Symmetry, Integrability and Geometry: Methods and Applications SIGMA 20 (2024), 021, 9 pages

On the Hill Discriminant of Lamé’s Differential

Equation
Hans VOLKMER

Department of Mathematical Sciences, University of Wisconsin - Milwaukee, USA
E-mail: volkmer@uwm.edu

Received July 25, 2023, in final form March 08, 2024; Published online March 16, 2024
https://doi.org/10.3842/SIGMA.2024.021

Abstract. Lamé’s differential equation is a linear differential equation of the second or-
der with a periodic coefficient involving the Jacobian elliptic function sn depending on the
modulus £, and two additional parameters h and v. This differential equation appears in
several applications, for example, the motion of coupled particles in a periodic potential.
Stability and existence of periodic solutions of Lamé’s equations is determined by the value
of its Hill discriminant D(h, v, k). The Hill discriminant is compared to an explicitly known
quantity including explicit error bounds. This result is derived from the observation that
Lamé’s equation with kK = 1 can be solved by hypergeometric functions because then the
elliptic function sn reduces to the hyperbolic tangent function. A connection relation be-
tween hypergeometric functions then allows the approximation of the Hill discriminant by
a simple expression. In particular, one obtains an asymptotic approximation of D(h,v, k)
when the modulus k tends to 1.
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1 Introduction

Kim, Levi and Zhou [4] consider two elastically coupled particles positioned at x(t), y(t) in
a periodic potential V' (z). The system is described by

4+ V') =~y—-=z), G+V(y)=7(-y),

where v denotes the coupling constant. Let z(t) = y(t) = p(t) be a synchronous solution. If we
linearize the system around this synchronous solution, x = p+ €&, y =p+n, and set u = £ + 1,
w = & — 7, then we obtain

i + V" (p)u = 0,
W+ (2y+ V" (p))w = 0. (1.1)

These are Hill equations [5], that is, they are of the form
W+ q(tyw =0 (12

with a periodic coefficient function ¢(t), say of period o > 0. In this and many other applications
the Hill discriminant D associated with (1.2) plays an important role. The discriminant D is
defined as the trace of the endomorphism w(t) — w(t+ o) of the two-dimensional solution space
of (1.2) onto itself. It is well known [5] that equation (1.2) is stable if |[D| < 2 and unstable
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if |D| > 2. The condition D = 2 is equivalent to the existence of a nontrivial solution with
period ¢ while D = —2 is equivalent to the existence of a nontrivial solution with semi-period o.

In this work, we are interested in the special case V(x) = —cosx. Then p(t) is a solution of
the differential equation p+sinp = 0 of the mathematical pendulum. We get [7, Section 22.19 (i)]

2

_ t 2_ 4
p(t,é’)—2am<k,k:>, where k =ci2

€ denotes energy, and am is Jacobi’s amplitude function [7, Section 22.16 (i)]. Then equa-
tion (1.1) becomes

d? t
d—t;u—i— (2’}/—1—1—28112 (k,k>)w—0,

where sn(x,k) = sinam(z, k) is one of the Jacobian elliptic functions [7, Section 16]. If we
substitute ¢t = ks, we obtain Lamé’s equation [7, Section 29|
d2
—dZJ + (h—v(v+1)k*sn?(s,k))w =0 (1.3)
s
with parameters h = k?(2y + 1) and v = 1. There is no explicit formula for the corresponding
Hill discriminant D = D(h,v, k). However, in [4] a remarkable asymptotic formula for this Hill
discriminant as £ — 0 (or k — 1) is given. It is shown that

D(h,1,k) =acos(wln& — ¢) + o(&) as &€ — 0, (1.4)

where w? = 2y — 1.
The main result of this paper is Theorem 5.1 which improves on (1.4) in three directions.
1. We allow any real v in place of v = 1. Since we may replace v by —1 — v we assume
v> —% without loss of generality.
2. We provide explicit values for the amplitude a and the phase shift ¢ in (1.4)
3. We give explicit error bounds. This makes it possible to prove stability of the Lamé

equation in some cases.

The idea behind the proof of Theorem 5.1 is the observation that Lamé’s equation (1.3) with
k = 1 can be solved in terms of the hypergeometric function F'(a,b;c,z). Then well-known
connection relations between hypergeometric functions play a crucial role.

As a preparation, we present some elementary results on linear differential equations of the
second order in Section 2. In Section 3, we give a quick review of the Lamé equation. In
Section 4, we consider the special case of the Lamé equation when k£ = 1. In Section 5 we
combine our results to obtain Theorem 5.1.

2 Lemmas on second order linear equations
Let u be the solution of the initial value problem
u 4+ q(t)u = r(t), u(a) = u'(a) =0,

where ¢,7: [a,b] — R are continuous functions. By the variation of constants formula [2, Sec-
tion 2.6],

u(t) = / Lt s)r(s)ds,  u'(t) = / DL (t, 5)r(s) ds,
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where y(t) = L(t, s) is the solution of
' +q(t)y =0 (2.1)
determined by the initial conditions y(s) = 0, y'(s) = 1. Let Ly, Lo be constants such that
|L(t,s)] < L1, [01L(t,s)| < La fora<s<t<b. (2.2)

Then it follows that
b b
lulloo < Lt / r(s)lds, [l < Lo / ir(s)| ds, (2.3)
a a

where || f |l = maxepqp [f(1)]-

Lemma 2.1. Let p,q: [a,b] — R be continuous. Let L1, Ly be as in (2.2). Let y be a solution
of (2.1) and w a solution of w” + p(t)w = 0 with y(a) = w(a) and y'(a) = w'(a). Then

b
ly —wlleo < LleHoo/ p(s) — q(s)| ds,

1y — w'lloo < Laljw]loo /ab Ip(s) — q(s)|ds.
Proof. For u =y — w, we have

u"(t) + q(t)u(t) = (p(t) — q(t)w(?).
The desired result follows from (2.3). [
Lemma 2.2. Let q: [a,b] — (0,00) be continuously differentiable and monotone. Set

m := min q(t) > 0, M := max q(t).
t€la,b] t€[a,b]

Let yi1, yo be the solutions of (2.1) determined by y1(a) = yh(a) =1, yi(a) = y2(a) = 0. If q is
nondecreasing, then

1 M
HyIHgo <1, Hyngo <M, ”yQHgo < E? HyéH2 < Ev
and, if q is monincreasing,
M 1
ly1 13 < — Inll3e <M, a3 < g 2113 < 1.

Proof. Suppose first that ¢ is nondecreasing. Set
uj(t) = y;(t)* + Ty-(t)2-

Then

so u;(t) < wuj(a) for all t € [a,b]. Now uq(a) =1 and us(a) = % imply yl(t)2 <1, y’l(t)2 <M,
y2 ()2 < L. 94 (1)? < 2. 1f g is nonincreasing, we argue similarly using v;(t) = y}(t)2 +q(t)y;(t)?
in place of u;. |
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3 Lamé’s equation
Forh € R,v > —1 k € (0,1), we consider the Lamé equation [1, Section IX] and [3, Section X V]
y" + (h—v(v+ 1)k*sn(t,k))y = 0. (3.1)

This is a Hill equation with period 2K (k), where K = K (k) is the complete elliptic integral of
the first kind:

t
" :/o V1—12V/1— k%2
Equation (3.1) also makes sense for k =1 [7, Section 22.5 (ii)] when it becomes
y" + (h—v(v+1)tanh®t)y = 0. (3.2)
Of course, this is not a Hill equation anymore. Let
yi(t) =yt s, hv k) and  ya(t) = wa(t, s, h, v k)

be the solutions of (3.1) determined by the initial conditions

Set q(t) := h — v(v + 1)k? sn?(t, k). This function is increasing on [0, K| if —2 < v < 0 and
decreasing on [0, K] if v > 0. We assume that h > 0 and h > v(v + 1)k?. Then ¢(t) > 0 for
t € [0, K]. We define H := (h —v(v + 1)]{:2)1/2 and

1 fr<0 H ifr<o0
Cy(hy v, k) = Y Ol b k) = ’
1(h v, k) {h1/2H—1 if >0, 1(h v k) {h1/2 if >0,

hY2 if 0 hY2H if 0
Co(h, v, k) = tr< Ch(hy v, k) = v <5

H™ ' ifv >0, 1 if v > 0.

Lemma 3.1. Suppose that h > 0 and h —v(v + 1)k? > 0. Then, for 0 <s <t < K,
it ) <Cr, A <O, Ja(ts) < Co fya(ts)] < Co.
If k =1, this is true for all 0 < s < t.
Proof. This follows from Lemma 2.2. |

In the next theorem, we use the complete elliptic integral £ = E(k) of the second kind:

\/ kzt
1-— t2

Theorem 3.2. Suppose that h >0 and h —v(v + 1) > 0. Then

|y1(K?O7h7V7 k) - y1<K,0,h, v, 1)‘ < ClCQ‘V‘(V—i_ 1)(E<k) - tanhK(k)),
Y2 (K, 0, b, v, k) — 5 (K, 0, b, v, 1)| < CoCalv| (v + 1)(E(k) — tanh K (k)),

where the constants C' are formed with k = 1.
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Proof. We apply Lemma 2.1 with

q(t) = h —v(v+ 1)k?sn?(t, k), p(t) = h — v(v+ 1) tanh? ¢,
and

y(t) =y1(t,0,h, v, k),  w(t) =y (t,0,h,v,1)
on the interval ¢ € [0, K]. We note that [8, formula (4.4)]

ksn(t, k) < tanht < sn(t, k) for t € [0, K].

Therefore,
K K
/ Ip(s) — q(s)|ds = |v|(v + 1)/ (tanh? s — k* sn®(s, k)) ds
0 0
K
= |v|(v + 1)/ (dn®(s, k) — 1 + tanh? s) ds.
0
Using fOK dn?(s,k)ds = E [9, p. 518], we get

K
/0 Ip(s) —q(s)|ds = |v|(v + 1)(F — tanh K).

By Lemma 3.1, |w(t)| < Cy and we can choose Ly = Co. This gives the desired estimate for y;.
The estimate for 4 is proved similarly. [ |

Note that

K K
/ (tanh® s — k*sn®(s, k)) ds < (1 — k?) / sn?(s, k) ds < K?K,
0 0

where k£ = V1 — k2, so
E —tanh K < kK.

Also note that [7, formula (19.9.1)]

K(k) < g ~Ink¥,

so E(k) —tanh K (k) = O((1 — k) In(1 — k)) as k — 1.

4 The Lamé equation for kK =1

Let w1, wy be the solutions of (3.2) determined by initial conditions wq(0) = w5(0) = 1,
w}(0) = w2(0) = 0. Then w;(t) = y;(¢,0,h,v, 1) using the notation of the previous section. We
assume that v > —% and h > v(v + 1), and set

wi=+\v(v+1)—h=iw, where w > 0. (4.1)

The substitution z = tanht transforms (3.2) to the associated Legendre equation [7, for-
mula (14.2.2)] of degree v and order p. According to [6, Section 5, formula (15.09)], we express w;
in terms of the hypergeometric function F'(a,b;c;z) as follows:

wy(t) = cosh” tF (=3 (u+v),5(1— p+v); 5 tanh? t),

wo(t) = tanhtcosh” tF(3(1 — p—v), 3(2 — p+v); 3;tanh? ¢).
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This can be confirmed by direct computation. In order to determine the behaviour of the
functions w;(t) as R 3 t — oo, we use the connection formula [7, formula (15.8.4)] and find
w;(t) = Re(v;(t)), where

B Ay 1 1 : - cosh—2
vi(t) = WF(—QUH" v), 5(1 = p+v);1 — p;cosh™ t),
Agtanht _
UZ(t):W (%(1—/,L—U),%(Q—/L+V)71—IU,COSh Qt),
and
A 21 ,u7.r1/2r<lu)
1 =
D(31+p+v) (5 —v)’
A 212 ()
2 = .
FAR+p+v)TEA+p—v))
We set

zj(t) = Re(Ajei‘”t), j=12
Theorem 4.1. Suppose h > 0 and h > v(v + 1). Then, for all t > 0,

lwi(t) — 2z1(t)] < w rC|v|(v + 1)(1 — tanht),
[w(t) — 23(t)| < Cofv|(v +1)(1 — tanht),

where Cy, Co are formed with k = 1.
Proof. Since F(a,b;c;0) = 1, the representation w;(t) = Re(v;(t)) yields

lim w;(t) — z;(t) = tliglo Re(4;(2cosht)™ — Aje) = 0. (4.2)

t—o00

Similarly, we have

lim w’(t) — 2j(t) = 0. (4.3)

t—o00
The function u; = w; — z; satisfies
uj + w?u; = g;(t), gij(t) ==v(v+ 1)(tanh2 t— 1) w;(t).

Let tg,t > 0. Then

( )Sin(w(i— to)) +/ Sin(w(t_s))gj(s)ds.

u;(t) = uj(to) cos(w(t — to)) + uj(to
to w
Letting to — oo, using (4.2), (4.3) and Lemma 3.1, we obtain
o0
lur ()| < w_l/ lg1(s)|ds < w™LCy|v|(v + 1)(1 — tanht)
t

as desired. The estimate for uf is derived similarly. |

The constant Wronskian of z1, 2z is

21(t)z5(t) — 21 (t)22(t) = wIm (A1 4y).
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The reflection formula for the gamma function

M)l —2) = sin(7x)
gives

a.)AlAQ == —m (44)
Therefore,

21 (1) 25(t) — 21 () 22(t) = 1.
Moreover,

21(8)2h(t) + 21 (t)22(t) = 221(£)25(t) — 1 = Re(Be*“"), (4.5)

where B = iwAj As. Using the duplication formula for the gamma function
29”_1F(%1:)F(%(3: +1)) = /27 (z)

we see that

_ TA+ ()
b= T+ p+v)T(u—v) (46)

If v € Ny, then

(iw—-1)(iw—2) - (iw—v)

(iw+1)(iw+2) - (iw+v)’
so |B| =1. If v =1, then

w—1  w?—1+4i2w

~ iw +1 w241
and
. 1
Re(Be**') = 21 ((w? — 1) cos(2wt) — 2w sin(2wt)).
By (4.4),
9 — 9 sinZ v
|B‘ = |(,UA1A2‘ =1 + 192 -
sinh” wn

So |B| > 1 if v is not an integer.

5 Hill’s discriminant of Lamé’s equation
The Hill discriminant D(h, v, k) of Lamé’s equation is given by [5, p. §]
D(h, v, k) = 2(y1 (K)y5(K) + y1 (K)y2(K)) = 2(2y1 (K)ys(K) — 1), (5.1)

where y;(t) = y;(t,0, h, v, k) in the notation of Section 3. By combining Theorems 3.2 and 4.1,
we obtain the following main theorem of this work.
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Theorem 5.1.
(a) Suppose v >0 and h > v(v+1). Then, for all k € (0,1),
|D(h, v, k) — 2Re(Be* XM | < 8h12w 2y (v + 1)(E(k) + 1 — 2tanh K (k).

(b) Suppose v € [—%,0) and h > 0. Then, for all k € (0,1),

|D(h, v, k) — 2Re(Be? @K ®)) | < 8wh™ v|(v + 1)(E(k) + 1 — 2 tanh K (k).
The constants w and B are given in (4.1) and (4.6), respectively.
Proof. Using (4.5) and (5.1), we have
D(h,v,k) — 2Re(Be?™@X) = 4(y1 (K)yh(K) — 21(K)z5(K)).
Using Lemma 3.1, we estimate
|D(h, v, k) — 2Re(Be?wK M)
< Ay (K)||ya(K) = 25(K)] + 4]z5(K) | [y1 (K) = 21(K)|
< 4G |yo(K) = 25(K)| +4C5|yi (K) — 21 (K)).
In fact, |wh(t)] < CY implies |25(t)] < C% because of (4.3). Now we use Theorems 3.2 and 4.1 to
estimate
91(K) = 21(K)| < [y1(K) = wi (K)[ + [w1(K) — z1(K)
< C1Cylv|(v + 1)(E — tanh K) + w™ 'O |v|(v + 1)(1 — tanh K),

and
Y2 () — 25(K)| < [y (K) — wy(K)| + [wy(K) — 25(K))|
< CyCY|v|(v 4+ 1)(E — tanh K) + Co|v|(v + 1)(1 — tanh K).
This gives the desired statements (a) and (b) substituting the values for C; and Cj. [

We may use K (k) = In(4/k") + O(k”?Ink’) [7, formula (19.12.1)] and |e'* — e| < |s — t] for
s,t € R to obtain

D(h,v,k) = 2Re(Be U/ L O((1 - k)In(1 —k))  ask — 1.

As an illustration, take h = 6, v = % and Kk = 1 —e 7. Figure 1 depicts the graphs of
T+ D(6,3,k) (red) and 7 — 2Re(Be?“X) (black). These graphs are hard to distinguish for
7 > 2. The Hill discriminant D (6, 5, k) is computed using (5.1). The values of y1 (K) and y}(K)
are found by numerical integration of Lamé’s equation (1.3) using the software MAPLE.

If 7 =5, then k = 0.993262... and 2Re(Be?“X) = —1.274528.... Theorem 5.1 gives
|D(6,5,k) — 2Re(Be*@ )| < 0.066641. Therefore, |D(6,1,k)| < 2 and so Lamé’s equation is
stable for h =6, v = %, E=1—e"°.

6 Discussion and further work

In Theorem 5.1, we presented an asymptotic formula describing the behavior of the discriminant
of the Lamé equation (1.3) as & — 1. The proof is based on the fact that the Lamé equation
approaches the associated Legendre (a special case of the hypergeometric) differential equation,
and the known behavior of the hypergeometric function as the independent variable tends to 1.
As we know from [4] a less precise formula describing the asymptotic behavior as € — 0 also
exists for more general potentials in (1.1). It is an interesting research question whether there
exist other potentials that allow an explicit determination of the amplitude and phase shift in
this asymptotic formula.
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Figure 1. Illustration to Theorem 5.1.
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