj; A---Adz;,_, the parallel (p —1)-form in AP~L (R”H)* which is of norm 1.
By Theorem 4.1, we have

2
‘dxg; /\--~/\dx27;7 }

1

(n+ 2= pVol(M.g) < (n+1-p) | iy

oM On+1-p

Summing over i1 < 79 < --- < ip_1, we get that

<n+1)(n+2p)Vol(M,g) < (n+1p)/ (pil)dﬂg-

p—1 OM On+1—p
Here, we use that, by equation (3.6) for A = Id,

1 n
> aeaded Pootn S ek acendd P ("),

. . (p .
11 <12<-<lp—1 21,22, 50p—1

Hence, we deduce that

(n+ VLM, g) < (n+1-p) [ 2,

OM On+1—p

which actually can be deduced from Ros inequality using ‘:L’fll:; <H.
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