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Abstract. Via Andersen–Borot–Orantin’s geometric recursion, a twist of the topological
recursion was proposed, and a recursion for the Masur–Veech polynomials was uncovered.
The purpose of this article is to explore generalizations of Mirzakhani’s recursion based
on physical two-dimensional gravity models related to the Jackiw–Teitelboim gravity and
to provide an introduction to various realizations of topological recursion. For generalized
Mirzakhani’s recursions involving a Masur–Veech type twist, we derive Virasoro constraints
and cut-and-join equations, and also show some computations of generalized volumes for
the physical two-dimensional gravity models.
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1 Introduction

A remarkable identity [66] concerning the lengths of simple closed geodesics on a once-punctured
torus with a complete finite-area hyperbolic structure was discovered by McShane in his Ph.D.
Thesis [65]. After his remarkable discovery, McShane’s identity was generalized to bordered
hyperbolic Riemann surfaces of higher genus in a series of Mirzakhani’s papers [69, 70]. The
generalized identity leads to a striking recursion relation for the Weil–Petersson volumes of
moduli spaces of bordered Riemann surfaces, referred to as Mirzakhani’s recursion.

Theorem 1.1 (Mirzakhani’s recursion [69, 70]). Let VWP
g,n (L1, . . . , Ln) be the Weil–Petersson

volume for the moduli space of bordered connected Riemann surfaces of genus g with n ordered
boundary components of lengths L1, . . . , Ln. The Weil–Petersson volumes for 2g − 2 + n > 0
obey Mirzakhani’s recursion

L1V
WP
g,n (L1, . . . , Ln) =

1

2

∫
R2
+

DWP(L1, ℓ, ℓ
′)PWP

g,n (ℓ, ℓ′, LK)ℓℓ′dℓdℓ′

+

n∑
m=2

∫
R+

RWP(L1, Lm, ℓ)V
WP
g,n−1(ℓ, LK\{m})ℓdℓ, (1.1)
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Bosonic model y-coordinate function

KdV (Kontsevich’s matrix model) yKdV(z) = z +
∑

a≥2 uaz
a

Weil–Petersson (JT gravity) yWP(z) = 1
2π sin(2πz)

Airy (topological gravity) yA(z) = z

FZZT ((2, p) minimal string) yM(p)(z) = (−1)
p−1
2

2π Tp
(
2π
p z
)

Supersymmetric model y-coordinate function

BGW (BGW matrix model) yBGW(z) = 1
z +

∑
a≥1 vaz

a

Super Weil–Petersson (JT supergravity) ySWP(z) = 1
z cos(2πz)

Bessel (analogue of topological gravity) yB(z) = 1
z

Brane ((2, 2p− 2) minimal superstring) ySM(p)(z) = (−1)
p−1
2

z Up−1

(
2π
p z
)

Table 1. y-coordinate functions of physical 2D gravity models. Tp(z) and Up(z) denote the Chebyshev

polynomials of the first and second kind, respectively.

where LK = {L2, . . . , Ln} and LJ = {Li1 , . . . , Li|J|} for J = {i1, . . . , i|J |} ⊂ K = {2, . . . , n}.
Here PWP

g,n is

PWP
g,n (ℓ, ℓ′, LK) = VWP

g−1,n+1(ℓ, ℓ
′, LK) +

stable∑
h+h′=g

J∪J ′=K

VWP
h,1+|J |(ℓ, LJ)V

WP
h′,1+|J ′|(ℓ

′, LJ ′), (1.2)

where stable in the sum means that h, h′, J , J ′ obey 2h − 1 + |J | > 0 and 2h′ − 1 + |J ′| > 0,
and DWP and RWP are

DWP(x, y, z) =

∫ x

0
HWP(y + z, x′)dx′,

RWP(x, y, z) =
1

2

∫ x

0

(
HWP(z, x′ + y) +HWP(z, x′ − y)

)
dx′,

where the recursion kernel HWP(x, y) is

HWP(x, y) =
1

1 + e
x+y
2

+
1

1 + e
x−y
2

.

Especially for (g, n) = (0, 3) and (1, 1),1

VWP
0,3 (L1, L2, L3) = 1, L1V

WP
1,1 (L1) =

1

2

∫
R+

DWP(L1, ℓ, ℓ)ℓdℓ.

In [37, 38], it was shown that a Laplace transform of Mirzakhani’s recursion for the Weil–
Petersson volumes obeys the Chekhov–Eynard–Orantin (CEO) topological recursion [37]. The
CEO topological recursion was originally found in the asymptotic analysis of correlation func-
tions of Hermitian matrix models [6, 36], and the basic data of the recursion relation is ex-
tracted from algebro-geometric data of a spectral curve. The spectral curve C consists of basic
data (Σ; x, y, B): a compact Riemann surface Σ, coordinate functions (x, y) on Σ⊗2, and a bid-
ifferential B on Σ⊗2. In this paper, we focus on the following class of spectral curves with the
basic data:

Σ = P1, x(z) =
1

2
z2, B(z, w) =

dz ⊗ dw

(z − w)2
, (1.3)

1We employ a different normalization for V WP
1,1 (L1) compared to the one used in [69, 70] by a factor of 2.
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where the remaining y-coordinate function is specified depending on the models. In particular,
the y-coordinate function for the Laplace dual of Mirzakhani’s recursion is yWP(z) in Table 1.
This spectral curve resides in the class of the KdV spectral curve in Table 1 which involves time
variables ua and leads to the asymptotic expansion of the tau-function of the KdV hierarchy
given by Kontsevich’s matrix integral [59] via the CEO topological recursion [37].

In recent years, several fascinating developments and extensions of the CEO topological re-
cursion for the Weil–Petersson volumes have been reported in theoretical physics and geometry.
In theoretical physics, the non-perturbative studies of the Jackiw–Teitelboim (JT) gravity moti-
vated by gauge/gravity correspondence uncovered a novel aspect of the Weil–Petersson volumes
and their recursions. In Saad–Shenker–Stanford’s work [88], the Weil–Petersson volume of the
moduli space of hyperbolic bordered Riemann surfaces arises in the computation of the path
integral of the partition function in the JT gravity, and the physical interpretation of the JT
gravity partition function as a matrix integral was pointed out.

In terms of the JT gravity interpretation, the coordinate function of the spectral curve for
the Weil–Petersson volumes can be found from the disk partition function of the (2, p) mini-
mal string theory in the background of Fateev–Zamolodchikov–Zamolodchikov–Teschner (FZZT)
brane [39, 92] in the p→∞ limit [88].2 The (2, p) minimal string theory for p = 1 is, in particu-
lar, equivalent to the topological gravity, which is also known as Kontsevich–Witten’s intersection
theory on the moduli space of stable curves. The coordinate function of the spectral curve for
the topological gravity is the KdV spectral curve with all time variables set to zero, referred to
as the Airy spectral curve.

Saad–Shenker–Stanford’s analysis was further extended to the JT supergravity by Stanford–
Witten’s work [91]. The path integral for the partition function of the JT supergravity is
performed over the moduli space of super Riemann surfaces which are constructed as Riemann
surfaces equipped with a spin structure [19, 40, 52, 53, 61, 85, 87, 97]. In [91], a supersymmetric
extension of Mirzakhani’s recursion for hyperbolic (Neveu–Schwarz) bordered super Riemann
surfaces was derived, and the spectral curve of the CEO topological recursion for the supersym-
metric extension of the Weil–Petersson volumes was unveiled.

Theorem 1.2 (Stanford–Witten’s recursion [79, 91]). Let V SWP
g,n (L1, . . . , Ln) be the supersym-

metric analogue of the Weil–Petersson volume, referred to as the super Weil–Petersson vol-
ume, for the moduli space of bordered connected super Riemann surfaces of genus g with n
ordered NS boundary components of lengths L1, . . . , Ln.

3 The super Weil–Petersson volumes
for 2g − 2 + n > 0 obey the same recursion relation as Mirzakhani’s recursion (1.1) with re-
placements:

VWP → V SWP, DWP → DSWP, RWP → RSWP,

where DSWP and RSWP are

DSWP(x, y, z) = HSWP(y + z, x),

RSWP(x, y, z) =
1

2

(
HSWP(z, x+ y) +HSWP(z, x− y)

)
,

and the kernel function HSWP(x, y) is

HSWP(x, y) =
1

4π

(
1

cosh x−y
4

− 1

cosh x+y
4

)
.

2The spectral curve for the (2, p) minimal string was also considered in [13].
3There are several choices of the orientation- and time-reversal symmetries to define the JT supergravity.

Depending on the choice of these symmetries, the sign and power of 2 factors must be implemented to find the
partition function and the supersymmetric volume V SWP

g,n . In this article, we adopt the normalization of V SWP
g,n to

agree with V Θ
g,n defined in [79] (see equation (2.25)).
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The spectral curve [79, 91] for the super Weil–Petersson volumes was found as a specialization
of the BGW spectral curve for the tau-function of the Brézin–Gross–Witten (BGW) model
[15, 50]. The BGW spectral curve involves time variables va, and we find the well-known
spectral curve referred to as the Bessel spectral curve [30] by setting all the time variables va
to zero. By comparison with the above bosonic models in the KdV hierarchy, one can naturally
consider a one-parameter family of spectral curves, which interpolates Stanford–Witten’s curve
for the super Weil–Petersson volumes and the Bessel spectral curve, a supersymmetric analogue
of the spectral curve for the (2, p) minimal string.4 From some physical observations, the basic
data of the spectral curve for this supersymmetric analogue are expected to be found from some
brane partition functions of type 0A (2, 2p− 2) minimal superstring.5

In geometry, the framework of Mirzakhani’s recursion was generalized on the basis of the
Teichmüller theory by Andersen–Borot–Orantin’s work [10], which is named as the geometric
recursion. The basic data of the geometric recursion consists of measurable functions on the
Teichmüller space of a bordered Riemann surface, and McShane-Mirzakhani’s identity is rep-
resented in the framework of the geometric recursion. In this article, we call the generalized
Mirzakhani’s recursion as Andersen–Borot–Orantin (ABO) topological recursion, which arises
from the geometric recursion. And for the above physical 2D gravity models, the ABO topolog-
ical recursion is obtained as a Laplace dual of the CEO topological recursion.

In another work of Mirzakhani’s [71], the enumerative problem of simple closed geodesics in
hyperbolic bordered Riemann surfaces was extended and an elegant combinatorial approach to
the computation of the Masur–Veech volume of the moduli space of quadratic differentials on
Riemann surfaces with marked points was formulated explicitly. In this approach, the combi-
natorial data of the distribution of simple closed geodesics is described by stable graphs, and
the Masur–Veech volumes are computed by combinations of Weil–Petersson volumes. In recent
years, Mirzakhani’s combinatorial approach to compute the Masur–Veech volumes was estab-
lished further in a series of works by Delecroix, Goujard, Zograf, and Zorich [22, 23, 24, 25, 26].
(See also [17, 46] for related works.)

The Masur–Veech volume VolQg,n for the moduli space of quadratic differentials q ∈ Qg,n

is labeled by the order of zeros and poles of q. In particular for the principal stratum of the
moduli space Qg,n of quadratic differentials, a novel connection between Delecroix–Goujard–
Zograf–Zorich’s result [25] and the ABO topological recursion was proposed in [8, 10]. The
ABO topological recursion to compute the Masur–Veech volumes is the Laplace dual of the
CEO topological recursion for the Airy spectral curve accompanied with an action of twist. The
twist action shifts the basic data of the ABO topological recursion (i.e., functions D and R
in Mirzakhani’s recursion), which implements the combinatorial data of stable graphs. It was
shown in [8] that the constant term in the polynomial obtained from the twisted ABO topological
recursion for the Airy spectral curve provides the Masur–Veech volume VolQg,n.

In this article, we discuss the following points on the basis of the above developments for the
physical 2D gravity models listed in Table 1:

(1) derivation of a Mirzakhani type ABO topological recursion as the Laplace dual of the CEO
topological recursion (Sections 2.2, 2.3, and Appendix B);

(2) generalizations of the Masur–Veech volume (Sections 2.5 and 3), and a direct proof of the
twisted CEO topological recursion in Theorem 1.3 (Theorem 4.15 of Section 4.4);

(3) derivation of Virasoro constraints with or without Masur–Veech type twist and their so-
lutions via cut-and-join equations (Section 5);

4The y-coordinate functions for the bosonic model yboson and the supersymmetric model ysuper are related by
ysuper = ∂yboson

∂x
, where x(z) = z2/2 for the physical 2D gravity models in Table 1.

5p is an odd positive integer in the (2, p) minimal string and the (2, 2p− 2) minimal superstring.
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Bosonic model Recursion kernel H(x, y)

Weil Petersson (JT gravity) HWP(x, y) = 1

1+e
x+y
2

+ 1

1+e
x−y
2

Airy (topological gravity) HA(x, y) = θ(y − x) + θ(−x− y)
FZZT ((2, p) minimal string) uj :=

p
2π sin

(
jπ/p

)
HM(p)(x, y) = −

∑(p−1)/2
j=1 (−1)j cos

(
π
p j
) (

e−uj(x+y)θ(x+ y) + e−uj(x−y)θ(x− y)
)

+
∑(p−1)/2

j=0 (−1)j cos
(
π
p j
) (

euj(x+y)θ(−x− y) + euj(x−y)θ(y − x)
)

Supersymmetric model Recursion kernel H(x, y)

Super Weil–Petersson (JT supergravity) HSWP(x, y) = 1
4π

(
1

cosh x−y
4

− 1
cosh x+y

4

)
Bessel (topological gravity) HB(x, y) = δ(x− y)− δ(x+ y)

Brane ((2, 2p− 2) minimal superstring) u′j :=
p
2π sin ((j − 1/2)π/p)

HSM(p)(x, y) = 1
2π

∑(p−1)/2
j=1 (−1)j cos2

(
π
p

(
j − 1

2

))(
e−u′

j(x+y)θ(x+ y)

− e−u′
j(x−y)θ(x− y) + eu

′
j(x+y)θ(−x− y)− eu

′
j(x−y)θ(y − x)

)
+ δp,1 (δ(x− y)− δ(x+ y))

Table 2. Recursion kernels of physical 2D gravity models (θ denotes the Heaviside step function).

(4) physical derivations of the basic data of the spectral curves and the Masur–Veech twist
action of the ABO topological recursion (see Appendix A).

On the first point, we will derive kernel functions of the generalized Mirzakhani’s recursions
for the 2D gravity models in Table 1. The recursion kernel for each model is listed in Table 2.

On the second point, we will discuss twisted volume polynomials Vg,n
[
fMV

]
with Masur–

Veech type twist fMV for the 2D gravity models listed in Table 2. For these physical models,
the twisted Mirzakhani type ABO topological recursion is

L1Vg,n
[
fMV

]
(L1, . . . , Ln) =

1

2

∫
R2
+

D
[
fMV

]
(L1, ℓ, ℓ

′)Pg,n

[
fMV

]
(ℓ, ℓ′, LK)ℓℓ′dℓdℓ′

+

n∑
m=2

∫
R+

R
[
fMV

]
(L1, Lm, ℓ)Vg,n−1

[
fMV

]
(ℓ, LK\{m})ℓdℓ,

where Pg,n

[
fMV

]
is given by equation (1.2) for the twisted volume polynomials, and D

[
fMV

]
and R

[
fMV

]
are

D
[
fMV

]
(L1, L2, L3) = D(L1, L2, L3) +R(L1, L2, L3)f

MV(L2)

+R(L1, L3, L2)f
MV(L3) + L1f

MV(L2)f
MV(L3),

R
[
fMV

]
(L1, L2, L3) = R(L1, L2, L3) + L1f

MV(L3).

Here the Masur–Veech type twist function fMV is fMV(ℓ) = 1
eℓ−1

. In fact, the Masur–Veech
volume VolQg,n for the moduli space of quadratic differentials on a Riemann surface of genus g
with n marked points is the constant term of the twisted volume V A

g,n

[
fMV

]
for the symplectic

volume V A
g,n of the moduli space Mg,n of stable curves of genus g with n marked points in

Kontsevich–Witten’s theory. In this article, we refer to the twist action of the topological
recursion by the function fMV as the Masur–Veech type twist. We will compute an analogue
of the Masur–Veech volume for each 2D gravity model by a combinatorial method developed
in [25, 71].

The main claim of this part is a derivation of the CEO topological recursion for twisted
multidifferentials ωg,n

[
fMV

]
as a Laplace dual of the twisted volume polynomials Vg,n

[
fMV

]
.
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Theorem 1.3 (twisted CEO topological recursion [8]). Let Vg,n
[
fMV

]
be the twisted volume

polynomials for the physical 2D gravity models in Table 2, which are expanded as

Vg,n
[
fMV

]
(L1, . . . , Ln) =

∑
a1,...,an≥0

F (g)
[
fMV

]
a1,...,an

n∏
i=1

L2ai
i

(2ai + 1)!
.

Then, for 2g − 2 + n > 0, the multidifferentials ωg,n

[
fMV

]
obtained from Vg,n

[
fMV

]
,

ωg,n

[
fMV

]
(z1, . . . , zn) =

∑
a1,...,an≥0

F (g)
[
fMV

]
a1,...,an

⊗n
i=1 ζH(2ai + 2; zi)dzi,

where

ζH(2d; z) =
1

z2d
+

1

2

∑
m∈Z∗

1

(z +m)2d

is the Hurwitz zeta function,6 obey the CEO topological recursion twisted by fMV such that

ωg,n

[
fMV

]
(z1, . . . , zn) = Res

w=0
K
[
fMV

]
(z1, w)Rωg,n

[
fMV

]
(w, zK),

where zK = {z2, . . . , zn},

K
[
fMV

]
(z, w) =

(−1)dz
(y(w)− y(−w)) dw

(
1

z2 − w2
+

1

2

∑
m∈Z∗

1

(z +m)2 − w2

)
,

Rωg,n

[
fMV

]
(w, zK) = ωg−1,n+1

[
fMV

]
(w,−w, zK)

+

no(0,1)∑
h+h′=g

J∪J ′=K

ωh,1+|J |
[
fMV

]
(w, zJ)ωh′,1+|J ′|

[
fMV

]
(−w, zJ ′),

and

ω0,2

[
fMV

]
(z1, z2) = B

[
fMV

]
(z1, z2) =

dz1 ⊗ dz2
(z1 − z2)2

+
1

2

∑
m∈Z∗

dz1 ⊗ dz2
(z1 − z2 +m)2

= ζH(2; z1 − z2)dz1 ⊗ dz2.

On the third point, we will focus on an algebraic aspect, which is formulated as the quantum
Airy structure [9, 60], of the ABO topological recursion and the CEO topological recursion. For
the physical 2D gravity models, we see that the quantum Airy structures are equivalent to the
Virasoro constraints, where the quantum Airy structures admit the Masur–Veech type twist
by a group action in [9] and then the Virasoro constraints are twisted as well. We explicitly
obtain solutions of the Virasoro constraints with or without Masur–Veech type twist by using
the cut-and-join equations in [2, 3], which are derived from the Virasoro constraints, and the
group action mentioned above.

On the fourth point, we will discuss a physical interpretation of the Masur–Veech type twist
of the ABO topological recursion in terms of the JT gravity. Via the path integral computa-
tions, the bidifferential B in the basic data (1.3) of the spectral curve C for the Weil–Petersson
volumes is found from the JT gravity partition function on a hyperbolic double trumpet [88].
As mentioned above, the basic data

(
P1; x, y, B

[
fMV

])
of the spectral curve for the twisted CEO

topological recursion differs from C only by a shift of the bidifferential. In this article, we find

6Z∗ implies Z \ {0}.
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that such a shift of the bidifferential is obtained from the partition function of a massless scalar
field coupled to the JT gravity fields [54]. We also discuss a derivation of the basic data of
spectral curves for the other physical 2D gravity models in the parallel way as the JT gravity.

Here we highlight the consequences of this article.7 From our observation in Appendix A, the
Masur–Veech type twist function fMV is found in the partition function of the massless scalar
field coupled to the metric field of the JT gravity [54]. This physical interpretation is quite novel
and matches with Mirzakhani’s enumeration of simple closed geodesics in hyperbolic bordered
Riemann surfaces [71]. To apply our physical interpretation of the Masur–Veech type twist
further, we perform a reverse construction of the ABO topological recursion data A, B, C, D for
the (2, p) minimal string endowed with the FZZT boundary condition and its supersymmetric
analogue, and the generalizations of the combinatorial formula of the Masur–Veech volume
in [25, 71]. The geometry of moduli spaces of (2, p) minimal strings is still veiled in secrecy, and
the symplectic volume of such moduli spaces is not studied well even in the physical context. We
hope that our computational results of the generalized symplectic volume and its Masur–Veech
type twist may be helpful for further studies on the Liouville gravity.

This paper is organized as follows. In Section 2, we summarize the formulation of the ABO
topological recursion and discuss physical 2D gravity examples. In Section 3, we show the
combinatorial computation of the Masur–Veech volume VolQg,n and its generalizations to the
physical 2D gravity models. In Section 4, we discuss the CEO topological recursion for the 2D
gravity models, and derive the twisted CEO topological recursion for generalized Masur–Veech
polynomials as a Laplace transform of the twisted ABO topological recursion. In Section 5, we
derive the manifest form of Virasoro generators from the (twisted) ABO topological recursion
on the basis of the quantum Airy structure, and compute free energies by solving cut-and-join
equations iteratively for the 2D gravity models. In Appendix A, we give a physical interpretation
of the Masur–Veech type twist of the topological recursions by an extra scalar field coupled to
the JT gravity fields, and discuss a derivation of the basic data of spectral curves for the 2D
gravity models. In Appendix B, we derive the functions D and R in the Mirzakhani type ABO
topological recursions for the FZZT brane in the (2, p) minimal string and its supersymmetric
analogue from the CEO topological recursion in the similar way as the paper [38] by Eynard and
Orantin. In Appendix C, we give the (twisted) volume polynomials for the 2D gravity models.

2 ABO topological recursion

In this section, after recalling the ABO topological recursion [10] which generalizes Mirzakhani’s
recursion [69, 70], we apply it to the physical 2D gravity models in Table 2. In particular, we
provide the kernel functions (2.19) and (2.31) for the (2, p) minimal string and the (2, 2p − 2)
minimal superstring. In Sections 2.4 and 2.5, we also recall the ABO topological recursion with
a twist proposed in [8, 10], which generalizes the combinatorial formula of the Masur–Veech
volume in [25, 71] (see Section 3), and apply it to the physical 2D gravity models.

2.1 Formulation

The ABO topological recursion is a framework of recursions for volume polynomials defined on
the moduli space of connected bordered Riemann surfaces, which is a generalization of Mirza-
khani’s recursion.8

7To make this article a valuable resource for readers in the physical and mathematical community, some intro-
ductory aspects of the Masur–Veech volumes, topological recursions and two-dimensional gravities are provided
with explicit computations.

8The physical meaning of the volume polynomials for the 2D gravity models will be discussed in Appendix A.
At present, the volume polynomials for such models are not defined on the moduli space of connected bordered
Riemann surfaces. In this article, we define these volume polynomials as solutions of the ABO topological
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Definition 2.1 (ABO topological recursion [10]). Let Vg,n(L1, . . . , Ln) be a volume polynomial
labeled by g ≥ 0, n ≥ 1 satisfying 2g − 2 + n > 0, on the moduli space Mg,n(L1, . . . , Ln)
of connected bordered Riemann surfaces of genus g with n ordered boundary components of
lengths L1, . . . , Ln, which obeys the ABO topological recursion such that9

Vg,n(L1, . . . , Ln) =
n∑

m=2

∫
R+

B(L1, Lm, ℓ)Vg,n−1(ℓ, LK\{m})ℓdℓ

+
1

2

∫
R2
+

C(L1, ℓ, ℓ
′)Pg,n(ℓ, ℓ

′, LK)ℓℓ′dℓdℓ′, (2.1)

where R+ = [0,∞), K = {2, . . . , n}. The topological recursion requires our initial data
B(L1, L2, ℓ), C(L1, ℓ, ℓ

′), and

V0,3(L1, L2, L3) = A(L1, L2, L3), V1,1(L1) = V D(L1) =

∫
M1,1(L1)

D(σ)dµWP(σ),

where µWP(σ) denotes the Weil–Petersson measure on the moduli space M1,1(L1) endowed
with a hyperbolic metric σ on a torus with one boundary, and D(σ) is a measurable function
on M1,1(L1). The initial data satisfies some decaying constraints and symmetry properties
called admissibility conditions [10]. Here

Pg,n(ℓ, ℓ
′, LK) = Vg−1,n+1(ℓ, ℓ

′, LK) +

stable∑
h+h′=g

J∪J ′=K

Vh,1+|J |(ℓ, LJ)Vh′,1+|J ′|(ℓ
′, LJ ′), (2.2)

where stable in the sum means that h, h′, J , J ′ obey 2h − 1 + |J | > 0 and 2h′ − 1 + |J ′| > 0,
and LJ = {Li1 , . . . , Li|J|}, LJ ′ = {Li|J|+1

, . . . , Lin−1} for J = {i1, . . . , i|J |} ⊆ K.

Assume that the volume polynomials Vg,n are expanded as

Vg,n(L1, . . . , Ln) =
∑

a1,...,an≥0

F (g)
a1,...,an

n∏
i=1

eai(Li), (2.3)

where F
(g)
a1,...,an is referred to as the volume coefficient, and

ea(L) =
L2a

(2a+ 1)!
. (2.4)

By ∫
R+

B(L1, L2, ℓ)ea(ℓ)ℓdℓ =
∑

a1,a2≥0

Ba1
a2,aea1(L1)ea2(L2),∫

R2
+

C(L1, ℓ, ℓ
′)ea(ℓ)eb(ℓ

′)ℓℓ′dℓdℓ′ =
∑
a1≥0

Ca1
a,bea1(L1), (2.5)

the ABO topological recursion (2.1) gives a recursion for the volume coefficients:

F (g)
a1,...,an =

n∑
m=2

∑
b≥0

Ba1
am,bF

(g)
b,a2,...,âm,...,an

recursion (2.1) whose initial data are found from the inverse Laplace transforms of the CEO topological recursions
for the 2D gravity models. (In this approach, the volume polynomial V1,1(L1) = V D(L1) is not found as the
integral of the initial data D on M1,1(L1).)

9In [8, 10], the volume polynomial Vg,n(L1, . . . , Ln) is denoted as V Ωg,n(L1, . . . , Ln).



Some Generalizations of Mirzakhani’s Recursion and Masur–Veech Volumes 9

+
1

2

∑
a,b≥0

Ca1
a,b

(
F

(g−1)
a,b,a2,...,an

+
stable∑

h+h′=g

J∪J ′=K

F (h)
a,aJ

F
(h′)
b,aJ′

)
, (2.6)

where aJ = {ai1 , . . . , ai|J|} and aJ ′ = {ai|J|+1
, . . . , ain−1} for J = {i1, . . . , i|J |} ⊆ K. The initial

inputs are Ba1
a2,a, C

a1
a,b, and

F (0)
a1,a2,a3 = Aa1

a2,a3 , F (1)
a1 = Da1 , (2.7)

where note that Ba
b,c = Ba

c,b, C
a
b,c = Ca

c,b and Aa
b,c = Aa

c,b = Ab
a,c.

Remark 2.2 (Mirzakhani type ABO topological recursion). The ABO topological recur-
sion (2.1) is a generalization of Mirzakhani’s recursion [69, 70] for the Weil–Petersson volume
VWP
g,n (L1, . . . , Ln) of the moduli space Mg,n(L1, . . . , Ln) of genus g hyperbolic surfaces with n

geodesic boundaries of length L1, . . . , Ln. In this article, we call the following form of the ABO
topological recursion the Mirzakhani type ABO topological recursion:

L1Vg,n(L1, . . . , Ln) =

n∑
m=2

∫
R+

xR(L1, Lm, x)Vg,n−1(x, LK\{m})dx

+
1

2

∫
R2
+

xyD(L1, x, y)Pg,n(x, y, LK)dxdy, (2.8)

where

R(x, y, z) = xB(x, y, z), D(x, y, z) = xC(x, y, z). (2.9)

2.2 Bosonic models

We refer to a class of physical 2D gravity models such as the JT gravity, the topological gravity,
and the (2, p) minimal string (denoted by resp. WP, A, and M(p)) as bosonic models (see
Table 2 in Section 1, and Appendix A for physical arguments). For the JT gravity, the Weil–
Petersson volumes appear in a part of the path integral of the partition function [88]. In the
Mirzakhani type ABO topological recursion (2.8) for each bosonic model, two functions R(x, y, z)
and D(x, y, z) are given in terms of a kernel function H(x, y) as

R(x, y, z) =
1

2

∫ x

0
(H(z, t+ y) +H(z, t− y)) dt, D(x, y, z) =

∫ x

0
H(y + z, t)dt. (2.10)

In the following, we will provide the kernel functions H(x, y) for the bosonic models, and find
their topological recursions for the volume polynomials Vg,n.

2.2.1 Weil–Petersson volumes

The initial data of the ABO topological recursion [8, 10] for the Weil–Petersson volumes of
moduli spaces of connected bordered Riemann surfaces are

AWP(L1, L2, L3) = 1, BWP(L1, L2, ℓ) = 1− 1

L1
log

(
cosh

(
L2
2

)
+ cosh

(
L1+ℓ
2

)
cosh

(
L2
2

)
+ cosh

(
L1−ℓ
2

)) ,
CWP(L1, ℓ, ℓ

′) =
2

L1
log

(
e

L1
2 + e

ℓ+ℓ′
2

e−
L1
2 + e

ℓ+ℓ′
2

)
, V DWP(L1) =

π2

12
+

1

48
L2
1. (2.11)
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Here the initial data BWP and CWP are given by the formulae (2.9) and (2.10) with the kernel
function

HWP(x, y) =
1

1 + e
x−y
2

+
1

1 + e
x+y
2

. (2.12)

For this model, the volume polynomial gives the Weil–Petersson volume of the moduli
spaceMg,n(L1, . . . , Ln) of connected bordered Riemann surfaces [70]:

VWP
g,n (L1, . . . , Ln) =

∫
Mg,n(L1,...,Ln)

expωWP =

∫
Mg,n

exp

(
2π2κ1 +

n∑
i=1

L2
i

2
ψi

)
. (2.13)

Here ωWP denotes the Weil–Petersson symplectic form, and in the last equality, VWP
g,n is repre-

sented by the integral of the ψ and κ1 classes on the moduli spaceMg,n, which is the Deligne–
Mumford compactification of the moduli space of stable curves of genus g with n marked points.
(This equality is proved in Wolpert’s work [98].) The psi class ψi is the first Chern class of the
line bundle overMg,n with fiber over (C, p1, . . . , pn) being the cotangent space T ∗

pC. The first
Miller–Morita–Mumford class κ1 is a tautological class defined by considering the pushforward
of ψ2

n+1 with respect to the forgetful map π :Mg,n+1 →Mg,n. By comparison of equation (2.3)
with equation (2.13), the Weil–Petersson volume coefficients are

FWP(g)
a1,...,an =

(
n∏

i=1

(2ai + 1)!!

)∫
Mg,n

e2π
2κ1ψa1

1 · · ·ψ
an
n . (2.14)

Here the volume coefficient F
WP(g)
a1,...,an does not vanish, if the condition below is satisfied:

∑n
i=1 ai ≤

3g − 3 + n. Some explicit results of VWP
g,n are listed in (C.1).

Remark 2.3. One can introduce a deformation parameter s for the Weil–Petersson volume
(2.13) by replacing π2 with π2s in V DWP of equation (2.11).

2.2.2 Kontsevich–Witten symplectic volumes

In Witten’s work [95], a novel approach to the intersection theory of the moduli spaceMg,n of
stable curves is proposed based on the two-dimensional topological gravity, and it is conjectured
that the generating function of integrals over Mg,n is given by the tau function of the KdV
hierarchy. Witten’s conjecture is proved elegantly by Kontsevich [59], and the cell decomposition
ofMg,n on the basis of Strebel’s quadratic differential is realized by metric ribbon graphs [77]
in his proof. On the basis of Kontsevich’s work, the symplectic volume of the moduli space of
stable curves is defined on the space of metric ribbon graphs in [12], and is referred to as the
Kontsevich–Witten symplectic volume.

The initial data of the ABO topological recursion [8, 10, 12] for the Kontsevich–Witten
symplectic volumes of moduli spaces of stable curves are

AA(L1, L2, L3) = 1,

BA(L1, L2, ℓ) =
1

2L1

(
[L1 − L2 − ℓ]+ − [−L1 + L2 − ℓ]+ + [L1 + L2 − ℓ]+

)

=



1 if 0 ≤ ℓ ≤ L2 − L1,

1− ℓ

L1
if 0 ≤ ℓ ≤ L1 − L2,

L1 + L2 − ℓ
2L1

if |L1 − L2| ≤ ℓ ≤ L1 + L2,

0 if L1 + L2 ≤ ℓ,
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CA(L1, ℓ, ℓ
′) =

1

L1

[
L1 − ℓ− ℓ′

]
+
, V DA(L1) =

1

48
L2
1, (2.15)

where [x]+ = x for x > 0 and [x]+ = 0 for x ≤ 0. The kernel function HA which provides the
initial data BA and CA is found from HWP in equation (2.12) for the Weil–Petersson volume in
the scaling limit such that

HA(x, y) = lim
β→∞

HWP(βx, βy) = θ(y − x) + θ(−x− y),

where θ(t) denotes the Heaviside step function,

θ(t) =

{
1 if t > 0,
0 if t ≤ 0.

A geometric interpretation of the kernels BA and CA is given in [10].
For the initial data (2.15), the volume polynomial gives the Kontsevich–Witten symplectic

volume of the moduli spaceMg,n of stable curves:

V A
g,n(L1, . . . , Ln) =

∫
Mg,n

exp

(
n∑

i=1

L2
i

2
ψi

)

=
∑

a1,...,an≥0

|a|=3g−3+n

(
n∏

i=1

(2ai + 1)!!

)∫
Mg,n

ψa1
1 · · ·ψ

an
n

n∏
i=1

eai(Li), (2.16)

where ea(L) is defined in equation (2.4), and note the homogeneity condition

|a| =
n∑

i=1

ai = 3g − 3 + n. (2.17)

By comparison of equation (2.3) with equation (2.16), the volume coefficients are

FA(g)
a1,...,an =

(
n∏

i=1

(2ai + 1)!!

)∫
Mg,n

ψa1
1 · · ·ψ

an
n . (2.18)

Note that the volume polynomials V A
g,n are obtained from the Weil–Petersson volumes VWP

g,n in
equation (2.13) by

V A
g,n(L1, . . . , Ln) = lim

β→∞

1

β6g−6+2n
VWP
g,n (βL1, . . . , βLn),

and some computational results are listed in (C.1).

Remark 2.4. Essentially the recursion relation (2.6) for Kontsevich–Witten’s symplectic volume
coefficients is equivalent to the Dijkgraaf–Verlinde–Verlinde formula [28] for the intersection
numbers on the moduli space of stable curves.

2.2.3 (2, p) minimal string

Let p be an odd positive integer. The (2, p) minimal string reviewed in Appendix A.3 resides
in a class of two-dimensional gravity, which yields the JT gravity for (p = ∞) and the topo-
logical gravity for (p = 1). Accordingly, the volume polynomial V

M(p)
g,n for the (2, p) minimal

string interpolates the Weil–Petersson volume VWP
g,n in Section 2.2.1 and the Kontsevich–Witten
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symplectic volume V A
g,n in Section 2.2.2. The kernel function given below for the (2, p) minimal

string is derived in Appendix B.1 from the CEO topological recursion for the spectral curve
found from the physical amplitude for the disk topology ending on the FZZT brane [39, 89, 92].
Here we just define it by

HM(p)(x, y) = −
(p−1)/2∑
j=1

(−1)j cos
(
π

p
j

)(
e−uj(x+y)θ(x+ y) + e−uj(x−y)θ(x− y)

)
+

(p−1)/2∑
j=0

(−1)j cos
(
π

p
j

)(
euj(x+y)θ(−x− y) + euj(x−y)θ(y − x)

)
, (2.19)

where

uj =
p

2π
sin

(
π

p
j

)
. (2.20)

The kernel function (2.19) yields HM(1)(x, y) = HA(x, y) and HM(∞)(x, y) = HWP(x, y). The
formulae (2.9) and (2.10) provide the initial data BM(p) and CM(p) of the ABO topological
recursion, and the remaining initial data are

AM(p)(L1, L2, L3) = 1, V DM(p)(L1) =
π2

12

(
1− 1

p2

)
+

1

48
L2
1.

From these initial data, one finds the volume polynomials V
M(p)
g,n for the (2, p) minimal string,

and some computational results are listed in (C.2).
The following theorem is proved from the formula (4.28) in Section 4.2.3 by Theorem 1.3.

Theorem 2.5. The volume polynomials for the (2, p) minimal string obey

V M(p)
g,n (L1, . . . , Ln) =

∑
a1,...,an≥0

|a|≤3g−3+n

FM(p)(g)
a1,...,an

n∏
i=1

eai(Li), (2.21)

where the volume coefficients are

FM(p)(g)
a1,...,an =

(
n∏

i=1

(2ai + 1)!!

)

×
∑
m≥0

(−1)m

m!

∑
b1,...,bm≥1

|b|=3g−3+n−|a|

(
m∏
j=1

(
−2π2

)bj
bj !

bj∏
k=1

(
1− (2k − 1)2

p2

))

×
∫
Mg,n+m

ψa1
1 · · ·ψ

an
n ψb1+1

n+1 · · ·ψ
bm+1
n+m

=

(
n∏

i=1

(2ai + 1)!!

)

×

〈
exp

(
−
∑
b≥1

(
−2π2

)b
b!

(
b∏

k=1

(
1− (2k − 1)2

p2

))
τb+1

)
τa1 · · · τan

〉
g

, (2.22)

and the condition for non-zero volume coefficients F
M(p)(g)
a1,...,an is |a| =

∑n
i=1 ai ≤ 3g − 3 + n. Here

we set τa = τa,i = ψa
i and introduced the notation〈

eξτa
〉
g
=
∑
m≥0

ξm

m!
⟨τma ⟩g =

∑
m≥0

ξm

m!

∫
Mg,m

ψa
1 · · ·ψa

m.
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Remark 2.6. As mentioned above, the volume polynomial (2.21) interpolates the Weil–Peters-
son volume (2.13) at p =∞ and the Kontsevich–Witten symplectic volume (2.16) at p = 1:

V M(1)
g,n (L1, . . . , Ln) = V A

g,n(L1, . . . , Ln), V M(∞)
g,n (L1, . . . , Ln) = VWP

g,n (L1, . . . , Ln).

In particular, by comparison of the Weil–Petersson volume coefficients (2.14) with the for-
mula (2.22) for p =∞, we obtain a formula∫

Mg,n

e2π
2κ1ψa1

1 · · ·ψ
an
n =

〈
exp

(
−
∑
b≥1

(
−2π2

)b
b!

τb+1

)
τa1 · · · τan

〉
g

, (2.23)

which is found in the literature (see, e.g., of [29, equation (2.24)]) and intended as∫
Mg

κ3g−3
1

(3g − 3)!
=

3g−3∑
m=0

(−1)3g−3+m

m!

∑
b1,...,bm≥1

|b|=3g−3

∫
Mg,m

ψb1+1
1 · · ·ψbm+1

m

b1! · · · bm!
,

by the homogeneity condition (2.17).

2.3 Supersymmetric models

Supersymmetric generalizations of the bosonic models are considered as we will discuss in Ap-
pendices A.4 and A.5. We refer to a class of models such as the JT supergravity [91], the BGW
model [15, 50, 79] in the limit of all time variables set to zero, and the (2, 2p − 2) minimal
superstring (denoted by resp. SWP, B, and SM(p)) as supersymmetric models (see Table 2 in
Section 1). The super Weil–Petersson volumes [79, 91] arise in a part of the path integral of
the partition function of the JT supergravity. In the Mirzakhani type ABO topological recur-
sion (2.8) for each supersymmetric model, the two functions R(x, y, z) and D(x, y, z) are given
by a kernel function H(x, y) as

R(x, y, z) =
1

2
(H(z, x+ y) +H(z, x− y)) , D(x, y, z) = H(y + z, x). (2.24)

We will provide the kernel functions H(x, y) for the supersymmetric models as well as their
volume polynomials Vg,n in the following.

2.3.1 Super Weil–Petersson volumes

The initial data of the ABO topological recursion for the super Weil–Petersson volumes10 are
[79, 91],

ASWP(L1, L2, L3) = 0, V DSWP(L1) =
1

8
,

10In this article, the normalization of the super Weil–Petersson volume V SWP
g,n is chosen to be identified with V Θ

g,n

defined in [79], which is equivalent to a specialization of the BGW tau function of the KdV hierarchy. The
normalization is checked as follows:

1) The choice of the model in [79] corresponds to the supergravity for an odd spin structure in Stanford–
Witten’s work [91]. The functions D and R in [79] are related to the functions D̃ and T̃ of [91, equa-
tions (D.44) and (D.47)] by D(x, y, z) = −2D̃(x, y, z) and R(x, y, z) = 2T̃ (x, y, z).

2) Let V SW
g,n denote the volume function of the supergravity with the odd spin structure in [91]. Two vol-

umes V SW
g,n and V Θ

g,n are related by V SW
g,n = (−1)n21−gV Θ

g,n.

3) Multiplying a factor (−1)n2g−1 to the supersymmetric recursion relation (D.30) in [91], we recover the
recursion relation (7) in [79].
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and the remaining ones BSWP and CSWP are found by the formulae (2.9) and (2.24) from the
kernel function

HSWP(x, y) =
1

4π

(
1

cosh x−y
4

− 1

cosh x+y
4

)
.

For the above initial data, the volume polynomial gives the super Weil–Petersson volume of
the moduli space of super Riemann surfaces which is given by an integral over the moduli space
of stable curves

V SWP
g,n (L1, . . . , Ln) =

∫
Mg,n

Θg,n exp

(
2π2κ1 +

n∑
i=1

L2
i

2
ψi

)
, (2.25)

and the super Weil–Petersson volume coefficients are

F SWP(g)
a1,...,an =

(
n∏

i=1

(2ai + 1)!!

)∫
Mg,n

e2π
2κ1Θg,nψ

a1
1 · · ·ψ

an
n , (2.26)

where the Norbury classes Θg,n ∈ H4g−4+2n
(
Mg,n,Q

)
are defined in [18, 80]. The super Weil–

Petersson volume coefficients F
SWP(g)
a1,...,an do not vanish only if

∑n
i=1 ai ≤ g− 1, and this condition

implies that V SWP
0,n = 0 and V SWP

1,n ’s are constants which do not depend on Li. Some computa-
tional results of the volume polynomials V SWP

g,n are listed in (C.3) (see also [79]).

2.3.2 Super symplectic volumes

Using the scaling relation

lim
β→∞

β

π

1

cosh(βx)
= δ(x),

one finds the kernel function

HB(x, y) = lim
β→∞

βHSWP(βx, βy) = δ(x− y)− δ(x+ y),

for a supersymmetric analogue of the Kontsevich–Witten symplectic volumes referred to as the
super symplectic volumes. The initial data of the ABO topological recursion is given by

AB(L1, L2, L3) = 0,

BB(L1, L2, ℓ) =
1

2L1
(δ(L1 − L2 − ℓ)− δ(−L1 + L2 − ℓ) + δ(L1 + L2 − ℓ)) ,

CB(L1, ℓ, ℓ
′) =

1

L1
δ(L1 − ℓ− ℓ′), V DB(L1) =

1

8
. (2.27)

The volume polynomial for the initial data (2.27) gives the super symplectic volume [79,
Proposition 6.2]:

V B
g,n(L1, . . . , Ln) =

∫
Mg,n

Θg,n exp

(
n∑

i=1

L2
i

2
ψi

)

=
∑

a1,...,an≥0

|a|=g−1

(
n∏

i=1

(2ai + 1)!!

)∫
Mg,n

Θg,nψ
a1
1 · · ·ψ

an
n

n∏
i=1

eai(Li), (2.28)
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where note the homogeneity condition

|a| =
n∑

i=1

ai = (3g − 3 + n)− (2g − 2 + n) = g − 1. (2.29)

By comparison of equation (2.3) with equation (2.28), the volume coefficients are

FB(g)
a1,...,an =

(
n∏

i=1

(2ai + 1)!!

)∫
Mg,n

Θg,nψ
a1
1 · · ·ψ

an
n . (2.30)

Note that some of the volume polynomials V B
g,n are found from the super Weil–Petersson vol-

umes V SWP
g,n in (C.3) by

V B
g,n(L1, . . . , Ln) = lim

β→∞

1

β2g−2
V SWP
g,n (βL1, . . . , βLn),

or from the volume polynomials V
SM(p)
g,n for the (2, 2p − 2) minimal superstring below in equa-

tion (2.33) by V B
g,n = V

SM(1)
g,n .

2.3.3 (2, 2p − 2) minimal superstring

Consider a family of ABO recursions interpolating the ABO topological recursions of super Weil–
Petersson volumes in Section 2.3.1 and super symplectic volumes in Section 2.3.2. Such a model
is provided by the type 0A (2, 2p − 2) minimal superstring with any odd positive integers p.
A spectral curve of the CEO topological recursion in the (2, 2p − 2) minimal superstring is
heuristically obtained in Appendix A.5, and then the kernel function in the Mirzakhani type
ABO topological recursion is derived in Appendix B.2:

HSM(p)(x, y) =
1

2π

(p−1)/2∑
j=1

(−1)j cos2
(
π

p

(
j − 1

2

))(
e−u′

j(x+y)θ(x+ y)

− e−u′
j(x−y)θ(x− y) + eu

′
j(x+y)θ(−x− y)− eu

′
j(x−y)θ(y − x)

)
+ (δ(x− y)− δ(x+ y)) δp,1, (2.31)

where

u′j =
p

2π
sin

(
π

p

(
j − 1

2

))
. (2.32)

This kernel function obeys HSM(1)(x, y) = HB(x, y) and HSM(∞)(x, y) = HSWP(x, y). From the
formulae (2.9) and (2.24), the initial data BSM(p) and CSM(p) of the ABO topological recursion
are obtained, and the remaining ones are

ASM(p)(L1, L2, L3) = 0, V DSM(p)(L1) =
1

8
.

Using the initial data, one can compute the volume polynomials V
SM(p)
g,n for the (2, 2p − 2)

minimal superstring iteratively. In particular for the supersymmetric model, the recursion for
the volume coefficients simplifies drastically, and the general form of the volume polynomials for
any odd positive integers p is obtained for g = 0, 1, 2, 3 as follows:

V
SM(p)
0,n (L1, . . . , Ln) = 0, V

SM(p)
1,n (L1, . . . , Ln) =

(n− 1)!

8
,
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V
SM(p)
2,n (L1, . . . , Ln) =

3(n+ 1)!

128

[
(n+ 2)

(
1− 1

p2

)
π2 +

1

4

n∑
i=1

L2
i

]
,

V
SM(p)
3,n (L1, . . . , Ln) =

(n+ 3)!

216 · 5

[
16(n+ 4)

(
42n

(
1− 1

p2

)
+ 185 +

15

p2

)(
1− 1

p2

)
π4

+ 336(n+ 4)

(
1− 1

p2

)
π2

n∑
i=1

L2
i

+ 84
n∑

i ̸=j

L2
iL

2
j + 25

n∑
i=1

L4
i

]
. (2.33)

More computational results are listed in (C.4).
Similar to Theorem 2.5, the following theorem is proved from the formula (4.43) in Sec-

tion 4.3.3 by Theorem 1.3.

Theorem 2.7. The volume polynomials for the (2, 2p− 2) minimal superstring obey

V SM(p)
g,n (L1, . . . , Ln) =

∑
a1,...,an≥0

|a|≤g−1

F SM(p)(g)
a1,...,an

n∏
i=1

eai(Li), (2.34)

where the volume coefficients are

F SM(p)(g)
a1,...,an =

(
n∏

i=1

(2ai + 1)!!

)

×
∑
m≥0

(−1)m

m!

∑
b1,...,bm≥1

|b|=g−1−|a|

(
m∏
j=1

(
−2π2

)bj
bj !

bj∏
k=1

(
1− (2k − 1)2

p2

))

×
∫
Mg,n+m

Θg,n+mψ
a1
1 · · ·ψ

an
n ψb1

n+1 · · ·ψ
bm
n+m, (2.35)

and do not vanish only if |a| =
∑n

i=1 ai ≤ g − 1.

Remark 2.8. The volume polynomial (2.34) interpolates the super Weil–Petersson volume
(2.25) at p =∞ and the super symplectic volume (2.28) at p = 1:

V SM(1)
g,n (L1, . . . , Ln) = V B

g,n(L1, . . . , Ln), V SM(∞)
g,n (L1, . . . , Ln) = V SWP

g,n (L1, . . . , Ln).

In particular, by comparing the super Weil–Petersson volume coefficients (2.26) with the for-
mula (2.35) for p =∞, we obtain a super analogue of the formula (2.23).

2.4 Twisting

Here we consider a twist action of the ABO topological recursion [8, 10]. The twisting of the
ABO topological recursion is originated from the study of the statistics of length of multicurves
in a connected bordered Riemann surface, which leads to a combinatorial computation of the
Masur–Veech volume [64, 93] for the moduli space of quadratic differentials on Riemann surfaces.
To discuss this aspect of the ABO topological recursion, we summarize a working definition of
stable graphs [71] (see [25, Appendix B] for a formal definition of stable graphs).

Let γi (i = 1, . . . , k) be simple closed geodesics on a bordered surface Sg,n of genus g with n
boundary components. We assume that γi and γj (i ̸= j) are pairwise non-isotopic with regard
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Figure 1. Left: Two simple closed geodesics γ1, γ2 in S1,2. Right: Decomposition of S1,2 cut by γ1, γ2.

Figure 2. Top: Identification of Sg,n with an n-valent vertex decorated by an integer g of the stable

graph. Bottom: Identification of a decomposition of a bordered surface with an edge and half-edges of

a stable graph.

to the action of the mapping class group Modg,n on Sg,n and not intersecting each other (see
Figure 1 (left) for an example). A multicurve γ is given by

γ =

k∑
i=1

Hiγi,

where (H1, . . . ,Hk) is a set of positive integers and γi’s are disjoint, essential, non-peripheral
simple closed curves in Sg,n.

11 For the above multicurve γ, the reduced multicurve γred is

γred =
∑k

i=1 γi.
A stable graph Γ is associated with the pair (Sg,n, γred) by cutting a bordered surface Sg,n

along a reduced multicurve γred such that

Sg,n \ γred =
N⊔
a=1

Sga,na , (2.36)

where Sga,na ’s are connected stable bordered surfaces with 2ga− 2+na > 0. For example, a de-
composition S1,2 \{γ1, γ2} is found in Figure 1 (right). The associated stable graph Γ is the dual
decorated graph made of decorated vertices va and edges ei found from the decomposition (2.36)
as in Figure 2. The basic data of the stable graph are given as follows:

� Vertex va (a = 1, . . . , N): an na-valent vertex decorated by an integer ga associated
with Sga,na ;

11A curve γi is said to be essential (resp. non-peripheral) if Sg,n \ γi does not have disk (resp. annulus) compo-
nents.
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� Internal edge ei (i = 1, . . . , k): an edge associated with the simple closed curve γi;

� Incidence relation: two vertices va, vb are connected by an edge ei if Sga,na and Sgb,nb
are

adjacent to a simple closed curve γi in Sg,n s.t. Sga,na ⊔γi Sgb,nb
⊂ Sg,n, where the edge ei

forms a loop in the stable graph for the case of a = b;

� Half-edge bp (p = 1, . . . , n): a half-edge associated with bordered boundaries in Sg,n.

We denote by Gg,n the set of stable graphs associated with Sg,n, and by VΓ and EΓ the sets of
edges and vertices in Γ ∈ Gg,n, respectively.

Definition 2.9 (twisted volume polynomials [10]). Let f : R+ → C be an admissible test func-
tion, i.e., a Riemann-integrable function on R+ such that

sup
ℓ>0

(1 + ℓ)s|f(ℓ)| <∞ for any s > 0.

The twisted volume polynomials Vg,n[f] are defined as combinations of the volume polynomi-
als Vg,n on the basis of the basic data of stable graphs by (see [10, Lemma 7.4]),

Vg,n[f](L1, . . . , Ln) =
∑

Γ∈Gg,n

1

|Aut(Γ)|

∫
R|EΓ|
+

∏
v∈VΓ

Vh(v),k(v)((ℓe)e∈E(v), (Lλ)λ∈Λ(v))

×
∏
e∈EΓ

f(ℓe)ℓedℓe, (2.37)

where E(v) and Λ(v) denote the sets of edges and half-edges emanating from a vertex v ∈ VΓ,
respectively. The expansion (2.3) for Vg,n[f] defines the twisted volume coefficients F (g)[f]a1,...,an :

Vg,n[f](L1, . . . , Ln) =
∑

a1,...,an≥0

F (g)[f]a1,...,an

n∏
i=1

eai(Li), (2.38)

where ea(L) = L2a/(2a+ 1)!.

Proposition 2.10 (twisted initial data [10]). The twisted volume polynomials Vg,n[f] are ob-
tained from the ABO topological recursion with the following four twisted initial data (A[f],B[f],
C[f],D[f]):

A[f](L1, L2, L3) = A(L1, L2, L3), B[f](L1, L2, ℓ) = B(L1, L2, ℓ) + A(L1, L2, ℓ)f(ℓ),

C[f](L1, ℓ, ℓ
′) = C(L1, ℓ, ℓ

′) + B(L1, ℓ, ℓ
′)f(ℓ) + B(L1, ℓ

′, ℓ)f(ℓ′) + A(L1, ℓ, ℓ
′)f(ℓ)f(ℓ′),

D[f](σ) = D(σ) +
1

2

∑
γ∈S◦

T

A(ℓσ(∂T ), ℓσ(γ), ℓσ(γ))f(ℓσ(γ)), (2.39)

where S◦
T is the set of simple closed curves in a torus with one boundary T . ℓσ(∂T ) and ℓσ(γ)

denote the lengths of the boundary ∂T and the shortest geodesic in the homotopy class of γ with
respect to a hyperbolic metric σ on T , respectively.

From equations (2.5) and (2.7), the twisted initial data (2.39) imply

A[f]a1a2,a3 = Aa1
a2,a3 , B[f]a1a2,a3 = Ba1

a2,a3 +
∑
a≥0

Aa1
a2,aua,a3 ,

C[f]a1a2,a3 = Ca1
a2,a3 +

∑
a≥0

(
Ba1
a,a2ua,a3 + Ba1

a,a3ua,a2
)
+
∑
a,b≥0

Aa1
a,bua,a2ub,a3 ,

D[f]a1 = Da1 +
1

2

∑
a,b≥0

Aa1
a,bua,b, (2.40)
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where

ua,b = u[f]a,b =

∫
R+

ℓ2a+2b+1

(2a+ 1)! (2b+ 1)!
f(ℓ)dℓ. (2.41)

In particular, we consider the Masur–Veech type twist,

fMV(ℓ) =
1

eℓ − 1
, (2.42)

as an admissible test function, and then the twist function (2.41) is

uMV
a,b = u

[
fMV

]
a,b

=
(2a+ 2b+ 1)!

(2a+ 1)! (2b+ 1)!
ζ(2a+ 2b+ 2). (2.43)

Remark 2.11. We can consider the following one-parameter generalization of the Masur–Veech
type twist function [42]:

fg-MV(ℓ; s) :=
1

esℓ − 1
. (2.44)

The volume polynomial (2.37) twisted by fg-MV(ℓ; s) depends on the parameter s such that

Vg,n
[
fg-MV

]
(L1, . . . , Ln; s).

The factor of twist functions in equation (2.37) is expanded for fg-MV:∏
e∈EΓ

fg-MV(ℓe; s) =
∑
ke≥1
e∈EΓ

e
−s

∑
e∈EΓ

keℓe .

Since the inverse Laplace transform of
(
e−s

∑
e keℓe

)
/s with respect to the parameter s gives

a Heaviside step function θ(l−
∑

e keℓe) with the dual parameter l, the inverse Laplace transform
of the twisted Weil–Petersson volumes VWP

g,n

[
fg-MV

]
with respect to the parameter s gives the

average number of multicurves whose geodesic lengths are bounded by l on the moduli space of
bordered hyperbolic Riemann surfaces [71].

2.5 Masur–Veech type twist

Here we focus on the Masur–Veech type twist of the Kontsevich–Witten symplectic volumes in
Section 2.2.2, the volume polynomials for the (2, p) minimal string in Section 2.2.3, the super
symplectic volumes in Section 2.3.2 and the volume polynomials for the (2, 2p − 2) minimal
superstring in Section 2.3.3. In the following, we summarize the computational results of the
twisted volume polynomials.

2.5.1 Masur–Veech polynomials

In [8], it is shown that the constant term of the twisted Kontsevich–Witten symplectic volume

V MV
g,n (L1, . . . , Ln) := V A

g,n

[
fMV

]
(L1, . . . , Ln), (2.45)

which is referred to as the Masur–Veech polynomial, gives the Masur–Veech volume VolQg,n

reviewed in Section 3.1 (see equation (3.4)). Some computational results of the Masur–Veech
polynomials are listed in (C.5).
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2.5.2 Twisted volume polynomials for (2, p) minimal string

The twisted volume polynomial V
M(p)
g,n

[
fMV

]
for the (2, p) minimal string interpolates the Masur–

Veech polynomial V MV
g,n in equation (2.45) at p = 1 and the twisted Weil–Petersson volume

VWP
g,n

[
fMV

]
at p =∞:

V M(1)
g,n

[
fMV

]
(L1, . . . , Ln) = V A

g,n

[
fMV

]
(L1, . . . , Ln) = V MV

g,n (L1, . . . , Ln),

V M(∞)
g,n

[
fMV

]
(L1, . . . , Ln) = VWP

g,n

[
fMV

]
(L1, . . . , Ln).

Some of the twisted Weil–Petersson volumes VWP
g,n

[
fMV

]
and the twisted volume polynomial

V
M(p)
g,n

[
fMV

]
are listed in (C.6) and (C.7), respectively, where a deformation parameter s is

introduced by replacing π with π
√
s, as in Remark 2.3, before the twist. A combinatorial

formula for the constant term of V
M(p)
g,n

[
fMV

]
is provided in Proposition 3.8 of Section 3.2.

2.5.3 Super Masur–Veech polynomials

As a supersymmetric analogue of the Masur–Veech polynomial (2.45), we define the super
Masur–Veech polynomial by

V SMV
g,n (L1, . . . , Ln) := V B

g,n

[
fMV

]
(L1, . . . , Ln). (2.46)

Some computational results are listed in (C.8), or found from the twisted volume polynomials
V

SM(p)
g,n

[
fMV

]
for the (2, 2p− 2) minimal superstring below in equation (2.47) by a specialization

V SMV
g,n = V

SM(1)
g,n

[
fMV

]
.

2.5.4 Twisted volume polynomials for (2, 2p − 2) minimal superstring

For the twisted volume polynomial V
SM(p)
g,n

[
fMV

]
for the (2, 2p − 2) minimal superstring, the

twisted ABO topological recursion is solved iteratively, and the general form of V
SM(p)
g,n

[
fMV

]
for

any odd positive integers p is obtained for g = 0, 1, 2, 3 as follows:

V
SM(p)
0,n

[
fMV

]
(L1, . . . , Ln) = 0, V

SM(p)
1,n

[
fMV

]
(L1, . . . , Ln) =

(n− 1)!

8
,

V
SM(p)
2,n

[
fMV

]
(L1, . . . , Ln) =

3(n+ 1)!

128

[
(n+ 2)

(
1− 1

p2
+

1

2

)
π2 +

1

4

n∑
i=1

L2
i

]
,

V
SM(p)
3,n

[
fMV

]
(L1, . . . , Ln)

=
(n+ 3)!

216 · 5

[{
16(n+ 4)

(
42n

(
1− 1

p2

)
+

455

2
+

15

p2

)(
1− 1

p2

)
+

23 · 40
3

}
π4

+

{
336(n+ 4)

(
1− 1

p2

)
+ 170

}
π2

n∑
i=1

L2
i + 84

n∑
i ̸=j

L2
iL

2
j + 25

n∑
i=1

L4
i

]
. (2.47)

More computational results are listed in (C.10), where we introduce a deformation parameter s
by replacing π with π

√
s before the twist. The twisted volume polynomial V

SM(p)
g,n

[
fMV

]
inter-

polates the super Masur–Veech polynomial V SMV
g,n in equation (2.46) at p = 1 and the twisted

super Weil–Petersson volume V SWP
g,n

[
fMV

]
at p =∞ summarized in (C.9) such that

V SM(1)
g,n

[
fMV

]
(L1, . . . , Ln) = V B

g,n

[
fMV

]
(L1, . . . , Ln) = V SMV

g,n (L1, . . . , Ln),

V SM(∞)
g,n

[
fMV

]
(L1, . . . , Ln) = V SWP

g,n

[
fMV

]
(L1, . . . , Ln).

In Proposition 3.12 of Section 3.3, we find a combinatorial formula for the constant term
of V

SM(p)
g,n

[
fMV

]
.
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Figure 3. The label set µ = (µ1, . . . , µm) in the stratum Q(µ) of quadratic differentials on a complex

curve of genus g with m distinct labeled marked points.

3 The Masur–Veech volume and its generalizations

In this section, we will discuss generalizations of the Masur–Veech volume of quadratic differ-
entials on a complex curve with marked points, and compute them for some examples on the
basis of Mirzakhani’s combinatorial reformulation.

3.1 Combinatorial formula for the Masur–Veech volume

To begin with, we summarize essential ingredients on the Masur–Veech volume of quadratic
differentials discussed in [25] shortly. Let Mg,n be the moduli space of complex curves of
genus g with n distinct labeled marked points. On a smooth complex curve C ∈Mg,n, consider
a meromorphic quadratic differential q which would have at most simple poles only at the
marked points and is not equal to the square of an Abelian differential. The moduli space of
pairs (q, C) onMg,n defines the cotangent bundle overMg,n, and the moduli space of quadratic
differentials Qg,n is identified with the total space of the cotangent bundle overMg,n endowed
with the canonical symplectic structure. The induced volume element on Qg,n is called the
Masur–Veech volume element.12

The moduli space Qg,n is naturally stratified by the multiplicities of zeros and poles of
quadratic differentials.

Definition 3.1 (stratum of quadratic differentials). The stratum Q(µ) of quadratic differentials
is the set of equivalence classes of pairs: a smooth complex curve C of genus g with m marked
points pi (i = 1, . . . ,m) and a quadratic differential q with divisor D =

∑m
i=1 µipi. Here

µ = (µ1, . . . , µm) is a label set satisfying (see Figure 3),

µi ≥ −1 (i = 1, . . . ,m),

m∑
i=1

µi = 4g − 4,

where µi = −1 implies a simple pole. The stratum Q(µ) is a complex orbifold of dimen-
sion dimCQ(µ) = 2g − 2 +m [94].

In particular, we consider the principal stratum Q
(
14g−4+n,−1n

)
of meromorphic quadratic

differentials on C ∈ Mg,4g−4+2n. The fibers of Q
(
14g−4+n,−1n

)
→ Qg,n are discrete, and the

forgetful morphism Qg,4g−4+2n → Qg,n of the 4g−4+n marked points gives a bijection between
the principal stratum Q

(
14g−4+n,−1n

)
modulo the choice of 4g − 4 + n marked points and

12The finiteness of the Masur–Veech volume element for a subset QArea(C,q)≤a
g,n of Qg,n:

QArea(C,q)≤a
g,n =

{
(C, q) ∈ Qg,n

∣∣∣∣ Area(C, q) =

∫
C

|q| ≤ a

}
⊂ Qg,n,

with the total area Area(C, q) smaller than a > 0 is confirmed by the independent results of Masur [64] and
Veech [93].
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the moduli space Qg,n. The dimension of the principal stratum coincides with that of Qg,n:
dimCQ

(
14g−4+n,−1n

)
= dimCQg,n = 6g − 6 + 2n. We denote the Masur–Veech volume of the

principal stratum Q
(
14g−4+n,−1n

)
as VolQg,n.

In the work by Mirzakhani [71], the Masur–Veech volume VolQg,n is reformulated as an
enumerative problem of simple closed curves in a connected bordered (hyperbolic) Riemann
surface, and a connection with the Weil–Petersson volume is found. This reformulation is
established further on the basis of the enumerative problem of square-tiled surfaces in the work
by Delecroix, Goujard, Zograf and Zorich [25]. By such reformulations, a relation between the
Masur–Veech volume of the moduli space of quadratic differentials and the intersection numbers
on the (compactified) moduli spaceMg,n is unveiled. The stable graphs Γ ∈ Gg,n associated with
a bordered surface Sg,n and a reduced multicurve γred in Section 2.4 are used in the combinatorial
computation of the Masur–Veech volume VolQg,n.

Theorem 3.2 (combinatorial formula for the Masur–Veech volume [25, 71]). Consider the
decomposition Sg,n \ γred = ∪Na=1Sga,na in (2.36) represented by a stable graph Γ associated with
a bordered Riemann surface Sg,n and a reduced multicurve γred. Define a polynomial

VolWP
Γ (ℓ1, . . . , ℓk) :=

N∏
a=1

VWP
ga,na

(ℓk1 , . . . , ℓkna
)
∣∣∣
Lp=0(p=1,...,n)

, (3.1)

where VWP
ga,na

(ℓk1 , . . . , ℓkna
) are the Weil–Petersson volumes of moduli spaces of connected pieces

Sga,na, and all boundary lengths Lp (p = 1, . . . n) of the original bordered Riemann surface

set to zero in each connected piece. Let (2d1, . . . , 2dk)
WP
Γ denote the coefficient of ℓ2d11 · · · ℓ2dkk

in VolWP
Γ (ℓ1, . . . , ℓk). Then, from these combinatorial data, the Masur–Veech volume VolQg,n of

the moduli space of quadratic differentials is given by13

VolQg,n =
∑

Γ∈Gg,n

αg,n

|Aut (Γ) |

×
∑

|d|=3g−3+n−k

(2d1, . . . , 2dk)
WP
Γ

∏k
i=1(2di + 1)!

(6g − 6 + 2n)!

k∏
i=1

ζ(2di + 2), (3.2)

where |d| =
∑k

i=1 di, and the normalization constant αg,n is

αg,n := 2 · (6g − 6 + 2n) · (4g − 4 + n)! · 24g−3+n. (3.3)

Remark 3.3. The normalization constant αg,n in equation (3.3) is obtained in a series of works
[11, 35, 72, 99].

Remark 3.4. Let VolAΓ (ℓ1, . . . , ℓk) be a polynomial defined by replacing the Weil–Petersson vol-
umes in equation (3.1) with the Kontsevich–Witten symplectic volumes of moduli spaces of stable
curves in equation (2.16), and (2d1, . . . , 2dk)

A
Γ be the coefficient of ℓ2d11 · · · ℓ2dkk in VolAΓ (ℓ1, . . . , ℓk).

The combinatorial formula (3.2) also holds if (2d1, . . . , 2dk)
WP
Γ is replaced with (2d1, . . . , 2dk)

A
Γ .

The following proposition is shown in [8].

Proposition 3.5 ([8]). The Masur–Veech volumes are given by the constant terms in the
Kontsevich–Witten symplectic volumes with the Masur–Veech type twist in equation (2.42):

VolQg,n = βg,nV
A
g,n

[
fMV

]
(0, . . . , 0) = βg,nV

MV
g,n (0, . . . , 0), (3.4)

13In [25, 71], an extra factor 2−M(γ) appears in equation (3.2) originated from the normalization for the Weil–
Petersson volume V WP

1,1 (L) in [69, Table 1]. In this article, we employ another normalization V WP
1,1 (L) obtained

from the CEO topological recursion which is different by a factor 2 from Mirzakhani’s original computation.
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Figure 4. Top: A stable graph Γ
(1)
1,1 from (S1,1, γ1). Bottom: A stable graph Γ

(1)
0,4 from (S0,4, γ1).

where the normalization constants βg,n are

βg,n :=
24g−2+n(4g − 4 + n)!

(6g − 7 + 2n)!
. (3.5)

Proof. The integrals of ℓe in equation (2.37) give the factors involving ζ(2di + 2) in the com-
binatorial formula (3.2) for the Masur–Veech volumes. As a result, the collection of monomials
with degree |d| = 3g − 3 + n− k in VWP

g,n agrees with that of V A
g,n. ■

For example, the Masur–Veech volumes VolQ1,1 and VolQ0,4 are computed as follows. (A huge
table of the Masur–Veech volumes is obtained in [45].)

Example 3.6 (g = 1, n = 1). One finds a decomposition (2.36) which splits S1,1 into one S0,3,
and obtains a stable graph Γ

(1)
1,1 as described in Figure 4 (top). A discrete Z/2Z symmetry of

the loop in Γ
(1)
1,1 is found, and

∣∣Aut(Γ(1)
1,1

)∣∣ = 2. The polynomial (3.1) for this decomposition is
VolWP

Γ
(1)
1,1

(x) = VWP
0,3 (x, x, 0) = 1. Therefore, k = 1, d1 = 0 and (2d1)

WP

Γ
(1)
1,1

= 1 for this stable graph
contributes to the sum in equation (3.2), and one finds

VolQ1,1 =
α1,1∣∣Aut(Γ(1)

1,1

)∣∣(2d1)WP

Γ
(1)
1,1

(2d1 + 1)!

2!
ζ(2d1 + 2) =

2π2

3
. (3.6)

This agrees with β1,1V
MV
1,1 (0) = 23 · π2/12 in equation (3.4) (see (C.5)).

Example 3.7 (g = 0, n = 4). One finds a decomposition (2.36) which splits S0,4 into two S0,3’s,
and obtain a stable graph Γ

(1)
0,4 as described in Figure 4 (bottom). There are

(
4
2

)
= 6 choices of the

distribution of four labeled external legs into two S0,3’s in this case. A discrete Z/2Z symmetry
of the stable graph Γ

(1)
0,4 leads to

∣∣Aut(Γ(1)
0,4

)∣∣ = 2. The polynomial (3.1) for this decomposition is

VolWP

Γ
(1)
0,4

(x) = VWP
0,3 (x, 0, 0) · VWP

0,3 (x, 0, 0) = 1.

Therefore, k = 1, d1 = 0 and (2d1)
WP

Γ
(1)
0,4

= 1 for this stable graph contributes to the sum in
equation (3.2), and one finds

VolQ0,4 =
α0,4∣∣Aut(Γ(1)

0,4

)∣∣
(
4

2

)
(2d1)

WP
Γ(1)

(2d1 + 1)!

2!
ζ(2d1 + 2) = 2π2. (3.7)

This agrees with β0,4V
MV
0,4 (0, 0, 0, 0) = 22 · π2/2 in equation (3.4) (see (C.5)).
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3.2 Generalization to the (2, p) minimal string

Now we consider a generalization of the combinatorial formula (3.2) to the (2, p) minimal string
whose volume polynomials interpolate the Kontsevich–Witten symplectic volumes (for p = 1)
and the Weil–Petersson volumes (for p = ∞). For this purpose, we consider a stable graph
Γ ∈ Gg,n associated to a pair (Sg,n, γred) of the decomposition (2.36) in Section 2.4, and define

(2d1, . . . , 2dk)Γ = the coefficient of ℓ2d11 · · · ℓ2dkk in

N∏
a=1

Vga,na(ℓk1 , . . . , ℓkna
)
∣∣∣
Lp=0(p=1,...,n)

. (3.8)

Here Vga,na(ℓk1 , . . . , ℓkna
)|Lp=0(p=1,...,n) are volume polynomials associated with the stable graph Γ

and with zero boundary lengths Lp = 0 (p = 1, . . . n) for the bordered boundaries in the
decomposed Riemann surfaces specified by the univalent vertices in Γ. Then, the following
proposition is proved.

Proposition 3.8. The constant term in the twisted volume polynomial V
M(p)
g,n

[
fMV

]
of the (2, p)

minimal string normalized by βg,n in equation (3.5),

VolQM(p)
g,n := βg,nV

M(p)
g,n

[
fMV

]
(0, . . . , 0), (3.9)

is obtained, as a sum over stable graphs Γ ∈ Gg,n, by

VolQM(p)
g,n =

∑
Γ∈Gg,n

αg,n

|Aut (Γ) |

×
∑

|d|≤3g−3+n−k

(2d1, . . . , 2dk)
M(p)
Γ

∏k
i=1(2di + 1)!

(6g − 6 + 2n)!

k∏
i=1

ζ(2di + 2), (3.10)

in terms of (2d1, . . . , 2dk)
M(p)
Γ defined by equation (3.8) for the (2, p) minimal string, where the

normalization factor αg,n is the same as equation (3.3).

Remark 3.9. We refer to VolQM(p)
g,n as a twisted volume of the (2, p) minimal string, since this is

a natural combinatorial analogue of the Masur–Veech volume, although the geometric derivation
of this volume is missing in the direct study of the quantum moduli space of the Liouville gravity.
A crucial difference between the combinatorial formulae of Theorem 3.2 and Proposition 3.8 is
the degree constraint in the sum. In the computation of the Masur–Veech volume, the imposed
degree constraint is |d| = 3g − 3 + n − k. On the other hand for the (2, p) minimal string,
the weaker degree constraint |d| ≤ 3g − 3 + n − k is imposed. If the degree constraint for the
Masur–Veech volume is instead imposed for the volume formula of the minimal string, then the
twisted volumes VolQM(p)

g,n reduce to the Masur–Veech volumes VolQg,n.

Here we show combinatorial computations for VolQM(p)
1,1 and VolQM(p)

0,4 .

Example 3.10 (g = 1, n = 1). By the weaker constraint |d| ≤ 3g − 3 + n − k in the sum in
equation (3.10), an extra contribution to the sum in equation (3.10) is found for k = 0. Namely
for this contribution, there are no multicurves in S1,1, and the factor

∏k
i=1(2di +1)!ζ(2di +2) is

absent. The corresponding stable graph Γ
(0)
1,1 has one vertex labeled by g = 1 and one half-edge

as described in Figure 5 (top). The polynomial factor obeys

(∅)
M(p)

Γ
(0)
1,1

= V
M(p)
1,1 (0) = π2s

(
1− 1/p2

)
/12
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Figure 5. Top: A stable graph Γ
(0)
1,1 from (S1,1,∅). Bottom: A stable graph Γ

(0)
0,4 from (S0,4,∅).

for this stable graph, where a deformation parameter s is introduced by π2 → π2s. The contri-
butions to VolQM(p)

1,1 from the stable graph Γ
(0)
1,1 is

α1,1∣∣Aut(Γ(0)
1,1

)∣∣(∅)
M(p)

Γ
(0)
1,1

1

2!
=

2π2s

3

(
1− 1

p2

)
.

Combining the contribution (3.6) from the stable graph Γ
(1)
1,1, one finds

VolQM(p)
1,1 =

2π2s

3

(
1− 1

p2

)
+

2π2

3
.

This agrees with

β1,1V
M(p)
1,1

[
fMV

]
(0) = 23 · π2

(
s− s/p2 + 1

)
/12

in equation (3.9) (see (C.7)).

Example 3.11 (g = 0, n = 4). We compute an extra contribution of k = 0 which comes from
the weaker constraint |d| ≤ 3g − 3 + n − k in the sum in equation (3.10). The corresponding
stable graph Γ

(0)
0,4 has one vertex labeled by g = 0 and four half-edges as described in Figure 5

(bottom). The polynomial factor obeys

(∅)
M(p)

Γ
(0)
0,4

= V
M(p)
0,4 (0, 0, 0, 0) = 2π2s

(
1− 1/p2

)
for this stable graph. The contributions to VolQM(p)

0,4 from the stable graph Γ
(0)
0,4 is

α0,4∣∣Aut(Γ(0)
0,4

)∣∣(∅)
M(p)

Γ
(0)
0,4

1

2!
= 8π2s

(
1− 1

p2

)
.

Combining the contribution (3.7) from the stable graph Γ
(1)
0,4, one finds

VolQM(p)
0,4 = 8π2s

(
1− 1

p2

)
+ 2π2.

This agrees with

β0,4V
M(p)
0,4

[
fMV

]
(0, 0, 0, 0) = 22 · π2

(
4s− 4s/p2 + 1

)
/2

in equation (3.9) (see (C.7)).



26 H. Fuji and M. Manabe

3.3 Generalization to the (2, 2p − 2) minimal superstring

The combinatorial formula in Theorem 3.2 is also generalized to the volume polynomials for
the supersymmetric models which are associated with the BGW tau function [3]. We consider
the (2, 2p − 2) minimal superstring whose volume polynomials interpolate the volume poly-
nomials V B

g,n(L1, . . . , Ln) for p = 1 and the super Weil–Petersson volumes V SWP
g,n (L1, . . . , Ln)

for p =∞, and find the following proposition.

Proposition 3.12. Let Gg,n be the set of stable graphs which does not contain any vertices
associated to connected bordered Riemann surfaces of genus zero.14 The constant term in the
twisted volume polynomial V

SM(p)
g,n

[
fMV

]
for the (2, 2p − 2) minimal superstring is obtained, as

a sum over stable graphs Γ ∈ Gg,n, by

V SM(p)
g,n

[
fMV

]
(0, . . . , 0) =

∑
Γ∈Gg,n

1

|Aut (Γ) |
∑

|d|≤g−1−k

(2d1, . . . , 2dk)
SM(p)
Γ

×
k∏

i=1

(2di + 1)!ζ(2di + 2), (3.11)

where (2d1, . . . , 2dk)
SM(p)
Γ is defined from the twisted volume polynomial V

SM(p)
g,n

[
fMV

]
by equa-

tion (3.8).

Remark 3.13. If the degree constraint |d| ≤ g − 1 − k in equation (3.11) is replaced by the
stronger condition |d| = g − 1 − k, then the twisted volume V

SM(p)
g,n

[
fMV

]
(0, . . . , 0) for an odd

positive integer p reduces to V B
g,n

[
fMV

]
(0, . . . , 0).

Here we show combinatorial computations for (g, n) = (2, 1) and (3, 1).

Example 3.14 (g = 2, n = 1). One finds three stable graphs which correspond to decompo-
sitions (2.36) of S2,1 without g = 0 components as described in Figure 6. For the graph Γ

(0)
2,1,

a contribution in equation (3.11) is

vol
(0)
2,1 =

1∣∣Aut(Γ(0)
2,1

)∣∣(∅)
SM(p)

Γ
(0)
2,1

=
9π2s

64

(
1− 1

p2

)
, where (∅)

SM(p)

Γ
(0)
2,1

= V
SM(p)
2,1 (0),

and a deformation parameter s is introduced by π2 → π2s. For the graph Γ
(1)
2,1, a contribution

in equation (3.11) is

vol
(1)
2,1 =

1∣∣Aut(Γ(1)
2,1

)∣∣(0)SM(p)

Γ
(1)
2,1

ζ(2) =
π2

384
,

where (0)
SM(p)

Γ
(1)
2,1

is the coefficient of ℓ0 in V
SM(p)
1,2 (ℓ, 0) · V SM(p)

1,1 (ℓ) = 1/64. For the graph Γ
(2)
2,1,

a contribution in equation (3.11) is

vol
(2)
2,1 =

1∣∣Aut(Γ(2)
2,1

)∣∣(0)SM(p)

Γ
(2)
2,1

ζ(2) =
π2

48
,

where (0)
SM(p)

Γ
(2)
2,1

is the coefficient of ℓ0 in V
SM(p)
1,3 (ℓ, ℓ, 0) = 1/4, and Aut

(
Γ
(2)
2,1

)
= Z/2Z. Summing

these three contributions, one obtains

V
SM(p)
2,1

[
fMV

]
(0) = vol

(0)
2,1 + vol

(1)
2,1 + vol

(2)
2,1 =

π2

128

(
18s

(
1− 1

p2

)
+ 3

)
,

which agrees with the constant term of the twisted volume polynomial V
SM(p)
2,1

[
fMV

]
(see (C.10)).

14The volume polynomial V
SM(p)
0,n (0, . . . , 0) is zero for any n.
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Figure 6. Stable graphs Γ
(0)
2,1,Γ

(1)
2,1,Γ

(2)
2,1 ∈ G2,1 obtained from the decompositions of S2,1 which do not

involve S0,n’s.

Example 3.15 (g = 3, n = 1). One finds ten multicurves which decompose S3,1 without g = 0
components as described in Figure 7. Summing these ten contributions, one obtains

V
SM(p)
3,1

[
fMV

]
(0)

= V
SM(p)
3,1 (0) +

(
V

SM(p)
2,1 (x) · V SM(p)

1,2 (x, 0) + V
SM(p)
1,1 (x) · V SM(p)

2,2 (x, 0)

+
1

2
V

SM(p)
2,3 (x, x, 0)

) ∣∣∣∣
x0

ζ(2) +
(
V

SM(p)
2,1 (x) · V SM(p)

1,2 (x, 0) + V
SM(p)
1,1 (x) · V SM(p)

2,2 (x, 0)

+
1

2
V

SM(p)
2,3 (x, x, 0)

) ∣∣∣∣
x2

3!ζ(4) +

(
V

SM(p)
1,1 (x) · V SM(p)

1,2 (x, y) · V SM(p)
1,2 (y, 0)

+
1

2
V

SM(p)
1,1 (x)V

SM(p)
1,3 (x, y, 0) · V SM(p)

1,1 (y)

+
1

2
V

SM(p)
1,2 (x, y)V

SM(p)
1,3 (x, y, 0) +

1

2
V

SM(p)
1,3 (x, y, y) · V SM(p)

1,2 (x, 0)

+
1

2
V

SM(p)
1,1 (x) · V SM(p)

1,4 (x, y, y, 0) +
1

23
V

SM(p)
1,5 (x, x, y, y, 0)

)∣∣∣∣
x0y0

ζ(2)2

=
π4

1024

((
1− 1

p2

)(
6s2
(
227− 27

p2

)
+ 255s

)
+ 23

)
,

where |xkyl picks up coefficients of xkyl in the polynomials. This result agrees with the constant
term of the twisted volume polynomial V

SM(p)
3,1

[
fMV

]
(see (C.10)).

4 CEO topological recursion

In this section, we apply the CEO topological recursion [16, 37], which is a Laplace dual formu-
lation of the ABO topological recursion, to the 2D gravity models in Table 1. In particular, in
Section 4.4 we provide a direct proof of Theorem 4.15 on the Laplace dual relation between the
ABO topological recursion with the Masur–Veech type twist and the CEO topological recur-
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Figure 7. Ten stable graphs obtained from the decompositions of S3,1 which do not involve S0,n’s.

sion with the Masur–Veech type twist for the (2, p) minimal string and the (2, 2p− 2) minimal
superstring.

4.1 Formulation

We briefly review the formulation of the CEO topological recursion, and describe a Laplace dual
relation with the ABO topological recursion.

Definition 4.1. A spectral curve C = (Σ; x, y, B) consists of a Riemann surface Σ, meromor-
phic functions x, y : Σ → C such that the zeros of dx are different from the zeros of dy, and
a bidifferential B on Σ⊗2.

Definition 4.2 (CEO topological recursion [37]). For a spectral curve C = (Σ; x, y, B) such that
the zeros of dx are simple, the meromorphic multidifferentials ωg,n(z1, . . . , zn), zi ∈ Σ, labeled
by g ≥ 0, n ≥ 1 satisfying 2g − 2 + n ≥ 0, are defined by the CEO topological recursion

ωg,n(z1, . . . , zn) =
∑

α∈Ram

Res
w=α

K(z1, w)Rωg,n(w, zK),

where K = {2, . . . , n}, Ram is the set of zeros of dx, and K(z, w) is the recursion kernel
defined by

K(z, w) =

∫ w
w B(·, z)

2 (y(w)dx(w)− y(w)dx(w))
, (4.1)

and

Rωg,n(w, zK) = ωg−1,n+1(w,w, zK) +

no(0,1)∑
h+h′=g

J∪J ′=K

ωh,1+|J |(w, zJ)ωh′,1+|J ′|(w, zJ ′). (4.2)
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Here w is the conjugate point of w near α ∈ Ram such that w ̸= w and x(w) = x(w). The sum
in equation (4.2) does not include (g, n) = (0, 1) part and contains the bidifferential

ω0,2(z1, z2) = B(z1, z2),

and for J = {i1, . . . , i|J |} ⊆ K, zJ = {zi1 , . . . , zi|J|} and zJ ′ = {zi|J|+1
, . . . , zin−1}.

In this paper, we focus on a class of spectral curves C =
(
P1; x, y, B

)
with coordinate functions

x = x(z) =
1

2
z2, y = y(z), z ∈ P1, (4.3)

which has a simple ramification point only at z = 0 (the solution to dx(z) = 0) and so Ram = {0}.
y(z) ∈ C is a meromorphic function of z, and C admits the global Galois covering by the
conjugation z = −z. The bidifferential B(z1, z2) has a double pole at the diagonal locus z1 = z2
such that

B(z1, z2) =
dz1 ⊗ dz2
(z1 − z2)2

, z1, z2 ∈ P1. (4.4)

For this class of spectral curves, the recursion kernel for the CEO topological recursion is

K(z, w) =

∫ −w
w B(·, z)

2w(y(w)− y(−w))dw
=

(−1)dz(
z2 − w2

)
(y(w)− y(−w))dw

.

And we introduce correlation functions.

Definition 4.3. The correlation functions Wg,n(z1, . . . , zn) for 2g − 2 + n ≥ 0 are

Wg,n(z1, . . . , zn)⊗n
i=1 dzi = ωg,n(z1, . . . , zn).

From the general argument in [9, 10], one finds the following claim.

Theorem 4.4 (Laplace transform of the volume polynomial [9, 10]). For the physical 2D gravity
models in Table 2, the correlation functions Wg,n for 2g − 2 + n > 0 are related to the volume
polynomials Vg,n in Definition 2.1 by Laplace transform

Wg,n(z1, . . . , zn) = L{Vg,n}(z1, . . . , zn), (4.5)

where the operator L acts on a function f(z1, . . . , zn) as

L{f}(z1, . . . , zn) :=
∫
Rn
+

f(L1, . . . , Ln)e
−

∑n
i=1 ziLi

n∏
i=1

LidLi. (4.6)

In particular, for the expansion (2.3), we find

Wg,n(z1, . . . , zn) =
∑

a1,...,an≥0

F (g)
a1,...,an

n∏
i=1

1

z2ai+2
i

. (4.7)

Remark 4.5. In Appendix B, based on the Laplace dual relation (4.5) we derive the kernel func-
tions (2.19) and (2.31), which are not known before in the literature, of the (2, p) minimal string
and the (2, 2p− 2) minimal superstring from the spectral curves in equations (4.25) and (4.40).
Note that the “local” initial data (Aa1

a2,a3 ,B
a1
a2,a3 ,C

a1
a2,a3 ,D

a1) in equations (2.6) and (2.7) are
found in [9, 84].

In Sections 4.2 and 4.3, we will discuss the correlation functions Wg,n defined by the CEO
topological recursion for the physical 2D gravity models and show some computational results
of Wg,n explicitly for our use in other sections and our checks of consistency of computations.
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4.2 Bosonic models

Here we consider the bosonic models in Table 1.

4.2.1 Airy and KdV

For the Airy spectral curve CA =
(
P1; x, yA, B

)
with coordinate functions

x(z) =
1

2
z2, yA(z) = z, (4.8)

and the bidifferential B in equation (4.4), the CEO topological recursion defines the meromorphic
multidifferentials

ωA
g,n(z1, . . . , zn) = Res

w=0
KA(z1, w)RωA

g,n(w, zK) =
∑

a1,...,an≥0

FA(g)
a1,...,an ⊗

n
i=1

dzi

z2ai+2
i

, (4.9)

which give the Airy volume coefficients F
A(g)
a1,...,an in equation (2.18), where

KA(z1, w) =
(−1)dz1

2
(
z21 − w2

)
wdw

, (4.10)

is the recursion kernel for CA. From equation (4.9), some of the correlation functions are

WA
0,3(z1, z2, z3) =

3∏
i=1

1

z2i
, WA

1,1(z1) =
1

8z41
,

WA
0,4(z1, . . . , z4) =

(
4∑

i=1

3

z2i

)
4∏

i=1

1

z2i
, WA

1,2(z1, z2) =

(
2∑

i=1

5

8z4i
+

3

8z21z
2
2

)
2∏

i=1

1

z2i
,

WA
0,5(z1, . . . , z5) =

(
5∑

i=1

15

z4i
+

∑
1≤i<j≤5

18

z2i z
2
j

)
5∏

i=1

1

z2i
,

WA
1,3(z1, z2, z3) =

(
3∑

i=1

35

8z6i
+

∑
1≤i,j≤3

15

4z2i z
4
j

+
9

4z21z
2
2z

2
3

)
3∏

i=1

1

z2i
, WA

2,1(z1) =
105

128z101
.

We now introduce the KdV spectral curve which deforms the Airy spectral curve.

Definition 4.6 (KdV spectral curve). The KdV spectral curve CKdV =
(
P1; x, yKdV, B

)
is

defined by

x(z) =
1

2
z2, yKdV(z) = z +

∑
a≥2

uaz
a, (4.11)

and the bidifferential B in equation (4.4), where ua are time variables. The KdV spectral
curve CKdV yields the Airy spectral curve CA when ua = 0.

The correlation functions

WKdV
g,n (z1, . . . , zn) =

∑
a1,...,an≥0

FKdV(g)
a1,...,an

n∏
i=1

1

z2ai+2
i

, (4.12)

obtained from the CEO topological recursion for CKdV obey the following proposition [31].
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Proposition 4.7 ([31]). The coefficients F
KdV(g)
a1,...,an in equation (4.12) are written in terms of

the volume coefficients F
A(g)
a1,...,an in equation (4.9) (or equation (2.18)) as

FKdV(g)
a1,...,an =

∑
m≥0

(−1)m

m!

∑
b1,...,bm≥2

(
m∏
j=1

u2bj−1

2bj + 1

)
F

A(g)
a1,...,an,b1,...,bm

, (4.13)

where the sum over m and bj satisfies

n∑
i=1

ai = 3g − 3 + n+m−
m∑
j=1

bj , (4.14)

by the homogeneity condition (2.17) for the volume coefficients.

Proof. The CEO topological recursion for the KdV spectral curve CKdV gives

ωKdV
g,n (z1, . . . , zn) = Res

w=0

(−1)dz1(
z21 − w2

)(
yKdV(w)− yKdV(−w)

)
dw
RωKdV

g,n (w, zK)

= Res
w=0

KA(z1, w)Y
KdV(w)RωKdV

g,n (w, zK), (4.15)

where KA(z1, w) is the recursion kernel (4.10) for the Airy spectral curve CA, and

Y KdV(w) =
2w

yKdV(w)− yKdV(−w)
=
∑
m≥0

(−1)m
(∑

b≥2

u2b−1w
2b−2

)m

= 1 +O
(
w2
)

is a regular even function of w at w = 0.
A key formula to prove the proposition is [31],

Res
w1=0

(−1)Y (w1)R(w1)

2
(
w2
0 − w2

1

)
w1

= Res
w1=0

(
Res

w2=w1

+ Res
w2=−w1

) (−1)dw2

2
(
w2
0 − w2

2

)
w2

w2
2Y (w2)R(w1)(
w2
2 − w2

1

)
w1

= Res
w2=0

w2
2Y (w2)dw2(
w2
0 − w2

2

)
w2

Res
w1=0

(−1)R(w1)

2
(
w2
2 − w2

1

)
w1
, (4.16)

where Y (w) is a regular function of w at w = 0 and R(w) is a meromorphic differential of w.
Using this formula recursively, we rewrite equation (4.15) as

ωKdV
g,n (z1, . . . , zn) =

∑
m≥0

(−1)m Res
wm=0

u(wm)dz1(
z21 − w2

m

)
wm

Res
wm−1=0

u(wm−1)dwm(
w2
m − w2

m−1

)
wm−1

· · ·

× Res
w1=0

u(w1)dw2(
w2
2 − w2

1

)
w1

Res
w=0

KA(w1, w)RωKdV
g,n (w, zK), (4.17)

where

u(w) =
∑
b≥2

u2b−1w
2b,

and the residue operators

Res
wj=0

u(wj)dw(
w2 − w2

j

)
wj
,

acting on meromorphic differentials of wj are referred to as the Airy dilaton leaves. Therefore,
the KdV meromorphic multidifferentials ωKdV

g,n are regarded as the Airy meromorphic multidif-

ferentials ωA
g,n decorated by the Airy dilaton leaves.



32 H. Fuji and M. Manabe

To find such decorations, we compare a meromorphic even differential

R(w) =
∑
a

Radw/w
2a

of w decorated by an Airy dilaton leaf,

Res
wj=0

u(wj)dwR(wj)(
w2 − w2

j

)
wj

=
∑
d≥0

dw

w2d+2

∑
b≥2

u2b−1Rd+b, (4.18)

with the (g, n) = (0, 2) part in the CEO topological recursion for CA,

Res
wj=0

KA(w,wj)

(
B(wj , v)

dv
R(−wj) +

B(−wj , v)

dv
R(wj)

)
= Res

wj=0

R(wj)dw

2
(
w2 − w2

j

)
wj

(
1

(v − wj)2
+

1

(v + wj)2

)
=
∑
d≥0

dw

w2d+2

∑
b≥0

2b+ 1

v2b+2
Rd+b. (4.19)

By this comparison, it is found that the decoration (4.18) of the Airy dilaton leaf is translated
into a decorated (g, n) = (0, 2) part in the CEO topological recursion for CA. In this translation,
the Airy meromorphic differential acquires an extra marked point v = 1, and we find the sum
in equation (4.18) by replacing the sum in equation (4.19) by a weighted sum such that∑

b≥0

2b+ 1

v2b+2
Rd+b →

∑
b≥0

2b+ 1

v2b+2
wtb(u)Rd+b =

∑
b≥2

u2b−1Rd+b,

with weight factors

wtb(u) =

0 for b = 0, 1,
u2b−1

2b+ 1
for b ≥ 2.

(4.20)

In the following, we refer to this translation for the Airy dilaton leaf which decorates the
(g, n) = (0, 2) part in the multidifferential as the Airy translation. In the following discussions,
we adopt the Airy translation to prove the formula (4.13) by the mathematical induction on
2g − 2 + n ≥ 1.

For (g, n) = (0, 3), equation (4.17) gives

ωKdV
0,3 (z1, z2, z3) =

∑
m≥0

(−1)m Res
wm=0

u(wm)dz1(
z21 − w2

m

)
wm
· · · Res

w1=0

u(w1)dw2(
w2
2 − w2

1

)
w1
ωA
0,3(w1, z2, z3)

= ωA
0,3(z1, z2, z3),

where the Airy dilaton leaves do not contribute in this case. For (g, n) = (1, 1), equation (4.17)
gives

ωKdV
1,1 (z1) =

∑
m≥0

(−1)m Res
wm=0

u(wm)dz1(
z21 − w2

m

)
wm
· · · Res

w1=0

u(w1)dw2(
w2
2 − w2

1

)
w1
ωA
1,1(w1)

= ωA
1,1(z1) +

∑
a1≥0,b1≥2

u2b1−1

2b1 + 1
F

A(1)
a1,b1

dz1

z2a1+2
1

,

where only one Airy dilaton leaf contributes and the Airy translation is adopted. Thus, the
equations (4.13) for (g, n) = (0, 3), (1, 1) are obtained.



Some Generalizations of Mirzakhani’s Recursion and Masur–Veech Volumes 33

Next, under the assumption that the formula (4.13) is correct for any (g, n) with 2g−2+n ≤ k,
we consider equation (4.17) for (g, n) with 2g − 2 + n = k + 1. The coefficients of

⊗n
i=2dzi/z

2ai+2
i

in the factor RωKdV
g,n (w, zK) in equation (4.17) are rewritten under this assumption as

∑
a,b≥0

(−1)dw ⊗ dw

w2a+2b+4

(
F

KdV(g−1)
a,b,a2,...,an

+
′∑

h+h′=g
J⊆K

FKdV(h)
a,ai1 ,...,ai|J|

F
KdV(h′)
b,ai|J|+1

,...,ain−1

)

=
∑
a,b≥0

(−1)dw ⊗ dw

w2a+2b+4

∑
m≥0

(−1)m

m!

∑
b1,...,bm≥2

(
m∏
j=1

wtbj (u)

)(
F

A(g−1)
a,b,a2,...,an,b1,...,bm

+

′∑
h+h′=g
J⊆K

m∑
ℓ=0

(
m

ℓ

)
F

A(h)
a,ai1 ,...,ai|J| ,b1,...,bℓ

F
A(h′)
b,ai|J|+1

,...,ain−1
,bℓ+1,...,bm

)
, (4.21)

where the sum
∑′

h+h′=g does not include (h, J) = (0,∅), (g,K). The symmetric factorm! for the
insertion ofm Airy dilaton leaves arises, since extra marked points at v = 1 are indistinguishable.

Plugging equation (4.21) into the right-hand side of equation (4.17), we see that the Airy
dilaton leaves in equation (4.17) compensate the (h, h′, J) = (0, g,∅), (g, 0,K) parts in equa-
tion (4.21) by Airy translations. As a result, we obtain

ωKdV
g,n (z1, . . . , zn)

=
∑

a1,...,an≥0

⊗n
i=1

dzi

z2ai+2
i

∑
m≥0

(−1)m

m!

∑
b1,...,bm≥2

(
m∏
j=1

wtbj (u)

)

×

(
F

A(g−1)
a,b,a2,...,an,b1,...,bm

+

′′∑
h+h′=g
J⊆K

0≤ℓ≤m

(
m

ℓ

)
F

A(h)
a,ai1 ,...,ai|J| ,b1,...,bℓ

F
A(h′)
b,ai|J|+1

,...,ain−1
,bℓ+1,...,bm

)

=
∑

a1,...,an≥0

⊗n
i=1

dzi

z2ai+2
i

∑
m≥0

(−1)m

m!

∑
b1,...,bm≥2

(
m∏
j=1

u2bj−1

2bj + 1

)
F

A(g)
a1,...,an,b1,...,bm

,

where the sum
∑′′

h+h′=g does not include (h, J, ℓ) = (0,∅, 0), (g,K,m). Thus, the induction is
completed and the claim is proved. ■

4.2.2 Weil–Petersson volumes

For the Weil–Petersson spectral curve CWP =
(
P1; x, yWP, B

)
defined by [38],

x(z) =
1

2
z2, yWP(z) =

1

2π
sin(2πz) =

∑
a≥1

(
−2π2

)a−1

(2a− 1)!!(a− 1)!
z2a−1, (4.22)

and the bidifferential B in equation (4.4), the CEO topological recursion computes the Weil–
Petersson volume coefficients (2.14), which give the Weil–Petersson volumes VWP

g,n in equa-
tion (2.13), by

WWP
g,n (z1, . . . , zn) =

∑
a1,...,an≥0

FWP(g)
a1,...,an

n∏
i=1

1

z2ai+2
i

. (4.23)
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The coordinate function yWP(z) in equation (4.22) is found from a specialization15 of the coor-
dinate function yKdV(z) in equation (4.11) of the KdV spectral curve as

u2a = 0, u2a+1 =

(
−2π2

)a
(2a+ 1)!!a!

, (4.24)

and Proposition 4.7 implies a formula

FWP(g)
a1,...,an =

∑
m≥0

(−1)m

m!

∑
b1,...,bm≥2

 m∏
j=1

(
−2π2

)bj−1

(2bj + 1)!!(bj − 1)!

F
A(g)
a1,...,an,b1,...,bm

with the condition (4.14).

Remark 4.8. The deformation parameter s in Remark 2.3 is implemented to the spectral
curve CWP by changing π → π

√
s for the coordinate function yKdV(z) in equation (4.22).

4.2.3 (2, p) minimal string

The spectral curve for the (2, p) minimal string is found from the disk partition function with
the FZZT boundary condition [39, 92]. For an odd positive integer p, the (2, p) minimal string
spectral curve CM(p) =

(
P1; x, yM(p), B

)
is defined by

x(z) =
1

2
z2,

yM(p)(z) =
(−1)

p−1
2

2π
Tp

(
2π

p
z

)
=

1

2π
sin

(
p

2
arccos

(
1− 8π2z2

p2

))

=

p+1
2∑

a=1

(
−2π2

)a−1

(2a− 1)!!(a− 1)!

a−1∏
i=1

(
1− (2i− 1)2

p2

)
z2a−1, (4.25)

and the bidifferential B in equation (4.4), where Tp(z) denotes the Chebyshev polynomial of the
first kind defined by Tp(cos θ) = cos(pθ). The minimal string spectral curve CM(p) interpolates
the Airy spectral curve CA and the Weil–Petersson spectral curve CWP by

yM(1)(z) = yA(z) in equation (4.8), yM(∞)(z) = yWP(z) in equation (4.22).

The coordinate function yM(p)(z) in equation (4.25) is found from a specialization of the coor-
dinate function yKdV(p)(z) in equation (4.11) of the KdV spectral curve as

u2a = 0 for a ≥ 1,

u2a+1 =
(−2π2)a

(2a+ 1)!!a!

a∏
i=1

(
1− (2i− 1)2

p2

)
for 1 ≤ a ≤ p− 1

2
,

u2a+1 = 0 for a ≥ p+ 1

2
.

(4.26)

Proposition 4.7 then implies that the (2, p) minimal string volume coefficients in the correlation
functions

WM(p)
g,n (z1, . . . , zn) =

∑
a1,...,an≥0

FM(p)(g)
a1,...,an

n∏
i=1

1

z2ai+2
i

, (4.27)

15This specialization is also found in the physics literatures [29, 81].
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obey a formula

FM(p)(g)
a1,...,an =

∑
m≥0

(−1)m

m!

∑
b1,...,bm≥2

(
m∏
j=1

(
−2π2

)bj−1

(2bj + 1)!!(bj − 1)!

bj−1∏
i=1

(
1− (2i− 1)2

p2

))
× FA(g)

a1,...,an,b1,...,bm
, (4.28)

with the condition (4.14).

4.3 Supersymmetric models

Here we consider the supersymmetric models in Table 1.

4.3.1 Bessel and BGW

For the Bessel spectral curve CB =
(
P1; x, yB, B

)
with coordinate functions [30],

x(z) =
1

2
z2, yB(z) =

1

z
, (4.29)

and the bidifferential B in equation (4.4), the CEO topological recursion defines the meromorphic
multidifferentials

ωB
g,n(z1, . . . , zn) = Res

w=0
KB(z1, w)RωB

g,n(w, zK) =
∑

a1,...,an≥0

FB(g)
a1,...,an ⊗

n
i=1

dzi

z2ai+2
i

, (4.30)

and the Bessel volume coefficients F
B(g)
a1,...,an in equation (2.30) are obtained, where

KB(z1, w) =
(−1)wdz1

2
(
z21 − w2

)
dw

, (4.31)

is the recursion kernel for the CEO topological recursion on the Bessel spectral curve CB. Here,
note the relation yB(z) = ∂xy

A(z) with the coordinate function yA(z) in equation (4.8) of the
Airy spectral curve. From equation (4.30), some of the correlation functions are

WB
0,n(z1, . . . , zn) = 0, WB

1,n(z1, . . . , zn) =
(n− 1)!

8

n∏
i=1

1

z2i
,

WB
2,1(z1) =

9

128z41
, WB

2,2(z1, z2) =

(
2∑

i=1

27

128z2i

)
2∏

i=1

1

z2i
,

WB
2,3(z1, z2, z3) =

(
3∑

i=1

27

32z2i

)
3∏

i=1

1

z2i
, WB

3,1(z1) =
225

1024z61
,

WB
2,4(z1, . . . , z4) =

(
4∑

i=1

135

32z2i

)
4∏

i=1

1

z2i
,

WB
3,2(z1, z2) =

(
2∑

i=1

1125

1024z4i
+

567

512z21z
2
2

)
2∏

i=1

1

z2i
.

Let us introduce the BGW spectral curve which deforms the Bessel spectral curve.
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Definition 4.9 (BGW spectral curve). The BGW spectral curve CBGW =
(
P1; x, yBGW, B

)
is

defined by

x(z) =
1

2
z2, yBGW(z) =

1

z
+
∑
a≥0

vaz
a, (4.32)

and the bidifferential B in equation (4.4), where va are time variables. The BGW spectral
curve CBGW for va = 0 yields the Bessel spectral curve CB.

Similar to Proposition 4.7, the correlation functions

WBGW
g,n (z1, . . . , zn) =

∑
a1,...,an≥0

FBGW(g)
a1,...,an

n∏
i=1

1

z2ai+2
i

, (4.33)

obtained from the CEO topological recursion for CBGW obey the following proposition.

Proposition 4.10. The coefficients F
BGW(g)
a1,...,an in equation (4.33) are written in terms of the

volume coefficients F
B(g)
a1,...,an in equation (4.30) (or equation (2.30)) as

FBGW(g)
a1,...,an =

∑
m≥0

(−1)m

m!

∑
b1,...,bm≥1

(
m∏
j=1

v2bj−1

2bj + 1

)
F

B(g)
a1,...,an,b1,...,bm

, (4.34)

where the sum over m and bj satisfies

n∑
i=1

ai = g − 1−
m∑
j=1

bj , (4.35)

by the homogeneity condition (2.29).

Proof. The statement can be shown in the parallel way as the proof of Proposition 4.7. The
CEO topological recursion for the BGW spectral curve CBGW gives

ωBGW
g,n (z1, . . . , zn) = Res

w=0

(−1)dz1(
z21 − w2

)
(yBGW(w)− yBGW(−w)) dw

RωBGW
g,n (w, zK)

= Res
w=0

KB(z1, w)Y
BGW(w)RωBGW

g,n (w, zK), (4.36)

where KB(z1, w) is the recursion kernel (4.31) for the Bessel spectral curve CB, and

Y BGW(w) =
2

w
(
yBGW(w)− yBGW(−w)

) =
∑
m≥0

(−1)m
(∑

b≥1

v2b−1w
2b

)m

= 1 +O
(
w2
)
,

is a regular even function of w around w = 0. Using the formula (4.16) recursively, we rewrite
equation (4.36) as

ωBGW
g,n (z1, . . . , zn) =

∑
m≥0

(−1)m Res
wm=0

v(wm)wmdz1(
z21 − w2

m

) Res
wm−1=0

v(wm−1)wm−1dwm(
w2
m − w2

m−1

) · · ·

× Res
w1=0

v(w1)w1dw2(
w2
2 − w2

1

) Res
w=0

KB(w1, w)RωBGW
g,n (w, zK),

where

v(w) =
∑
b≥1

v2b−1w
2b,
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and the residue operators

Res
wj=0

v(wj)wjdw(
w2 − w2

j

) ,
acting on meromorphic differentials of wj are referred to as the Bessel dilaton leaves. In such
a way, the BGW meromorphic multidifferentials ωBGW

g,n are obtained as the Bessel meromorphic

multidifferentials ωB
g,n decorated by the Bessel dilaton leaves. Just like the Airy translation for

an Airy dilaton leaf which decorates (g, n) = (0, 2) part in the CEO topological recursion for CA
with weights (4.20), a Bessel dilaton leaf is translated into a decoration of the (g, n) = (0, 2)
part in the CEO topological recursion for CB with weights0 for b = 0,

v2b−1

2b+ 1
for b ≥ 1.

Repeating the same analysis as the proof of Proposition 4.7, we find that equation (4.34)
holds. ■

4.3.2 Super Weil–Petersson volumes

For the super Weil–Petersson spectral curve CSWP =
(
P1; x, ySWP, B

)
defined by [79, 91],

x(z) =
1

2
z2, ySWP(z) =

1

z
cos(2πz) =

∑
a≥0

(
−2π2

)a
(2a− 1)!!a!

z2a−1, (4.37)

and the bidifferential B in equation (4.4), the CEO topological recursion computes the super
Weil–Petersson volume coefficients (2.26), which give the super Weil–Petersson volumes, by

W SWP
g,n (z1, . . . , zn) =

∑
a1,...,an≥0

F SWP(g)
a1,...,an

n∏
i=1

1

z2ai+2
i

. (4.38)

Here, note the relation ySWP(z) = ∂xy
WP(z) with the coordinate function yWP(z) in equa-

tion (4.22) of the Weil–Petersson spectral curve. The coordinate function ySWP(z) in equa-
tion (4.37) is found from a specialization of the coordinate function yBGW(z) in equation (4.32)
of the BGW spectral curve as

v2a = 0, v2a+1 =

(
−2π2

)a+1

(2a+ 1)!!(a+ 1)!
, (4.39)

and Proposition 4.10 implies a formula

F SWP(g)
a1,...,an =

∑
m≥0

(−1)m

m!

∑
b1,...,bm≥1

 m∏
j=1

(
−2π2

)bj
(2bj + 1)!!bj !

F
B(g)
a1,...,an,b1,...,bm

with the condition (4.35).

4.3.3 (2, 2p − 2) minimal superstring

A spectral curve CSM(p) =
(
P1; x, ySM(p), B

)
for the (2, 2p − 2) minimal superstring with an

odd positive integer p, which is heuristically introduced by ySM(p)(z) = ∂xy
M(p)(z) from the
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coordinate function yM(p)(z) in equation (4.25) of the (2, p) minimal string spectral curve (see
Appendix A.5), consists of

x(z) =
1

2
z2,

ySM(p)(z) =
(−1)

p−1
2

z
Up−1

(
2π

p
z

)
=

4π

p

√
1−

(
1− 8π2z2

p2

)2 cos
(
p

2
arccos

(
1− 8π2z2

p2

))

=

p−1
2∑

a=0

(
−2π2

)a
(2a− 1)!!a!

a∏
i=1

(
1− (2i− 1)2

p2

)
z2a−1, (4.40)

and the bidifferential B in equation (4.4), where Up(z) is the Chebyshev polynomial of the second
kind defined by

Up−1(cos θ) =
sin(pθ)

sin θ
.

Notice that the spectral curve CSM(p) interpolates the Bessel spectral curve CB and the super
Weil–Petersson spectral curve CSWP by

ySM(1)(z) = yB(z) in equation (4.29), ySM(∞)(z) = ySWP(z) in equation (4.37).

The coordinate function ySM(p)(z) in equation (4.40) is found from a specialization of the coor-
dinate function yBGW(p)(z) in equation (4.32) of the BGW spectral curve as

v2a = 0 for a ≥ 0,

v2a+1 =
(−2π2)a+1

(2a+ 1)!!(a+ 1)!

a+1∏
i=1

(
1− (2i− 1)2

p2

)
for 0 ≤ a ≤ p− 3

2
,

v2a+1 = 0 for a ≥ p− 1

2
.

(4.41)

Adopting this specialization to Proposition 4.10, we find that the (2, 2p−2) minimal superstring
volume coefficients F

SM(p)(g)
a1,...,an in the correlation functions

W SM(p)
g,n (z1, . . . , zn) =

∑
a1,...,an≥0

F SM(p)(g)
a1,...,an

n∏
i=1

1

z2ai+2
i

, (4.42)

obey a formula:

F SM(p)(g)
a1,...,an =

∑
m≥0

(−1)m

m!

×
∑

b1,...,bm≥1

(
m∏
j=1

(
−2π2

)bj
(2bj + 1)!!bj !

bj∏
i=1

(
1− (2i− 1)2

p2

))
F

B(g)
a1,...,an,b1,...,bm

, (4.43)

with the condition (4.35).

4.4 Twisting

Definition 4.11. We refer to a twisted spectral curve C[f] = (Σ; x, y, B[f]) as a spectral curve
with a twisted bidifferential B[f] on C⊗2 with the admissible test function f : R+ → C.
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The twisted volume polynomial Vg,n[f](L1, . . . , Ln) with an admissible test function f is equiv-
alent to the multidifferential ωg,n[f](z1, . . . , zn) which satisfies the CEO topological recursion for
a twisted spectral curve [8, 10]. These are related by the Laplace transform involving an action
of twist-elimination explained below.

Here we consider a spectral curve C = (Σ; x, y, B) such that the zeros of dx are simple, and
a local coordinate p near a branch point α obeying

x = p2/2 + x(α).

For this set-up, we introduce a globally defined 1-form ξα,a(z) on the spectral curve C with
a ∈ Z≥0 and a branch point α by [9],

ξα,a(z) = Res
w=α

dp(w)

p(w)2a+2

(∫ w

α
B(·, z)

)
.

In the following discussion, we will focus on the spectral curve C only with a single branch
point α0, and define ξa(z) by

16 ξa(z) := ξα0,a(z).
The solutions ωg,n(z1, . . . , zn) (2g−2+n > 0) of the CEO topological recursion are represented

by the 1-forms ξai(zi) (i = 1, . . . , n) as the basis of the multidifferentials:

ωg,n(z1, . . . , zn) =
∑

a1,...,an≥0

F (g)
a1,...,an ⊗

n
i=1 ξai(zi).

For a twisted spectral curve C[f] = (Σ; x, y, B[f]), the solutions ωg,n[f](z1, . . . , zn) of the CEO
topological recursion are also given on basis of

ξa[f](z) = Res
w=α0

dp(w)

p(w)2a+2

(∫ w

α0

B[f](·, z)
)
, (4.44)

by

ωg,n[f](z1, . . . , zn) =
∑

a1,...,an≥0

F (g)[f]a1,...,an ⊗n
i=1 ξai [f](zi). (4.45)

Now we introduce twisted correlation functions and a twist-elimination map below.

Definition 4.12. The twisted correlation functions Wg,n[f](z1, . . . , zn) for 2g − 2 + n ≥ 0 are
defined by

Wg,n[f](z1, . . . , zn)⊗n
i=1 dzi = ωg,n[f](z1, . . . , zn), (4.46)

and the twisted recursion kernel K[f] is defined by

K[f](z, w) =

∫ w
w B[f](·, z)

2 (y(w)dx(w)− y(w)dx(w))
.

Definition 4.13 (twist-elimination map). Let Ω(C) be the space of meromorphic multidifferen-
tials on a twisted spectral curve C[f] = (Σ; x, y, B[f]), spanned by the symmetric tensors of the
basis ξai [f](zi) (ai ∈ Z≥0, i = 1, . . . , n), the twisted bidifferential B[f] and the twisted recursion
kernel K[f].17 The twist-elimination map Ê [zI ] with an index set I = {i1, . . . , iℓ} is a map acting
on Ω(C) and prescribed by the following four properties:

16For a spectral curve with the coordinate function x = z2/2, z ∈ P1 in equation (4.3) and the bidifferen-
tial B(z, w) = dz ⊗ dw/(z − w)2, z, w ∈ P1 in equation (4.4), ξa(z) = dz/z2a+2.

17In this definition, the twisted recursion kernel K[f](z, w) is regarded as a meromorphic differential of the
variable z.
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Figure 8. In the geometrical interpretation, the action of the twist-elimination map E [z1, . . . , zn] on
the correlation function Wg,n[f

MV](z1, . . . , zn) is depicted as eliminations of the closed geodesics on n

boundaries of the bordered Riemann surface, and recovers the combinatorial aspects of twisted volumes

in Section 3.

(1) for a 1-form caiξai [f](zi) ∈ Ω(C) with coefficient cai ,

Ê [zI ] (caiξai [f](zi)) =

{
caiξai(zi) if i ∈ I ∩ {1, . . . , n},
caiξai [f](zi) if i /∈ I ∩ {1, . . . , n},

(2) for the twisted bidifferential B[f] and the twisted recursion kernel K[f],

Ê [z] (B[f](z, w)) = B(z, w), Ê [z] (K[f](z, w)) = K(z, w), (4.47)

(3) for a sum of multidifferentials ω(1)[f], ω(2)[f] ∈ Ω(C),

Ê [zI ]
(
ω(1)[f] + ω(2)[f]

)
= Ê [zI ]

(
ω(1)[f]

)
+ Ê [zI ]

(
ω(2)[f]

)
, (4.48)

(4) for a tensor product of multidifferentials ω(1)[f], ω(2)[f] ∈ Ω(C),

Ê [zI ]
(
ω(1)[f]⊗ ω(2)[f]

)
= Ê [zI ]

(
ω(1)[f]

)
⊗ Ê [zI ]

(
ω(2)[f]

)
. (4.49)

The twist-elimination map E [zI ] acting on the twisted correlation functions (4.46) is induced by

E [zI ] {Wg,n[f]} (z1, . . . , zn)⊗n
i=1 dzi = Ê [zI ] (ωg,n[f](z1, . . . , zn)) .

For the case I = {i1, . . . , iℓ} ⊆ {1, . . . , n}, we obtain partially untwisted correlation functions
for 2g − 2 + n > 0,

E [zi1 , . . . , ziℓ ] {Wg,n[f]} (z1, . . . , zn)⊗n
i=1 dzi

=
∑

a1,...,an≥0

F (g)[f]a1,...,an ⊗ℓ
m=1 ξaim (zim)⊗k∈{1,...,n}\{i1,...,iℓ} ξak [f](zk). (4.50)

More generally, if {i1, . . . , iℓ} ⊈ {1, . . . , n}, the partially untwisted correlation functions are
given by the maximal subset {j1, . . . , jℓ′} ⊆ {i1, . . . , iℓ} which obeys {j1, . . . , jℓ′} ⊆ {1, . . . , n},

E [zi1 , . . . , ziℓ ] {Wg,n[f]} (z1, . . . , zn)⊗n
i=1 dzi

=
∑

a1,...,an≥0

F (g)[f]a1,...,an ⊗ℓ′
m=1 ξajm (zjm)⊗k∈{1,...,n}\{j1,...,jℓ′} ξak [f](zk).

Remark 4.14. In Figure 8, a geometrical interpretation of the action of the twist-elimination
map E [z1, . . . , zn] on the correlation function Wg,n[f

MV](z1, . . . , zn) with the Masur–Veech type
twist is depicted. In this picture, the correlation function is described by a capped Riemann sur-
face where caps are glued along all boundaries in a bordered Riemann surface. In this interpreta-
tion, the closed geodesics on the bordered boundaries and bulk in the Riemann surface represent
the Masur–Veech type twists on the bases ξa[f

MV] and coefficients F (g)
[
fMV

]
a1,...,an

in the multi-
differential ωg,n[f

MV] of equation (4.50), respectively. In the computation of twisted volumes by
the combinatorial method discussed in Section 3, we only enumerate the multicurves wrapping
around the closed geodesics in the bulk18 of bordered Riemann surfaces. To get the twisted

18The “closed geodesics in the bulk” means the “non-boundary closed geodesics”.
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volume polynomial Vg,n[f
MV](L1, . . . , Ln) from the correlation function Wg,n[f

MV](z1, . . . , zn),
we need to eliminate the effects of twists coming from the boundaries, while keep those from the
closed geodesics in the bulk. This geometrical interpretation of the twist is used in the physical
interpretation discussed in Appendix A.2.

In the following, we consider a class of twisted spectral curves with the coordinate functions
in equation (4.3) and twisted bidifferential [8],

B
[
fMV

]
(z1, z2) =

dz1 ⊗ dz2
(z1 − z2)2

+
1

2

∑
m∈Z∗

dz1 ⊗ dz2
(z1 − z2 +m)2

= ζH(2; z1 − z2)dz1 ⊗ dz2, (4.51)

with the Masur–Veech type twist function fMV in equation (2.42), where

ζH(2d; z) =
1

z2d
+

1

2

∑
m∈Z∗

1

(z +m)2d
=

1

z2d
+
∑
k≥0

(
2k + 2d− 1

2k

)
ζ(2k + 2d)z2k, (4.52)

is the Hurwitz zeta function. For this twisted bidifferential B
[
fMV

]
, the recursion kernel (4.1)

of the CEO topological recursion yields

K[fMV](z, w) =
(−1)dz

(y(w)− y(−w)) dw

(
1

z2 − w2
+

1

2

∑
m∈Z∗

1

(z +m)2 − w2

)

=
(−1)dz

(y(w)− y(−w)) dw
∑
d≥0

ζH(2d+ 2; z)w2d,

and the twisted 1-form (4.44) is

ξa
[
fMV

]
(z) = ζH(2a+ 2; z)dz. (4.53)

By acting the twist-elimination map E involved with the properties of equations (4.47), (4.48)
and (4.49) on the CEO topological recursion for the twisted spectral curve, we obtain

E [z1, zK ]
{
Wg,n

[
fMV

]}
(z1, zK)

=
[
w0
]∑
d≥0

w2d+1

z2d+2
1 (y(w)− y(−w))

(
n∑

m=2

W0,2(w, zm)E [zK\{m}]

×
{
Wg,n−1

[
fMV

]}
(w, zK\{m}) + E [zK ]

{
Qg,n

[
fMV

]}
(w,−w, zK)

)
, (4.54)

where K = {2, . . . , n}, and
[
w0
]
implies to pick up all zeroth order terms in the expansion

around w = 0. Here

W0,2(w, zm) =W0,2(w, zm) +W0,2(−w, zm) = 2
∑
d≥0

(2d+ 1)
w2d

z2d+2
m

, (4.55)

and

Qg,n

[
fMV

]
(w,−w, zK) =Wg−1,n+1

[
fMV

]
(w,−w, zK)

+
stable∑

h+h′=g
J⊔J ′=K

Wh,1+|J |
[
fMV

]
(w, zJ)Wh′,1+|J ′|

[
fMV

]
(−w, zJ ′).

We refer to the recursion (4.54) as the partially twist-eliminated CEO topological recursion.
In the rest of this section, we provide a direct proof of the following claim.
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Theorem 4.15 (Laplace transform of the twisted volume polynomial [8, 10]). For the (2, p) min-
imal string and the (2, 2p−2) minimal superstring, the twisted correlation functionWg,n

[
fMV

]
(z1,

. . . , zn) with the action of the twist-elimination map E agrees with the Laplace transform L of
the twisted volume polynomial Vg,n

[
fMV

]
(L1, . . . , Ln):

L
{
Vg,n

[
fMV

]}
(z1, . . . , zn) = E [z1, . . . , zn]

{
Wg,n

[
fMV

]}
(z1, . . . , zn), (4.56)

where the operator L is defined by equation (4.6).19

4.4.1 Laplace dual relation for the (2, p) minimal string

We will show that the Laplace dual relation (4.56) holds for the (2, p) minimal string manifestly.
Accordingly, by the specializations p =∞ and 1, we also find that the Laplace dual relation holds
for the Weil–Petersson volumes and the Kontsevich–Witten symplectic volumes, respectively.

Proposition 4.16. For the (2, p) minimal string, the Laplace transform of the Mirzakhani type
ABO topological recursion (2.8) with the Masur–Veech type twist,

∫
Rn
+

[
n∑

m=2

∫
R+

(
R(L1, Lm, x) + L1f

MV(x)
)
xVg,n−1

[
fMV

]
(x, LK\{m})dx

+
1

2

∫
R2
+

(
D(L1, x, y) +R(L1, x, y)f

MV(y) +R(L1, y, x)f
MV(x) + L1f

MV(x)fMV(y)
)

× xyPg,n

[
fMV

]
(x, y, LK)dxdy

]
e−z1L1dL1

n∏
i=2

e−ziLiLidLi, (4.57)

where Pg,n

[
fMV

]
(x, y, LK) is given by equation (2.2) for the twisted volume polynomials, agrees

with the partially twist-eliminated CEO topological recursion (4.54) for 2g − 2 + n > 1.

To prove this proposition, we prepare some key integration formulae involving the kernel
function HM(p)(x, y) in equation (2.19) for the (2, p) minimal string. (See [78, equations (2.2)
and (2.3)] for analogous formulae of Mirzakhani’s recursion for the Weil–Petersson volumes.)
For k ∈ Z≥0, one finds

h
M(p)
2k+1(t) :=

∫
R+

x2k+1

(2k + 1)!
HM(p)(x, t)dx

=
t2k+2

(2k + 2)!
− 2

(p−1)/2∑
j=1

(−1)j cos
(
π

p
j

) k∑
ℓ=0

u2ℓ−2k−2
j

t2ℓ

(2ℓ)!

=

k+1∑
ℓ=0

sℓ
t2k+2−2ℓ

(2k + 2− 2ℓ)!
, (4.58)

where uj = (p/2π) sin(jπ/p) in equation (2.20), and∫
R2
+

x2a+1y2b+1

(2a+ 1)!(2b+ 1)!
HM(p)(x+ y, t)dxdy = h

M(p)
2a+2b+3(t). (4.59)

19This relation is derived formally in the general set-up in [8]. In this article, we give a direct proof specialized
for the physical 2D gravity models.
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The coefficients sℓ’s in equation (4.58) agree with those in the following expansion for 1/yM(p)(z)
of the (2, p) minimal string spectral curve:

1

yM(p)(z)
= (−1)

p−1
2

2π

Tp
(
2π
p z
) =

1

z
+

(p−1)/2∑
j=1

(−1)j cos
(
π

p
j

)(
1

z − uj
+

1

z + uj

)
=
∑
ℓ≥0

sℓz
2ℓ−1. (4.60)

In addition, we will use an integration formula involving the Masur–Veech type twist function,∫
R+

fMV(x)x2k+1dx = (2k + 1)!ζ(2k + 2). (4.61)

Lemma 4.17. In equation (4.57), the x2k+1 term in xVg,n−1

[
fMV

]
(x, LK\{m}) obeys∫

R3
+

(
R(L1, Lm, x) + L1f

MV(x)
)
x2k+1e−z1L1−zmLmdxdL1LmdLm

=
1

2

[
w0
]∑
d≥0

1

z2d+2
1

w2d+1

yM(p)(w)
W0,2(w, zm)ζH(2k + 2;w)(2k + 1)!. (4.62)

Proof. We perform the integrations on the left-hand side of equation (4.62) using (2.10), (4.58)
and (4.61):∫

R3
+

[
1

2

∫ L1

0

(
HM(p)(x, t+ Lm) +HM(p)(x, t− Lm)

)
dt+ L1f

MV(x)

]
x2k+1

× e−z1L1−zmLmdxdL1LmdLm

= (2k + 1)!

(
k+1∑
ℓ=0

k+1−ℓ∑
d=0

sℓ · (2k + 3− 2ℓ− 2d)
1

z2d+2
1

1

z2k+4−2ℓ−2d
m

+
1

z21

1

z2m
ζ(2k + 2)

)
, (4.63)

where we also used a formula of the Laplace transform:∫
R+

Lne−zLdL =
n!

zn+1
. (4.64)

On the other hand, by equation (4.55) the right-hand side of equation (4.62) is

1

2

[
w0
]∑
d≥0

1

z2d+2
1

w2d+1

yM(p)(w)

2
∑
d′≥0

(2d′ + 1)
w2d′

z2d
′+2

m

 ζH(2k + 2;w)(2k + 1)!. (4.65)

Adopting the formula (4.52) for ζH(2k + 2;w) and the expansion (4.60) for 1/yM(p)(w) to this
expression, we find the agreement between equations (4.63) and (4.65). ■

Lemma 4.18. In equation (4.57), the x2a+1y2b+1 term in xyPg,n

[
fMV

]
(x, y, LK) obeys

1

2

∫
R3
+

(
D(L1, x, y) +R(L1, x, y)f

MV(y) +R(L1, y, x)f
MV(x) + L1f

MV(x)fMV(y)
)

× x2a+1y2b+1e−z1L1dxdydL1

=
1

2

[
w0
]∑
d≥0

1

z2d+2
1

w2d+1

yM(p)(w)
(ζH(2a+ 2;w)(2a+ 1)!) (ζH(2b+ 2;w)(2b+ 1)!) .(4.66)
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Proof. We perform the integrations on the left-hand side of equation (4.66) using (2.10), (4.58),
(4.59) and (4.61). The term involving D(L1, x, y) yields

1

2

∫
R3
+

(∫ L1

0
HM(p)(x+ y, t)dt

)
x2a+1y2b+1e−z1L1dxdydL1

=
1

2
(2a+ 1)!(2b+ 1)!

a+b+2∑
ℓ=0

sℓ

z2a+2b−2ℓ+4
1

. (4.67)

The term involving R(L1, x, y)f
MV(y) yields:

1

4

∫
R3
+

(∫ L1

0

(
HM(p)(x, t+ y) +HM(p)(x, t− y)

)
dt

)
x2a+1y2b+1fMV(y)e−z1L1dxdydL1

=
1

2
(2a+ 1)!

a+1∑
ℓ=0

a+1−ℓ∑
d=0

sℓ
(2a+ 2b+ 3− 2ℓ− 2d)!

(2a+ 2− 2ℓ− 2d)!
ζ(2a+ 2b+ 4− 2ℓ− 2d)

1

z2d+2
1

, (4.68)

and we find the term involving R(L1, y, x)f
MV(x) by replacing the role of parameters a and b in

equation (4.68):

1

2
(2b+ 1)!

b+1∑
ℓ=0

b+1−ℓ∑
d=0

sℓ
(2a+ 2b+ 3− 2ℓ− 2d)!

(2b+ 2− 2ℓ− 2d)!
ζ(2a+ 2b+ 4− 2ℓ− 2d)

1

z2d+2
1

.

Finally the term involving fMV(x)fMV(y) yields

1

2z21
(2a+ 1)!(2b+ 1)!ζ(2a+ 2)ζ(2b+ 2). (4.69)

On the other hand, adopting equations (4.52) and (4.60) on the right-hand side of equa-
tion (4.66), we correctly recover the sum of four terms (4.67) – (4.69). ■

Combining the claims in Lemmas 4.17 and 4.18 as well as the expansions (2.38) and (4.45)
with (4.53), we find the claim of Proposition 4.16.

4.4.2 Laplace dual relation for the (2, 2p − 2) minimal superstring

We will show that the Laplace dual relation (4.56) holds for the (2, 2p− 2) minimal superstring.
Accordingly, by the specializations p = ∞ and 1, we also find that the Laplace dual relation
holds for the super Weil–Petersson volumes and the supersymmetric analogue of the Kontsevich–
Witten symplectic volumes, respectively.

Proposition 4.19. For the (2, 2p−2) minimal superstring, the Laplace transform of the Mirza-
khani type ABO topological recursion (2.8) with the Masur–Veech type twist,∫

Rn
+

[
n∑

m=2

∫
R+

R(L1, Lm, x)xVg,n−1

[
fMV

]
(x, LK\{m})dx

+
1

2

∫
R2
+

(
D(L1, x, y) +R(L1, x, y)f

MV(y) +R(L1, y, x)f
MV(x)

)
× xyPg,n

[
fMV

]
(x, y, LK)dxdy

]
e−z1L1dL1

n∏
i=2

e−ziLiLidLi, (4.70)

agrees with the partially twist-eliminated CEO topological recursion (4.54) for 2g − 2 + n > 1.
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To prove Proposition 4.19, we use an integration formula

h
SM(p)
2k+1 (t) :=

∫
R+

x2k+1

(2k + 1)!
HSM(p)(x, t)dx

=
t2k+1δp,1
(2k + 1)!

− 1

π

(p−1)/2∑
j=1

(−1)j cos2
(
π

p

(
j − 1

2

)) k∑
ℓ=0

(u′j)
2ℓ−2k−1 t2ℓ+1

(2ℓ+ 1)!

=

k∑
ℓ=0

s′ℓ
t2k+1−2ℓ

(2k + 1− 2ℓ)!
, (4.71)

involving the kernel function HSM(p)(x, y) in equation (2.31) for the (2, 2p − 2) minimal su-
perstring, where u′j = (p/2π) sin((j − 1/2)π/p) in equation (2.32). (See [79, Section 5.4] for
an analogous formula of Stanford–Witten’s recursion for the super Weil–Petersson volumes.)
The following expansion for the (2, 2p − 2) minimal superstring spectral curve also gives the
coefficients s′ℓ’s in equation (4.71):

1

ySM(p)(z)
= (−1)

p−1
2

z

Up−1

(
2π
p z
)

= zδp,1 +
z

2π

(p−1)/2∑
j=1

(−1)j cos2
(
π

p

(
j − 1

2

))(
1

z − u′j
− 1

z + u′j

)
=
∑
ℓ≥0

s′ℓz
2ℓ+1. (4.72)

Lemma 4.20. In equation (4.70), the x2k+1 term in xVg,n−1

[
fMV

]
(x, LK\{m}) obeys∫

R3
+

R(L1, Lm, x)x
2k+1e−z1L1−zmLmdxdL1LmdLm

=
1

2

[
w0
]∑
d≥0

1

z2d+2
1

w2d+1

ySM(p)(w)
W0,2(w, zm)ζH(2k + 2;w)(2k + 1)!. (4.73)

Proof. The equation (4.73) is verified in the parallel way as equation (4.62). We rewrite the
left-hand side of equation (4.73) by equations (2.24), (4.64), and (4.71):

1

2

∫
R3
+

(
HSM(p)(x, L1 + Lm) +HSM(p)(x, L1 − Lm)

)
x2k+1e−z1L1−zmLmdxdL1LmdLm

= (2k + 1)!

k∑
ℓ=0

k−ℓ∑
d=0

s′ℓ · (2k − 2ℓ− 2d+ 1)
1

z2d+2
1

1

z2k−2ℓ−2d+2
m

.

The right-hand side of equation (4.73) is in the same form (4.65) as the (2, p) minimal string.
By the formula (4.52) for ζH(2k + 2;w) and the expansion (4.72) for 1/ySM(p)(z), the claim
follows. ■

Lemma 4.21. In equation (4.70), the x2a+1y2b+1 term in xyPg,n

[
fMV

]
(x, y, LK) obeys

1

2

∫
R3
+

(
D(L1, x, y) +R(L1, x, y)f

MV(y) +R(L1, y, x)f
MV(x)

)
x2a+1y2b+1e−z1L1dxdydL1

=
1

2

[
w0
]∑
d≥0

1

z2d+2
1

w2d+1

ySM(p)(w)
(ζH(2a+ 2;w)(2a+ 1)!)(ζH(2b+ 2;w)(2b+ 1)!). (4.74)

Proof. The equation (4.74) is verified in the parallel way as equation (4.66). ■

Combining the claims in Lemmas 4.20 and 4.21, we find the claim of Proposition 4.19.
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5 Virasoro constraints

In this section, we first overview an algebraic formulation, called the quantum Airy structures [9,
60], of the ABO topological recursion and the CEO topological recursion. In particular, we will
see the equivalence between the quantum Airy structures and the Virasoro constraints for the
physical 2D gravity models in Table 1. We then discuss explicit computation of the volume

coefficients F
(g)
a1,...,an as well as the twisted volume coefficients F (g)

[
fMV

]
a1,...,an

using the cut-
and-join equations in [2, 3] derived from the Virasoro constraints and homogeneity conditions,
and a group action in [9] which is associated with the twist action.

5.1 Formulation

Consider the generating function of the volume coefficients F
(g)
a1,...,an in equation (2.3) of the ABO

topological recursion or equation (4.7) of the CEO topological recursion for 2g − 2 + n > 0:

Z(ℏ; t) = eF (ℏ;t),

F (ℏ; t) =
∑
g≥0

ℏ2g−2Fg(t) =
∑

g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

F (g)
a1,...,an

ta1 · · · tan
n!

. (5.1)

Here t = {t0, t1, t2, . . . } is the set of variables ta which are related to the length variables Li in
equation (2.3) and the spectral curve variables zi in equation (4.7) by

ta1 · · · tan
n!

←→ L2a1
1

(2a1 + 1)!
· · · L2an

n

(2an + 1)!
←→ 1

z2a1+2
1

· · · 1

z2an+2
n

.

In this set of variables, the recursion (2.6) leads to

∂kF (ℏ; t) =
∑
a,b≥0

Bk
a,bta∂bF (ℏ; t) +

ℏ2

2

∑
a,b≥0

Ck
a,b(∂a∂bF (ℏ; t) + ∂aF (ℏ; t)∂bF (ℏ; t))

+
1

2ℏ2
∑
a,b≥0

Ak
a,btatb + Dk,

where ∂a = ∂/∂ta, and the following proposition is obtained.

Proposition 5.1 ([9]). The generating function (5.1) satisfies constraint equations,

L̂kZ(ℏ; t) = 0, k ≥ −1, (5.2)

where

L̂k = −1

2
∂k+1 +

1

4ℏ2
∑
a,b≥0

Ak+1
a,b tatb +

1

2

∑
a,b≥0

Bk+1
a,b ta∂b +

ℏ2

4

∑
a,b≥0

Ck+1
a,b ∂a∂b +

1

2
Dk+1. (5.3)

When the differential operators L̂k satisfy[
L̂k, L̂ℓ

]
=
∑
a≥−1

fak,ℓL̂a, k, ℓ ≥ −1, (5.4)

where fak,ℓ are scalars, the operators L̂k define a so called quantum Airy structure on the space
of the variables ta [9, 60]. The quantum Airy structure is shown to be a sufficient condition
for the existence of the solution to the constraint equations (5.2) [9]. In particular, when the
differential operators L̂k satisfy the Virasoro relations[

L̂k, L̂ℓ

]
= (k − ℓ) L̂k+ℓ, k, ℓ ≥ −1, (5.5)

the constraint equations (5.2) are referred to as the Virasoro constraints. As we will show below,
the generating functions of the volume coefficients for the physical 2D gravity models in Table 1,
with or without twist, satisfy the Virasoro constraints.
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5.2 Bosonic models

Here we discuss the bosonic models in Table 1.

5.2.1 Airy and KdV

From equation (2.15), the Airy initial data for the Kontsevich–Witten symplectic volumes of
moduli spaces of stable curves are

Aa1
a2,a3 = δa1,a2,a3,0, Ba1

a2,a3 = (2a2 + 1)δa1+a2,a3+1,

Ca1
a2,a3 = δa1,a2+a3+2, Da1 =

1

8
δa1,1, (5.6)

and the differential operators for k ≥ −1 in equation (5.3),

L̂A
k = −1

2
∂k+1 +

∑
a≥0

(
a+

1

2

)
ta∂a+k +

ℏ2

4

∑
a,b≥0

a+b=k−1

∂a∂b +
1

4ℏ2
t20δk,−1 +

1

16
δk,0, (5.7)

satisfy the Virasoro relations[
L̂A
k , L̂

A
ℓ

]
= (k − ℓ)L̂A

k+ℓ, k, ℓ ≥ −1.

Then, the constraint equations (5.2) provide the Virasoro constraints [28, 41],

L̂A
k Z

A(ℏ; t) = 0, k ≥ −1, (5.8)

for the generating function of the Airy volume coefficients (2.18):

logZA(ℏ; t) =
∑
g≥0

ℏ2g−2FA
g (t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|=3g−3+n

FA(g)
a1,...,an

ta1 · · · tan
n!

, (5.9)

which satisfies the homogeneity condition (2.17).

Remark 5.2. The Virasoro operators L̂A
k in equation (5.7) admits the free field realization

[28, 41]:

TA(x) =: ∂ϕA(x)∂ϕA(x) : +
1

16x2
=
∑
n∈Z

L̂A
nx

−n−2,

by a chiral bosonic field with the anti-periodic boundary condition:

∂ϕA(x) =
1

ℏ
∑
n≥0

(
n+

1

2

)(
tn −

1

3
δn,1

)
xn−

1
2 +

ℏ
2

∑
n≥0

∂nx
−n− 3

2 =
∑
n∈Z

αA
n+ 1

2

x−n− 3
2 .

From the Virasoro constraints (5.8) with the homogeneity condition (2.17), a cut-and-join
representation of the Airy generating function (5.9) is derived in [2] following [75].

Proposition 5.3 ([2]). The Airy generating function (5.9), which is a solution of the Virasoro
constraints (5.8), is given by

ZA(xℏ;xt) =
∑
k≥0

xkZA
k (ℏ; t) = exŴ

A · 1, (5.10)

where the cut-and-join operator ŴA is

ŴA =
1

3

∑
a,b≥0

(2a+ 1) (2b+ 1) tatb∂a+b−1 +
ℏ2

6

∑
a,b≥0

(2a+ 2b+ 5) ta+b+2∂a∂b +
t30
6ℏ2

+
t1
8
,

where ∂−1 = 0.
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Proof. From the Virasoro constraints (5.8), we find

0 =
2

3

∑
k≥0

(2k + 1)tkL̂
A
k−1Z

A(ℏ; t) = −D̂AZA(ℏ; t) + ŴAZA(ℏ; t), (5.11)

where D̂A denotes the Euler operator

D̂A =
1

3

∑
k≥0

(2k + 1)tk∂k.

The homogeneity condition (2.17) leads to the action of the Euler operator on ZA such that

D̂AZA
k (ℏ; t) = kZA

k (ℏ; t),

and equation (5.11) gives∑
k≥0

xk+1ŴAZA
k (ℏ; t) =

∑
k≥1

xkkZA
k (ℏ; t). (5.12)

From xk terms in equation (5.12), a recursion relation ŴAZA
k−1(ℏ; t) = kZA

k (ℏ; t) is found, and
we obtain a solution ZA

k (ℏ; t) by adopting the recursion relation iteratively,

ZA
k (ℏ; t) =

1

k
ŴAZA

k−1(ℏ; t) = · · · =
1

k!

(
ŴA

)k · 1, (5.13)

where ZA
0 (ℏ; t) = 1. And finally, we find the cut-and-join representation (5.10) by taking

a generating series of ZA
k (ℏ; t) in equation (5.13). ■

By the iterative use of the cut-and-join equation (5.10), we obtain the first few volume
coefficients in equation (5.9) as:

FA
0 (t) =

t30
6
+
t30t1
2

+

(
5

8
t40t2 +

3

2
t30t

2
1

)
+

(
7

8
t50t3 +

45

8
t40t1t2 +

9

2
t30t

3
1

)
+ · · · ,

FA
1 (t) =

t1
8
+

(
5t0t2
8

+
3t21
16

)
+

(
35

16
t20t3 +

15

4
t0t1t2 +

3

8
t31

)
+ · · · ,

FA
2 (t) =

105t4
128

+

(
1155t0t5

128
+

945t1t4
128

+
1015t2t3

128

)
+ · · · ,

FA
3 (t) =

25025t7
1024

+

(
425425t8t0

1024
+

375375t1t7
1024

+
385385t2t6

1024
+

193655t3t5
512

+
191205t24
1024

)
+ · · · . (5.14)

The Airy generating function (5.9) generates the coefficients F
KdV(g)
a1,...,an in equation (4.12) by

the following proposition.

Proposition 5.4. The generating function of the coefficients F
KdV(g)
a1,...,an in equation (4.12),

logZKdV(ℏ; t) =
∑

g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤3g−3+n

FKdV(g)
a1,...,an

ta1 · · · tan
n!

, (5.15)

is obtained by shifting the variables in the Airy generating function (5.9) as

ta → ta −
u2a−1

2a+ 1
for a ≥ 2. (5.16)
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Proof. The shift (5.16) for the Airy generating function (5.9) gives

∑
a1,...,an+m≥0

|a|=3g−3+n+m

1

(n+m)!
FA(g)
a1,...,an+m

n+m∏
i=1

(
tai −

u2ai−1

2ai + 1

)

=
∑

a1,...,an+m≥0

|a|=3g−3+n+m

1

(n+m)!

(
n+m

m

)
FA(g)
a1,...,an+m

(
n∏

i=1

tai

)(
m∏
j=1

(−1)
u2an+j−1

2an+j + 1

)
+ · · · ,

where u−1 = u1 = 0. This leads to the right-hand side of the formula (4.13) in Proposition 4.7,
and the claim is proved. ■

Proposition 5.4 implies that the KdV generating function (5.15) also satisfies the Virasoro
constraints and can be computed by the cut-and-join equation (5.10) with the shift (5.16).

5.2.2 Weil–Petersson volumes

From Proposition 5.4, the generating function of the Weil–Petersson volume coefficients F
WP(g)
a1,...,an

in equations (2.14) and (4.23),

logZWP(ℏ; t) =
∑
g≥0

ℏ2g−2FWP
g (t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤3g−3+n

FWP(g)
a1,...,an

ta1 · · · tan
n!

, (5.17)

is given by the shift of variables in the Airy generating function (5.9) [62]

ta → ta −
(
−2π2

)a−1

(2a+ 1)!!(a− 1)!
for a ≥ 2. (5.18)

This shift is found from the specialization (4.24) of the time variables ua of the KdV spectral
curve to obtain the Weil–Petersson spectral curve CWP. The cut-and-join description of the
generating function (5.17) is obtained in [4].

Adopting the shift (5.18) to equation (5.14), we find the first few volume coefficients in
equation (5.17) such that

FWP
0 (t) =

t30
6
+

(
π2

12
t40 +

1

2
t1t

3
0

)
+

(
π4

12
t50 +

3

4
π2t40t1 +

5

8
t40t2 +

3

2
t30t

2
1

)
+ · · · ,

FWP
1 (t) =

(
t0π

2

12
+
t1
8

)
+

(
π4

8
t20 +

π2

2
t0t1 +

5

8
t2t0 +

3

16
t21

)
+

(
7

27
π6t30 +

13

8
π4t20t1

+
5

2
π2t20t2 +

9

4
π2t0t

2
1 +

35

16
t3t

2
0 +

15

4
t2t1t0 +

3

8
t31

)
+ · · · ,

FWP
2 (t) =

(
29

192
π8t0 +

169

480
π6t1 +

139

192
π4t2 +

203

192
π2t3 +

105

128
t4

)
+ · · · .

5.2.3 (2, p) minimal string

From Proposition 5.4, the generating function of the (2, p) minimal string volume coefficients
F

M(p)(g)
a1,...,an in equation (4.27),

logZM(p)(ℏ; t) =
∑
g≥0

ℏ2g−2FM(p)
g (t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤3g−3+n

FM(p)(g)
a1,...,an

ta1 · · · tan
n!

, (5.19)
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is given by the shift of variables in the Airy generating function (5.9),

ta → ta −
(
−2π2

)a−1

(2a+ 1)!!(a− 1)!

a−1∏
i=1

(
1− (2i− 1)2

p2

)
for 2 ≤ a ≤ p+ 1

2
. (5.20)

This shift is found from the specialization (4.26) of the time variables ua of the KdV spectral
curve to find the (2, p) minimal string spectral curve CM(p).

By the iterative use of the cut-and-join equation (5.10) and the shift of variables (5.20), we
find the first few volume coefficients in equation (5.19) such that

F
M(p)
0 (t) =

t30
6
+

((
t40
12
− t40

12p2

)
π2 +

t1t
3
0

2

)
+

((
t50
12
− t50

30p2
− t50

20p4

)
π4 +

(
3t40t1
4
− 3t40t1

4p2

)
π2 +

5t40t2
8

+
3t30t

2
1

2

)
+ · · · ,

F
M(p)
1 (t) =

((
t0
12
− t0

12p2

)
π2 +

t1
8

)
+

((
t20
8
+

t20
12p2

− 5t20
24p4

)
π4 +

(
t0t1
2
− t0t1

2p2

)
π2 +

5t2t0
8

+
3t21
16

)
+

((
7t30
27

+
13t30
27p2

− 7t30
9p6

+
t30

27p4

)
π6 +

(
− t

2
0t1
4p2
− 11t20t1

8p4
+

13t20t1
8

)
π4

+

(
−5t20t2

2p2
− 9t0t

2
1

4p2
+

5t20t2
2

+
9t0t

2
1

4

)
π2 +

35t3t
2
0

16
+

15t2t1t0
4

+
3t31
8

)
+ · · · ,

F
M(p)
2 (t) =

((
29t0
192
− 6557t0

2880p8
+

497t0
720p2

+
587t0
480p4

+
17t0
80p6

)
π8

+

(
169t1
480

− 361t1
480p6

+
87t1
160p2

− 23t1
160p4

)
π6

+

(
139t2
192

− 23t2
96p2

− 31t2
64p4

)
π4 +

(
203t3
192

− 203t3
192p2

)
π2 +

105t4
128

)
+ · · · .

Note that the minimal string volume coefficients interpolate the Airy volume coefficients at p = 1
and the Weil–Petersson volume coefficients at p =∞:

FM(1)
g (t) = FA

g (t), FM(∞)
g (t) = FWP

g (t).

5.3 Supersymmetric models

Here we discuss the supersymmetric models in Table 1.

5.3.1 Bessel and BGW

From equation (2.27), the Bessel initial data for the supersymmetric analogue of the symplectic
volumes of moduli spaces of stable curves are

Aa1
a2,a3 = 0, Ba1

a2,a3 = (2a2 + 1)δa1+a2,a3 ,

Ca1
a2,a3 = δa1,a2+a3+1, Da1 =

1

8
δa1,0, (5.21)

and the differential operators in equation (5.3),20

L̂B
k = −1

2
∂k +

∑
a≥0

(
a+

1

2

)
ta∂a+k +

ℏ2

4

∑
a,b≥0

a+b=k−1

∂a∂b +
1

16
δk,0, k ≥ 0, (5.22)

20Note that L̂B
k + 1

2
∂k = L̂A

k + 1
2
∂k+1 for k ≥ 0.
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satisfy the Virasoro relations[
L̂B
k , L̂

B
ℓ

]
= (k − ℓ) L̂B

k+ℓ, k, ℓ ≥ 0.

Then, the constraint equations (5.2) provide the Virasoro constraints [49, 68],

L̂B
kZ

B(ℏ; t) = 0, k ≥ 0, (5.23)

for the generating function of the Bessel volume coefficients (2.30)

logZB(ℏ; t) =
∑
g≥0

ℏ2g−2FB
g (t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|=g−1

FB(g)
a1,...,an

ta1 · · · tan
n!

, (5.24)

which satisfies the homogeneity condition (2.29).

From the Virasoro constraints (5.23) with the homogeneity condition (2.29), the following
claim is proved in [3].

Proposition 5.5 ([3]). The Bessel generating function (5.24), which is a solution of the Virasoro
constraints (5.23), is given by

ZB(xℏ;xt) =
∑
k≥0

xkZB
k (ℏ; t) = exŴ

B · 1, (5.25)

where the cut-and-join operator ŴB is

ŴB =
∑
a,b≥0

(2a+ 1)(2b+ 1)tatb∂a+b +
ℏ2

2

∑
a,b≥0

(2a+ 2b+ 3)ta+b+1∂a∂b +
t0
8
.

Proof. From the Virasoro constraints (5.23), we find

0 = 2
∑
k≥0

(2k + 1)tkL̂
B
kZ

B(ℏ; t) = −D̂BZB(ℏ; t) + ŴBZB(ℏ; t), (5.26)

where D̂B denotes the Euler operator

D̂B =
∑
k≥0

(2k + 1)tk∂k.

The homogeneity condition (2.29) lead to the action of the Euler operator acting on ZB such
that

D̂BZB
k (ℏ; t) = kZB

k (ℏ; t).

Repeating the same analysis as the proof of Proposition 5.3, we see that equation (5.26) leads
to equation (5.25). ■

Due to the homogeneity condition (2.29), the t0-dependence of FB
g in equation (5.24) are

irrelevant to the genus growth, and in fact, FB
g for g ≥ 2 are found from the following simple

replacements of variables for FB
g with t0 = 0 [3, 5, 48, 82]:

ℏ→ ℏ
1− t0

, ta →
ta

1− t0
.
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The first few volume coefficients are found by the iterative use of the cut-and-join equation (5.25)
such that

FB
0 (t) = 0, FB

1 (t) = −1

8
log(1− t0) =

t0
8
+
t20
16

+
t30
24

+
t40
32

+
t50
40

+
t60
48

+ · · · ,

FB
2 (t) =

9t1
128(1− t0)3

=
9t1
128

+
27t0t1
128

+
27t20t1
64

+
45t30t1
64

+
135t40t1
128

+ · · · ,

FB
3 (t) =

225t2
1024(1− t0)5

+
567t21

1024(1− t0)6
=

225t2
1024

+

(
1125t0t2
1024

+
567t21
1024

)
+ · · · ,

FB
4 (t) =

55125t3
32768(1− t0)7

+
388125t1t2

32768(1− t0)8
+

64989t31
4096(1− t0)9

=
55125t3
32768

+

(
385875t3t0

32768
+

388125t2t1
32768

)
+

(
64989

4096
t31 +

385875

8192
t3t

2
0 +

388125

4096
t2t1t0

)
+ · · · . (5.27)

Similar to Proposition 5.4, the Bessel generating function (5.24) generates the coefficients
F

BGW(g)
a1,...,an in equation (4.33) by the following proposition which also implies the Virasoro con-

straints for the BGW generating function.

Proposition 5.6. The generating function of the coefficients F
BGW(g)
a1,...,an in equation (4.33),

logZBGW(ℏ; t) =
∑

g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤g−1

FBGW(g)
a1,...,an

ta1 · · · tan
n!

,

is obtained by shifting the variables in the Bessel generating function (5.24) as

ta → ta −
v2a−1

2a+ 1
for a ≥ 1. (5.28)

5.3.2 Super Weil–Petersson volumes

From Proposition 5.6, the generating function of the super Weil–Petersson volume coefficients
F

SWP(g)
a1,...,an in equations (2.26) and (4.38),

logZSWP(ℏ; t) =
∑
g≥0

ℏ2g−2F SWP
g (t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤g−1

F SWP(g)
a1,...,an

ta1 · · · tan
n!

, (5.29)

is given by the shift of variables in the Bessel generating function (5.24) [79]:

ta → ta −
(
−2π2

)a
(2a+ 1)!!a!

for a ≥ 1. (5.30)

This shift is found from the specialization (4.39) of the time variables va of the BGW spectral
curve to obtain the super Weil–Petersson spectral curve CSWP. The cut-and-join description of
the generating function (5.29) is also obtained in [4].

Adopting the shift (5.30) to equation (5.27), we find the first few volume coefficients in
equation (5.29) such that

F SWP
0 (t) = FB

0 (t) = 0, F SWP
1 (t) = FB

1 (t) = −1

8
log(1− t0),
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F SWP
2 (t) =

9t1
128(1− t0)3

+
3π2

64

(
1

(1− t0)3
− 1

)
=

(
9π2t0
64

+
9t1
128

)
+

(
9

32
π2t20 +

27

128
t1t0

)
+

(
15

32
π2t30 +

27

64
t1t

2
0

)
+ · · · ,

F SWP
3 (t) =

225t2
1024(1− t0)5

+
567t21

1024(1− t0)6
+

189π2t1
256(1− t0)6

+
3π4(37 + 5t0)

512(1− t0)6
− 111π4

512

=

(
681

512
π4t0 +

189

256
π2t1 +

225

1024
t2

)
+

(
2421

512
π4t20 +

567

128
π2t1t0 +

1125

1024
t2t0 +

567

1024
t21

)
+ · · · .

5.3.3 (2, 2p − 2) minimal superstring

From Proposition 5.6, the generating function of the (2, 2p−2) minimal superstring free energies
F

SM(p)(g)
a1,...,an in equation (4.42) labeled by an odd positive integer p,

logZSM(p)(ℏ; t) =
∑
g≥0

ℏ2g−2F SM(p)
g (t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤g−1

F SM(p)(g)
a1,...,an

ta1 · · · tan
n!

, (5.31)

is given by the shift of variables in the Bessel generating function (5.24),

ta → ta −
(
−2π2

)a
(2a+ 1)!!a!

a∏
i=1

(
1− (2i− 1)2

p2

)
for 1 ≤ a ≤ p− 1

2
. (5.32)

This shift is found from the specialization (4.41) of the time variables va of the BGW spectral
curve to obtain the (2, 2p− 2) minimal superstring spectral curve CSM(p).

Adopting the shift (5.32) to equation (5.27), we find the first few volume coefficients in
equation (5.31) such that

F
SM(p)
0 (t) = FB

0 (t) = 0, F
SM(p)
1 (t) = FB

1 (t) = −1

8
log(1− t0),

F
SM(p)
2 (t) =

9t1
128(1− t0)3

+

(
3π2

64(1− t0)3
− 3π2

64

)
P1

=

((
9

64
− 9

64p2

)
t0π

2 +
9t1
128

)
+

((
9

32
− 9

32p2

)
t20π

2 +
27t1t0
128

)
+ · · · ,

F
SM(p)
3 (t) =

225t2
1024(1− t0)5

+
567t21

1024(1− t0)6
+

189π2t1P1

256(1− t0)6

+
3π4P1

512

(
42P1 − 5P2 + 5t0P2

(1− t0)6
− 42P1 + 5P2

)
=

((
681t0
512

− 381t0
256p2

+
81t0
512p4

)
π4 +

(
189t1
256

− 189t1
256p2

)
π2 +

225t2
1024

)
+

((
2421

512
− 1521

256p2
+

621

512p4

)
t20π

4 +

(
567

128
− 567

128p2

)
t0t1π

2

+
1125t2t0
1024

+
567t21
1024

)
+ · · · ,

where P1 = 1 − 1/p2 and P2 = 1 − 9/p2. Note that the minimal superstring volume coeffi-
cients interpolate the Bessel volume coefficients at p = 1 and the super Weil–Petersson volume
coefficients at p =∞,

F SM(1)
g (t) = FB

g (t), F SM(∞)
g (t) = F SWP

g (t).
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5.4 Twisting

The twisted initial data (2.40) of the ABO topological recursion defines the generating func-
tion Z[f] of the twisted volume coefficients F (g)[f]a1,...,an ,

Z[f](ℏ; t) = exp

( ∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

F (g)[f]a1,...,an
ta1 · · · tan

n!

)
,

which satisfies constraint equations

L̂[f]kZ[f](ℏ; t) = 0, k ≥ −1,

where L̂[f]k are twisted differential operators

L̂[f]k = − 1

2
∂k+1 +

1

4ℏ2
∑
a,b≥0

A[f]k+1
a,b tatb +

1

2

∑
a,b≥0

B[f]k+1
a,b ta∂b

+
ℏ2

4

∑
a,b≥0

C[f]k+1
a,b ∂a∂b +

1

2
D[f]k+1.

The following proposition is then established.

Proposition 5.7 ([9]). The generating functions Z and Z[f], and the differential operators L̂k

and L̂[f]k are related by the group action of

Û [f] = exp

(
ℏ2

2

∑
a,b≥0

u[f]a,b∂a∂b

)
, (5.33)

defined by the twist function u[f]a,b in equation (2.41), as

Z[f](ℏ; t) = Û [f]Z(ℏ; t), L̂[f]k = Û [f]L̂kÛ [f]−1. (5.34)

When the differential operators L̂k satisfy the constraint equations (5.4) of the quantum Airy
structure, it is found from the group actions (5.34) that the twisted differential operators L̂[f]k
also satisfy[

L̂[f]k, L̂[f]ℓ
]
=
∑
a≥−1

fak,ℓL̂[f]a, k, ℓ ≥ −1.

In particular, when the differential operators L̂k satisfy the Virasoro relations (5.5), the twisted
operators L̂[f]k also satisfy the Virasoro relations[

L̂[f]k, L̂[f]ℓ
]
= (k − ℓ)L̂[f]k+ℓ, k, ℓ ≥ −1.

In the case of the Masur–Veech type twist, uMV
a,b in equation (2.43), the operator (5.33) of the

group action yields

ÛMV = Û
[
fMV

]
= exp

(
ℏ2

2

∑
a,b≥0

(2a+ 2b+ 1)!

(2a+ 1)!(2b+ 1)!
ζ(2a+ 2b+ 2)∂a∂b

)
. (5.35)

Remark 5.8. The twist action Û [f] is regarded as an exponentiated quadratic operator of
Bogoliubov’s transformation type. It preserves Virasoro algebra of differential operators acting
on a partition function, but can be harmful for integrable hierarchy equations.21

21This aspect of the twist action is pointed out by an anonymous referee.
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5.5 Masur–Veech type twist

In the following, we discuss the Virasoro constraints with the Masur–Veech type twist for the
physical 2D gravity models in Table 1.

5.5.1 Masur–Veech polynomials

The initial data for the Masur–Veech polynomials are found from the Airy initial data (5.6)
twisted by equations (2.40) and (2.43):

A
[
fMV

]a1
a2,a3

= δa1,a2,a3,0,

B
[
fMV

]a1
a2,a3

= (2a2 + 1)δa1+a2,a3+1 + ζ(2a3 + 2)δa1,a2,0,

C
[
fMV

]a1
a2,a3

= δa1,a2+a3+2 + ζ(2a2 + 2)ζ(2a3 + 2)δa1,0

+

((
2a2 + 2a3 − 2a1 + 3

2a2 + 1

)
+

(
2a2 + 2a3 − 2a1 + 3

2a3 + 1

))
× ζ(2a2 + 2a3 − 2a1 + 4),

D
[
fMV

]a1 =
1

8
δa1,1 +

ζ(2)

2
δa1,1.

By Proposition 5.7, the twisted differential operators

L̂MV
k = L̂A

[
fMV

]
k
= ÛMVL̂A

k

(
ÛMV

)−1
,

of the Airy Virasoro operators L̂A
k in equation (5.7) by the twist (5.35) also satisfy the Virasoro

relations22[
L̂MV
k , L̂MV

ℓ

]
= (k − ℓ) L̂MV

k+ℓ, k, ℓ ≥ −1, (5.36)

and provide the Virasoro constraints

L̂MV
k ZMV(ℏ; t) = 0, k ≥ −1,

for the generating function of the Masur–Veech polynomials

logZMV(ℏ; t) = logZA
[
fMV

]
(ℏ; t) = log

(
ÛMVZA(ℏ; t)

)
=
∑
g≥0

ℏ2g−2FMV
g (t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤3g−3+n

FMV(g)
a1,...,an

ta1 · · · tan
n!

. (5.37)

Remark 5.9. The twisted Virasoro operators L̂MV
k in equation (5.36) admit the free field

realization

TMV(x) = :∂ϕMV(x)∂ϕMV(x): +
1

16x2
+
ζ(2)

4x
=
∑
n∈Z

L̂MV
n x−n−2,

by a “twisted” chiral bosonic field with the anti-periodic boundary condition

∂ϕMV(x) =
1

ℏ
∑
n≥0

(
n+

1

2

)((
tn −

1

3
δn,1

)
+ ℏ2

∑
a≥0

uMV
a,n ∂a

)
xn−

1
2 +

ℏ
2

∑
n≥0

∂nx
−n− 3

2

=
∑
n∈Z

αMV
n+ 1

2

x−n− 3
2 .

Note that the Virasoro relation (5.36) follows from this free field realization immediately.

22These Virasoro relations can also be checked directly by verifying the commutation relations or using the free
field realization in Remark 5.9 below.
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By Proposition 5.3, the Masur–Veech generating function (5.37) is computed by

ZMV(xℏ;xt) = ÛMVZA(xℏ;xt) = ÛMVexŴ
A · 1,

and we obtain the first few volume coefficients such that

FMV
0 (t) =

t30
6
+

(
π2

48
t40 +

1

2
t1t

3
0

)
+

(
π4

160
t50 +

π2

8
t40t1 +

5

8
t40t2 +

3

2
t21t

3
0

)
+ · · · ,

FMV
1 (t) =

(
π2t0
12

+
t1
8

)
+

(
π4

32
t20 +

π2

4
t0t1 +

5

8
t0t2 +

3

16
t21

)
+

(
11

576
π6t30 +

3

16
π4t20t1

+
65

96
π2t20t2 +

3

4
π2t0t

2
1 +

35

16
t20t3 +

15

4
t0t1t2 +

3

8
t31

)
+ · · · ,

FMV
2 (t) =

(
29

2560
π8t0 +

1

32
π6t1 +

119

1152
π4t2 +

35

96
π2t3 +

105

128
t4

)
+ · · · . (5.38)

Proposition 5.4 leads to the following proposition.

Proposition 5.10. The generating function of the twisted KdV volume coefficients,

logZKdV
[
fMV

]
(ℏ; t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤3g−3+n

FKdV(g)
[
fMV

]
a1,...,an

ta1 · · · tan
n!

,

is obtained by shifting the variables ta as equation (5.16) in the Masur–Veech (i.e., twisted Airy)
generating function (5.37).

5.5.2 Twisted (2, p) minimal string volume polynomials

The generating function of the twisted volume coefficients for the (2, p) minimal string:

logZM(p)
[
fMV

]
(ℏ; t) =

∑
g≥0

ℏ2g−2FM(p)
g

[
fMV

]
(t)

=
∑

g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤3g−3+n

FM(p)(g)
[
fMV

]
a1,...,an

ta1 · · · tan
n!

,

is obtained by shifting the variables ta as equation (5.20) in the Masur–Veech generating func-
tion (5.37). Here we introduce a deformation parameter s as

ta → ta −
(
−2π2s

)a−1

(2a+ 1)!!(a− 1)!

a−1∏
i=1

(
1− (2i− 1)2

p2

)
for 2 ≤ a ≤ p+ 1

2
, (5.39)

which yields the shift (5.20) at s = 1.
Adopting the shift (5.39) to the Masur–Veech generating functions (5.38), we find the first

few volume coefficients such that

F
M(p)
0

[
fMV

]
(t) =

t30
6
+

((
t40s

12
− t40s

12p2
+
t40
48

)
π2 +

t1t
3
0

2

)
+

((
t50s

2

12
− t50s

2

30p2
− t50s

2

20p4
+
t50s

36
− t50s

36p2
+

t50
160

)
π4

+

(
3t40t1s

4
− 3t40t1s

4p2
+
t40t1
8

)
π2 +

5t40t2
8

+
3t30t

2
1

2

)
+ · · · ,
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F
M(p)
1

[
fMV

]
(t) =

((
t0s

12
− t0s

12p2
+
t0
12

)
π2 +

t1
8

)
+

((
t20s

2

8
+
t20s

2

12p2
− 5t20s

2

24p4
+

13t20s

144

− 13t20s

144p2
+
t20
32

)
π4 +

(
t0t1s

2
− t0t1s

2p2
+
t0t1
4

)
π2 +

5t2t0
8

+
3t21
16

)
+

((
7t30s

3

27
+

71t30s
2

432
+

61t30s

864
+

11t30
576

+
13t30s

3

27p2
+
t30s

3

27p4
− 7t30s

3

9p6

− 61t30s

864p2
− 11t30s

2

216p2
− 49t30s

2

432p4

)
π6 +

(
3t20t1
16
− t20t1s

2

4p2
− 11t20t1s

2

8p4

−13t20t1s

16p2
+

13t20t1s
2

8
+

13t20t1s

16

)
π4 +

(
3t0t

2
1

4
+

65t20t2
96

− 9t0t
2
1s

4p2

−5t20st2
2p2

+
9t0t

2
1s

4
+

5t20st2
2

)
π2 +

15t2t1t0
4

+
3t31
8

+
35t3t

2
0

16

)
+ · · · ,

F
M(p)
2

[
fMV

]
(t) =

((
497t0s

4

720p2
+

587t0s
4

480p4
+

17t0s
4

80p6
− 6557t0s

4

2880p8
− 5t0s

128p2
− 527t0s

2

25920p2

− 629t0s
2

10368p4
+

23t0s
3

96p2
+
t0s

3

96p4
− 331t0s

3

864p6
+

115t0s
3

864
+

5t0s

128
+

29t0s
4

192

+
4199t0s

2

51840
+

29t0
2560

)
π8 +

(
87t1s

3

160p2
− 23t1s

3

160p4
− 361t1s

3

480p6
− 119t1s

960p2

− t1s
2

18p2
− 2t1s

2

9p4
+

169t1s
3

480
+

119t1s

960
+

5t1s
2

18
+
t1
32

)
π6

+

(
−245st2

576p2
− 23s2t2

96p2
− 31s2t2

64p4
+

139s2t2
192

+
245st2
576

+
119t2
1152

)
π4

+

(
−203st3

192p2
+

203st3
192

+
35t3
96

)
π2 +

105t4
128

)
+ · · · .

These volume coefficients reduce to the Masur–Veech volume coefficients (5.38) at p = 1 and
the twisted Weil–Petersson volume coefficients at p =∞.

5.5.3 Super Masur–Veech polynomials

The initial data for the super Masur–Veech polynomials are found from the Bessel initial
data (5.21) twisted by equations (2.40) and (2.43):

A
[
fMV

]a1
a2,a3

= 0, B
[
fMV

]a1
a2,a3

= (2a2 + 1)δa1+a2,a3 ,

C
[
fMV

]a1
a2,a3

= δa1,a2+a3+1 +

((
2a2 + 2a3 − 2a1 + 1

2a2 + 1

)
+

(
2a2 + 2a3 − 2a1 + 1

2a3 + 1

))
× ζ(2a2 + 2a3 − 2a1 + 2),

D
[
fMV

]a1 =
1

8
δa1,0.

By Proposition 5.7, the twisted differential operators

L̂SMV
k = L̂B

[
fMV

]
k
= ÛMVL̂B

k

(
ÛMV

)−1
,

of the Bessel Virasoro operators L̂B
k in equation (5.22) by the twist (5.35) also satisfy the Virasoro

relations[
L̂SMV
k , L̂SMV

ℓ

]
= (k − ℓ)L̂SMV

k+ℓ , k, ℓ ≥ 0,
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and provide the Virasoro constraints

L̂SMV
k ZSMV(ℏ; t) = 0, k ≥ 0,

for the generating function of the super Masur–Veech polynomials

logZSMV(ℏ; t) = logZB
[
fMV

]
(ℏ; t) = log

(
ÛMVZB(ℏ; t)

)
=
∑
g≥0

ℏ2g−2F SMV
g (t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤g−1

F SMV(g)
a1,...,an

ta1 · · · tan
n!

. (5.40)

By Proposition 5.5, the super Masur–Veech generating function is computed by

ZSMV(xℏ;xt) = ÛMVZB(xℏ;xt) = ÛMVexŴ
B · 1,

and we obtain the first few volume coefficients such that

F SMV
0 (t) = FB

0 (t) = 0, F SMV
1 (t) = FB

1 (t) = −1

8
log(1− t0),

F SMV
2 (t) =

9t1
128(1− t0)3

+
3π2

256

(
1

(1− t0)2
− 1

)
=

(
3π2t0
128

+
9t1
128

)
+

(
9

256
π2t20 +

27

128
t1t0

)
+

(
3

64
π2t30 +

27

64
t1t

2
0

)
+ · · · ,

F SMV
3 (t) =

225t2
1024(1− t0)5

+
567t21

1024(1− t0)6
+

153π2t1
2048(1− t0)5

+
23π4

4096

(
1

(1− t0)4
− 1

)
=

(
23

1024
π4t0 +

153

2048
π2t1 +

225

1024
t2

)
+

(
115

2048
π4t20 +

765

2048
π2t1t0 +

1125

1024
t2t0 +

567

1024
t21

)
+

(
115

1024
π4t30 +

2295

2048
π2t1t

2
0 +

3375

1024
t2t

2
0 +

1701

512
t21t0

)
+ · · · . (5.41)

Proposition 5.6 leads to the following proposition.

Proposition 5.11. The generating function of the twisted BGW volume coefficients,

logZBGW
[
fMV

]
(ℏ; t) =

∑
g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤g−1

FBGW(g)
[
fMV

]
a1,...,an

ta1 · · · tan
n!

,

is obtained by shifting the variables ta as equation (5.28) in the super Masur–Veech (i.e., twisted
Bessel) generating function (5.40).

5.5.4 Twisted (2, 2p − 2) minimal superstring volume polynomials

The generating function of twisted volume coefficients for the (2, 2p− 2) minimal superstring,

logZSM(p)
[
fMV

]
(ℏ; t) =

∑
g≥0

ℏ2g−2F SM(p)
g

[
fMV

]
(t),

=
∑

g≥0,n≥1

ℏ2g−2
∑

a1,...,an≥0

|a|≤g−1

F SM(p)(g)
[
fMV

]
a1,...,an

ta1 · · · tan
n!

,
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is obtained by shifting the variables ta in the super Masur–Veech generating function (5.40) as

ta → ta −
(
−2π2s

)a
(2a+ 1)!!a!

a∏
i=1

(
1− (2i− 1)2

p2

)
for 1 ≤ a ≤ p− 1

2
, (5.42)

where a deformation parameter s is introduced.

Adopting the shift (5.42) to the super Masur–Veech generating functions (5.41), we find the
first few volume coefficients such that

F
SM(p)
0

[
fMV

]
(t) = FB

0 (t) = 0, F
SM(p)
1

[
fMV

]
(t) = FB

1 (t) = −1

8
log(1− t0),

F
SM(p)
2

[
fMV

]
(t) =

9t1
128(1− t0)3

+

(
3π2

64(1− t0)3
− 3π2

64

)
sP1 +

3π2

256(1− t0)2
− 3π2

256

=

((
9st0
64
− 9st0

64p2
+

3t0
128

)
π2 +

9t1
128

)
+

((
9st20
32
− 9st20

32p2
+

9t20
256

)
π2 +

27t1t0
128

)
+ · · · ,

F
SM(p)
3

[
fMV

]
(t) =

225t2
1024(1− t0)5

+
567t21

1024(1− t0)6
+

189π2t1sP1

256(1− t0)6
+

153π2t1
2048(1− t0)5

+
23π4

4096

(
1

(1− t0)4
− 1

)
+

3π4s2P1

512

(
42P1 − 5P2 + 5t0P2

(1− t0)6

−42P1 + 5P2) +
51π4sP1

1024

(
1

(1− t0)5
− 1

)
=

((
681s2t0
512

− 381s2t0
256p2

+
81s2t0
512p4

+
255st0
1024

− 255st0
1024p2

+
23t0
1024

)
π4

+

(
189st1
256

− 189st1
256p2

+
153t1
2048

)
π2 +

225t2
1024

)
+

((
2421s2t20

512
− 1521s2t20

256p2
+

621s2t20
512p4

+
765st20
1024

− 765st20
1024p2

+
115t20
2048

)
π4

+

(
567st1t0

128
− 567st1t0

128p2
+

765t1t0
2048

)
π2 +

1125t2t0
1024

+
567t21
1024

)
+ · · · ,

where P1 = 1− 1/p2 and P2 = 1− 9/p2. These volume coefficients reduce to the super Masur–
Veech volume coefficients (5.41) at p = 1 and the twisted super Weil–Petersson volume coeffi-
cients at p =∞.

A Physical derivations of spectral curves
and the Masur–Veech twist

In this appendix, we discuss a physical derivation of spectral curves for the JT gravity and
the (2, p) minimal string as well as their supersymmetric generalizations. And we also discuss
a physical interpretation of the Masur–Veech type twist in terms of the JT gravity.

A.1 JT gravity and Weil–Petersson volume

Here we summarize basic results of the JT gravity in [88] which is necessary for our physical
derivation of the Masur–Veech type twist.



60 H. Fuji and M. Manabe

Figure 9. Left: A disk with a wiggly boundary parametrized by a proper length coordinate u. Right:

A double trumpet with two wiggly boundaries.

Figure 10. Left: A hyperbolic trumpet with a wiggly boundary and a geodesic boundary of length L.

Right: A double trumpet made of two hyperbolic trumpets.

The JT gravity is the two-dimensional dilaton gravity which appears in a model of AdS2/CFT1

correspondence. In this gravity theory, the dilaton function plays a role of the Lagrange mul-
tiplier setting a hyperbolic constraint R = −2 for the Ricci curvature of a two-dimensional
surface.

From the physical duality conjecture of the AdS2/CFT1 correspondence, it is found that the
partition function ZJT

0,1(β) of the JT gravity on the Euclidean AdS2 homeomorphic to a hyperbolic
disk with a wiggly boundary is dual to the thermal partition function ⟨Z(β)⟩ = ⟨e−βHSYK⟩ of
the Sachdev–Ye–Kitaev (SYK) model on the boundary circle in the low energy limit which is
described by the Schwarzian theory. On the boundary of the disk parametrized by a proper
length coordinate u in Figure 9 (left), the metric guu and the dilaton field ϕ of the JT gravity
obey the wiggly boundary conditions below with a parameter γ:

guu
∣∣
bdy

=
1

ϵ2
, ϕ

∣∣
bdy

=
γ

ϵ
, ϵ→ 0, (A.1)

and it is necessary to perform the path integral over the boundary graviton modes to get the
partition function of the JT gravity. In [90], a direct computation of the disk partition func-
tion ZJT

0,1(β) is performed, and the following striking formula is obtained

ZJT
0,1(β) =

γ
3
2

(2π)
1
2β

3
2

e
2π2γ

β .

Further evidence of the duality conjecture is observed for the partition function of the JT
gravity on the hyperbolic double trumpet with wiggly boundaries which is homeomorphic to the
cylinder in Figure 9 (right). The double trumpet partition function of the JT gravity is shown
to be dual to the spectral form factor ⟨Z(β + iT )Z(β − iT )⟩ of the SYK model in the ramp
region.

The double trumpet is divided into two hyperbolic trumpets by cutting along the waist curve
(see Figure 10). Each hyperbolic trumpet is also homeomorphic to a cylinder, and one of two
boundaries is the wiggly boundary which obeys the boundary condition (A.1) for the JT gravity
fields. Another boundary is the geodesic boundary, and we choose its length to be L. In [88, 91],
a striking formula of the trumpet partition function ZJT

trumpet(β, L) is obtained

ZJT
trumpet(β, L) =

γ
1
2

(2π)
1
2β

1
2

e
− γ

2
L2

β .
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Figure 11. A hyperbolic Riemann surface with genus g and n wiggly boundaries, which is constructed

by gluing n hyperbolic trumpets to the bordered hyperbolic Riemann surface.

Gluing two hyperbolic trumpets along the geodesic boundaries, one obtains the double trumpet,
and the gluing formula for the double trumpet partition function ZJT

0,2(β, L) is

ZJT
0,2(β1, β2) =

∫
R+

ZJT
trumpet(β1, L)Z

JT
trumpet(β2, L)LdL =

√
β1β2

2π(β1 + β2)
. (A.2)

The gluing formula is generalized to the genus g partition function with n boundaries in
Figure 11. The JT gravity partition function ZJT

g,n(β1, . . . , βn) of a genus g hyperbolic bordered
Riemann surface with n wiggly boundaries obeys

ZJT
g,n(β1, . . . , βn) =

∫
Rn
+

(
n∏

i=1

ZJT
trumpet(βi, Li)

)
VWP
g,n (L1, . . . , Ln)

n∏
i=1

LidLi, (A.3)

where VWP
g,n (L1, . . . , Ln) denotes the Weil–Petersson volume of genus g bordered Riemann surface

with boundary lengths L1, . . . , Ln. In the path integral of the JT gravity, the Weil–Petersson
volume arises from the path integral with respect to the metric gµν and the dilaton field ϕ on
the bulk of bordered Riemann surfaces.

Weil–Petersson spectral curve from JT gravity. The JT gravity partition func-
tion (A.3) is directly related to the connected correlation function WWP

g,n (z1, . . . , zn) of the CEO
topological recursion for the Weil–Petersson volume. Here we will focus on the derivation of the
basic data, the y-coordinate function in equation (4.22) and the bidifferential B in equation (4.4)
of the Weil–Petersson spectral curve CWP =

(
P1; x, yWP, B

)
from the disk and double trumpet

partition functions.
The y-coordinate function is found from the disk partition function ZJT

0,1(β) rewritten in the
form

ZJT
0,1(β) =

∫
R+

ρJT0 (E)e−βEdE,

where ρJT0 (E) denotes the genus zero density of states

ρJT0 (E) =
γ

2π2
sinh

(
2π
√

2γE
)
.

By a change of variable E = −z2 and the analytic continuation, one finds the y-coordinate
function [88]

yJT(z) = −πiρJT0 (E) =
γ

2π
sin
(
2π
√

2γz
)
.
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Putting γ = 1/2, we find the y-coordinate function yWP(z) in equation (4.22) up to an overall
constant factor.

We now use a formula which relate the correlation functionWWP
g,n (z1, . . . , zn) for 2g+2−n > 0

of the CEO topological recursion for the Weil–Petersson volume and the JT gravity partition
function ZJT

g,n(β1, . . . , βn) with γ = 1/2:

WWP
g,n (z1, . . . , zn) = 2nz1 · · · zn

∫
Rn
+

ZJT
g,n(β1, . . . , βn)e

−
∑n

i=1 βiz
2
i

n∏
i=1

dβi. (A.4)

This formula is found from the Laplace dual relation between the Weil–Petersson volume
VWP(L1, . . . , Ln) and the correlation function WWP

g,n (z1, . . . , zn). Here the integral formula in-

volving ZJT
trumpet(β, L),

2z

∫
R+

ZJT
trumpet(β, L)e

−βz2dβ = 2z

∫
R+

γ
1
2

(2π)
1
2β

1
2

e
−βz2− γ

2
L2

β dβ = (2γ)
1
2 e−

√
2γLz, (A.5)

is applied to equation (A.3). The bidifferential B in equation (4.4) is found by applying the
above formula to equation (A.2),

22z1z2

∫
R2
+

ZJT
0,2(β1, β2)e

−β1z21−β2z22dβ1dβ2 =
1

(z1 + z2)2
, (A.6)

and this agrees with the regularized (g, n) = (0, 2) correlation function [36] given by

B(z1, z2)−
dx(z1)⊗ dx(z2)

(x(z1)− x(z2))
2 =

dz1 ⊗ dz2
(z1 − z2)2

− 4z1z2dz1 ⊗ dz2
(z21 − z22)2

=
dz1 ⊗ dz2
(z1 + z2)2

.

Thus the basic data of the Weil–Petersson spectral curve CWP =
(
P1; x, yWP, B

)
are found from

the JT gravity partition functions.

A.2 Including a scalar field and the Masur–Veech type twist

Here we introduce an extra scalar field with mass m coupled to the JT gravity fields. The
partition function of the scalar field Zscalar(L; ∆) on the hyperbolic trumpet with a geodesic
boundary of length L is found in [54] via the heat kernel method,

Zscalar(L; ∆) =
∏
p≥0

1

1− e−L(∆+p)
= exp

(∑
w≥1

e−wL∆

w
(
1− e−wL

)), (A.7)

where23

∆ =
1

2
+

√
1

4
+m2.

The partition function of the scalar coupled JT gravity is computed by introducing the scalar
partition factor Zscalar(L; ∆) for each of the closed geodesics of the hyperbolic bordered Riemann
surface with wiggly boundaries in the gluing formula. Namely, Zscalar(L) is regarded as a twist
function of the ABO topological recursion. In particular, we focus on a sector of the scalar field
path integral in the exponential formula of equation (A.7),

fw(L; ∆) :=
e−∆wL

w(1− e−wL)
=

1

w

∑
k≥0

e−(k+∆)wL.

23When the bulk scalar field is associated to an operator defined in the boundary field theory on the Riemann
surface, the quantity ∆ is identified with its scaling dimension (see, e.g., [1]).
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Figure 12. A simple closed geodesic with geodesic length L in a hyperbolic double trumpet.

This sector in the scalar partition function comes from path integral contributions of the closed
world lines of the scalar field wrapping w times around a closed geodesic of length L. In
particular, by considering the w = 1 sector for a massless scalar field with ∆ = 1 (m = 0), we
find the Masur–Veech type twist function in equation (2.42),

fw=1(L; 1) = fMV(L) =
1

eL − 1
.

Thus we get a physical interpretation of the Masur–Veech type twist from the physical arguments
based on the JT gravity.

Remark A.1. The generalized Masur–Veech type twist function fg-MV in equation (2.44), nor-
malized by the winding number w, is also found as a sector of equation (A.7) for the massless
scalar field,

fw(L; 1) =
1

w
fg-MV(L;w) =

1

w(ewL − 1)
.

Twisted Weil–Petersson spectral curve from scalar coupled JT gravity. Based on
the above physical interpretation in the JT gravity, we will find the bidifferential B[fMV](z1, z2)
in equation (4.51) with the Masur–Veech type twist, and recover the twisted Weil–Petersson
spectral curve CWP

[
fMV

]
=
(
P1; x, yWP, B

[
fMV

])
. We start from the scalar coupled JT gravity

partition function ZJT-scalar
0,2 (β1, β2) on the double trumpet that is found by gluing two partition

functions for the hyperbolic trumpets and introducing the scalar partition function along a simple
closed geodesic with geodesic length L as depicted in Figure 12 [54],

ZJT-scalar
0,2 (β1, β2) =

∫
R+

ZJT
trumpet(β1, L)Zscalar(L; ∆)ZJT

trumpet(β2, L)LdL. (A.8)

We now replace Zscalar(L; ∆) by the Masur–Veech type twist function fMV(L) for the L-integral in
the right-hand side of equation (A.8). The sum of the twisted and untwisted partition functions
denoted by ZJT

0,2

[
fMV

]
(β1, β2) is

ZJT
0,2

[
fMV

]
(β1, β2) =

∫
R+

ZJT
trumpet(β1, L)

(
1 + fMV(L)

)
ZJT
trumpet(β2, L)LdL. (A.9)

Adopting equation (A.5) with γ = 1/2, for Re(z1 + z2) > 0, we find

22z1z2

∫
R2
+

ZJT
0,2

[
fMV

]
(β1, β2)e

−β1z21−β2z22dβ1dβ2

=

∫
R+

e−L(z1+z2)

(
1 +

1

eL − 1

)
LdL =

1

(z1 + z2)2
+
∑
m≥1

1

(z1 + z2 +m)2

= ζ(2; z1 + z2),
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Figure 13. Closed geodesics on a hyperbolic Riemann surface with genus g and n wiggly boundaries.

where ζ(2; z) is known as the generalized zeta function. By an analytic continuation to z ∈ C\Z,
ζ(2; z) is replaced by the Hurwitz zeta function ζH(2; z) in equation (4.52). By changing the
signature z2 → −z2 to obtain the correlation function between two points in the same branch
of the double cover of the spectral curve, we find the twisted bidifferential B[fMV](z1, z2) in
equation (4.51). Thus, the basic data of the twisted Weil–Petersson spectral curve CWP

[
fMV

]
=(

P1; x, yWP, B
[
fMV

])
are also found from the physical arguments of the scalar coupled JT grav-

ity.
As a generalization of the double trumpet partition function (A.9), we consider the twisted

JT gravity partition function of a genus g hyperbolic bordered Riemann surface with n wiggly
boundaries (see Figure 13) twisted by the Masur–Veech type twist function:

ZJT
g,n

[
fMV

]
(β1, . . . , βn) =

∫
Rn
+

(
n∏

i=1

fMV(Li)Z
JT
trumpet(βi, Li)

)

× VWP
g,n

[
fMV

]
(L1, . . . , Ln)

n∏
i=1

LidLi, (A.10)

where VWP
g,n

[
fMV

]
(L1, . . . , Ln) is the solution of the ABO topological recursion of the Weil–

Petersson volume with the Masur–Veech type twist, i.e., the twisted Weil–Petersson volume.
The ABO topological recursion twisted by fMV is equivalent to the Laplace dual of the CEO
topological recursion for the twisted Weil–Petersson spectral curve CWP

[
fMV

]
.

Remark A.2. Here we comment on a physical observation of the twist-elimination map intro-
duced in Section 4.4 in terms of the twisted JT gravity partition functions. To extract the twisted
Weil–Petersson volume from the twisted JT gravity partition function, we should eliminate the
twist factors fMV(Li) and the trumpet partition functions ZJT

trumpet(βi, Li) in equation (A.10).
Such manipulation is geometrically interpreted as follows. By the physical argument, similar to
the relation (A.4), the twisted JT gravity partition function ZJT

g,n

[
fMV

]
and the twisted correla-

tion function WWP
g,n

[
fMV

]
of the CEO topological recursion are related by an integral transform

I
(
ZWP
g,n

[
fMV

])
=WWP

g,n

[
fMV

]
such that

WWP
g,n

[
fMV

]
(z1, . . . , zn) = 2nz1 · · · zn

∫
Rn
+

ZJT
g,n

[
fMV

]
(β1, . . . , βn)e

−
∑n

i=1 βiz
2
i

n∏
i=1

dβi.

In the geometric picture, this integral transform I replaces the hyperbolic trumpet in the Rie-
mann surface with wiggly boundaries by the marked points depicted as the left arrow in Figure 14
(see [86] for physical discussions on this geometrical picture for this integral transform). Further-
more, the twist-elimination map E eliminates the twist factors associated to the boundaries of
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Figure 14. A geometrical interpretation of the integral transform I and the twist-elimination map E
involved with the inverse Laplace transform L−1.

the bordered Riemann surface in the twisted correlation function WWP
g,n

[
fMV

]
. Finally, adopting

the inverse Laplace transform L−1, we obtain the twisted Weil–Petersson volume VWP
g,n

[
fMV

]
with boundary length variables Li.

A.3 Liouville gravity and (2, p) minimal string

Consider a matter CFT coupled to the ghost sector and Liouville CFT which is referred to
as the Liouville gravity. When the matter CFT is the minimal model CFT labeled by a pair
of relatively prime integers (p, p′), the Liouville gravity yields the (p, p′) minimal string which
is a class of non-critical string theory. In particular, the (2, p) minimal string with any odd
positive integers p is found by specializing the Liouville parameter b in the Liouville gravity as
b =

√
2
p . It is pointed out in [88] that the partition function of the (2, p) minimal string leads

to the partition function of the JT gravity in the p→∞ limit. Detailed studies on the relation
between the Liouville gravity and the JT gravity in terms of the topological expansion of the
partition functions are found in [67].

The Liouville gravity partition function on the two-dimensional surface with a simple bound-
ary condition [39, 92] which fixes the boundary cosmological constant µB is studied in [33, 73, 89].
Such a boundary condition is known as the FZZT boundary condition. The inverse Laplace
transform of the Liouville gravity partition function with the FZZT boundary conditions gives
the correlation function of macroscopic loop operators of the Liouville gravity, which is the Li-
ouville gravity partition function of the two-dimensional surface with fixed boundary lengths.
In [88], it is pointed out that the JT gravity partition function on the hyperbolic surface with
wiggly boundaries coincides with the Liouville gravity partition function with fixed boundary
lengths in the b→ 0 limit. (Detailed derivations are found in [67].)

The disk partition function Z
L(b)
0,1 (ℓ) of the Liouville gravity with a fixed boundary length ℓ

is given by the integral transform of the density of states ρ
L(b)
0 (E) [74] as24

Z
L(b)
0,1 (ℓ) ∼

∫ ∞

κ
e−ℓEρ

L(b)
0 (E)dE, ρ

L(b)
0 (E) =

1

4π2
sinh

(
1

b2
arccosh

(
E

κ

))
,

where ∼ implies a multiplication of a constant factor N(b) and a bulk cosmological factor µ1/(2b
2)

(cf. [67, equation (3.9)]), and the parameter κ is given by κ2 = µ/ sin(πb2). By rescaling the

24The disk partition function of the Liouville gravity in the JT gravity notation is found such as [88, equa-
tion (150)] and [67, equation (3.11)].
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energy E and the boundary length ℓ as25

E = κ
(
1 + 2π2b4EJT

)
, ℓ =

β

2π2κb4
,

we obtain the partition function of the JT gravity in the b→ 0 limit. By an analytic continuation
of the genus zero density of states ρ

L(b)
0 (E) with E = κ

(
1 − 2π2b4z2

)
, we find the y-coordinate

function

yL(b)(z) = −πiρL(b)0 (E) =
1

2π
sin

(
1

b2
arccos

(
1− 2π2b4z2

))
,

which defines the Liouville gravity spectral curve CL(b). In particular for b =
√

2/p, the coordi-
nate function yL(b)(z) yields the coordinate function yM(p)(z) in equation (4.25) of the (2, p)
minimal string spectral curve CM(p) =

(
P1; x, yM(p), B

)
.26 Now we consider two specializa-

tions of the parameter p. One specialization is the limit p → ∞. In this limit, the minimal
string reduces to the JT gravity, and the coordinate functions (4.22) of the Weil–Petersson
spectral curve CWP =

(
P1; x, yWP, B

)
are recovered. Another specialization is p = 1. In this

case, the minimal string is identified with the topological gravity whose matter CFT has
central charge c = −2 [27, 43, 44], and the coordinate functions (4.8) of the Airy spectral
curve CA =

(
P1; x, yA, B

)
for the Kontsevich–Witten theory are recovered. In [47], the CEO

topological recursion for the spectral curve CM(p) is studied , and the non-perturbative behavior
of the minimal string theory is discussed in great detail.

Next, we consider the cylinder partition function of the Liouville gravity with fixed bound-
ary lengths ℓ1, ℓ2 to find the bidifferential of the spectral curve. From the detailed analysis
of the two point function of the Liouville gravity, a gluing formula for the cylinder partition
function Z

L(b)
0,2 (ℓ1, ℓ2) is obtained in [63, 67] such that

Z
L(b)
0,2 (ℓ1, ℓ2) =

2

π

∫
R+

tanh(πλ)Kiλ(κℓ1)Kiλ(κℓ2)λdλ =

√
ℓ1ℓ2

ℓ1 + ℓ2
e−κ(ℓ1+ℓ2), (A.11)

where Ks(ℓ) denotes the modified Bessel function of the second kind, and a formula of the
Kontorovich–Lebedev transform is adopted to obtain this result (e.g., see [34, Section 12.1]). In
the Liouville gravity, the trumpet partition function Z

L(b)
trumpet(ℓ, λ) is computed as the bulk one

point function of the disk with a fixed boundary length ℓ, and given by (see [67, equations (4.8)
and (7.57)]),

Z
L(b)
trumpet(ℓ, λ) = Kiλ(κℓ). (A.12)

Then, the formula (A.11) is considered as an analogue of the gluing formula (A.2) for the double
trumpet in the JT gravity. Performing the following integral transform for the (g, n) = (0, 2)
correlation function Z

L(b)
0,2 (ℓ1, ℓ2) with Ei = κ

(
1− 2π2b4z2i

)
(i = 1, 2):

22
(
2π2b4κ

)2
z1z2

2π

∫
R2
+

Z
L(b)
0,2 (ℓ1, ℓ2)e

ℓ1E1+ℓ2E2dℓ1dℓ2 =
1

(z1 + z2)2
, (A.13)

we obtain the same answer as the (g, n) = (0, 2) correlation function (A.6) of the JT gravity.
Consequently, by a change of signature z2 → −z2 of equation (A.13), we find the bidifferen-
tial B in equation (1.3) for the Liouville gravity spectral curve. Thus, the basic data of the

25The boundary length ℓ of the Liouville gravity is identified as the Euclidean time of the JT gravity in this
coincidence. Due to this identification, we use the inverse temperature β for the boundary length ℓ in the Liouville
gravity partition function.

26The coordinate function is also found in [89] from the ground ring relation [96] of the tachyon module.
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Liouville gravity spectral curve CL(b) =
(
P1; x, yL(b), B

)
are derived from the Liouville gravity

partition function, and the spectral curve CL(b) reduces to the (2, p) minimal string spectral
curve CM(p) =

(
P1; x, yM(p), B

)
in Table 1 by the specialization b =

√
2/p.

Rescaling the parameters in the Liouville gravity such that

λ =
L

2πb2
, ℓ =

β

2κπ2b4
,

we recover the JT gravity results in the b→ 0 limit. Indeed the trumpet partition function (A.12)
and the measure factor in equation (A.11) reduces to those of the JT gravity in this scaling
limit [67]:

eκℓZ
L(b)
trumpet(β, λ)→ πb2

√
π

β
e
−L2

4β , tanh(πλ)λdλ→ 1

4π2b4
LdL,

and the Liouville gravity partition function reduces to the JT gravity partition function.
Having obtained a set of basic data of the CEO topological recursion, we can consider an ana-

logue of the Weil–Petersson volume for the (2, p) minimal string. Let V
L(b)
g,n (L1, . . . , Ln) be the

volume polynomial which is the Laplace dual of the solution of the CEO topological recursion
for the Liouville gravity spectral curve CL(b). By the specialization b =

√
2/p, the volume poly-

nomial V
L(b)
g,n (L1, . . . , Ln) reduces to the volume polynomial V

M(p)
g,n (L1, . . . , Ln) for the (2, p) min-

imal string.27 In particular, for p =∞ (resp. p = 1), the volume polynomial V
M(p)
g,n (L1, . . . , Ln)

reduces to the Weil–Petersson volume VWP
g,n (L1, . . . , Ln) (resp. the Kontsevich–Witten symplectic

volume V A
g,n(L1, . . . , Ln)) which appears in the path integral for the JT gravity (resp. topolog-

ical gravity) partition functions. To establish the p → ∞ limit, the non-perturbative study of
the (2, p) minimal string is also necessary, and such aspect is addressed in [47].

A.4 JT supergravity

Supersymmetric generalizations28 of Mirzakhani’s recursion relation [69, 70] are given by Stan-
ford–Witten’s work [91] from the study of the JT supergravity defined on a bordered super
Riemann surface. Mathematical aspects of the volume of the moduli space of super hyperbolic
surfaces and the CEO topological recursion formalism are further studied in [79]. The super
Riemann surface is a Riemann surface equipped with a spin structure, and the partition function
of the N = 1 supersymmetric JT gravity (i.e., JT supergravity abbreviated by SJT) is given
by the integral over the moduli space of Riemann surfaces involving the sum over spin struc-
tures [91]. The topological expansion of the JT supergravity partition function with respect to
the underlying Riemann surfaces is found in the parallel way as the (bosonic) JT gravity, and
a classification of fermionic and non-orientable extensions of the JT gravity is discussed in [91].

The basic data for the topological expansion of a fermionic/(non-)orientable JT gravity par-
tition function are also found essentially from the disk, trumpet and double trumpet partition
functions. In the strategy of Stanford–Witten’s work, the disk and trumpet partition func-
tions of the fermionic/(non-)orientable JT gravity are studied on the basis of the dual SYK-like
models. Furthermore, the fermionic/non-orientable JT gravity partition function has a de-
scription by a random matrix integral, and a correspondence between the classification of the
fermionic/(non-)orientable JT gravity and the Dyson β-ensembles [32] or the Altland–Zirnbauer
(α, β)-ensembles [7] is established as Tables 1–4 of [91].

27The p-deformed Weil–Petersson volume is computed independently on the basis of the (2, p) minimal string

in [67, Section 7], and we find agreements between the volume polynomials V
M(p)
g,n (L1, . . . , Ln) in (C.2) and the

p-deformed Weil–Petersson volumes for (g, n) = (0, 4) and (1, 1) under a change of parameters as b2i = L2
i −4π2/p2

(see version 5 of [67] in arXiv).
28A supersymmetric extension of the McShane identity is studied independently in [51] on the basis of Bowditch’s

approach [14] by Markoff triples.
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The disk and trumpet partition functions for the JT supergravity are29

ZSJT
0,1 (β) =

√
1

2πβ
e

π2

β , ZSJT
trumpet(β, L) =

1

2
√
2πβ

e
−L2

4β ,

where the parameters γ and eS0 of the super Schwarzian path integrals in [91, Appendix C] are
fixed to be 1/2 and 1, respectively. From the disk partition function ZSJT

0,1 (β), as was done in
the JT gravity, we obtain the coordinate functions x(z) and ySWP(z) in equation (4.37) of the
super Weil–Petersson spectral curve CSWP, where we employed a normalization given in [79].
Gluing two trumpet partition functions along the geodesic circle of length L, we obtain the
double trumpet function

ZSJT
0,2 (β1, β2) = 2

∫
R+

ZSJT
trumpet(β1, L)Z

SJT
trumpet(β2, L)LdL =

√
β1β2

2π(β1 + β2)
,

where we assume the JT supergravity on orientable surfaces without time-reversal symmetry,
and the factor 2 in front of the middle integral arises from the sum over the spin structures.
The JT supergravity partition function on an orientable surface with genus g and n wiggly
boundaries without time-reversal symmetry is

ZSJT
g,n (β1, . . . , βn) =

∫
Rn
+

(
n∏

i=1

2ZSJT
trumpet(βi, Li)

)
V SW
g,n (L1, . . . , Ln)

n∏
i=1

LidLi, (A.14)

where V SW
g,n (L1, . . . , Ln) denotes the Weil–Petersson volume for the moduli space of super Rie-

mann surfaces computed from the supersymmetric generalization of Mirzakhani’s recursion
in [91, Appendix D].

From this double trumpet partition function, we also obtain the bidifferential B(z1, z2) of
the super Weil–Petersson spectral curve CSWP in the same way as the JT gravity, and the
super Weil–Petersson spectral curve CSWP =

(
P1; x, ySWP, B

)
is obtained. Then, the correla-

tion functions W SWP
g,n (z1, . . . , zn) are obtained from the CEO topological recursion, and their

inverse Laplace transforms give the volume polynomials V SWP
g,n (L1, . . . , Ln) of the moduli space

of super Riemann surfaces which are the supersymmetric analogue of the Weil–Petersson vol-
umes VWP

g,n (L1, . . . , Ln) and obey the ABO topological recursion. The Weil–Petersson volume
for the moduli space of super Riemann surfaces in the JT supergravity partition function (A.14)
and the super Weil–Petersson volume defined in equation (2.25) are related by [79, Section 5.3]

V SW
g,n (L1, . . . , Ln) = (−1)n21−gV SWP

g,n (L1, . . . , Ln).

A.5 Type 0A minimal superstring

It is conjectured in [82] that the Bessel generating function ZB(ℏ; t) in equation (5.24) is obtained
from the string equation [20, 21, 76] for the complex matrix model which gives a non-perturbative
definition of the free energy of type 0A minimal superstring [58].30 In particular, when a finite
number of variables ta is turned on such that ta ̸= 0 (1 ≤ a ≤ (p − 1)/2), the string equation
gives the free energy of type 0A (2, 2p− 2) minimal superstring.31

29For the disk and trumpet partition functions ZD
SJT(β), Z

T
SJT(β, L) computed in [91, Appendix C] from the

boundary super Schwarzian path integrals, a factor 1/2 is multiplied to employ the matrix model normaliza-
tion [82]: ZSJT

0,1 (β) = 1
2
ZD

SJT(β), Z
SJT
trumpet(β, L) =

1
2
ZT

SJT(β, L).
30Proofs of the correspondence between the (generalized) BGW free energy and Kontsevich–Witten free energy

is given in [100, 101].
31For the JT supergravity, the free energy is found from the string equation by tuning an infinite number of ta’s.

The role of the string equation in the JT supergravity is discussed in [55, 56, 57].
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Heuristically we consider a spectral curve which interpolates the super Weil–Petersson spec-
tral curve CSWP and the Bessel spectral curve CB with coordinate functions in equation (4.29).
We obtain the zySWP(z) and zyB(z) by differentiating yWP(z) and yA(z) of the spectral curves for
the Weil–Petersson volumes and Kontsevich–Witten symplectic volumes in the bosonic models32

ySWP(z) =
1

z

dyWP(z)

dz
, yB(z) =

1

z

dyA(z)

dz
.

Adopting this heuristic relation to the y-coordinate in equation (4.25) of the (2, p) minimal string
spectral curve CM(p), we find a supersymmetric analogue of the (2, p) minimal string spectral
curve CSM(p) with the coordinate functions in equation (4.40). The cut-and-join equation ob-
tained from the spectral curve CSM(p) is studied in Section 5.3.3, and we find that the generating
function ZSM(p)(ℏ; t) in equation (5.31) is obtained by the shift (5.32) for the finite number of
variables ta in the Bessel generating function ZB(ℏ; t):

ta → ta + γa with

γa = − (−2π2)a

(2a+ 1)!!a!

a∏
i=1

(
1− (2i− 1)2

p2

)
for 1 ≤ a ≤ p−1

2 ,

γa = 0 for others.

Accordingly, we can regard

B̂(β1) · · · B̂(βn)ZSM(p)(ℏ; t)
∣∣∣
ta=0

= B̂(β1) · · · B̂(βn)ZB(ℏ; t)
∣∣∣
ta=γa

with an operator

B̂(β) =
∑
a≥0

βa
∂

∂ta
,

as a correlation function of type 0A (2, 2p− 2) minimal superstring, where the operator B̂(β) is
considered as a boundary creation operator [81, 82, 83] with a variable β associated to a bound-
ary. Although we do not know the appropriate boundary condition for the disk partition function
of type 0A (2, 2p− 2) minimal superstring which leads to the spectral curve CSM(p), from these
physical observations, we expect that the spectral curve CSM(p) is obtained from the brane par-
tition functions in type 0A (2, 2p− 2) minimal superstring.33

B Derivation of the ABO topological recursion data

Originally, a derivation of the CEO topological recursion for CWP is given explicitly in [38] by
Eynard and Orantin from Mirzakhani’s topological recursion for the Weil–Petersson volume.
We apply their computation to the (2, p) minimal string and the (2, 2p− 2) minimal superstring
in a reverse way (i.e., inverse Laplace transform of the CEO topological recursion), and derive
the ABO topological recursion data given by the kernel functions HM(p)(x, y) in equation (2.19)
and HSM(p)(x, y) in equation (2.31) explicitly.

We focus on the spectral curves CM(p) and CSM(p), and start from a partially (inverse) Laplace
transformed CEO topological recursion for 2g − 2 + n > 1:

2W̃g,n(z, LK) = Res
w=0

[
dw

y(w)

1

z2 − w2

(
Q̃g,n(w,w,LK)

32This property will be originated from the fact that the supersymmetric formulae for the Mirzakhani–McShane
identity found in [91] allows a superfield representation with fermionic coordinates.

33The boundary condition of the branes in type 0A minimal superstring should be clarified from the matrix
models and super Liouville field theories (e.g., [89]).
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+
n∑

m=2

2W̃0,2(w,Lm)W̃g,n−1(w,LK\{m})

)]
, (B.1)

where K = {2, . . . , n}. In this recursion, W̃g,n are partially inverse Laplace transformed corre-
lation functions for (g, n) ̸= (0, 2),∫

Rn−1
+

W̃g,n(z, LK)e−
∑n

i=2 ziLi

n∏
i=2

LidLi =Wg,n(z, zK), (B.2)

and for (g, n) = (0, 2),∫
R+

W̃0,2(z, Lm)e−zmLmLmdLm =W0,2(z, zm) =
1

(z − zm)2
,

which gives

W̃0,2(z, Lm) = ezLm . (B.3)

In terms of the fully inverse Laplace transformed function Vg,n for the correlation function Wg,n,

Wg,n(z, zK) =

∫
Rn
+

Vg,n(L,LK)e−zL−
∑n

i=2 ziLiLdL
n∏

i=2

LidLi,

the relation (B.2) leads to

W̃g,n(z, LK) =

∫
R+

Vg,n(L,LK)e−zLLdL.

In the recursion (B.1), Q̃g,n is a partial Laplace transform of Pg,n:

Q̃g,n(z, z, LK) =

∫
R2
+

xyPg,n(x, y, LK)e−z(x+y)dxdy,

where Pg,n is the Laplace dual of Qg,n given by

Qg,n(z, z, zK) :=Wg−1,n+1(z, z, zK) +

stable∑
h+h′=g
J⊔J ′=K

Wh,1+|J |(z, zJ)Wh′,1+|J ′|(z, zJ ′)

=

∫
Rn+1
+

xyPg,n(x, y, LK)e−z(x+y)−
∑n

i=2 ziLidxdy

n∏
i=2

LidLi.

In the following computations, we will rewrite equation (B.1) into the recursion relation for Vg,n
to find the basic data of the ABO topological recursion.

B.1 Derivation for the (2, p) minimal string

We will rewrite the partially Laplace transformed CEO topological recursion (B.1) with the co-
ordinate function y = yM(p) in equation (4.25) into the form of the Mirzakhani type ABO topo-
logical recursion (2.8) written in terms of the kernel function in equation (2.10) with HM(p)(x, y):

2

∫
R+

Vg,n(L,LK)e−zLLdL
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=

∫
R3
+

(∫ L

0
HM(p)(x+ y, t)dt

)
xyPg,n(x, y, LK)e−zLdLdxdy

+

n∑
m=2

∫
R2
+

(∫ L

0

(
HM(p)(x, t+ Lm) +HM(p)(x, t− Lm)

)
dt

)
× xVg,n−1(x, LK\{m})e

−zLdLdx

=
1

z

∫
R3
+

xyHM(p)(x+ y, t)Pg,n(x, y, LK)e−ztdtdxdy

+

n∑
m=2

1

z

∫
R2
+

(
HM(p)(x, t+ Lm) +HM(p)(x, t− Lm)

)
× xVg,n−1(x, LK\{m})e

−ztdtdx. (B.4)

Firstly, we focus on the first term on the right-hand side of equation (B.1),

Res
w=0

dw

2wyM(p)(w)

(
1

z − w
− 1

z + w

)
Q̃g,n(w,w,LK). (B.5)

Based on the following properties:

� Q̃g,n(w,w,LK) and wyM(p)(w) are even functions of w,

� dw/yM(p)(w) has poles at w = uj = (p/2π) sin(jπ/p) (j = 0,±1, . . . ,±(p− 1)/2) with the
residue (−1)j cos(πj/p) by equation (4.60),

equation (B.5) is rewritten as

−

 p−1
2∑

j=1

Res
w=±uj

+Res
w=z

 dw

wyM(p)(w)

1

z − w
Q̃g,n(w,w,LK)

= −

p−1
2∑

j=1

(−1)j cos
(
πj

p

)
2

z2 − u2j
Q̃g,n (uj , uj , LK)

+
1

z

(
1

z
+

p−1
2∑

j=1

(−1)j cos
(
πj

p

)(
1

z − uj
+

1

z + uj

))
Q̃g,n(z, z, LK)

=
1

z

∫
R2
+

(
−

p−1
2∑

j=1

(−1)j cos
(
πj

p

)
e−uj(x+y)

z + uj
+

p−1
2∑

j=0

(−1)j cos
(
πj

p

)
e−z(x+y)

z + uj

−

p−1
2∑

j=1

(−1)j cos
(
πj

p

)
e−uj(x+y) − e−z(x+y)

z − uj

)
xyPg,n(x, y, LK)dxdy

=
1

z

∫
R2
+

(
−

p−1
2∑

j=1

(−1)j cos
(
πj

p

)(∫ ∞

0
e−uj(x+y+t)e−ztdt+

∫ x+y

0
e−uj(x+y−t)e−ztdt

)

+

p−1
2∑

j=0

(−1)j cos
(
πj

p

)(∫ ∞

x+y
e+uj(x+y−t)e−ztdt

))
xyPg,n(x, y, LK)dxdy.
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Comparing the final expression with the first term in equation (B.4), we find the kernel func-
tion HM(p)(x, y) given in equation (2.19).34

Consistency check. To check the consistency of the kernel function HM(p)(x, y) derived
above, we will focus on the second term on the right-hand side of equation (B.1), and show the
following relation:

∫
R+

Res
w=0

[
dw

yM(p)(w)

2

z2 − w2
W̃0,2(w,Lm)W̃g,n−1(w,LK\{m})

]
e−zmLmdLm

=
1

z

∫
R3
+

(
HM(p)(x, t+ Lm) +HM(p)(x, t− Lm)

)
xVg,n−1(x, LK\{m}

× e−zt−zmLmdtdxdLm. (B.6)

Using the expression (B.3) of W̃0,2(w,Lm), we rewrite the left-hand side of equation (B.6) as

Res
w=0

dw

yM(p)(w)

2

z2 − w2

1

zm − w
W̃g,n−1(w,LK\{m})

= Res
w=0

dw

yM(p)(w)

1

z2 − w2

(
1

zm − w
+

1

zm + w

)
W̃g,n−1(w,LK\{m})

= Res
w=0

2dw

yM(p)(w)

zm
(z2 − w2)(z2m − w2)

W̃g,n−1(w,LK\{m})

= Res
w=0

2dw

yM(p)(w)

1

z(z2m − z2)

(
zm
z − w

− z

zm − w

)
W̃g,n−1(w,LK\{m})

= −

 p−1
2∑

j=1

Res
w=±uj

+ Res
w=z,zm

 2dw

yM(p)(w)

1

z(z2m − z2)

(
zm
z − w

− z

zm − w

)
W̃g,n−1(w,LK\{m})

=
2

z(z2m − z2)

(
−

p−1
2∑

j=1

(−1)j cos
(
jπ

p

)(
zm

z + uj
+

zm
z − uj

− z

zm + uj
− z

zm − uj

)

× W̃g,n−1(uj , LK\{m}) +
∑

− p−1
2

≤j≤ p−1
2

(−1)j cos
(
jπ

p

)
zm

z − uj
W̃g,n−1(z, LK\{m})

−
∑

− p−1
2

≤j≤ p−1
2

(−1)j cos
(
jπ

p

)
z

zm − uj
W̃g,n−1(zm, LK\{m})

)

=
2

z(z2m − z2)

∫
R+

[
−

p−1
2∑

j=1

(−1)j cos
(
jπ

p

)(
zme−ujx

z + uj
− ze−ujx

zm + uj

)

−

p−1
2∑

j=1

(−1)j cos
(
jπ

p

)(
zm(e−ujx − e−zx)

z − uj
− z(e−ujx − e−zmx)

zm − uj

)

+

p−1
2∑

j=0

(−1)j cos
(
jπ

p

)(
zme−zx

z + uj
− ze−zmx

zm + uj

)]
xVg,n−1(x, LK\{m})dx

34The kernel function HM(p)(x, y) in equation (2.19) is symmetrized under the action y → −y. The extra terms
which appear in the anti-symmetrization do not contribute to the integrals in the first term in equation (B.4),
because the Heaviside functions in the extra terms vanish in these integrals.
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=
2

z

∫
R+

[
−

p−1
2∑

j=1

(−1)j cos
(
jπ

p

)(∫ ∞

0
e−uj(x+t) zme−zt − ze−zmt

z2m − z2
dt

+

∫ x

0
e−uj(x−t) zme−zt − ze−zmt

z2m − z2
dt

)

+

p−1
2∑

j=0

(−1)j cos
(
jπ

p

)(∫ ∞

x
e+uj(x−t) zme−zt − ze−zmt

z2m − z2
dt

)]
× xVg,n−1(x, LK\{m})dx. (B.7)

On the other hand, the right-hand side of equation (B.6) is rewritten as follows [38]:

1

z

∫
R2
+

(∫ ∞

Lm

e−z(t−Lm)HM(p)(x, t)dt+

∫ ∞

−Lm

e−z(t+Lm)HM(p)(x, t)dt

)
× xVg,n−1(x, LK\{m})e

−zmLmdxdLm

=
1

z

∫
R+

(∫ ∞

0

(∫ t

0
e−(zm−z)LmdLm +

∫ ∞

0
e−(zm+z)LmdLm

)
e−ztHM(p)(x, t)dt

+

∫ 0

−∞

(∫ ∞

−t
e−(zm+z)LmdLm

)
e−ztHM(p)(x, t)dt

)
xVg,n−1(x, LK\{m})dx

=
1

z

∫
R2
+

(
e−zt − e−zmt

zm − z
+

e−zt + e−zmt

zm + z

)
HM(p)(x, t)xVg,n−1(x, LK\{m})dtdx, (B.8)

where HM(p)(x,−t) = HM(p)(x, t) is used in the last equality. Applying the kernel func-
tion HM(p)(x, y) in equation (2.19) to the final answer of equation (B.8), we find the final
expression of equation (B.7). Thus we derived the kernel function HM(p)(x, y) in equation (2.19)
of the Mirzakhani type ABO topological recursion for the (2, p) minimal string.

B.2 Derivation for the (2, 2p − 2) minimal superstring

In the same way as the (2, p) minimal string, we will rewrite the partially Laplace transformed
CEO topological recursion (B.1) with the coordinate function y = ySM(p) in equation (4.40) into
the form of the Mirzakhani type ABO topological recursion (2.8) written in terms of the kernel
function in equation (2.24) with HSM(p)(x, y):

2

∫
R+

Vg,n(L,LK)e−zLLdL

=

∫
R3
+

xyHSM(p)(x+ y, L)Pg,n(x, y, LK)e−zLdLdxdy

+

n∑
m=2

∫
R2
+

(
HSM(p)(x, L+ Lm) +HSM(p)(x, L− Lm)

)
× xVg,n−1(x, LK\{m})e

−zLdLdx. (B.9)

Adopting the following properties:

� Q̃g,n(w,w,LK) and wySM(p)(w) are even functions of w;

� dw/ySM(p)(w) has poles at w = ±u′j = ±(p/2π) sin((j − 1/2)π/p), (j = 1, . . . , (p − 1)/2)

with the residue +u′j(1/2π)(−1)j cos2(π(j − 1/2)/p) by equation (4.72);
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the first term on the right-hand side of the partially Laplace transformed CEO topological
recursion (B.1) is rewritten as

−

 p−1
2∑

j=1

Res
w=±u′

j

+Res
w=z

 dw

z − w
1

wySM(p)(w)
Q̃g,n(w,w,LK)

= −

p−1
2∑

j=1

(−1)j

2π
cos2

(
π

p

(
j − 1

2

))(
1

z − u′j
− 1

z + u′j

)
×
(
Q̃g,n(u

′
j , u

′
j , LK)− Q̃g,n(z, z, LK)

)
+ Q̃g,n(z, z, LK)δp,1

=

∫
R2
+

 p−1
2∑

j=1

(−1)j

2π
cos2

(
π

p

(
j − 1

2

))(
1

z + u′j
− 1

z − u′j

)(
e−u′

j(x+y) − e−z(x+y)
)

+ e−z(x+y)δp,1

)
xyPg,n(x, y, LK)dxdy

=

∫
R2
+

 p−1
2∑

j=1

(−1)j

2π
cos2

(
π

p

(
j − 1

2

))(∫ ∞

0
e−u′

j(x+y+L)e−zLdL

−
∫ x+y

0
e−u′

j(x+y−L)e−zLdL−
∫ ∞

x+y
e+u′

j(x+y−L)e−zLdL

)
+ δp,1

∫ ∞

0
δ(L− x− y)e−zLdL

)
xyPg,n(x, y, LK)dxdy.

Comparing the final expression with the first term in equation (B.9), we find the kernel func-
tion HSM(p)(x, y) given in equation (2.31).35

Consistency check. As the (bosonic) minimal string, we will show the following relation
to check the consistency of the kernel function HSM(p)(x, y):∫

R+

Res
w=0

[
dw

ySM(p)(w)

2

z2 − w2
W̃0,2(w,Lm)W̃g,n−1(w,LK\{m})

]
e−zmLmdLm

=

∫
R3
+

(
HSM(p)(x, L+ Lm) +HSM(p)(x, L− Lm)

)
xVg,n−1(x, LK\{m})

× e−zL−zmLmdLdxdLm. (B.10)

The left-hand side of equation (B.10) is rewritten in the similar way as equation (B.7):

−

 p−1
2∑

j=1

Res
w=±u′

j

+ Res
w=z,zm

 2dw

ySM(p)(w)

1

z
(
z2m − z2

) ( zm
z − w

− z

zm − w

)
W̃g,n−1(w,LK\{m})

=
2

z2m − z2

− p−1
2∑

j=1

(−1)j

2π
cos2

(
π

p

(
j − 1

2

))

×

(
− zm
z + u′j

+
zm

z − u′j
+

zm
zm + u′j

− zm
zm − u′j

)
W̃g,n−1(u

′
j , LK\{m})

35The kernel function HSM(p)(x, y) in equation (2.31) is anti-symmetrized under the action y → −y. The extra
terms which appear in the anti-symmetrization do not contribute to the integrals in the first term in equation (B.9),
because the Heaviside functions and delta functions in the extra terms vanish in these integrals.
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+

zmδp,1 +
p−1
2∑

j=1

(−1)j

2π
cos2

(
π

p

(
j − 1

2

))(
zm

z − u′j
− zm
z + u′j

)
× W̃g,n−1(z, LK\{m})

−

zmδp,1 +
p−1
2∑

j=1

(−1)j

2π
cos2

(
π

p

(
j − 1

2

))(
zm

zm − u′j
− zm
zm + u′j

)
× W̃g,n−1(zm, LK\{m})

]
=

2zm
z2m − z2

∫
R+

 p−1
2∑

j=1

(−1)j

2π
cos2

(
π

p

(
j − 1

2

))

×

(
e−u′

jx − e−zx

z + u′j
− e−u′

jx − e−zx

z − u′j
− e−u′

jx − e−zmx

zm + u′j
+

e−u′
jx − e−zmx

zm − u′j

)
+
(
e−zx − e−zmx

)
δp,1
]
xVg,n−1(x, LK\{m})dx

= 2zm

∫
R+

 p−1
2∑

j=1

(−1)j

2π
cos2

(
π

p

(
j − 1

2

))(∫ ∞

0
e−u′

j(x+L) e
−zL − e−zmL

z2m − z2
dL

−
∫ x

0
e−u′

j(x−L) e
−zL − e−zmL

z2m − z2
dL−

∫ ∞

x
e+u′

j(x−L) e
−zL − e−zmL

z2m − z2
dL

)
+ δp,1

∫ ∞

0
δ(L− x)e

−zL − e−zmL

z2m − z2
dL

]
xVg,n−1(x, LK\{m})dx. (B.11)

On the other hand, similar to equation (B.8), the right-hand side of equation (B.10) is rewrit-
ten as

2zm

∫
R2
+

(
e−zt − e−zmt

zm − z
+

e−zt − e−zmt

zm + z

)
HSM(p)(x, L)xVg,n−1(x, LK\{m})dLdx, (B.12)

where HSM(p)(x,−L) = −HSM(p)(x, L) is used. Applying the kernel function HSM(p)(x, y) in
equation (2.31) to equation (B.12), the final expression of equation (B.11) is found. Thus,
the consistency equation (B.10) for the kernel function HSM(p)(x, y) is verified, and the CEO
topological recursion for the spectral curve CSM(p) is shown to be equivalent to the Mirzakhani
type ABO topological recursion with the kernel function HSM(p)(x, y).

C Volume polynomials

In this appendix, we give some computational results of volume polynomials for the 2D gravity
models and their Masur–Veech type twist.

C.1 Volume polynomials

Weil–Petersson volumes:

VWP
0,3 = 1,

VWP
1,1 =

π2

12
+

1

48
L2
1,
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VWP
0,4 = 2π2 +

1

2

4∑
i=1

L2
i ,

VWP
1,2 =

π4

4
+
π2

12

2∑
i=1

L2
i +

1

192

2∑
i=1

L4
i +

1

96
L2
1L

2
2,

VWP
0,5 = 10π4 + 3π2

5∑
i=1

L2
i +

1

8

5∑
i=1

L4
i +

1

2

∑
1≤i<j≤5

L2
iL

2
j ,

VWP
1,3 =

14π6

9
+

13π4

24

3∑
i=1

L2
i +

π2

24

3∑
i=1

L4
i +

π2

8

∑
1≤i<j≤3

L2
iL

2
j +

1

1152

3∑
i=1

L6
i

+
1

192

∑
1≤i,j≤3
(i ̸=j)

L2
iL

4
j +

1

96
L2
1L

2
2L

2
3,

VWP
2,1 =

29π8

192
+

169π6

2880
L2
1 +

139π4

23040
L4
1 +

29π2

138240
L6
1 +

1

442368
L8
1. (C.1)

Volume polynomials of (2, p) minimal string:

V
M(p)
0,3 = 1,

V
M(p)
1,1 =

π2

12

(
1− 1

p2

)
+

1

48
L2
1,

V
M(p)
0,4 = 2π2

(
1− 1

p2

)
+

1

2

4∑
i=1

L2
i ,

V
M(p)
1,2 =

π4

4

(
1− 1

p2

)(
1 +

5

3p2

)
+
π2

12

(
1− 1

p2

) 2∑
i=1

L2
i +

1

192

2∑
i=1

L4
i +

1

96
L2
1L

2
2,

V
M(p)
0,5 = 10π4

(
1− 1

p2

)(
1 +

3

5p2

)
+ 3π2

(
1− 1

p2

) 5∑
i=1

L2
i +

1

8

5∑
i=1

L4
i +

1

2

∑
1≤i<j≤5

L2
iL

2
j ,

V
M(p)
1,3 =

14π6

9

(
1− 1

p2

)(
1 +

20

7p2
+

3

p4

)
+

13π4

24

(
1− 1

p2

)(
1 +

11

13p2

) 3∑
i=1

L2
i

+
π2

24

(
1− 1

p2

) 3∑
i=1

L4
i +

π2

8

(
1− 1

p2

) ∑
1≤i<j≤3

L2
iL

2
j +

1

1152

3∑
i=1

L6
i

+
1

192

∑
1≤i,j≤3
(i ̸=j)

L2
iL

4
j +

1

96
L2
1L

2
2L

2
3,

V
M(p)
2,1 =

29π8

192

(
1− 1

p2

)(
1 +

2423

435p2
+

41

3p4
+

6557

435p6

)
+

169π6

2880

(
1− 1

p2

)(
1 +

430

169p2
+

361

169p4

)
L2
1 +

139π4

23040

(
1− 1

p2

)(
1 +

93

139p2

)
L4
1

+
29π2

138240

(
1− 1

p2

)
L6
1 +

1

442368
L8
1. (C.2)

Super Weil–Petersson volumes:

V SWP
0,n = 0,
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V SWP
1,n =

(n− 1)!

8
,
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9π2
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+

3
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L2
1,
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2,2 =

9π2

16
+

9
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2∑
i=1

L2
i ,

V SWP
2,3 =

45π2

16
+

9

64

3∑
i=1

L2
i ,

V SWP
2,4 =

135π2

8
+
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64

4∑
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L2
i ,
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2,5 =

945π2

8
+

135
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i ,
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3,1 =

681π4

512
+
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1 +

15
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3,2 =
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189π2
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L2
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2∑
i=1

L4
i +

63
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3,3 =
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3∑
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∑
1≤i<j≤3
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iL

2
j ,

V SWP
4,1 =

278833π6
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+
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32768
L2
1 +
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L4
1 +

175

524288
L6
1. (C.3)

Volume polynomials of the (2, 2p− 2) minimal superstring:

V
SM(p)
0,n = 0,

V
SM(p)
1,n =

(n− 1)!

8
,

V
SM(p)
2,1 =

9π2

64

(
1− 1

p2

)
+

3

256
L2
1,

V
SM(p)
2,2 =

9π2

16

(
1− 1

p2

)
+

9

256

2∑
i=1

L2
i ,

V
SM(p)
2,3 =

45π2

16

(
1− 1

p2

)
+

9

64

3∑
i=1

L2
i ,

V
SM(p)
2,4 =

135π2

8

(
1− 1

p2

)
+

45

64

4∑
i=1

L2
i ,

V
SM(p)
2,5 =

945π2

8

(
1− 1

p2

)
+

135

32

5∑
i=1

L2
i ,

V
SM(p)
3,1 =

681π4

512

(
1− 1

p2

)(
1− 27

227p2

)
+

63π2

512
L2
1

(
1− 1

p2

)
+

15

8192
L4
1,

V
SM(p)
3,2 =

2421π4
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(
1− 1

p2

)(
1− 69

269p2

)
+

189π2

256

(
1− 1

p2

) 2∑
i=1

L2
i

+
75

8192

2∑
i=1

L4
i +

63

2048
L2
1L

2
2,
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V
SM(p)
3,3 =

19593π4

256

(
1− 1

p2

)(
1− 111

311p2

)
+

1323π2

256

(
1− 1

p2

) 3∑
i=1

L2
i

+
225

4096

3∑
i=1

L4
i +

189

1024

∑
1≤i<j≤3

L2
iL

2
j ,

V
SM(p)
4,1 =

278833π6

8192

(
1− 1

p2

)(
1− 44866

278833p2
+

1233

278833p4

)
(C.4)

+
106911π4

32768

(
1− 1

p2

)(
1− 12637

35637p2

)
L2
1 +

8625π2

131072

(
1− 1

p2

)
L4
1 +

175

524288
L6
1.

C.2 Twisted volume polynomials

Masur–Veech polynomials:

V MV
0,3 = 1,

V MV
1,1 =

π2

12
+

1

48
L2
1,

V MV
0,4 =

π2

2
+

1

2
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i=1

L2
i ,

V MV
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π4
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+
π2
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L2
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1
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L4
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1
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1L
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2,

V MV
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3π4
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1

8
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1

2

∑
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L2
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2
j ,

V MV
1,3 =
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∑
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2
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∑
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4
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1
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2
2L
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29π8
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+
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1 +
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L6
1 +

1

442368
L8
1. (C.5)

Twisted Weil–Petersson volumes:

VWP
0,3

[
fMV

]
= 1,

VWP
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[
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=
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+
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∑
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1. (C.6)

Twisted volume polynomials of the (2, p) minimal string:

V
M(p)
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1. (C.7)

Super Masur–Veech polynomials:
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1. (C.8)

Twisted super Weil–Petersson volumes:
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Twisted volume polynomials of the (2, 2p− 2) minimal superstring:
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