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Abstract. We prove results relating the theory of optimal transport and generalized Ricci
flow. We define an adapted cost functional for measures using a solution of the associated
dilaton flow. This determines a formal notion of geodesics in the space of measures, and we
show geodesic convexity of an associated entropy functional. Finally, we show monotonicity
of the cost along the backwards heat flow, and use this to give a new proof of the monotonicity
of the energy functional along generalized Ricci flow.
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1 Introduction

The theory of optimal transport plays a key role in our understanding of the geometry of Ricci
curvature. In recent years, there have been significant applications to the theory of Ricci flow.
The fundamental work of McCann–Topping [12] establishes Wasserstein distance monotonic-
ity for measures evolving by the backward heat equation along Ricci flow. Later Topping [22]
considered a cost associated to Perelman’s length functional, and established an entropy con-
vexity formula for certain measures along the flow, using this to give a different proof of the
monotonicity of Perelman’s entropy functional. Lott [11] extended this in several directions,
proving analogous convexity formulas which recover the monotonicity formulas for F and W+

(see [3, 15]), and furthermore using these results to recover the monotonicity of the reduced
volume.

Our purpose in this work is to further extend these results to the setting of generalized
Ricci flow. This equation couples the Ricci flow to an evolution equation for a closed three-
form and dilaton function, arising naturally in and with applications to mathematical physics
[9, 13, 16, 18] and complex geometry [6, 17, 20]. Furthermore, the equation is closely related
to Hitchin’s generalized geometry program [1, 8, 10], see, e.g., [5, 7, 21]. We will take the
point of view in [19] and consider the Ricci flow coupled to a differential form of arbitrary
positive degree. To describe the equation, first consider a Riemannian manifold (M, g) and fix
H =

⊕n
k=1Hk ∈ Λ∗T ∗M . For this data, we define

H2 ∈ Sym2 T ∗M, H2(X,Y ) := ⟨iXH, iYH⟩ , |H|2k−1
k

:=
n∑

k=1

k − 1

k
|Hk|2.
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Following [19], we say a one parameter family (gt, Ht, ft) of Riemannian metrics, differential
forms and smooth functions is a solution of generalized Ricci flow if

∂tg = −2Rc+
1

2
H2 − 2∇2f, ∂tH = ∆dH − di∇fH,

∂tf = ∆f +
1

4
|H|2k−1

k
− |∇f |2.

The equation for the function f is called the dilaton flow in [19], in part due to its appearance
in the physical theory of renormalization group flow [16].

A fundamental observation about the generalized Ricci flow is that the time-dependent metric
is gauge-equivalent to a supersolution of Ricci flow. As noted above, McCann–Topping showed
monotonicity of Wasserstein distance for measures evolving by the backwards heat flow along
a supersolution to Ricci flow. Our first result explicitly derives this for generalized Ricci flow
(cf. Corollary 3.6), with the proof using a notion of the energy of a path of measures which
explicitly incorporates the dilaton weight f . Next, we extend results of [11, 22] and define an
adapted cost for paths of measures in terms of a solution of the associated continuity equation,
where again the associated dilaton flow plays a key role. This cost determines a formal Rieman-
nian geometry on the space of probability measures. There is furthermore a natural entropy
for such measures, and our second main result establishes geodesic convexity of this entropy
(cf. Proposition 4.4). We furthermore show that the cost of paths is monotone along the back-
wards heat flow (cf. Corollary 4.6). Finally, we use this to give a new proof of the monotonicity
of the F-functional along generalized Ricci flow (cf. Corollary 4.7).

2 Background

In this section, we recall some fundamental results related to the generalized Ricci flow equation.
Given a smooth manifold, fix g a Riemannian metric,

H =

n⊕
k=1

Hk ∈ Λ∗T ∗M,

and a smooth function f . We recall the weighted sum defined in the introduction, and further-
more introduce

|H|2k−1
k

:=
n∑

k=1

k − 1

k
|Hk|2, |H|21

k
:=

n∑
k=1

1

k
|Hk|2 .

This data also determines notions of Ricci and scalar curvature:

Definition 2.1. Given (g,H, f) as above, the Ricci tensor is

RcH,f := Rc−1

4
H2 +∇2f − 1

2

(
d∗gH + i∇fH

)
∈ Sym2 T ∗M ⊕

n−1⊕
k=0

ΛkT ∗M.

Furthermore, the scalar curvature is

RH,f = R− 1

4
|H|21

k
+ 2∆f − |∇f |2 .

Remark 2.2. If a superscript in RcH,f or RH,f is dropped then the notation refers to the
corresponding quantity with that term set to zero, i.e., Rcf = Rc+1

2∇
2f .
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We note that in the case H ∈ Λ3 and f is constant, the Ricci tensor above is precisely the
Ricci tensor of the unique metric-compatible connection with torsion H, which is a two-tensor
with a symmetric and skew-symmetric part. For H ∈ Λ3 and f arbitrary, this tensor was defined
in [19] and named the twisted Bakry–Émery tensor. For general H but constant f , this tensor is
in the spirit of the generalized Ricci tensor used in [4]. The coupling of the Ricci tensor to forms
of arbitrary degree arises naturally in supergravity theories. Taking a hint from this, it may be
possible to describe this Ricci curvature in general in terms of the curvature of a generalized
connection on some augmented tangent bundle, as in the case of three-forms and the Bismut
connection [7].

For our purposes here, these definitions are justified by a key monotonicity formula for the
scalar curvature along generalized Ricci flow. Given (gt, Ht, ft) a solution to generalized Ricci
flow as described in the introduction, we let

□f :=
∂

∂t
−∆f =

∂

∂t
−∆+∇f, divf X := ef div

(
e−fX

)
denote the forward weighted heat operator and weighted divergence. Before stating the result,
we record some consequences of the fact that H is closed which are left as exercises (cf. [7,
Lemma 3.19] for the case H is a three-form):

Lemma 2.3. Given (g,H) as above, one has

divH2 = −⟨d∗H,H⟩+ 1

2
d |H|21

k
, div divH2 =

1

2
∆ |H|21

k
+

n∑
k=1

1

k
⟨∆dH,H⟩+

∣∣d∗gH∣∣2 ,
where for a (k−1)-form α and k-form β, the notation ⟨α, β⟩ denotes the 1-form uniquely defined
by ⟨α, β⟩ (X) = ⟨α, iXβ⟩.

Proposition 2.4 ([19, Proposition 2.11]). Given (gt, Ht, ft) a solution to generalized Ricci flow,
one has

□fR
H,f = 2

∣∣RcH,f
∣∣2.

Proof. The result is claimed in [19] without proof, so we include the short calculation here
for convenience. Note furthermore that we are working here with the flow modified by diffeo-
morphisms generated by ∇f . We compute the time derivative of each term in RH,f separately.
First, we compute that

∂tR = − ⟨Rc, ∂tg⟩+ div div ∂tg −∆(tr ∂tg)

= 2

〈
Rc,Rc−1

4
H2

〉
+∆R+

1

2
div divH2 − ⟨∇R,∇f⟩ − 1

2
∆|H|2, (2.1)

where we used the Bianchi identity and that

div∇2f = ∇∆f +Rc(∇f), div div∇2f = ∆2f +
1

2
⟨∇R,∇f⟩+

〈
Rc,∇2f

〉
.

Then, we observe using Bochner’s formula

∂t|∇f |2 = 2

(
Rc+∇2f − 1

4
H2

)
(∇f,∇f) + 2

〈
∇f,∇

(
∆f − |∇f |2 + 1

4
|H|2k−1

k

)〉
= ∆|∇f |2 − 2|∇2f |2 −

〈
∇f,∇|∇f |2

〉
+

1

2

〈
∇ |H|2k−1

k
,∇f

〉
− 1

2

〈
H2,∇f ⊗∇f

〉
. (2.2)
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Next, we compute

∂t∆f = ∆∂tf −
〈
∂tg,∇2f

〉
−
〈
div(∂tg)−

1

2
∇(tr ∂tg),∇f

〉
= ∆2f −∆|∇f |2 + 2

〈
Rc+∇2f − 1

4
H2,∇2f

〉
− 2

〈
−div∇2f +

1

2
∇∆f,∇f

〉
+

〈
−1

2
divH2 +

1

4
∇|H|2,∇f

〉
+

1

4
∆ |H|2k−1

k
. (2.3)

Finally, one has easily

∂t|Hk|2 = −k
〈
∂tg,H

2
k

〉
+ 2 ⟨Hk,∆dHk − di∇fHk⟩ . (2.4)

Inserting (2.1), (2.2), (2.3) and (2.4) into the definition of RH,f yields

∂tR
H,f = ∆RH,f + 2

∣∣RcH,f
∣∣2 − 〈

∇RH,f ,∇f
〉
,

where we used the identities for div∇2f above and Lemma 2.3. The proposition follows. ■

3 Wasserstein distance monotonicity for generalized Ricci flow

Given a smooth connected manifoldM , let P (M) denote the space of Borel probability measures
with finite second moments, i.e.,

P (M) :=

{
µ Borel probability measure :

∫
M
d2(x, x0)dµ(x) <∞ for some x0 ∈M

}
.

This space is naturally endowed with the Wasserstein distance W , defined for µ1, µ2 ∈ P (M)
by the optimal transport problem

W (µ1, µ2)
2 := inf

∫
M×M

d2(x, y)dγ(x, y),

where the infimum is taken over all couplings γ ∈ P (M ×M) with marginals γ(· ×M) = µ1
and γ(M × ·) = µ2. In the case (M, g, e−fdV ) is a weighted Riemannian manifold, it is useful
to consider the subspace P∞(M) ⊂ P (M) consisting of smooth positive densities with respect
to the weighted volume measure

P∞(M) :=
{
µ ∈ P (M) : dµ = ρe−fdV, ρ ∈ C∞(M), ρ > 0

}
.

If µ : [0, 1] → P∞(M) is a smooth path, we write

dµ(s) = ρ(s)e−fdV

and define ϕ(s) as a solution to the continuity equation

∂sρ = −divf (ρ∇ϕ). (3.1)

Such a ϕ(s) exists and is unique up to an additive constant. Thus for such a path, we may define
the Lagrangian

E(µ) =
1

2

∫ 1

0

∫
M

|∇ϕ|2dµds.

A result known as the Benamou–Brenier formula shows that this formal notion of the length
of a path can be used to recover the Wasserstein distance, in the following sense (see [14,
Proposition 4.3]):
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Theorem 3.1. Let µ1, µ2 ∈ P∞(M) be probability measures. Then the infimum of E over
smooth curves in P∞(M) satisfying the continuity equation and connecting these probability
measures is 1

2W (µ1, µ2)
2.

In this section, we will analyze the monotonicity of the Wasserstein distance between two
backward heat flows of probability measures under generalized Ricci flow. To begin, we record
a fundamental lemma, whose proof is elementary and left to the reader:

Lemma 3.2. Given (gt, Ht, ft) a solution to generalized Ricci flow, one has

d

dt
e−fdV = −RH,fe−fdV.

Also we derive a preliminary computation varying a certain integral along a curve of measures
in a fixed time-slice.

Lemma 3.3. Let (ρ(s, t), ϕ(s, t))[0,1]×[t0−ϵ,t0+ϵ] be a smooth two-parameter family of curves sat-
isfying (3.1). Then for any fixed t, we have

d

ds

∫
M

⟨∇ϕ,∇ρ⟩ e−fdV

=

∫
M

[
−
(
∂sϕ+

1

2
|∇ϕ|2

)
∆fρ+

∣∣∇2ϕ
∣∣2ρ+Rcf (∇ϕ,∇ϕ)ρ

]
e−fdV.

Proof. Note that

d

ds

∫
M

⟨∇ϕ,∇ρ⟩ e−fdV

=

∫
M

[〈
∇
(
∂sϕ+

1

2
|∇ϕ|2

)
,∇ρ

〉
− 1

2

〈
∇|∇ϕ|2,∇ρ

〉
+ ⟨∇ϕ,∇(−divf (ρ∇ϕ))⟩] e−fdV

=

∫
M

[
−
(
∂sϕ+

1

2
|∇ϕ|2

)
∆fρ+

1

2
∆f |∇ϕ|2ρ− ⟨∇∆fϕ,∇ϕ⟩ ρ

]
e−fdV.

We obtain the result by applying the weighted Bochner identity [2, Proposition 3]:

1

2
∆f |∇ϕ|2 − ⟨∇∆fϕ,∇ϕ⟩ =

∣∣∇2ϕ
∣∣2 +Rcf (∇ϕ,∇ϕ). ■

Now, we compute the time-derivative of the Lagrangian E of a one-parameter family of curves
in P∞(M) along generalized Ricci flow.

Proposition 3.4. Let (gt, Ht, ft) be a generalized Ricci flow for t ∈ [t0 − ϵ, t0 + ϵ]. Let
(ρ(s, t), ϕ(s, t))[0,1]×[t0−ϵ,t0+ϵ] be a smooth two-parameter family of curves solving (3.1). Let

E(t) := E(µ(·, t)) = 1

2

∫ 1

0

∫
M

|∇ϕ(s, t)|2dµ(s, t)ds,

where µ(·, t) := ρ(·, t)e−ftdVt. Then

d

dt

∣∣∣∣
t=t0

E(t) =

∫
M
ϕ
(
∂tρ+∆fρ−RH,fρ

)
e−fdV

∣∣∣∣1
s=0

+

∫ 1

0

∫
M

[∣∣∇2ϕ
∣∣2ρ+ 1

4
H2(∇ϕ,∇ϕ)ρ

−
(
∂sϕ+

1

2
|∇ϕ|2

)(
∂tρ+∆fρ−RH,fρ

)]
e−fdV ds.
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Proof. Using the generalized Ricci flow equations and Lemma 3.2, we have

d

dt

∣∣∣∣
t=t0

E(t) =

∫ 1

0

∫
M

[
RcH,f (∇ϕ,∇ϕ)ρ+ ⟨∇ϕ,∇∂tϕ⟩ ρ

+
1

2
|∇ϕ|2∂tρ−

1

2
RH,f |∇ϕ|2ρ

]
e−fdV ds.

For a fixed ψ ∈ C∞(M), we have∫
M
ψ∂sρe

−fdV =

∫
M

⟨∇ψ,∇ϕ⟩ ρe−fdV.

Hence, integrating by parts in t,∫
M
ψ
(
∂s∂tρ−RH,f∂sρ

)
e−fdV

=

∫
M

[
2RcH,f (∇ψ,∇ϕ)ρ+ ⟨∇ψ,∇∂tϕ⟩ ρ+ ⟨∇ψ,∇ϕ⟩ ∂tρ−RH,f ⟨∇ψ,∇ϕ⟩ ρ

]
e−fdV.

For ψ = ϕ, this yields∫
M
ϕ
(
∂s∂tρ−RH,f∂sρ

)
e−fdV

=

∫
M

[
2RcH,f (∇ϕ,∇ϕ)ρ+ ⟨∇ϕ,∇∂tϕ⟩ ρ+ ⟨∇ϕ,∇ϕ⟩ ∂tρ−RH,f ⟨∇ϕ,∇ϕ⟩ ρ

]
e−fdV.

Inserting this into the derivative of E and integrating by parts in s produces

d

dt
E =

∫ 1

0

∫
M
ϕ
(
∂s∂tρ−RH,f∂sρ

)
e−fdV ds

+

∫ 1

0

∫
M

[
−RcH,f (∇ϕ,∇ϕ)ρ− 1

2
|∇ϕ|2∂tρ+

1

2
RH,f |∇ϕ|2ρ

]
e−fdV ds

=

∫
M
ϕ∂tρe

−fdV

∣∣∣∣1
s=0

+

∫ 1

0

∫
M

[
−RH,fϕ∂sρ− RcH,f (∇ϕ,∇ϕ)ρ

−
(
∂sϕ+

1

2
|∇ϕ|2

)
∂tρ+

1

2
RH,f |∇ϕ|2ρ

]
e−fdV ds.

Note that by Lemma 3.3,

−
∫
M
ϕ∆fρe

−fdV

∣∣∣∣1
s=0

=

∫ 1

0

∫
M

[∣∣∇2ϕ
∣∣2ρ+Rcf (∇ϕ,∇ϕ)ρ

−
(
∂sϕ+

1

2
|∇ϕ|2

)
∆fρ

]
e−fdV,

and

d

ds

∫
M
RH,fϕρe−fdV =

∫
M
RH,f∂sϕρe

−fdV +

∫
M
RH,fϕ∂sρe

−fdV.

So, combining the above computations gives

d

dt
E =

∫
M
ϕ
(
∂tρ+∆fρ−RH,fρ

)
e−fdV

∣∣∣∣1
s=0

+

∫ 1

0

∫
M

[∣∣∇2ϕ
∣∣2ρ+ 1

4
H2(∇ϕ,∇ϕ)ρ

−
(
∂sϕ+

1

2
|∇ϕ|2

)(
∂tρ+∆fρ−RH,fρ

)]
e−fdV ds,

as claimed. ■
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As a corollary from this proposition, we obtain the Wasserstein contraction of the backward
heat flow of two probability measures under generalized Ricci flow. Here, we denote by Wt the
Wasserstein distance associated to time t. We first record an elementary lemma showing an
equivalent formulation of the backward heat equation in terms of the density, whose proof is left
to the reader:

Lemma 3.5. Given (gt, Ht, ft) a solution to generalized Ricci flow, suppose (µt) ⊂ P∞(M) is
a smooth one-parameter family of probability measures with µt = ρte

−ftdVt. Then (µt) satisfies
the backwards heat flow

∂tµ = −∆µ (3.2)

if and only if

∂tρ = −∆fρ+RH,fρ. (3.3)

Corollary 3.6. Let
(
µ1t

)
,
(
µ2t

)
be two solutions of the backward heat equation (3.2) in P∞(M).

Then Wt

(
µ1t , µ

2
t

)
is nondecreasing in t.

Proof. Fix t0. For each ε > 0, we may choose according to Theorem 3.1 a curve µ : [0, 1] →
P∞(M) with µ(0) = µ1t0 and µ(1) = µ2t0 satisfying

E(µ) ≤ 1

2
Wt0

(
µ1t0 , µ

2
t0

)2
+ ε,

where E(µ) is the Lagrangian of the curve µ at time t0. Let t ≤ t0 and let µt(s) be the
backward heat flow with µt0(s) = µ(s). Observe that this implicitly defines two-parameter
families (ρ(s, t), ϕ(s, t)) as described above. Then we know by Proposition 3.4 and Lemma 3.5
that

1

2
Wt

(
µ1t , µ

2
t

)2 ≤ E(µt) ≤ E(µt0) ≤
1

2
Wt0

(
µ1t0 , µ

2
t0

)2
+ ε.

As ε > 0 is arbitrary, the result follows. ■

4 Adapted cost for generalized Ricci flow

In this section, we define a cost adapted to generalized Ricci flow akin to the L0-cost in Ricci
flow [11]. We will show monotonicity of the cost along the weighted backwards heat equation,
and furthermore use this to recapture the monotonicity of the F-functional. Fix (gt, Ht, ft)
a solution to generalized Ricci flow on [0, T ]. Given µt a smooth one-parameter family of
probability measures in P∞(M) which have densities ρt with respect to e−ftdVt, it follows that
there exists a smooth family ϕt such that

∂tρ = −divf (ρ∇ϕ) +RH,fρ. (4.1)

For such paths µ defined on [t′, t′′] ⊂ [0, T ], we define the Lagrangian

E0(µ) :=
1

2

∫ t′′

t′

∫
M

[
|∇ϕ|2 +RH,f

]
dµdt.

This functional can be interpreted as an optimal transport cost for a length functional modified
by integrating the weighted scalar curvature RH,f along the curve. This choice is natural given
the gradient flow interpretation of generalized Ricci flow [13].
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4.1 Geodesic entropy convexity

In this subsection, we prove a convexity property for a natural entropy associated to the cost
functional E0. We first derive the geodesic equation associated to this cost, then show convexity
of the entropy along these geodesics.

Lemma 4.1. Let (gt, Ht, ft) be a solution to generalized Ricci flow. Let (ρ(t, s), ϕ(t, s)) be
a two-parameter family of densities and functions satisfying (4.1). Then

d

ds
E0(µ(·, s)) =

∫
M
ϕ∂sρe

−fdV

∣∣∣∣t′′
t=t′

−
∫ t′′

t′

∫
M

[
∂tϕ+

1

2
|∇ϕ|2 − 1

2
RH,f

]
∂sρe

−fdV dt.

In particular, a one-parameter (ρ(t), ϕ(t)) is a geodesic if and only if

∂tρ = −divf (ρ∇ϕ) +RH,fρ, ∂tϕ = −1

2
|∇ϕ|2 + 1

2
RH,f . (4.2)

Proof. First of all, we compute

d

ds
E0(µ(·, s)) =

∫ t′′

t′

∫
M

[
⟨∇ϕ,∇∂sϕ⟩ ρ+

1

2

(
|∇ϕ|2 +RH,f

)
∂sρ

]
e−fdV.

Observe that for an arbitrary function ψ, we have by integration by parts∫
M
ψ∂tρe

−fdV =

∫
M

[
⟨∇ψ,∇ϕ⟩+ ψRH,f

]
dµ.

It follows that∫
M
ψ∂s∂tρe

−fdV =

∫
M

[
⟨∇ψ,∇∂sϕ⟩ ρ+ ⟨∇ψ,∇ϕ⟩ ∂sρ+ ψRH,f∂sρ

]
e−fdV.

We choose ψ = ϕ to yield∫
M
ϕ∂s∂tρe

−fdV =

∫
M

[
⟨∇ϕ,∇∂sϕ⟩ ρ+ |∇ϕ|2∂sρ+ ϕRH,f∂sρ

]
e−fdV.

Combining the above discussion produces

d

ds
E0(µ(·, s)) =

∫ t′′

t′

∫
M

[
ϕ∂s∂tρ−

1

2
|∇ϕ|2∂sρ− ϕRH,f∂sρ+

1

2
RH,f∂sρ

]
e−fdV dt.

Note that Lemma 3.2 further implies

∂t
(
ϕ∂sρe

−fdV
)
=

(
∂tϕ∂sρ+ ϕ∂s∂tρ−RH,fϕ∂sρ

)
e−fdV.

Consequently, we obtain

d

ds
E0(µ(·, s)) =

∫ t′′

t′
∂t

[∫
M
ϕ∂sρe

−fdV

]
dt

−
∫ t′′

t′

∫
M

[
∂tϕ+

1

2
|∇ϕ|2 − 1

2
RH,f

]
∂sρe

−fdV dt,

which is, after integrating the first term in time, the claim. ■

Next, we show the geodesic convexity of a natural entropy quantity associated to this cost.
First, we prove two propositions containing useful evolution equations for geodesics along a so-
lution to generalized Ricci flow.
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Lemma 4.2. Fix (gt, Ht, ft) a solution to generalized Ricci flow, and suppose (ρt, ϕt) solves the
geodesic equations (4.2). Then

d

dt

∫
M
ϕdµ =

1

2

∫
M

[
|∇ϕ|2 +RH,f

]
dµ,

1

2

d

dt

∫
M

|∇ϕ|2dµ =

∫
M

[
RcH,f (∇ϕ,∇ϕ) + 1

2

〈
∇ϕ,∇RH,f

〉]
dµ.

Proof. We compute, using the geodesic equation and Lemma 3.2,

d

dt

∫
M
ϕdµ =

∫
M

[(
−1

2
|∇ϕ|2 + 1

2
RH,f

)
+ |∇ϕ|2 +

(
RH,f −RH,f

)
ϕ

]
dµ

=

∫
M

[
1

2
|∇ϕ|2 + 1

2
RH,f

]
dµ,

which yields the first claim. For the second claim, we compute first of all

d

dt

1

2
|∇ϕ|2 = RcH,f (∇ϕ,∇ϕ) +

〈
∇ϕ,∇

(
−1

2
|∇ϕ|2 + 1

2
RH,f

)〉
.

Hence

d

dt

1

2

∫
M

|∇ϕ|2dµ =

∫
M

[
RcH,f (∇ϕ,∇ϕ) +

〈
∇ϕ,∇

(
−1

2
|∇ϕ|2 + 1

2
RH,f

)〉]
dµ

+

∫
M

1

2
|∇ϕ|2 (−divf (ρ∇ϕ)) e−fdV

=

∫
M

[
RcH,f (∇ϕ,∇ϕ) +

〈
∇ϕ, 1

2
RH,f

〉]
dµ,

as claimed. ■

Lemma 4.3. Fix (gt, Ht, ft) a solution to generalized Ricci flow, and suppose (ρt, ϕt) solves the
geodesic equations (4.2). Then

d

dt

∫
M

log ρdµ =

∫
M

[
⟨∇ρ,∇ϕ⟩+RH,fρ

]
e−fdV,

d

dt

∫
M

⟨∇ρ,∇ϕ⟩ e−fdV =

∫
M

[
|∇2ϕ|2 +Rcf (∇ϕ,∇ϕ)− 2

〈
RcH,f ,∇2ϕ

〉]
dµ

+

∫
M

[〈
1

2
divH2 − 1

4
∇ |H|21

k
,∇ϕ

〉
− 1

2
H2(∇f,∇ϕ)

]
dµ

+
1

2

∫
M

〈
∇ρ,∇RH,f

〉
e−fdV,

d

dt

∫
M
RH,fdµ =

∫
M

[
∂tR

H,f +
〈
∇RH,f ,∇ϕ

〉]
dµ.

Proof. We show the first claim by noting

d

dt

∫
M

log ρdµ =

∫
M

[
(log ρ+ 1)

(
−divf (ρ∇ϕ) +RH,fρ

)
− ρ log ρRH,f

]
e−fdV

=

∫
M

[
⟨∇ρ,∇ϕ⟩+RH,fρ

]
e−fdV.
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To show the second claim we will need to decompose the Ricci tensor into its symmetric
piece RcH,f

s and anti-symmetric piece RcH,f
a (which in general is a polyform). We first com-

pute

d

dt

∫
M

⟨∇ρ,∇ϕ⟩ e−fdV

=

∫
M

[
2RcH,f

s (∇ρ,∇ϕ) +
〈
∇
(
−divf (ρ∇ϕ) +RH,fρ

)
,∇ϕ

〉]
e−fdV

+

∫
M

[〈
∇ρ,∇

(
−1

2
|∇ϕ|2 + 1

2
RH,f

)〉
− ⟨∇ρ,∇ϕ⟩RH,f

]
e−fdV.

Using Lemma 2.3, we have the Bianchi identity

2 div RcH,f
s = ∇RH,f +∇|∇f |2 + 1

4
∇ |H|21

k
+ 2Rc(∇f)− 1

2
divH2,

Using this, we integrate by parts to yield∫
M

2RcH,f
s (∇ρ,∇ϕ)e−fdV

= −2

∫
M

(〈
divRcH,f

s ,∇ϕ
〉
+
〈
RcH,f ,∇2ϕ

〉
− RcH,f

s (∇f,∇ϕ)
)
dµ

= −
∫
M

(〈
∇RH,f +

1

4
∇ |H|21

k
− 1

2
divH2,∇ϕ

〉
+2

〈
RcH,f ,∇2ϕ

〉
+

1

2
H2(∇f,∇ϕ)

)
dµ.

Further by integration by parts and Bochner’s formula∫
M

〈
∇
(
− ef div

(
ρe−f∇ϕ

))
,∇ϕ

〉
e−fdV +

∫
M

〈
∇ρ,∇

(
−1

2
|∇ϕ|2

)〉
e−fdV

= −
∫
M

⟨∇ϕ,∇∆ϕ⟩dµ+
1

2

∫
M

∆|∇ϕ|2dµ+

∫
M

⟨∇ϕ,∇⟨∇f,∇ϕ⟩⟩dV

− 1

2

∫
M

〈
∇|∇ϕ|2,∇f

〉
dµ

=

∫
M

(∣∣∇2ϕ
∣∣2 +Rc(∇ϕ,∇ϕ)

)
dµ+

∫
M

⟨∇ϕ,∇⟨∇f,∇ϕ⟩⟩dµ− 1

2

∫
M

〈
∇|∇ϕ|2,∇f

〉
dµ.

Consequently,

d

dt

∫
M

⟨∇ρ,∇ϕ⟩ e−fdV

= −
∫
M

(〈
∇RH,f +

1

4
∇ |H|21

k
− 1

2
divH2,∇ϕ

〉
+ 2

〈
RcH,f ,∇2ϕ

〉
+

1

2
H2(∇f,∇ϕ)

)
dµ

+

∫
M

(∣∣∇2ϕ
∣∣2 +Rc(∇ϕ,∇ϕ) + ⟨∇ϕ,∇⟨∇f,∇ϕ⟩⟩ − 1

2

〈
∇|∇ϕ|2,∇f

〉)
dµ

+

∫
M

〈
∇
(
RH,fρ

)
,∇ϕ

〉
e−fdV +

∫
M

〈
∇ρ, 1

2
∇RH,f

〉
e−fdV

−
∫
M

⟨∇ρ,∇ϕ⟩RH,fe−fdV.

Reordering terms yields

d

dt

∫
M

⟨∇ρ,∇ϕ⟩ e−fdV
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=

∫
M

(∣∣∇2ϕ
∣∣2 +Rc(∇ϕ,∇ϕ)− 2

〈
RcH,f ,∇2ϕ

〉)
dµ

+

∫
M

〈
1

2
divH2 − 1

4
∇ |H|21

k
,∇ϕ

〉
ρe−fdV − 1

2

∫
M
H2(∇f,∇ϕ)dµ

+
1

2

∫
M

〈
∇ρ,∇RH,f

〉
e−fdV +

∫
M

⟨∇ϕ,∇⟨∇f,∇ϕ⟩⟩dµ− 1

2

∫
M

〈
∇|∇ϕ|2,∇f

〉
dµ

=

∫
M

(∣∣∇2ϕ
∣∣2 +Rcf (∇ϕ,∇ϕ)− 2

〈
RcH,f ,∇2ϕ

〉)
dµ+

1

2

∫
M

〈
∇ρ,∇RH,f

〉
e−fdV

+

∫
M

〈
1

2
divH2 − 1

4
∇ |H|21

k
,∇ϕ

〉
dµ− 1

2

∫
M
H2(∇f,∇ϕ)dµ,

which is the claim.

For the last claim, we simply compute

d

dt

∫
M
RH,fdµ =

∫
M
∂tR

H,f +
〈
∇RH,f ,∇ϕ

〉
+
(
RH,f

)2 − (
RH,f

)2
dµ

=

∫
M
∂tR

H,f +
〈
∇RH,f ,∇ϕ

〉
dµ. ■

Proposition 4.4. Fix (gt, Ht, ft) a solution to generalized Ricci flow, and suppose (ρt, ϕt) solves
the geodesic equations (4.2). Then

d2

dt2

∫
M

log ρdµ =

∫
M

(∣∣RcH,f−ϕ
∣∣2 +RcH,f (∇ϕ,∇ϕ) + 1

2
∂tR

H,f +
〈
∇RH,f ,∇ϕ

〉)
dµ.

Also

d2

dt2

∫
M
(log ρ− ϕ)dµ =

∫
M

∣∣RcH,f−ϕ
∣∣2dµ.

Proof. We obtain from Lemma 4.3

d2

dt2

∫
M

log ρdµ =

∫
M

(
|∇2ϕ|2 +Rcf (∇f,∇f)− 2

〈
RcH,f ,∇2ϕ

〉)
dµ

+

∫
M

〈
1

2
divH2 − 1

4
∇ |H|21

k
,∇ϕ

〉
dµ

− 1

2

∫
M
H2(∇f,∇ϕ)dµ+

1

2

∫
M

〈
∇ρ,∇RH,f

〉
e−fdV

+

∫
M

(
∂tR

H,f +
〈
∇RH,f ,∇ϕ

〉)
dµ.

Using Proposition 2.4, Lemma 2.3 and noting∣∣RcH,f−ϕ
∣∣2 = ∣∣RcH,f

∣∣2 + ∣∣∇2ϕ
∣∣2 − 2

〈
RcH,f ,∇2ϕ

〉
− 1

2
⟨d∗H + i∇fH, i∇ϕH⟩+ 1

4
|i∇ϕH|2 ,

we find

d2

dt2

∫
M

log ρdµ =

∫
M

(∣∣RcH,f−ϕ
∣∣2 +RcH,f (∇ϕ,∇ϕ) + 1

2
∂tR

H,f +
〈
∇RH,f ,∇ϕ

〉)
dµ,

as claimed. The second claim of the proposition then follows easily from Lemma 4.2. ■
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4.2 Cost monotonicity

Given the setup as above, for µ′, µ′′ ∈ P∞(M) define the distance

Ct′,t′′

0 (µ′, µ′′) := inf
µ
Et′,t′′

0 (µ),

where the infimum is taken among all paths of smooth measures µ := ρe−fdV : [t′, t′′] → P∞(M)
with µ(t′) = µ′ and µ(t′′) = µ′′, and such that (4.1) is satisfied.

Proposition 4.5. Let µ : [t′, t′′] × (−ϵ, ϵ) → P∞(M) be a smooth map, where µ = µ(t, u). De-
fine µu : [t

′ + u, t′′ + u] → P (M) by µu(t) := µ(t−u, u). Suppose that µ0 = µ(·, 0) is a minimizer

for Et′,t′′

0 , i.e., there exists ϕ0 = ϕ(·, 0) such that (4.2) holds. Then

d

du

∣∣∣∣
u=0

Et′+u,t′′+u
0 (µu) =

∫ t′′

t′

∫
M

∣∣RcH,f−ϕ0
∣∣2dµ0dt

+

∫
M
ϕ
(
∂u|u=0 ρ(·, u)−RH,fρ0 +∆fρ0

)
e−fdV

∣∣∣∣t′′
t=t′

.

Proof. Note that we express

Et′+u,t′′+u
0 (µu) =

1

2

∫ t′′

t′

∫
M

(
|∇ϕ(t, u)|2 +RH,f

)
ρ(t, u)e−fdV dt,

where the metric, volume and f are evaluated at time t+ u. Then we compute

d

du

∣∣∣∣
u=0

Et′+u,t′′+u
0 (µu) =

∫ t′′

t′

∫
M

[
RcH,f (∇ϕ,∇ϕ) + ⟨∇ϕ,∇∂uϕ⟩+

1

2
∂tR

H,f

]
dµdt

+
1

2

∫ t′′

t′

∫
M

(
|∇ϕ|2 +RH,f

)(
∂uρ−RH,fρ

)
e−fdV dt, (4.3)

where µ(t, u), ρ(t, u) and ϕ(t, u) are evaluated at u = 0. For each ψ ∈ C∞(M), by equation (4.1)
we have∫

M
ψ∂tρe

−fdV =

∫
M

(
⟨∇ψ,∇ϕ⟩+ ψRH,f

)
dµ.

Hence∫
M
ψ
(
∂u∂tρ−RH,f∂tρ

)
e−fdV =

∫
M

(
2RcH,f (∇ψ,∇ϕ) + ⟨∇ψ,∇∂uϕ⟩+ ∂tR

H,fψ
)
dµ

+

∫
M

(
⟨∇ψ,∇ϕ⟩+RH,fψ

)(
∂uρ−RH,fρ

)
e−fdV. (4.4)

Combining (4.3) with (4.4), we obtain after choosing ψ = ϕ

d

du

∣∣∣∣
u=0

Et′+u,t′′+u
0 (µu) =

∫ t′′

t′

∫
M
ϕ
(
∂u∂tρ−RH,f∂tρ

)
e−fdV dt

+

∫ t′′

t′

∫
M

[
−RcH,f (∇ϕ,∇ϕ) + 1

2
∂tR

H,f − ∂tR
H,fϕ

]
dµdt

−
∫ t′′

t′

∫
M

(
1

2
|∇ϕ|2 − 1

2
RH,f

)(
∂uρ−RH,fρ

)
e−fdV dt

−
∫ t′′

t′

∫
M
RH,fϕ

(
∂uρ−RH,fρ

)
e−fdV dt.
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Integrating by parts in t, we have∫ t′′

t′

∫
M
ϕ
(
∂u∂tρ−RH,f∂tρ

)
e−fdV dt

=

∫
M
ϕ
(
∂uρ−RH,fρ

)
e−fdV

∣∣∣∣t′′
t=t′

+

∫ t′′

t′

∫
M

[
− ∂tϕ∂uρ+ ϕ∂uρR

H,f
]
e−fdV dt

+

∫ t′′

t′

∫
M

[
∂tR

H,fϕ+ ∂tϕR
H,f −

(
RH,f

)2
ϕ
]
dµdt,

thus yielding

d

du

∣∣∣∣
u=0

Et′+u,t′′+u
0 (µu) =

∫
M
ϕ
(
∂uρ−RH,fρ

)
e−fdV

∣∣∣∣t′′
t=t′

+

∫ t′′

t′

∫
M

[
−RcH,f (∇ϕ,∇ϕ) + 1

2
∂tR

H,f

]
dµdt.

We know from Lemma 4.3 that

d

dt

∫
M

⟨∇ρ,∇ϕ⟩ e−fdV =

∫
M

(∣∣∇2ϕ
∣∣2 +Rcf (∇ϕ,∇ϕ)− 2

〈
RcH,f ,∇2ϕ

〉)
dµ

+

∫
M

〈
1

2
divH2 − 1

4
∇ |H|21

k
,∇ϕ

〉
dµ

− 1

2

∫
M
H2(∇f,∇ϕ)dµ+

1

2

∫
M

〈
∇ρ,∇RH,f

〉
e−fdV.

Inserting this and using the result of Proposition 2.4 and Lemma 2.3 gives

d

du

∣∣∣∣
u=0

Et′+u,t′′+u
0 (µu) =

∫
M
ϕ
(
∂uρ+∆ρ− ⟨∇ρ,∇f⟩ −RH,fρ

)
e−fdV

∣∣∣∣t′′
t=t′

+

∫ t′′

t′

∫
M

∣∣RcH,f −∇2ϕ
∣∣2dµdt

+

∫ t′′

t′

∫
M

〈
1

2
divH2 − 1

4
∇ |H|21

k
,∇ϕ

〉
dµdt

+

∫ t′′

t′

∫
M

1

4
H2(∇ϕ,∇ϕ)− 1

2
H2(∇f,∇ϕ)dµdt

=

∫
M
ϕ
(
∂uρ+∆ρ− ⟨∇ρ,∇f⟩ −RH,fρ

)
e−fdV

∣∣∣∣t′′
t=t′

+

∫ t′′

t′

∫
M

∣∣RcH,f−ϕ
∣∣2dµdt,

as claimed. ■

Using this, we establish monotonicity of the cost along the backwards heat flow, and use it
to obtain the monotonicity of the energy functional along generalized Ricci flow.

Corollary 4.6. Under the hypothesis of Proposition 4.5, suppose that each µu is a minimizer

for Et′+u,t′′+u
0 . Suppose that the endpoint measures µu(t

′+u) = µ(t′, u) and µu(t
′′+u) = µ(t′′, u)

satisfy the backward heat equation (3.2) in u. Then

u 7→ Ct′+u,t′′+u
0 (µu(t

′ + u), µu(t
′′ + u))

is nondecreasing.
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Corollary 4.7. Suppose that µ ⊂ P∞(M) is a smooth solution of the backward heat equa-
tion (3.2). Then

F =

∫
M

[
|∇ log ρ|2 +RH,f

]
dµ

is nondecreasing in t.

Proof. Fix a time t′. Using ellipticity of the linearized geodesic equation and an inverse function
theorem argument, for t′′ all sufficiently close to t′ and u > 0 sufficiently small, the minimizing
geodesic connecting µ(t′ + u) and µ(t′′ + u) is smooth. By Lemma 3.5 and Corollary 4.6, we
have

Ct′+u,t′′+u
0 (µ(t′ + u), µ′′(t′′ + u))

t′′ − t′
≥ Ct′,t′′

0 (µ(t′), µ(t′′))

t′′ − t′
.

Letting t′′ → t′

1

2

∫
M

[
|∇ϕ|2 +RH,f

]
dµ

∣∣∣∣
t′+u

≥ 1

2

∫
M

[
|∇ϕ|2 +RH,f

]
dµ

∣∣∣∣
t′
.

As ρ solves (3.3) it follows that ∇ϕ = ∇ log ρ, giving the claim. ■
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