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Abstract. In reference to Werner’s measure on self-avoiding loops on Riemann surfaces,
Cardy conjectured a formula for the measure of all homotopically nontrivial loops in a fi-
nite type annular region with modular parameter ρ. Ang, Remy and Sun have announced
a proof of this conjecture using random conformal geometry. Cardy’s formula implies that
the measure of the set of homotopically nontrivial loops in the punctured plane which inter-
sect S1 equals 2π√

3
. This set is the disjoint union of the set of loops which avoid a ray from

the unit circle to infinity and its complement. There is an inclusion/exclusion sum which,
in a limit, calculates the measure of the set of loops which avoid a ray. Each term in the
sum involves finding the transfinite diameter of a slit domain. This is numerically accessible
using the remarkable Schwarz–Christoffel package developed by Driscoll and Trefethen. Our
calculations suggest this sum is around π, consistent with Cardy’s formula.
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1 Introduction

Given a topological space S, let Comp(S) denote the set of all compact subsets of S with the
Vietoris topology (see [8]), and let

Loop(S) :=
{
γ ∈ Comp(S) | γ is homeomorphic to S1

}
with the induced topology. Suppose that for each Riemann surface S, µS is a positive Borel
measure on Loop(S). This family satisfies conformal restriction if for each conformal embedding
S1 → S2, the restriction of µS2 to Loop(S1) equals µS1 . In [10], Werner proved the following
remarkable result.

Theorem 1.1. There exists a nontrivial family of locally finite measures {µS} on self-avoiding
loops on Riemann surfaces which satisfies conformal restriction. This family is unique up to
multiplication by an overall positive constant.

Any self-avoiding loop on a Riemann surface is contained in a finite type annulus A, and in
turn A is conformally equivalent to a unique planar annulus {1 < |z| < eρ} ⊂ C×, the punctured
plane, for some ρ > 0. Consequently the family {µS} is uniquely determined by

µ0 := µ|Loop1(C×)

the restriction of µ to loops in the plane which surround 0. The measure µ0 is determined
by the following formula of Werner, which implicitly normalizes the family of measures (see
[10, Proposition 3]).

Theorem 1.2. Suppose that U and V are simply connected domains such that 0 ∈ U ⊂ V ⊊ C.
Then

µ0

(
Loop1(V \ {0}) \ Loop(U)

)
= log

(∣∣ϕ′(0)
∣∣),
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where ϕ : (U, 0) → (V, 0) is a conformal isomorphism
(
Loop1 means we consider loops which

surround zero
)
.

As in [10, Section 7], consider the function

F0(ρ) := µ0

(
Loop1({1 < |z| < eρ}

)
the measure of the set of loops in the annulus which surround zero. Cardy (see [3]) conjectured
an exact formula

F0(ρ) = 6π

∑
k∈Z(−1)k−1kq3k

2/2−k+1/8∏∞
k=1

(
1− qk

) , q = exp
(
−2π2/ρ

)
. (1.1)

Ang, Remy and Sun have announced a proof of Cardy’s formula in [1], using completely new
ideas from random conformal geometry. Our main purpose is to note a corollary of the Cardy
formula, and to use this and Theorem 1.2 to numerically test Cardy’s formula.

A straightforward application of Poisson summation shows that Cardy’s conjecture im-
plies that

F0(ρ) = ρ− 2π√
3
+ o

(
1

ρ

)
as ρ → ∞.

The leading term is correct (we will discuss this and how it is related to the normalization
of Werner’s measure in Section 6). It is striking that there is not a log term in the expansion.
The basic question is whether we can use this and the constant term to test Cardy’s conjecture.

Let ∆ (∆∗) denote the open unit disk centered at zero (∞, respectively). Theorem 1.2 implies

µ0

({
γ ∈ Loop1((eρ∆)×) | γ ̸⊂ ∆

})
= ρ.

Therefore,

ρ− F0(ρ) = µ0

({
γ ∈ Loop1((eρ∆)×) | γ ̸⊂ ∆ and γ ̸⊂ {1 < |z| < eρ}

})
.

By taking the limit as ρ → ∞, Cardy’s conjecture implies that

2π√
3
= µ0

({
γ ∈ Loop1(C×) | γ ̸⊂ ∆, γ ̸⊂ ∆∗})

= µ0

({
γ ∈ Loop1(C×) | γ ∩ S1 ̸= ϕ

})
= µ0

(⋃
η

{
γ ∈ Loop1(C× \ η) | γ ̸⊂ ∆

})
, (1.2)

where the union is over smooth curves η connecting a point in S1 to ∞. Together with conformal
invariance this implies the following corollary.

Corollary 1.3. Assuming Cardy’s formula, for any circle Cr := {|z| = r}

µ0

({
γ ∈ Loop1(C×) | γ ∩ Cr ̸= ϕ

})
=

2π√
3
.

The fact that this measure is finite suggests that similar measures involving more general
loops in place of circles, and more general free homotopy classes on compact surfaces, are also
finite.
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Returning to (1.2), the union over η can be partitioned into two pieces, the set of loops which
avoid a ray from a point of the unit circle to ∞, and the complement. Therefore, according to
Cardy,

2π√
3
= µ0

({
γ ∈

⋃
S1

Loop1
(
C× \ R≥1e

iθ
)
| γ ̸⊂ ∆

})
+

the measure of the set of loops which do not omit a ray from the circle to ∞. The measure of
this latter set is definitely positive, because this set has nonempty interior. It is not clear how
to analytically evaluate this latter measure. We will mainly focus on Cardy’s assertion that

2π√
3
> µ0

({
γ ∈

⋃
S1

Loop1
(
C× \ R≥1e

iθ
)
| γ ̸⊂ ∆

})
= lim

n→∞
µ0

({
γ ∈

⋃
{eiθ:einθ=1}

Loop1
(
C× \ R≥1e

iθ
)
| γ ̸⊂ ∆

})
. (1.3)

1.1 Plan of the paper

In Section 2, as a service to mathematicians, we will attempt to explain the origins of Cardy’s
conjecture, from a physics perspective. Readers should consult the remarkable paper [1] for
a novel mathematical perspective on Cardy’s conjecture and much more.

In Section 3, we discuss the problem of calculating

µ0

({
γ ∈

⋃
{eiθ:einθ=1}

Loop1
(
C× \ R≥1e

iθ
)
| γ ̸⊂ ∆

})
using the inclusion/exclusion principle. This leads to the problem of finding a formula for the
transfinite diameter for a slit domain. If m is the number of slits, the cases m = 1, 2 are
analytically tractable, but this is generally not so for m ≥ 3.

In Section 4, we briefly report on our numerical work. Using the SC package of Driscoll
and Trefethen (see [6]), we have found that the limit (1.3) appears to be around π, consistent
with Corollary 1.3. This involves a long alternating sum that involves large numbers, hence we
cannot make a definitive claim about the precise value of (1.3).

In Section 5, we will discuss an alternate way of thinking about the inequalities

µ0

({
γ ∈ Loop1(C×) | γ ∩ S1 ̸= ϕ

})
<

2π√
3
< ∞.

This finiteness turns out to be equivalent to the integrability of a standard height function on
(a completion of) universal Teichmüller space. We also note that a conjecture of the second
author in [4] is incompatible with Cardy’s conjecture.

In the final section, we note that various normalizations of Werner’s family of measures are
all the same.

2 An origin story for Cardy’s conjecture

This brief section is included simply as a literature guide for mathematicians.
In [5, Section 7.4.6], there is a short but lucid description of the O(n) loop model. The stan-

dard O(n) model is the sigma model (on a space time of some dimension) with target Sn−1.
In two dimensions, the partition function for a cutoff version on a honeycomb lattice has the form

Zn(K) =
∑
loops

nNLKNB ,
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where the sum is over (disjoint) self-avoiding loop configurations on the lattice, K is a coupling
constant, NL is the number of loops, and NB is the number of bonds (i.e., edges, for all of the
loops). This expression was arrived at independently in the study of polymers, as explained in
Cardy’s book [2]. This expression for the partition function makes sense for any real number n.
For any −2 ≤ n ≤ 2, it is possible to define a model on the lattice in a local way, so that the
loops emerge as nonlocal observables. For this model, the O(n) loop model, it is believed that

(1) there exists a continuous phase transition at the critical value

K = Kc(n) =
(
2 +

√
2− n

)−1/2
,

(2) there exists a continuum limit, and

(3) this continuum limit is a conformal field theory, where (with n = −2 cos(πg)) the central
charge is

cn = 1− 6
(g − 1)2

g
.

For special values of n, it is a minimal model.

Suppose that n = 0, i.e., c = 0. In this case, the partition function is trivial, Z0 = 1.
However, the derivative

∂

∂n
Zn|n=0 =

∑
loops

NLn
NL−1KNB |n=0

is a sum over single self-avoiding loops weighted according to their length. Random self-avoiding
loops weighted according to their length (in an appropriate way, depending on the lattice)
conjecturally converges to Werner’s measure (see [10, Section 7.1]).

In [3], for the continuum O(n) model, Cardy derives an exact expression for the partition
function for an annulus with free boundary conditions. This expression had been derived previ-
ously by other methods, by Saleur and Bauer, see [9]. The derivative with respect to n, at n = 0,
of this partition function is the Cardy formula (1.1). Cardy’s conjecture is that this derivative
is the Werner measure of homotopically nontrivial loops in the annulus.

Readers should see [1] for a contemporary mathematical perspective, including a proof of the
character formula.

3 Applying inclusion/exclusion

Riemann mapping (or Schwarz–Christoffel) formulas for slit domains are well-known and decep-
tively simple (see [6]).

Proposition 3.1. Fix angles

0 ≤ ϕ1 < ϕ2 < · · · < ϕm < 2π.

The unique conformal isomorphism

ϕ+ : (∆, 0) →

(
C \

m⋃
j=1

R≥1e
iϕj , 0

)
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with ϕ′
+(0) > 0, has the form

ϕ+(z) = ρ0z

m∏
j=1

(
1− z

zj

)−γj

,

where γjπ = ϕj − ϕj−1, j = 1, . . . ,m− 1,
∑m

j=1 γj = 2, zj ∈ S1, and

ρ0 = ρ0(γ1, . . . , γm) > 0.

Similarly, the unique conformal isomorphism

ϕ− : (∆∗,∞) →

(
Ĉ \

m⋃
j=1

[0, 1]eiϕj ,∞

)

with positive derivative at ∞, has the form

ϕ−(z) = ρ∞z

m∏
j=1

(
1− zj

z

)γj

,

where ρ∞ = 1/ρ0 is the transfinite diameter for the compact set
⋃m

j=1 [0, 1]e
iϕj .

The points zj ∈ S1 are usually referred to as accessory parameters. Here is one theoret-
ical approach to finding these points. First, assuming we have the points zj , we find the m
points z = cj which map to the points exp(iϕj). The derivative of ϕ+ vanishes at these points,
ϕ′
+(cj) = 0, hence these points z = cj satisfy

1 =
m∑
j=1

γj
z

z − zj

or

m∏
j=1

(z − zj) =
m∑
j=1

γjz
∏
i ̸=j

(z − zi).

We can order the solutions so that

zm < c1 < z1 < c2 < z2 < · · · < cm < zm

in reference to the orientation of the circle. Hence

cj = cj(z1, . . . , zm).

Now we consider the m equations

ρ0ci

m∏
j=1

(
1− ci

zj

)−γj

= exp(iϕi), i = 1, . . . ,m.

We can fix z0 = 1 so that there are m unknowns. Note that in the end

ρ0 =

m∏
j=1

∣∣∣∣1− ci
zj

∣∣∣∣γj (3.1)

for any i = 1, . . . ,m.
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There are alternate expressions for the transfinite diameter ρ∞ = 1/ρ0 due to Fekete, Polya,
Szego and others, see [7, Sections 16 and 17]. Let E =

⋃m
j=1 [0, 1]e

iϕj . By definition

δn(E)(
n
2) = max

{w1,...,wn}⊂E

∏
1≤i<j≤n

|wi − wj |.

The basic fact is that δn ↓ ρ∞ as n ↑ ∞. This (eventually) implies

ln(ρ0) = lim
n→∞

min
wi∈E

1(
n
2

) ∑
1≤i<j≤n

ln
(
|wi − wj |−1

)
.

This limit can also be written as

=

∫ ∫
ln
(
|z − w|−1

)
dν(z)dν(w),

where ν is the electrostatic distribution on E. It is tempting to believe that for slit domains
one could work this out explicitly, avoiding the accessory parameters. This seems to not be the
case, as we discuss below.

Theorem 3.2. Fix n.

(a) We have

µ0

( ⋃
{eiθ:einθ=1}

Loop1
(
C× \ R≤1e

iθ
)
\ Loop(∆∗)

)

=
n∑

m=1

(−1)m−1
∑

0≤ϕ1<ϕ2<···<ϕm<2π

ln(ρ0(γ1, . . . , γm)),

where exp(inϕj) = 1, and if ϕm+1 = ϕ1, then γi = ϕi+1 − ϕi, i = 1, . . . ,m.

(b) For any 1 ≤ i ≤ m,

ρ0 =
m∏
j=1

|zj − ci|γj .

Hence also

ρ0 =

(
m∏
j=1

a
γj
j

)1/m

, where aj = aj(γ1, . . . , γm) =

m∏
i=1

∣∣∣∣1− ci
zj

∣∣∣∣,
the geometric mean of the distances from zj to the points ci. When m = 2, a1(γ1, γ2) = 2γ1
and if all the γj = 2/m, then aj(2/m, . . . , 2/m) = m(2/m) = 2.

(c) The sum in (a) can also be written as

n∑
m=1

(−1)m−1
∑

γ1+···+γm=2

|{ϕ1 | 0 ≤ ϕ1 < πγm}| ln(ρ0(γ1, . . . , γm)),

where the γj are multiples of 2
n in the inner sum.
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Proof. The formula in (a) follows from the inclusion/exclusion principle, Werner’s formula,
and the form of ϕ+.

Part (b) follows from the discussion preceding the statement of the theorem, see (3.1).
(c) Given the ϕj satisfying

0 ≤ ϕ1 < · · · < ϕm < 2π, einϕj = 1,

by definition the γj are multiples of 2
n and satisfy

∑m
j=1 γj = 2. Conversely, suppose we are

given the γj . Then we can solve ϕ2 = πγ1 + ϕ1, ϕ3 = π(γ1 + γ2) + ϕ1, . . . , and

ϕm = π(γ1 + · · ·+ γm−1) + ϕ1 = 2π − πγm + ϕ1,

ϕ1 is not determined, but it must satisfy the inequality

2π − πγm + ϕ1 < 2π or ϕ1 < πγm.

We have to count the number of possible ϕ1, as we have done in the second formula. Suppose
that the largest ϕ1 =

2πk
n . Then

2k

n
< γm or k <

nγm
2

.

This implies (c). ■

3.1 Some examples

The equations for the accessory parameters can be solved in the cases m = 1, 2, but otherwise
they seem quite intractable.

Suppose that the slit domain is C \ [0,∞), i.e., m = 1 and ϕ1 = 0. In this case,

ϕ+(z) = 4
z

1 + z2
,

which is essentially the Koebe function.
From this, one can derive other explicit examples by using the elementary fact that if f =

z
(
1 +

∑
n≥1 unz

n
)
is a univalent function on the disk, then

g(z) = f(zn)1/n (3.2)

is also univalent function. Thus using the Koebe function, if the ϕj are the m-th roots of unity,
then

ϕ+(z) = 22/mz(1 + zm)−2/m,

and hence ρ∞ =
(
1
2

)2/m
.

Suppose that m = 2 and γ1 = γ, γ2 = 2− γ. In this case, one can solve the equations of the
previous section to find

ρ0 = 4
(γ
2

) γ
2
(
1− γ

2

)1− γ
2
, (3.3)

which is reminiscent of entropy. Using (3.2), this leads to an infinite number of other explicit
examples. From these examples one can check that ρ0 is not in general a symmetric function of
the γj .

The expression in part (b) of Theorem 3.2 is a generalization of the entropy like formula (3.3);
unfortunately the aj in part (b) are not easy to find.
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Suppose that m = 3, ϕ0 = 0, ϕ1 = πγ, ϕ2 = 2π − πγ, hence γ1 = γ3 = γ, γ2 = 2− 2γ.

In this case, c1 = 1 and z2 = −1. If z1 = exp(it), then using the formula for the derivative
of ϕ+,

Re(c2) = cos(t)− γ(1 + cos(t)).

Now

ϕ+(z) = ρ0z(1 + z)−(2−2γ)
(
1− z

z1

)−γ(
1− z

z1

)−γ
.

Using ϕ+(1) = 1, we obtain (after simplifying)

ρ0 = 22−γ(1− cos(t))γ .

To find z1 = exp(it), we have to solve for t in

ϕ+(c2(t)) = exp(iπγ),

i.e., we have to solve for cos(t) using the equation

22−γ(1− cos(t))γc2
(
1 + c−1

2

)2−2γ(
1− 2 cos(t)c−1

2 + c−2
2

)γ
= exp(iπγ).

If x = cos(t), then

ρ0 = 22−γ(1− x)γ = |1 + c2|2(1−γ)
∣∣c22 − 2c2x+ 1

∣∣γ
= 2(1 + x)γγ(1− γ)1−γ = 22−γ(1− x)γ .

The function y = (1−x)γ

1+x decreases monotonically from 1 to 0 as x increases from 0 to 1. So there
is a well-defined inverse.

The function γ → 2γ−1γγ(1 − γ)1−γ , 0 ≤ γ ≤ 1, starts at 1/2, decreases to near zero, then
increases to 1. In any event it has values between 0 and 1. We can and do simply write

x = x
(
2γ−1γγ(1− γ)1−γ

)
.

Proposition 3.3. We have

ρ0(γ, γ, 2− 2γ) = 2(1 + x)γγ(1− γ)1−γ ,

where

x = x
(
2γ−1γγ(1− γ)1−γ

)
.

This is a formula which is not very enlightening. It illustrates that one is better off using
a numerical method.

4 Numerically testing Cardy’s formula

We now want to use the formula in part (a) of Theorem 3.2 to test Cardy’s formula. The alter-
nating sum

n∑
m=1

(−1)m−1
∑

0≤ϕ1<ϕ2<···<ϕm<2π

ln(ρ0(γ1, . . . , γm)),
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Figure 1. The last 5 outputted values are 3.0140, 3.0236, 3.0318, 3.0390, and 3.0451.

where exp(inϕj) = 1, is an increasing function of n, and the question is whether it converges
to something less than 2π√

3
, consistent with Cardy’s conjecture, or if the sequence eventually

exceeds this number.
The number of terms in this sum grows very rapidly, and the individual terms are relatively

large. In the first version of this paper, we proposed a number of approximations (e.g., using
an entropy like expression for ρ0) which alternately suggested the sum converges and diverges.
More recently, we discovered the SC package of Driscoll and Trefethen (see [6]). Using this
package, we have been able to compute the alternating sum up to n = 22 using the diskmap
method from the SC toolbox. The results of this process for n = 1 to n = 22 are shown in
Figure 1.

Although far from conclusive, it seems plausible that the sum is converging to something
approaching π.

5 Integrability of a height function

Suppose that γ ∈ Loop1(C×). By the Jordan curve theorem, the complement of γ in C ∪ {∞}
has two connected components, U±, so that

C ∪ {∞} = U+ ⊔ γ ⊔ U−,

where 0 ∈ U+ and ∞ ∈ U−. There are based conformal isomorphisms

ϕ+ : (∆, 0) → (U+, 0), ϕ− : (∆∗,∞) → (U−,∞).

The map ϕ− can be uniquely determined by normalizing the Laurent expansion in |z| > 1 to be
of the form

ϕ−(z) = ρ∞(γ)L(z), L(z) = z

(
1 +

∑
n≥1

bnz
−n

)
,

where ρ∞(γ) > 0 is the transfinite diameter (see [7, Sections 16 and 17] for numerous formulas
for ρ∞). The map ϕ+ can be similarly uniquely determined by normalizing its Taylor expansion
to be of the form

ϕ+(z) = ρ0(γ)u(z), u(z) = z

(
1 +

∑
n≥1

unz
n

)
,
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where ρ0(γ) > 0 is called the conformal radius with respect to 0. By a theorem of Carathéodory
(see [7, Theorem 17.5.3]), both ϕ± extend uniquely to homeomorphisms of the closures of their
domain and target. This implies that the restrictions ϕ± : S1 → γ are topological isomorphisms.
Thus there is a well-defined welding map

W : Loop1(C×) →
{
σ ∈ Homeo+

(
S1
)
| σ = lau

}
× R+, γ 7→ (σ(γ), ρ∞(γ)),

where

σ(γ, z) := ϕ−1
− (ϕ+(z)) = lau, a(γ) =

ρ0(γ)

ρ∞(γ)

and l is the inverse mapping for L. In these ‘coordinates’

dµ0(γ) = dν0(σ)×
dρ∞
ρ∞

, (5.1)

where ν0 is a probability measure, see [4, Proposition 2.1] and Section 6 below.
Let H(γ) = − log(a) ≥ 0. This can be viewed as a height function on universal Teichmüller

space. There are various expressions for this function, e.g.,

H(γ) = log(ρ∞)− log(ρ0)

= log

(
1 +

∞∑
n=1

(n+ 1)|un|2
)
− log

(
1 +

∞∑
m=1

(m− 1)|bm|2
)

and it is inversion invariant (see [4, Section 1]).
As observed in [4, Section 7],

Loop1({1 < |z| < eρ}) ⊂ {1 ≤ ρ0 ≤ ρ∞ ≤ eρ} ⊂ Loop1
({

1

4
< |z| < 4eρ

})
and as a consequence

F0(ρ) ≤
∫ ρ

0
ν0(H ≤ x)dx ≤ F0(log(16) + ρ).

Using Werner’s formula, this implies∫ ρ

0
ν0(H ≥ x)dx ≤ ρ− F0(ρ)

and taking the limit as ρ ↑ ∞∫
Hdν0 ≤ µ0

({
γ | γ ∩ S1 ̸= ϕ

})
.

Thus we have the following assertion.

Theorem 5.1. Assuming Cardy’s formula,

2π√
3
− ln(16) ≤

∫
Hdν0 ≤

2π√
3

and in particular H is integrable.

In [4, Section 7], the second author conjectured that there is an exact formula ν0(H ≤ x) =
exp(−β0/x), where β0 = 2π2 · (1/8) (the 1/8 is a critical exponent from logarithmic conformal
field theory). This is not compatible with Cardy’s conjecture. The reason is that Cardy’s formula
for F0(ρ) does not have a log term in its asymptotic expansion as ρ ↑ ∞, whereas

∫ ρ
0 ν(H ≤ x)dx

does have a log term.
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6 Normalizations of Werner’s family of measures

Werner’s family of measures is unique up to a positive constant. There are several ways to
normalize the family. The first is using Werner’s formula Theorem 1.2. A second is to assume ν0
in (5.1) is a probability measure (this is the normalization adopted in [4]). A third is to assume
that F0(ρ) is asymptotically ρ, which is implicit in Cardy’s formula.

Theorem 6.1. These normalizations are all the same.

Proof. (This is a slight modification of the proof of [4, Proposition 7.5].) As in [4] (and as we
assumed in the previous section), assume that ν0 is a probability measure. This means that
we must insert a constant cW into Theorem 1.2 (as we did in [4]). Thus if γ is a loop which
surrounds ∆,

µ0

(
Loop1(U+ \ {0}) \ Loop(∆)

)
= cW log(ρ0(γ)).

We must show cW = 1 and F0(ρ) is asymptotically ρ.
As in [4, Proposition 7.5], on the one hand

Loop1({1 < |z| < eρ}) ⊂ Loop1({|z| < eρ}) \ Loop(∆).

On the other hand,

Loop1({1 < |z| < eρ}) ⊂ {1 ≤ ρ0 ≤ ρ∞ ≤ eρ} ⊂ Loop1
({

1

4
< |z| < 4eρ

})
,

where the last inclusion uses Koebe’s quarter theorem. Therefore,

F0(ρ) ≤
∫ ρ

0
ν0(e

−x ≤ a ≤ 1)dx ≤ F0(log(16) + ρ).

Since ν0 is a probability measure, for ρ ≫ 1

ρ− ln(16) ≤ F0(ρ) ≤ ρ. (6.1)

Thus F0(ρ) is asymptotically ρ.
Werner’s formula implies

µ0

(
Loop1({0 < |z| < eρ}) \ Loop(∆)

)
= cWρ.

This can also be written as

lim
ϵ↓0

(F0(ρ− ln(ϵ))− F0(− ln(ϵ))) .

Together with (6.1) this implies (for ρ ≫ 1 ≫ ϵ)

ρ− ln(ϵ)− ln(16)− (− ln(ϵ)) ≤ cWρ ≤ ρ− ln(ϵ)− (− ln(ϵ)− ln(16))

and

ρ− ln(16) ≤ cWρ ≤ ρ+ ln(16).

This implies cW = 1. ■
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