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Abstract. We revisit the symplectic aspects of the spectral transform for matrix-valued
rational functions with simple poles. We construct eigenvectors of such matrices in terms of
the Szegő kernel on the spectral curve. Using variational formulas for the Szegő kernel we
construct a new system of action-angle variables for the canonical symplectic form on the
space of such functions. Comparison with previously known action-angle variables shows
that the vector of Riemann constants is the gradient of some function on the moduli space of
spectral curves; this function is found in the case of matrix dimension 2, when the spectral
curve is hyperelliptic.
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1 Introduction

The spectral transform for matrix-values functions rationally depending on a spectral parameter
is at the core of the modern theory of integrable systems (see the textbook [4] and references
therein for a detailed presentation of the subject and its history). Such a transform admits
a far-reaching generalization to the space of Higgs fields on curves of higher genus, which is
central in the theory of Hitchin’s systems [9, 14, 15]. The infinite dimensional analog of this
transform for integrable PDEs of Korteweg–de Vries type is the starting point of the theory of
soliton equations developed over the last 50 years [25].

The spectral transform can be shown to be symplectic with respect to natural symplectic
structures on the target and the source. This leads to the Liouville integrability of the natural
Hamiltonian flows (thus implying the name “integrable systems”), see [4, 11]. The integrability
also plays the main role in quantization.

In this paper, we analyze symplectic aspects of the spectral transform for matrix-valued ra-
tional functions with simple poles which is the case of primary importance for finite-dimensional
integrable systems. We introduce the extension of the standard spectral transform, following
the recent paper [7] on the symplectic theory of the monodromy map for Fuchsian connections.
The first main object is the phase space A defined as follows:

A =

{{
Gj , Lj

}m
j=1

,

m∑
j=1

GjLjG
−1
j = 0

}/
∼, (1.1)
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where Gj ∈ SL(n) and Lj ∈ sl(n); Lj are diagonal matrices such that all eigenvalues of each Lj

are different. The equivalence relation ∼ identifies the sets of Gj ’s which differ by a simultaneous
left action Gj → SGj with S ∈ SL(n) (Lj are kept unchanged). Let

A(z) =
m∑
j=1

GjLjG
−1
j

z − tj
,

where tj ̸= tk is a set of poles. Denote by D the locus of codimension 1 in A defined by the
condition that the spectral curve

det (A(z)− y1) = 0 (1.2)

is non-smooth or reducible.
The space A (1.1) is equipped with the following symplectic form [7]:

ωA = δθA = tr

m∑
j=1

{
δGjG

−1
j ∧ LjδGjG

−1
j + δLj ∧G−1

j δGj

}
, (1.3)

where the symplectic potential is given by

θA = tr

m∑
j=1

LjG
−1
j δGj

(clearly, δθA = ωA). The form ωA (1.3) is invariant under the simultaneous transformation
Gj → SGj , and, therefore, it is indeed the form on A. Moreover, the form ωA is non-degenerate
on A [7].

The second main object is the space of spectral data S defined as follows:

S =
{
{Qj}nj=2, q ∈ Cg, {Rj ∈ Diag(SL(n))}mj=1, t

}
, (1.4)

where Qj(z) is an arbitrary rational function with poles of order j at the points tk such that the
j-differential Qj(z)(dz)

j is holomorphic at z = ∞; q ∈ Cg and R1, . . . , Rm are SL(n) diagonal
matrices. We require the functions Qj satisfy the condition that the curve C defined via

yn +Q2(z)y
n−2 + · · ·+Qn(z) = 0 (1.5)

is smooth and non-reducible, t in (1.4) denotes a Torelli marking of the curve C, i.e., the choice
of canonical basis of cycles

{
aα, bα

}g
α=1

with intersection pairing ai ◦ bj = δij , where g is the
genus of C.

The direct spectral transform F : A \ D → S depending on m points tj ∈ C and the Torelli
marking of the spectral curve is defined as follows. Given a point in the space A, we define

Aj = GjLjG
−1
j

(according to the definition of the space A we have
∑m

j=1Aj = 0) and construct the rational
matrix

A(z) =
m∑
j=1

Aj

z − tj
.

The meromorphic function Qj is then defined to be the coefficient in front of yn−j of the
characteristic polynomial of the matrix A(z). In particular, Q1(z) = trA(z) = 0. Define now
the irreducible and smooth curve C by the equation (1.2). The genus of C equals

g =
n(n− 1)

2
m+ 1− n2.
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The vector q is constructed via the Abel map of a divisor of degree g−1 associated to normalized
eigenvectors of the matrix A(z) (see Section 3.1 for details). Starting from some distinguished
set of eigenvectors of Aj the diagonal matrices Rj determine the normalization of an arbitrary
set of eigenvectors relative to this distinguished basis, see Section 3.1 for details.

The inverse spectral map F−1 can be explicitly described as follows. Consider a point of the
space S (1.4), choose a basepoint z0 ∈ C, and define the spectral curve C via (1.5). Introduce the
canonical meromorphic abelian differential v = y dz on C. Denote by Θ(·) the theta-function on
the Jacobian of C corresponding to the Torelli marking t and define the codimension one locus
(Θ) ⊂ S by the condition Θ(q) = 0. The main ingredient of the inverse spectral transform

F−1 : S \ (Θ) → A

is the Szegő kernel defined by the formula [12]

Sq(x, y) =
Θ(U(x)− U(y) + q)

Θ(q)E(x, y)
, (1.6)

where E(x, y) is the prime-form, U(x) is the Abel map such that
(
U(x)−U(y)

)
α
=
∫ x
y vα (vα is

the holomorphic abelian differential on C normalized by the property
∮
aβ
vα = δαβ) and Θ is

the Riemann theta-function on the curve (1.5), q ∈ Cg. The Szegő kernel is the reproducing
kernel in the line bundle of degree g − 1 over C defined by the vector q, see [13, formula (2.5)]
discussion around this formula. The main analytical tools used in this paper are the variational
formulas for the Szegő kernel which we derive on the basis of results of [6, 16, 18].

Denote by z(k) the point on k-th sheet of C having projection z ∈ C. Now for a point of the
space S \ (Θ), we define(

Lj

)
kk
= res

∣∣
t
(k)
j

v, Gj = Ψ̂(tj)Rj ,

where

Ψ̂ℓk(z) = ψ
(
z(k), z

(ℓ)
0

)
, ψ(x, x0) = Sq(x, x0)

z(x)− z(x0)√
dz(x)

√
dz(x0)

. (1.7)

The function (1.7) was used in [20] to solve an arbitrary Riemann–Hilbert problem with quasi-
permutation monodromy matrices; various ingredients of the construction of [20] appeared al-
ready in the 1987 paper by Knizhnik [17, Section IV]. The idea to use (1.7) for diagonalization
of rational matrices goes back to [8], where it was used to reformulate the standard formalism of
matrix Baker–Akhiezer function that was pioneered in [21] and generalized to the higher genus
case in [23] (see also the further history in the textbook [4]).

The natural coordinates on S are defined as follows. These are the a-periods Iα =
∮
aα
v of

the differential v = y dz, the components of the vector q, the variables
{
µ
(k)
j

}
for j = 1, . . . ,m

and k = 1, . . . , n− 1 such that

µ
(k)
j − µ

(k−1)
j = res|

t
(k)
j

v, k = 1, . . . , n− 1,

(with the understanding that µ
(0)
j = µ

(n)
j = 0). The toric variables ρ

(k)
j parametrize the diagonal

matrices Rj with r
(k)
j = (Rj)kk via

log r
(k)
j = ρ

(k)
j − ρ

(k−1)
j .

Let us now describe the main results of this paper.



4 M. Bertola, D. Korotkin and R. Sasani

First, we prove that the symplectic potential θA and the associate symplectic form ωA can
be written as follows:

θA =

g∑
α=1

Iαδqα +

m∑
j=1

n−1∑
k=1

µ
(k)
j δρ

(k)
j ,

ωA =

g∑
α=1

δIα ∧ δqα +
m∑
j=1

n−1∑
k=1

δµ
(k)
j ∧ δρ(k)j .

Let us now introduce the space A0

A0 =

{{
Aj

}m
j=1

,

m∑
j=1

Aj = 0

}/
∼

such that all Aj are diagonalizable, and the equivalence relation ∼ identifies the sets of Aj

which differ by a simultaneous conjugation Aj → SAjS
−1 with S ∈ SL(n). There is a trivial

map A → A0 which “forgets” about the toric variables, i.e., about the normalization of the
eigenvectors of Aj .

In particular, we can fix the matrices Lj ’s and perform the symplectic reduction on the corre-
sponding level sets µ

(k)
j = const. Then we get the second main result of this paper which is the

expression for the reduced symplectic form on the level sets within A0, which we denote by AL
0 ,

ωL
A0

=

g∑
α=1

δIα ∧ δqα. (1.8)

This result looks similar, but is actually different from the known expression for the form ωL
A

(see, for example, [4, formula (5.75)]):

ωL
A =

g∑
α=1

δIα ∧ δγxα, (1.9)

where γx is defined via the Abel map of the “dynamical divisor” with basepoint x such that z(x)
is independent of all dynamical variables. The relationship between the Abel map γx and the
vector q is given by

γx = q +Kx,

where Kx is the vector of Riemann constants with the same basepoint x.
The coincidence of 2-forms (1.8) and (1.9) leads to the third main result of the paper which is

the following (somehow surprising) integrability condition for the vector of Riemann constants:

δKx
α

δIβ
=
δKx

β

δIα
(1.10)

which implies that K is a gradient of some scalar function of moduli Iα.
The relation (1.10) is unexpected. Here we also verify it directly, using variational formulas

for the vector of Riemann constants on the moduli space.
An interesting open problem (which is rather trivial for n = 2) is to compute the potential

for the vector Kx in closed form; such a potential is nothing but the function generating the
change of Darboux coordinates from

(
Iα, qα

)
to
(
Iα, γ

x
α

)
.

To prove the main results of the paper we have derived new variational formulas for the Szegő
kernel and the vector of Riemann constants with respect to the moduli Iα and the eigenvalues µ

(k)
j

(Sections 4 and 6).
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2 Spaces A and S and their symplectic geometry

2.1 The phase space A

Consider the phase space A defined as follows:

A =

{{
Gj , Lj

}m
j=1

,

m∑
j=1

GjLjG
−1
j = 0

}/
∼, (2.1)

where Gj ∈ SL(n), Lj ∈ sl(n) are diagonal matrices and the equivalence relation ∼ identifies
the sets Gj ’s which differ by a simultaneous multiplication Gj → SGj with S ∈ SL(n) and Lj

are kept unchanged.
The space A possesses the following symplectic form [7]:

ωA = tr

m∑
j=1

(
δGjG

−1
j ∧ LjδGjG

−1
j + δLj ∧G−1

j δGj

)
. (2.2)

The symplectic form satisfies ωA = δθA, where the symplectic potential is given by

θA = tr

m∑
j=1

LjG
−1
j δGj . (2.3)

The form ωA (2.2) is invariant under the action of simultaneous left multiplication by GLn as
follows Gj → SGj , and, therefore, it indeed factors through the quotient by this action to a form
on A. Moreover, the form ωA is non-degenerate on A: for comparison, the symplectic form
discussed in [4, Section 5.9] is given by (2.2) without the last term and it is non-degenerate only
on symplectic leaves Lj = const.

Following [7], now we discuss the Poisson structure corresponding to the form ωA. First, for
any matrix M , we use the following notation for the Kronecker products:

1
M =M ⊗ 1,

2
M = 1⊗M. (2.4)

Consider the space of pairs (G,L), where G ∈ SL(n) and L = diag
(
λ(1), . . . , λ(n)

)
with∑n

j=1 λ
(j) = 0 and λ(j) ̸= λ(k). Define the symplectic form on this space

ω0 = tr
(
δGG−1 ∧ LδGG−1 + δL ∧G−1δG

)
. (2.5)

If the eigenvalues L are kept constant (i.e., δL ≡ 0) then the form coincides with the form in [3].
Then the Poisson structure on H inverse to the symplectic form (2.5) is (see [7, Propositions 2.2
and 2.3])

{ 1
G,

2
G
}
0
= −

1
G

2
Gr(L),

{ 1
G,

2
L
}
0
= −

1
GΩ, (2.6)

where

r(L) =
∑
i<j

Eij ⊗ Eji − Eji ⊗ Eij

λ(i) − λ(j)

and

Ω =
n∑

i=1

Eii ⊗ Eii −
1

n
1⊗ 1,
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we use the standard notation Eij for the matrix with only one non-vanishing element equal
to 1 in the (i, j) entry. The matrix r(L) is a simplest example of dynamical r-matrix [10]. In
the formula (2.6) we have used the notation (2.4) and the expression should be understood as
collecting in a compact tensor notation the Poisson brackets for

{
Gab, Gcd

}
0
and

{
Gab, Lcd

}
0
,

for all choices of the indices a, b, c, d. Explicitly it reads as follows:{
Gbj , Gcℓ

}
0
=
GbℓGcj

λj − λℓ
,

{
Gbk, λℓ

}
0
= −Gbkδℓk.

Theorem 2.1 of [7] shows that the bracket (2.6) induces the Kirillov–Kostant Poisson bracket
for A = GLG−1. In SL(2) case, the bracket (2.6) was first introduced in [2]. Without the second
term in the symplectic form (2.5) the form becomes degenerate in the extended space but it
is non-degenerate on the leaves given by keeping L constant. In this case, the corresponding
Poisson structure on these leaves coincides with the Kostant–Kirillov–Souriau structure, i.e., the
Lie–Poisson structure [3].

The Poisson bracket {·, ·}A on the space A inverse to the form (2.2) is then given by{ 1
Gj ,

2
Gj

}
A =

{ 1
Gj ,

2
Gj

}
0
,

{ 1
Gj ,

2
Lj

}
A =

{ 1
Gj ,

2
Lj

}
0

(2.7)

and all other brackets vanish. To resolve the condition
∑n

j=1 λ
(j) = 0 we shall use the parametri-

zation

λ(1) = µ(1), λ(2) = µ(2) − µ(1), . . . , λ(n−1) = µ(n−1) − µ(n−2), λ(n) = −µ(n−1), (2.8)

where µ(j), j = 1, . . . , n− 1 are independent variables such that λ(j) ̸= λ(k).

2.2 Extended space of spectral data

Let Q2(z), . . . , Qn(z) be generic rational functions with poles of order j at the points tj and
such that the Qj(z) dz

j are all holomorphic at ∞ ∈ P1 with z the affine coordinate. Consider
the affine curve C defined by the equation

f(y, z) = 0, f(y, z) := yn +Q2(z)y
n−2 + · · ·+Qn(z). (2.9)

The genericity of the functions Qj is, in our context, defined as irreducibility and smoothness
of the curve C. On C we choose a symplectic basis in the homology (i.e., a Torelli marking)
t = {a1, . . . , ag, b1, . . . , bg}. Now we define the extended space of spectral data S as follows:

S =
{{
Qj

}n
j=2

, q ∈ Cg,
{
Rj ∈ Diag

(
SL(n)

)}m
j=1

, t
}
, (2.10)

where Qj(z) is an arbitrary rational function with poles of order j at the points tj such that the
j-differential Qj(z)(dz)

j is holomorphic at z = ∞. The genus of C is given by

g =
n(n− 1)

2
m− n2 + 1. (2.11)

Introduce also the “theta-divisor” div(Θ) ⊂ S defined by the equation Θ(q) = 0, where Θ is
the Riemann theta-function corresponding to the Torelli marked curve C.

The term“extended” in application to the space S refers to addition of diagonal matrices Rj

to the set of differentials Qj and vector q.
The number of branch points of the curve (2.9) equals (see [6, equation (2.3)])

p = n(n− 1)(m− 2) (2.12)

which leads to the formula (2.11) for the genus by Riemann–Hurwitz formula.
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The moduli space of curves of the form (2.9) for fixed tj has dimension g +m(n − 1). The
local coordinate system on this space is constructed as follows. First, these are any m(n − 1)
independent residues of the differential

v = y dz

at the points t
(k)
j ,

λ
(k)
j = res|

t
(k)
j

v, k = 1, . . . , n− 1 (2.13)

(notice that due to the absence of the term yn−1 in (2.9) we have
∑n

k=1 res|t(k)j

v = 0 for all

j = 1, . . . ,m).

We shall assume that, according to (2.8),

λ
(k)
j = µ

(k)
j − µ

(k−1)
j , (2.14)

and use the independent variables µ
(k)
j , j = 1, . . . ,m, k = 1, . . . , n− 1.

Consider now a basis {aα, bα}gα=1,
{
l
(k)
j , j = 1, . . . ,m, k = 1, . . . , n

}
in H1

(
C \

{
t
(k)
j

}
,Z
)
,

where l
(k)
j is a small loop around t

(k)
j and {aα, bα} form a symplectic basis in H1(C,Z). Consider

the a-periods of the differential v,

Iα =

∫
aα

v, j = 1, . . . , g, (2.15)

2πiλ
(k)
j are periods of v over l

(k)
j (2.13). The set of variables Ij (2.15) and µ

(k)
j (2.13) gives local

coordinates on the space of curves (2.9). The full set of local coordinates on the space S (2.10)
is then obtained by adding a vector q ∈ Cg and the variables ρ

(k)
j , j = 1, . . . ,m, k = 1, . . . , n− 1

such that

log r
(k)
j = ρ

(k)
j − ρ

(k−1)
j ,

where Rj = diag
(
r
(1)
j , . . . , r

(n)
j

)
.

The full set of local coordinates on the space S can be chosen as follows:{
{qα, Iα}gα=1,

{
µ
(k)
j , ρ

(k)
j

}
, j = 1, . . . ,m, k = 1, . . . , n− 1

}
. (2.16)

The symplectic form on S is then defined as follows:

ωS =

g∑
α=1

δIα ∧ δqα +

m∑
j=1

n−1∑
k=1

δρ
(k)
j ∧ δµ(k)j , (2.17)

i.e., (Iα, qα) and
(
ρ
(k)
j , µ

(k)
j

)
form canonical pairs of Darboux coordinates.

The Poisson brackets given by the inverse of the form (2.17) look as follows:{
Iα, qα

}
S = 1,

{
ρ
(k)
j , µ

(k)
j

}
S = 1

for α = 1, . . . , g, j = 1, . . . ,m, k = 1, . . . , n− 1. All other Poisson brackets are vanishing.
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3 Direct and inverse spectral transform

3.1 Direct spectral transform

Choose a base point z0 ∈ C and a representative
{
Gj , Lj

}
in the equivalence class representing

a point of A such that the matrix

A(z) =

m∑
j=1

GjLjG
−1
j

z − tj

satisfies the condition that A(z0) is diagonal.
Define now the spectral curve C by the equation

det (A(z)− y1) = 0. (3.1)

Denote byD the locus of codimension 1 inA defined by the condition that the spectral curve (3.1)
is non-smooth or reducible (the locus D depends on positions tj of the poles).

Let us now define the family of the spectral maps

F t : A \ D → S

which depends on positions of poles tj . This map is labelled by the Torelli marking t of the
spectral curve.

Now the spectral data (i.e., a point of the space S) can be constructed as follows.

3.1.1 Meromorphic functions Qj

The standard counting shows that the genus of the algebraic curve (3.1), assuming that it is
non-singular and irreducible, is given by (2.11) and the number p of the branch points (counting
with multiplicities) is given by (2.12). The symmetric polynomials of A(z) then give the rational
functions Qj in (1.4). Since A(z) = O

(
z−2
)
as z → ∞ (this is due to the condition

∑m
j=1Aj = 0),

we see that Qj has zero of degree 2j at z → ∞, and, therefore, the differential Qj(dz)
j is

holomorphic at z = ∞, as required in the definition of S.
The Torelli marking t of S is determined by the labeling of the map F t.

3.1.2 Vector q ∈ Cg

Introduce now the adjugate matrix M(z, y) of the degenerate matrix A(z)− yI (remind that M
is the transposed matrix of cofactors of A(z)− yI).

Denote the first column ofM(z, y) by ψ(x), which is the meromorphic vector-valued function
on C. Moreover, it is an eigenvector of A,

A(z)ψ(x) = yψ(x),

where x = (z, y) ∈ C. The poles of ψ(x) have multiplicity n − 1. They are at the points t
(k)
j

for j = 1, . . . ,m and k = 1, . . . , n. Therefore, the total number of poles of each component of ψ
on C is equal to n(n− 1)m.

Moreover, each component of ψ has (due to the condition
∑
Aj = 0) zeros of multiplicity

2(n− 1) at each ∞j .
Therefore, the divisor of the kth component ψk of C can be written as

(ψk) = −(n− 1)

m∑
j=1

n∑
k=1

t
(k)
j + 2(n− 1)

n∑
k=1

∞(k) +Dk,
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where Dk is a positive divisor. The degree of Dk thus equals to

degDk = n(n− 1)m− 2n(n− 1) = n(n− 1)(m− 2) = p = 2(g + n− 1).

The structure of the positive divisor Dk can be further clarified by considering the different
normalization of the eigenvector function. Namely, define

φ(x) =
ψ(x)

ψ1(x)
. (3.2)

Then the divisor of the kth component can be written as follows:

(φk) = Dk −D1.

It would seem at first that φk is a meromorphic function on C of degree 2(g + n− 1). However,
as we are going to show below, in fact, we have

degφk = g + n− 1,

i.e., the divisor Dk can be represented as a sum of two positive divisors,

Dk = D̃0 + D̃k, (3.3)

where D̃0 is independent of k, and deg D̃0 = deg D̃k = g + n− 1.
Consider the determinant

F (z) = det
(
φ(z, y1), . . . , φ(z, yn)

)2
.

The function F (z) can be considered as a rational function of z on the base C. Its poles have
twice the multiplicity of the pole divisor of the vector φ on C. Thus, we can count the degree of
the poles of φ by dividing by two the degree of poles of F on C. To compute the degree of the
polar divisor of F on C, it suffices to compute the degree of its zero divisor.

All zeros of F (z) are at the projections on the base C of the ramification points on C and
nowhere else because the vectors φ(z, y1), . . . , φ(z, yn) are linearly independent whenever the
eigenvalues are distinct. Therefore, the number of these zeros equals p, and hence the number
of poles of φ on C equals p/2 = n(n− 1)(m− 2).

Let us show now that poles of F on C coincide with the z-projection of the poles of some
component of φ(x) (one needs to show that if φ has a simple pole at some xp = (zp, yp), then
also F (z) has a double pole z = zp). According to (3.2), poles of φ appear only from zeros
of ψ1(x). Denote such zero (assume for simplicity that this zero is simple) by p = (zp, yp) and
assume that all other components of ψ do not vanish simultaneously at p with the same degree.

Consider the vector φp = (z − zp)φ(x)|x=p. Values of φ(x) at all other n − 1 points having
the same projection zp on C are eigenvectors φl

p of the matrix A(zp) with different eigenvalues.
Therefore, the vectors φp, φ

1
p, . . . , φ

(l−1)
p are linearly independent and F (z) ∼ (z − zp)

−2
(
C +

O(z − zp)
)
, thus having pole of the same first order at zp as φ(x) itself.

Concluding, the degree of each component φk can not exceed g + n − 1 while the union of
divisors of poles of all components of φ has degree equal to g+n−1, leading to the splitting (3.3).

Since φ(x) is the eigenvector of A(z) corresponding to the point x = (z, y) ∈ C,

A(z)φ(z, y) = yφ(z, y),

its values ψ(z, yj), j = 1, . . . , n on different sheets of C give the full set of eigenvalues of A(z),

A(z)φ(z, yj) = yj(z)φ(z, yj).
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We recall that φ1(x) = 1 by our normalization (3.2) for the first component. Since A(z0)
is diagonal and denoting by z

(j)
0 , j = 1, . . . , n the points above z0 on the spectral curve (cor-

responding to the distinct eigenvalues of A(z0)), it follows that the eigenvectors ψ
(
z
(j)
0

)
are

proportional to the elementary column vectors ej = (0, . . . , 1, . . . , 0)T (with 1 in the jth place).
It then follows (due to the first component of ψ in the denominator of φ), that for z → z0 and
j = 2, . . . , n we have the asymptotic behaviour

φ
(
z(j)
)
= const

ej
z − z0

+ · · · .

Therefore, out of the g + n − 1 poles of φ(x) there are n − 1 “trivial” poles at z
(2)
0 , . . . , z

(n)
0 .

Denote the complementary degree g positive divisor by D̂,

D̂ = (poles of φ)−
n∑

j=2

z
(j)
0 .

Finally, consider the canonical polygon Ĉ corresponding to the basis of cycles {aj , bj} and
define the vector q as follows:

q = Ux(D̂)−Ax

(
z
(1)
0

)
−Kx,

where Ux is the Abel map, and Kx is the vector of Riemann constants with initial point x
corresponding to the same canonical basis.

3.1.3 Diagonal matrices Rj (the “toric variables”)

The choice of matrices Rj is not unique: one can choose an arbitrary reference set G0
j of eigen-

vectors of each Aj = GjLjG
−1
j and then define Rj via Gj = G0

jRj . The choice of G0
j which

leads to matrices Rj which are natural from the point of view of Poisson geometry is based
on relationship of eigenvectors of matrix A(z) [8] with solution of the matrix Riemann–Hilbert
problem with quasi-permutation monodromies [20].

First, introduce the set of generators γ1, . . . , γp of π1
(
CP 1\

{
zj
}p
j=1

, z0
)
satisfying the relation

γ1 · · · γp = id. Consider the homomorphism h of this fundamental group to the symmetric
group Sn defined by the covering S. Then, since all branch points zj are assumed to be simple,
h
(
γj
)
is a simple permutation of two sheets, which we denote by lj and kj , i.e., h

(
γj
)
=
(
lj , kj

)
.

Denote the corresponding n× n permutation matrix by σlj ,kj .
Define monodromy matrices representation by [19, expression (4.47)] (in notations of [19] one

needs to assume that all pα = 0 and all r
(k)
n = 0. The monodromy matrices are then matrices

of quasi-permutation with positions of non-vanishing entries coinciding with the ones of σlj ,kj ).
Notice that the branch points zj are denoted by λj in [19].

Denote the solution of the Riemann–Hilbert problem with such monodromies normalized by
Ψ(z0) = I by Ψ; this solution is given explicitly by [19, Theorem 4.7]. Define now

G0
j = Ψ(tj). (3.4)

According to results of [8], the matrix Ψ(z) diagonalizes the matrix A(z). Therefore, matri-
ces G0

j diagonalize the matrices Aj .
Then matrices Gj from the definition of the space A (2.1), which form an arbitrary set

of matrices diagonilizing Aj , are related to G0
j by multiplication with some diagonal matrices

Rj ∈ SL(n),

Gj = G0
jRj

The matrices Rj are the toric variables from the space S (2.10).
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3.2 Inverse spectral transform

The inverse spectral transform H from S \ (Θ) to A is defined by choosing a basepoint z0 ∈ C.
We check a posteriori that H is independent of the choice of z0.

Starting from a point of the space S, we define the curve C by equation (2.9), denote by π
the natural projection C → C. Introduce a fundamental polygon Ĉ of C and consider the Szegő
kernel Sq(x, y) (1.6). We shall denote by z(k) the point on kth sheet of C.

Consider a point z0 ∈ C and its neighbourhood D ⊂ C such that no branch point of C
projects in D. Then

π−1(D) = D(1) ∪ · · · ∪D(1),

where D(j) ⊂ C is a disk on jth sheet of C. Assuming that q ̸∈ (Θ), i.e., Θ(q) ̸= 0, consider the
following function (in the fundamental polygon Ĉ of C), which is holomorphic with respect to x
for x ∈ Ĉ:

ψ(x, x0) = Sq(x, x0)E0

(
π(x), π(x0)

)
, (3.5)

where x0, x ∈ C, z = π(x), z0 = π(x0) and E0(z, z0) is the prime-form on C,

E0(z, z0) =
z − z0√
dz

√
dz0

On C ψ(x, x0) has non-trivial holonomies with respect to x along b-cycles (we consider x to be
the argument of ψ(x, x0) and x0 as the basepoint), given by e2πiqj .

Let us now fix some sheet, say sheet 1, and define the following meromorphic function of
degree g + 1 on C:

φ(x, x0) =
ψ(x, x0)

ψ(x, z
(1)
0 )

=
Sq(x, x0)

Sq(x, z(1))
.

Remind that z0 = π(x0). For x0 ̸= z
(1)
0 φ(x, x0) has a pole at the pole of the numerator (i.e., at

x = x0) and g poles at zeros of the denominator, i.e., points, where θ
(
A(x)−A

(
z
(1)
0

)
− q
)
= 0.

Consider also the column vector Ψ given by

Ψ(x, z0) =
(
ψ
(
x, z

(1)
0

)
, . . . , ψ

(
x, z

(n)
0

))T
and the corresponding column vector meromorphic function

Φ(x, z0) =
Ψ(x, z0)

ψ
(
x, z

(1)
0

) =
(
φ
(
x, z

(1)
0

)
, . . . , φ

(
x, z

(n)
0

))T
=

(
1,
Sq
(
x, z

(2)
0

)
Sq
(
x, z

(1)
0

) , . . . , Sq(x, z(n)0

)
Sq
(
x, z

(1)
0

))T

.

From the vectors Ψ and Φ, we construct also the matrices Ψ̂ and Φ̂ via

Ψ̂(z, z0) =
(
Ψ
(
z(1), z0

)
, . . . ,Ψ

(
z(n), z0

))
(3.6)

and

Φ̂(z, z0) =
(
Φ
(
z(1), z0

)
, . . . ,Φ

(
z(n), z0

))
. (3.7)

These two matrices are related by the diagonal matrix

Φ̂(z, z0) = Ψ̂(z, z0) diag
(
ψ−1

(
z(1), z

(1)
0

)
, . . . , ψ−1

(
z(n), z

(1)
0

))
.

Define also the diagonal matrix

Y (z) = diag
(
y(1)(z), . . . , y(n)(z)

)
. (3.8)

Now we are in position to formulate the following proposition (this statement is contained
in [8, Corollary 3.3]; here we give an independent proof).
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Proposition 3.1. The matrix A(z) defined by

A(z) = Ψ̂(z)Y (z)Ψ̂(z)−1 (3.9)

or, equivalently, by

A(z) = Φ̂(z)Y (z)Φ̂(z)−1,

where Ψ̂ is given by (3.6), Φ̂ is given by (3.7) and Y is given by (3.8), is a meromorphic function
of z with simple poles at zj, i.e., it can be represented in the form

A(z) =

m∑
j=1

Aj

z − tj

with

Aj = G0
jLj

(
G0

j

)−1
,

where

Lj = res|tjY, j = 1, . . . ,m

and G0
j given by

(G0
j )ab = ψ

(
t
(a)
j , z

(b)
0

)
, (3.10)

where ψ is defined in terms of Szegő kernel by (3.5).

Proof. To show that A(z) is a function on the base (i.e., a single-valued function of z) consider
the analytic continuation of A(z) along a path going around some branch point zj = π(xj).

Then some columns (say, number l and k) of Ψ̂ interchange, i.e., it transforms as Ψ̂ → Ψ̂Πkl,
where Πkl is the permutation matrix. Simultaneously, the diagonal entries l and k of Y also get
interchanged, i.e., it transforms as Y → ΠklYΠkl (notice that Π2

kl = I). Thus, the matrix A(z)
defined by (3.9), remains invariant, and is a function of z. Simple poles of A(z) at tj arise due

to simple poles of function y at the points t
(a)
j . ■

Now we define the inverse spectral transform H as follows.

Definition 3.2. For a given point of the space S (2.10), consider the curve C (2.9) and let Lj

be given by (3.8). Define also

Gj = G0
jRj , j = 1, . . . ,m, (3.11)

where G0
j are defined by (3.10).

The self-consistency of this definition is proven in the next proposition.

Proposition 3.3. The set
{
Gj , Lj

}m
j=1

defines an element of the space A, in particular,

m∑
j=1

GjLjG
−1
j = 0. (3.12)

Proof. To prove (3.12), we notice that ∞(j) are regular points of the differential v = y dz.
Therefore, res|∞A(z) dz = 0, which implies

∑m
j=1Aj = 0. ■



Szegő Kernel and Symplectic Aspects of Spectral Transform 13

In the sequel, we shall need the following lemma (see [20, formula (4.14)]).

Lemma 3.4. We have

Ψ̂−1(z, z0) = Ψ̂(z0, z) (3.13)

and (
(G0

j )
−1
)
ab

= ψ
(
z
(b)
0 , t

(a)
j

)
.

Finally, we formulate the following proposition.

Proposition 3.5. The inverse spectral transform H : S → A is the inverse of the direct spectral
transform (depending on Torelli marking of the spectral curve t) F t : A → S,

F t ◦H = H ◦ F t = id.

Proof. The non-trivial part is to check that the toric variables Rj forming the part of the space
of spectral data S. are the same as the ones appearing in the coordinatization of the space A.
Equivalently, one needs to check that the reference sets of eigenvectors defined on the A-side
by (3.4) and on the S-side by (3.10), are the same. This follows from construction of [19, 20] of
the solution of Riemann–Hilbert problem with quasi-permutation monodromies. ■

4 Variations of Szegő kernel and summation over sheets

Here we state several properties of the Szegő kernel needed in the analysis of symplectic prop-
erties of spectral transform.

The kernel Sq satisfies the following identity due to Fay [12]:

Sq(x, y)Sq(y, x) = −B(x, y)−
g∑

α,β=1

∂α∂β logΘ(q)vα(x)vβ(y), (4.1)

where B(x, y) = dxdy logE(x, y) is the canonical bimeromorphic differential.

The following formula describes the variation of Sq with respect to qα, α = 1, . . . , g, [16,
Proposition 1]:

δ

δqγ
Sq(x, y) = −

∫
t∈aγ

Sq(x, t)Sq(t, y)

Another fact we need is the following variational formula for Szegő kernel with respect to

Iα =
∫
aα
v and residues of v at t

(k)
j (formulas of this type appeared in the theory of tau-functions

of Witham hierarchies [22] as well as in the theory of deformations of the spectral curve of the
Hitchin’s systems [5, 9]).

Proposition 4.1. Variation of the Szegő kernel with respect to period coordinates Iα =
∫
aα

and

coordinates µ
(k)
j (related to residues of v via (2.14)) on the moduli space of spectral covers is

given by the following sum of residues at the branch points:

δ

δIα
Sq(x, y)

∣∣∣
z(x),z(y)

= −πi
2

p∑
j=1

res|t=xj

vα(t)Wt

[
Sq(x, t), Sq(t, y)

]
dz(t) dy(t)

(4.2)
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and

δ

δ
(
2πiµ

(k)
j

)Sq(x, y)∣∣∣
z(x),z(y)

= −πi
2

p∑
j=1

res|t=xj

w
t
(k)
j ,t

(k−1)
j

(t)Wt

[
Sq(x, t), Sq(t, y)

]
dz(t) dy(t)

, (4.3)

where the z-coordinates of the points x and y are kept constant under differentiation and Wt is
the Wronskian determinant with respect to variable t, p = n(n− 1)(m− 2) (2.12) is the number
of branch points. Here wx,y(t) denotes the differential of the third kind with residues ±1 at x
and y, wx,y(t) is normalized by condition

∫
t∈aα wx,y(t) = 0 where it is assumed that the choice

of the cycle aα in H1(C \{x, y}) is the same as the one used in the computation of the period Iα.

Proof. The proof is based on the variational formula for the Szegő kernel on the moduli space
of meromorphic Abelian differentials (see [16, Section 2.2 and Proposition 2], based on formalism
of [18, 20]). Namely, denote by Hk

g the moduli space of pairs (C, v), where C is a Riemann surface
of genus g and v is an abelian differential with k simple poles at y1, . . . , yk and r = 2g − 2 + k
simple zeros at x1, . . . , xr. The homological coordinates on Hk

g are defined as periods of v over

a basis {si} in the relative homology group H1

(
C \ {yi}ki=1, {xj}rj=1

)
. We denote the dual basis

in the dual relative homology group H1

(
C \{xj}rj=1, {yi}ki=1

)
by {s∗i } with the intersection index

s∗i ◦ sj = δij . Then variational formulas from [16] look as follows:

δ

δ
(∫

si
v
)Sq(x, y) = 1

4

∫
t∈s∗i

Wt

[
Sq(x, t), Sq(t, y)

]
v(t)

, (4.4)

where Wt[f(t), g(t)] = f ′g − fg′ is the Wronskian, and the differentiation is performed keeping∫ x
x1
v and

∫ y
x1
v constant for some choice of the “first” branch point x1.

On the other hand, according to the approach of [6], the space of spectral curves with simple
branch points (the assumption of simplicity can be omitted if necessary, as in the SL(2) case)
can be naturally imbedded in the space Hk

g with k = nm. On the space of spectral curves

we identify v with the differential y dz. The poles yj of v are identified with points t
(k)
j for all

j = 1, . . . ,m and k = 1, . . . , n. Moreover, the b-periods of y dz, as well as integrals of y dz

between branch points become dependent on its a-periods {Iα}gα=1 and residue variables µ
(k)
j .

Then the formulas (4.2) and (4.3) can be derived from (4.4) in complete analog to the proof of
Theorem 4.3 of [6] dealing with variation of holomorphic abelian differentials. ■

Finally, we shall need the following.

Lemma 4.2. Let the points x, y and z(j) for some x, y ∈ C and z ∈ C lie in the same fundamental
polygon of C. Then the following identity holds:

n∑
i=1

Sq
(
x, z(i)

)
Sq
(
z(i), y

)
= Sq(x, y)

(
1

z(x)− z
− 1

z(y)− z

)
dz.

Proof. The left-hand side is the 1-form in z depending only on the point of the base. It has
simple poles at z = z(x) and z = z(y). The coefficient can depend only on x and y and must
be Sq(x, y) due to the singularity structure at x = z(i) and y = z(i). ■

5 Spectral transform as symplectomorphism

Here we prove that the spectral transform is a symplectomorphism, and, moreover, explicitly
compute the symplectic potential θA in terms of canonical coordinates on the space S.
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Theorem 5.1. The symplectic potential θA (2.3), where Gj are given by (3.11) and (3.10), takes
the following form in terms of spectral variables:

θA =

g∑
α=1

Iαδqα +
m∑
j=1

n−1∑
k=1

µ
(k)
j δρ

(k)
j .

Proof. Let us first observe that the symplectic potential θA (2.3), where Gj are given by (3.11)

and (3.10), can be expressed via the matrices Ψ̂(z) (3.6) and Y (z) (3.8) by residue theorem as
follows:

θA =

m∑
j=1

res
z=tj

tr
(
Y Ψ̂−1δΨ̂

)
dz +

m∑
j=1

n−1∑
k=1

µ
(k)
j δρ

(k)
j .

The definition (3.6) of Ψ̂ can be written as

Ψ̂ab(z, z0) = ψ
(
z(b), z

(a)
0

)
,

where ψ(x, x0) is expressed via Szegő kernel via (3.5).
Due to (3.13), we have

(Ψ̂−1)ab = ψ
(
z
(b)
0 , z(a)

)
.

Consider now three different types of contributions to θA.
Contribution of δqα. We have

(
Ψ̂−1(z)δqαΨ̂(z)

)
aa

=
(z − z0)

2

dz dz0

n∑
b=1

∮
t∈aγ

Sq
(
z(a), t

)
Sq
(
t, z

(b)
0

)
Sq
(
z
(b)
0 , z(a)

) Lemma 4.2
=

=
(z − z0)

2

dz

∮
t∈aα

Sq
(
z(a), t

)
Sq
(
t, z(a)

)( 1

z(t)− z0
− 1

z − z0

)
Recall now that y : C → C is a meromorphic function with simple poles at the mn points

above t
(a)
j . The singular parts are

y(x) =
λ
(k)
j

z(x)− tj
as x→ t

(a)
j .

The contribution of δqα to θA is therefore given by

θA(δqα)=
m∑
j=1

n∑
a=1

res|
x=t

(a)
j

[
y(x)(z(x)− z0)

2

∮
t∈aα

Sq(x, t)Sq(t, x)

(
1

z(t)− z0
− 1

z(x)− z0

)]

=
m∑
j=1

n∑
a=1

res
x=t

(a)
j

y(x)

∮
t∈aα

Sq(x, t)Sq(t, x)

(
(z(x)− z0)

2

z(t)− z0
− (z(x)− z0)

)
.

The integration contours aα in the t-variable can be chosen so as not to intersect the integration
contours for the residues in the x-variable and hence the integrand is regular. Using Fubini’s
theorem, we can exchange the order of integrations

θA(∂qα) =

∮
t∈aα

m∑
j=1

n∑
a=1

res
x=t

(a)
j

y(x)Sq(x, t)Sq(t, x)
(
z(x)− z(t)

) z(x)− z0
z(t)− z0

.
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The sum over the residues is the sum over all poles above the tj ’s of the differential (in the x
variable)

y(x)Sq(x, t)Sq(t, x)
(
z(x)− z(t)

) z(x)− z0
z(t)− z0

. (5.1)

Due to (4.1), this differential has only one additional simple pole at x = t (taking into account
the asymptotics of B(x, t) on the diagonal), with residue

res
x=t

[
y(x)Sq(x, t)Sq(t, x)

(
z(x)− z(t)

) z(x)− z0
z(t)− z0

]
= −y(t) dz(t).

The differential (5.1) does not have poles at x = ∞(a), a = i, . . . , n because, even if z(x) has
simple poles at these points, the function y(x) has double zeros there (such that v = y dz is
regular at infinities).

Thus we can use Cauchy’s residue theorem and get

θA(∂qα) =

∮
aα

y dz = Iα.

Contribution of δIα. Using variational formulas (4.2), we get

(
Ψ−1δIαΨ

)
aa
(z) =

n∑
c=1

Sq
(
z
(c)
0 , x

)
dz(x)

(
πi

2

∑
xi

res|t=xi

vα(t)Wt

[
Sq(x, t), Sq

(
t, z

(c)
0

)]
dy(t) dz(t)

)∣∣∣∣
x=z(a)

.

Therefore,

θA(∂Iα) =
m∑
j=1

n∑
a=1

λ
(a)
j

(
Ψ−1δIαΨ

)
aa

=
πi

2

m∑
ℓ=1

n∑
a=1

res
x=t

(a)
ℓ

 ∑
xi∈b.pts

res
t=xi

y(x)

vα(t)Wt

[
Sq(x, t), Sq(t, x)

(
z(x)−z(t)

)(
z(x)−z0

)
z(t)−z0

]
dy(t) dz(t)

 .

Once again, we can swap the order of residues because the branch-points are away from the

points t
(a)
j . One can verify that the differential of x in the inmost residue has poles only above

the tj ’s and at x = t. The residue at x = t can be computed using the following relation
which can be verified using the local expansion of Sq(x, t) near the diagonal (one needs to use
the coordinate z(x) and observe that the second argument of the Wronskian is non-singular
at x = t):

res
x=t

(
y(x)Wt

[
Sq(x, t), Sq(t, x)

(
z(x)− z(t)

)(
z(x)− z0

)
z(t)− z0

])
= dy(t) dz(t).

Therefore,

θA(δIα) =
πi

2

∑
xi

res
t=xi

vα(t) = 0.

Contribution of δµ
(k)
j . To compute this contribution to θA, one can repeat the previous

computation using (4.3). This boils down to replacing vα by w
t
(k)
j ,t

(k−1)
j

. The end result is

θA(δµ(k)
j

) =
πi

2

∑
xi

res
t=xi

w
t
(k)
j ,t

(k−1)
j

,

which vanishes due to the genericity assumption that none of the branch points xj project to
the poles tk. ■
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The following corollary provides a set of canonical Darboux coordinates on the space A.

Corollary 5.2. The symplectic form ωA on the space A coincides with the (pullback under the
spectral transform) of the symplectic form ωS on the space of spectral data S (2.10). Therefore,
ωA can be written in terms of spectral variables (2.16) as follows:

ωA =

g∑
α=1

δIα ∧ δqα +
m∑
j=1

n−1∑
k=1

δµ
(k)
j ∧ δρ(k)j . (5.2)

Notice that this corollary gives the set of Darboux coordinates for the symplectic form ωA,
which is defined on a bigger space than the symplectic forms considered in [1] or [4]. Moreover,
even if one ignores this extension and restrict (5.2) to symplectic leaves of the usual Kirillov–
Kostant bracket, we get the form

ω0
A =

g∑
α=1

δIα ∧ δqα,

i.e., (Iα, qα) are Darboux coordinates for the symplectic form ωL
A0

on the symplectic leaf of the
space A. It is this form which was studied in previous works [4].

However
{
Iα, qα

}g
α=1

are not the previously known Darboux coordinates on ωL
A0

described in
say [4, Section 5.11]: while the periods Iα are the same, the coordinates qα differ from the ones
of [4] by components of the vector of Riemann constants. To discuss the link of our scheme to
the well-known textbook results we need to analyze the dependence of this vector of Riemann
constants on moduli.

6 Variations of vector of Riemann constants

Here we describe variations of the vector of Riemann constants with respect to moduli Iα of the
spectral curve by combining results of [6, 18].

To formulate these formulas, we need to define the following object, denoted σ(x, y) [13] (see
also [18, formula (2.15)]):

σ(x, y) =

(
c(x)

c(y)

)1/(1−g)

.

Here c(x) is the following fundamental (multi-valued) g(1− g)/2-differential on C:

c(x) =
1

W[v1, . . . , vg](x)

g∑
α1,...,αg=1

∂gΘ(Kx)

∂zα1 · · · ∂zαg

vα1 · · · vαg(x),

where

W[v1, . . . , vg](x) = det1≤α,β≤g

∥∥v(α−1)
β (x)

∥∥
is the Wronskian determinant of holomorphic differentials at the point x.

Proposition 6.1. Let x ∈ C be a point such that π(x) is independent of coordinates Iα and µ
(k)
j

on the moduli space of spectral curves. Then the following variational formulas hold:

δKx
β

δIα

∣∣∣
z(x)

=

p∑
j=1

res|t=xj

vα(t) vβ(t)dt log
σ(t,x0)E(t,x)g−1√

v(t)

dz(t) dy(t)
(6.1)
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and

δKx
α

δµ
(k)
j

∣∣∣
z(x)

=

p∑
j=1

res|t=xj

vα(t)wt
(k)
j ,t

(k−1)
j

(t) dt log
σ(t,x0)E(t,x)g−1√

v(t)

dz(t) dy(t)
. (6.2)

Proof. The formula (2.58) of [18] gives the variation of Kx on the space of holomorphic abelian
differentials; the straightforward extension to spaces of meromorphic abelian differentials with
simple poles described in [16] gives the formula, which in notations of the proof of Proposition 4.1
look as follows:

∂Kx
β

∂
(∫

sj
v
)∣∣∣

z(x)
=

1

2πi

∮
s∗j

vβ(t)

v(t)
dt log

σ(t, x0)E(t, x)g−1√
v(t)

. (6.3)

Similarly to the proof or Proposition 4.1, the variational formulas (6.1) and (6.2) follow from (6.3)
by the application of the formalism of [6]. ■

The formula (6.1) implies the following immediate corollary which we are going to need below.

Corollary 6.2. Let x ∈ C be a point such that π(x) is independent of coordinates Iα. Then the
vector of Riemann constants satisfies

δKx
α

δIβ
=
δKx

β

δIα
. (6.4)

Therefore, there exists a potential F x satisfying

δF x

δIα
= Kx. (6.5)

At the moment we don’t know how to compute F x explicitly outside of hyperelliptic locus.

7 Reduction to symplectic leaves of Kirillov–Kostant bracket

Let us now discuss the relation of our results to the existing results concerning the Darboux
coordinates on the symplectic leaves of the Kirillov–Kostant Poisson structure (we refer to [4]
and references therein for systematic description of previous results).

Consider the space A0 defined as

A0 =

{
{Aj}mj=1,

m∑
j=1

Aj = 0

}/
∼,

where Aj ∈ sl(n) and the equivalence relation ∼ identifies the sets Aj ’s which differ by a simul-
taneous conjugation Aj → SAjS

−1 with S ∈ SL(n).

The Poisson structure on A0 is given by the Kirillov–Kostant bracket for each Aj ,{
Aa

j , A
b
j

}
= fabc A

c
j (7.1)

with all other brackets vanishing. The bracket (7.1) is induced by the bracket (2.7) on the
space A under the natural map A → A0 defined by Aj = GjLjG

−1
j .

In contrast to the bracket (2.7) which is non-degenerate on A, the bracket (7.1) on A0 is
degenerate with Casimirs given by the eigenvalues λkj of matrices Aj . On symplectic leaves AL

0
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defined by Lj = const, the Poisson structure can be inverted. This gives the symplectic form ωL
A0

defined by the first term in (2.2),

ωL
A0

= tr

m∑
j=1

δGjG
−1
j ∧ LjδGjG

−1
j . (7.2)

The form (7.2) is independent of the choice of eigenvectors Gj of matrices Aj .
The space of spectral data corresponding to the space AL

0 is obtained from the space S (2.10)
by omitting the variables Rj ,

S =
{
{Qj}nj=2, q ∈ Cg

}
.

On symplectic leaves SL in S, defined by conditions res|
t
(j)
k

= const for all k and j, the canonical

symplectic form is obtained by restriction of ωS (2.17),

ωL
S =

g∑
α=1

δIα ∧ δqα.

Now Corollary 5.2 implies that the pullback of the form ωS under the spectral transform
AL

0 → SL coincides with ωL
A0

.

Proposition 7.1. The periods Iα and the components qα of the vector q are Darboux on the
symplectic leaf of the space A0,

ωL
A0

=

g∑
α=1

δIα ∧ δqα. (7.3)

The Darboux coordinates given by proposition (7.1) are similar to the known action-angle
variables ((Ii, θi) variables in (5.75) of [4]). However, they are not really the same. Namely, the
actions Iα are the same while the coordinates qα differ from θi of [4]. To deduce [4, formula (5.75)]
from (7.3), one needs to use Corollary 6.2 which implies the proposition.

Proposition 7.2. Define the vector γx ∈ Cg by

γx = q +Kx

for any x such that π(x) remains constant under variation of moduli (in particular, one can

choose x = z
(j)
0 for any j). Then the form ωL

A0
can also be written as

ωL
A0

=

g∑
α=1

δIα ∧ δγxα.

Proof. Since the vector of Riemann constants depends only on the moduli Iα of the spectral
curve, we get

g∑
α=1

δIα ∧ δγxα =

g∑
α=1

δIα ∧ δqα +

g∑
α=1

δIα ∧ δKx
α.

The last sum equals∑
α<β

(
δKx

α

δIβ
−
δKx

β

δIα

)
δIα ∧ δIβ

which vanishes due to (6.4). ■
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The variables (Iα, γ
x
α) are the traditional action-angle variables described in [4, Secton 5.11]

(γxα are denoted there by θi). The advantage of the variables qα over γxα is that the former
are intrinsic, i.e., the vector q is determined uniquely by a point of the space A (in particular,
q independent of he choice of the point z0 used in our explicit construction of the direct spectral
transform). On the other hand, the vector γx = q + Kx depends on the point x (as long as
the projection z(x) remains moduli-independent), i.e., there is the one-parametric family of the
angle variables γxα which are related by

γx̃ = γx + (g − 1)Ux(x̃).

On the symplectic leaves AL
0 within the space A0 both sets (Iα, qα) are (Iα, γ

x
α) give Darboux

coordinates for ωL
A0

. However, on the extended space A this is not the case any more. Since the
vectorKx non-trivially depends on eigenvalue coordinates µ

(k)
j , in the set of Darboux coordinates

on A given by
(
Iα, qa, µ

(k)
j ρ

(k)
j

)
one can not replace qα’s by γ

x
α. The symplectic form ωA in the

coordinates
(
Iα, γ

x
α, µ

(k)
j ρ

(k)
j

)
does not have canonical form, or even constant coefficients.

On the symplectic leaf AL
0 , where both sets (qα, Iα) and (γxα, Iα) provide Darboux coordinates,

the generating function between them can be defined by the difference of the corresponding
symplectic potentials

δF x =

g∑
α=1

γxαδIα −
g∑

α=1

qαδIα =

g∑
α=1

KαδIα.

The function F x is therefore nothing but the potential (6.5) for the vector of Riemann constants
which we do not know in general. However, F x can be easily computed in the hyperelliptic case.

Remark 7.3. Symplectic properties of spectral transform for various operators (both finite-
dimensional and infinite-dimensional) were extensively studied in the theory of integrable sys-
tems and summarized in various textbooks. We refer here to [4, 11].

We would like to point out some connection (or lack thereof) of our results to previous ones.
First, we remind that the form

ω = tr δGG−1 ∧ LδGG−1 (7.4)

is the symplectic form on the symplectic leaf L = const of the Poisson–Lie–Kirillov–Kostant–
(Souriau) bracket on the space of matrices A = GLG−1 (with L the diagonal form of A). The
1-form

θ = trLG−1δG

is the corresponding symplectic potential. This relation between the form (7.4) and the PLKKS
bracket has been known since the 1993 paper [3].

The form (7.4) was later used as a building block of various symplectic forms in the theory
of finite and infinite-dimensional integrable systems. For example, in the paper by Krichever
and Phong [24] both G and L were considered as power series or polynomials of the spectral
parameter, and the actual symplectic form was given by the residue of the expression (7.4) at
infinity. Similarly, in more recent paper by Krichever [23] both G and L were depending on
a point of a Riemann surface such that the expression (7.4) becomes a meromorphic differential
there. To get the actual symplectic form this differential needs to be integrated over a closed
contour (around a pole with residue, or one of homology cycles).

In this paper the phase space is a direct sum of several copies of elementary phase spaces
endowed with the form (7.4). This form becomes symplectic on the full phase space after
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an addition of the terms which give the non-degenerate extension of the PLKKS bracket (see
the second term in (2.5)).

Thus the objects we are dealing with in this paper are different from the ones considered
before. Our results on symplectic properties of the spectral transform for rational matrices look
similar, but are actually also different from the previous ones (we get a new set of spectral
Darboux coordinates). Finally, the methods that we apply here (the variational formulas on
Riemann surfaces) were not used in this context before. The variational formulas for Szegő
kernel in fact seem to be new.
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