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Abstract. By introducing a Miura transformation, we derive a generalized super modified
Korteweg—de Vries (gsmKdV) equation from the generalized super KdV (gsKdV) equation.
Tt is demonstrated that, while the gsKdV equation takes Kupershmidt’s super KdV (sKdV)
equation and Geng-Wu’s sKdV equation as two distinct reductions, there are also two
equations, namely Kupershmidt’s super modified KdV (smKdV) equation and Hu’s smKdV
equation, which are associated with the gsmKdV equation. By analyzing the flows within
the gsKdV and gsmKdV hierarchies, we specifically derive the first negative flows associated
with both hierarchies. We then construct a number of Backlund—Darboux transformations
(BDTs) for both the gsKdV and gsmKdV equations, elucidating the interrelationship be-
tween them. By proper reductions, we are able not only to recover the previously known
BDTs for Kupershimdt’s sKdV and smKdV equations, but also to obtain the BDTs for the
Geng-Wu's sKdV/smKdV and Hu’s smKdV equations. As applications, we construct some
exact solutions for those equations. Since all flows of the sKdV or smKdV hierarchy share
the same spatial parts of spectral problem, thus these Darboux matrices and spatial parts
of BTs are applicable to any flow of those hierarchies.
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1 Introduction

The celebrated Korteweg—de Vries (KdV) equation, which models solitary waves in shallow
water, is one of most important integrable systems. It was related to a similar nonlinear partial
differential equation, i.e., modified KdV (mKdV) equation, via the Miura transformation. Both
KdV and mKdV equations are integrable and their integrable properties such as Lax pairs,
multi-soliton solutions, infinitely many symmetries and conserved quantities, bi-Hamiltonian
structures, and solvability by the inverse scattering transformation, are well known. With the
development of theory of integrable systems, numerous classical systems including KdV and
mKdV equations are extended to super or supersymmetric (see [5, 7, 8, 9, 10, 11, 12, 13, 15, 16,
17, 18, 19, 20, 21, 22, 26, 27, 28, 29, 32, 34, 35, 36, 37, 39, 43] and references therein).

Various different super extended versions of KdV/mKdV equations exist in the literature.
Kupershmidt was the first to conduct such study and in 1984 he proposed a super KdV (sKdV)
equation with one bosonic field and one fermionic field, and a super mKdV (smKdV) equation
together with the Miura transformation and Lax pairs [28]. Holod and Pakuliak in 1989 gen-
eralized Kupershmidt’s sKdV equation and considered a generalized sKdV (gsKdV) equation
which involves one bosonic field and two fermionic fields [19]. In 1997, Hu proposed another
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smKdV equation of one bosonic field and two fermionic fields, and also gave its spectral prob-
lem [21]. In fact, Hu’s smKdV equation is related to the gsKdV equation of Holod-Pakuliak via
a Miura transformation, so the former is a modification of the latter [41]. Geng and Wu in 2010
proposed a new sKdV equation of one bosonic field and one fermionic field and constructed its
spectral problem, bi-Hamiltonian structures, and infinite conservation laws [11]. Also, replacing
fermionic fields by the so-called ren-fields, Lou extended the Holod-Pakuliak’s gsKdV equation
to a ren-KdV type equation and gave the corresponding spectral problem [30].

The super systems mentioned above have been studied and their various properties have
been established. The symmetries for Kupershmidt’s sKdV/smKdV equations were constructed
in [23, 24]. Bécklund-Darboux transformations (BDTs) were established to generate associ-
ated integrable discrete systems for super nonlinear Schrédinger equations [16] and gsKdV
equations [38, 42]. They were also employed to construct Grassman extensions of Yang—
Baxter maps [1, 15] and then Grassman extended discrete integrable systems from Yang—Baxter
maps [25, 26]. Aguirre et al. in 2018 investigated the integrability of the supersymmetric mKdV
hierarchy in the presence of defects by constructing its Backlund transformation [4]. Subse-
quently, Adans et al. considered the gauge Miura transformation for the entire supersymmet-
ric KAV and mKdV hierarchies [2]. Recently, nonlocal symmetries and Bécklund transforma-
tion (BT) of Kupershmidt’s smKdV equation were constructed by Zhou, Tian and Li [40]. Very
Recently, for Hu’s smKdV equation, Zhou, Tian and Yang [41] obtained its bi-Hamiltonian struc-
ture and Darboux transformations. Those authors also found the Darboux transformation (DT)
for Kupershmidt’s smKdV equation via reduction.

In this paper, we clarify the relationships among the super KdV/mKdV systems discussed
above and demonstrate that their Backlund and Darboux transformations may be constructed
from a unified viewpoint. We show that the three-component gsKdV system possesses two
reductions, namely Kupershmidt’s sKdV equation and Geng—Wu’s sKdV equation. Then, we
construct a few BDTs for gsKdV equation and display that through reductions one of them leads
to BDT for Kupershmidt’s sKdV equation and BDT for Geng—Wu equation. Furthermore, start-
ing from a different spectral problem for gsKdV equation, we derive a Miura transformation and
the corresponding modified system, namely gsmKdV equation. Consequently, several BDTs
are constructed for gsmKdV equation and from them BDTs both for Kupershmidt’s smKdV
and Hu’s smKdV equations are recovered. As applications, some solutions for sKdV/smKdV
equations are calculated.

This paper is organized as follows. In Section 2, we introduce some basic knowledge including
Grassmann algebra, differential and integral operators. In Section 3, we first review the gsKdV
system, then construct a Miura transformation and the corresponding gsmKdV equation. We
also derive the spectral problem for the gsmKdV equation based on that of the gsKdV equation.
From the gsKdV and gsmKdV equations, we derive Kupershmit’s sKdV /smKdV equations, Hu’s
smKdV equation, and Geng—Wu’s sKdV equation. Additionally, we calculate the first negative
flows for both the gsKdV and gsmKdV hierarchies. In Section 4, we present four BDTs for the
gsKdV equation, and from the fourth one we recover a BDT for Kupershmidt’s sKdV equation
and obtain a BDT for Geng—Wu’s sKdV equation. In Section 5, by considering the gauge matrix
linear in the spectral parameter, we construct five BTs of the gsmKdV equation, the first three
are related to the four BTs of the gsKdV equation, the last one is used to derive the ones for Ku-
pershmidt’s smKdV and Geng—Wu’s smKdV equations, respectively. In Section 6, the exact so-
lutions of the gsKdV and gsmKdV equations are constructed. Section 7 summarizes the results.

2 Preliminaries

In this section, we present some basic facts and properties of Grassmann algebras [6, 31], differ-
ential and integral operators.
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Let G be a Zg-graded algebra over a field of characteristics zero (such as C or Q). Thus, G as
a vector space is a direct sum G = Gy ® G1, such that G;G; C G;; (mod 2). Those elements of G
that belong either to Gy or to G; are called homogeneous, the ones in Gy are called even (bosonic,
commuting), and those in G; are called odd (fermionic or anticommuting). In the article, we
only consider homogeneous elements.

Let a be an element in G, its parity |a| is defined to be 0 if a is even, and 1 if a is odd. The
parity of the product ab of two elements is a sum of their parities: |ab| = |a| + |b|. Grassmann
commutativity means that ba = (—1)|“||b|ab for any elements a and b. In particular, é&n = —né
for all £, € G and even elements commute with all elements of G. Moreover, £&" = n™ = 0,
(én)™ = 0, for any integer n > 2. Thus any odd element is nilpotent.

Let A and D be m x m and n X n matrices with even entries, respectively. Let B and C
be m x n and n X m matrices with odd entries, respectively. Then the super matrices considered
in the present paper are of block type W = (é g) Such matrices in the standard format are
even matrices [31]. Supertrace of W is defined by

str(W) = tr(A) — tr(D).
If A or D is invertible, then the Berezinian (superdeterminant) of W is defined as
Ber(W) = det(A) det(D — CA™'B) ™! = det(A — BD™'C) det(D) "
If both the blocks A and D are invertible, then W is invertible and its inverse matrix is given by

— (A-BD'C)™ ~A"'B(D-cA'B)™"
~\-D'c(a-BD'C)"! (D-cA'B)"! '

Let 0, and ;! denote differentiation and integration with respect to an even variable z,
respectively, satisfying identity 9,0, ! = 1. They obey the following identities:
n n n—1
Ooa=>y_ <k> (@ha)oy*, 0, oady = (~1)F(dka)ay ' + (—1)"0, ! o (9Fa),
k=0 k=0

where a € G, OFa = %, n is a positive integer. Therefore, the following formulae hold:

0z(&n) = (En)z = &an + &N, (62)e = Euba + E€ua = E&uas
Ot &) =E+p, O (Em) =En— 0, (Eam), 0y (Euw) = Ebu o

where £, € G1, 1 and ¢ are odd and even integration constants, respectively.

Remark 2.1. In the following sections, unless otherwise stated, Latin letters denote bosonic
field variables, while Greek letters represent fermionic ones.

3 Super KdV type hierarchies

In this section, we first employ a Miura transformation on the gsKdV equation to derive the
gsmKdV equation. We then consider two reductions for both systems. Next, we analyze the
flows within the gsKdV and gsmKdV hierarchies, in particular, we provide the first negative
flows for both hierarchies.
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3.1 Super KdV type equations and Miura transformations

Let us start from the gsKdV equation of Holod and Pakuliak [19]

Ut = Uggy — Buly + 6(En — ENg) s M = Ay — Ouny — ugn, (3.1a)
gt = 45:):9:1 - 6“523 - 3“:1:57 (31b)

where subscripts denote partial derivatives, t and x are temporal and spatial variables, respec-
tively; u = u(x,t) is bosonic field variable, £ = {(z,t), n = n(x,t) are fermionic field variables.
In addition to the space and time shift invariant, the system (3.1) is also invariant under the
following transformations:

u—u-—_c, Oy — O + 6¢0,, Oy — Og; (3.2)
=k, ol
u — cPu, &E— cgf, n— c%n, Oy — €Oz, 0y — oy,

where c is a bosonic constant.
System (3.1) has two different spectral problems, one is due to Holod and Pakuliak [19] and
the other, given by Lou [30] recently, is

1 1,
A = Paz — up — €0 Y(ng) + 5@ YER))n, ot = Apups — bupy — 3ugp, (3.3)

where ¢ = ¢(x,t;\) is a wave function, \ is a bosonic spectral parameter. Suppose that ¢ is
bosonic, let ¢ = ¢, /¢, ¢ = (8, (ne)) /e, 6 = (97 (Ep)) /e, then (3.3) leads to

UZQw+q2_ %(5x4—5Cx)—)\, W:Cx-HIQ §:6x+q5~ (3'4>

Inserting (3.4) into (3.1) gives rise to

3
gt = 6Aqy + (qg:m - 2q3 + 3Q(51C - 5Cz))$ + 5(51C — 5Cz)a:my
3
G = 6ACo + 4Caaa + 6(a — %) G +3(ar — 07) € +3(00C — 0Ca)Co = 5 (02C = 6C2)a,
0 = 60y + 40502 + 6(%6 - q2)5x + 3((]:10 - q2)x5 + 3(5:Jc< - 5(36)51 - %(6.%( - 5Ca:)z(5

The argument presented thus far remains valid if &, n, ¢, J are so-called Ren-fields [30].
However, in the rest of this paper, we consider only the case where they are fermionic fields.

It is noted that spectral problem (3.3) may be related to the one derived by Holod and
Pakuliak. To see it, by introducing y = y(z, ¢; A) such that y = ¢+ %5(, from (3.4) one obtains

u=y,+y—&—X  n=CG+yl,  E=06+yd (3.5)

Furthermore, introduce a bosonic nonzero variable 1) = v (z,t; \) such that y = ¢, /¢. Then
the last two equations of (3.5) give ( = ((9;1(771/)))/@&, 0= (8;1(51/1))/@&, and the first equation
of (3.5) leads to the spatial part of spectral problem [19]

Lp =Xy,  L=0;—u—£0;" on, (3.6)

and the related temporal part is

Njw

Yo =4(L2) b, 4(L3), =403 — 6udy — 3u, — 6€n, (3.7)
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where ()4 refers to the differential part of a pseudo-differential operator. Let¥ = (w,q/Jx,
O~ (ny))T, one may rewrite (3.6) and (3.7) as the matrix form

0 10
v, =LV, L=[X+u 0 &}, (3.8a)
n 0 0
Uy — 26N 4\ — 2u 4¢€,
v, =TV, T= 1oy —Uy — 26n A& + (AN —2u)€ |, (3.8b)
477x:v + (4>‘ - 2“)” _4771’ _4577

where Ty = Uzy + (A + w) (4N — 2u) + 2(Exn — Enz).
Notice that the above variables y, ¢, ¢, § depend on \. In fact, under the Galilean boost (3.2)
with ¢ = A, A can be eliminated. Thus from (3.4) we obtain the following Miura transformation:

=gt - SO 0G),  n=Gtal  E=0+ad (39)
and the corresponding gsmKdV equation is given by

0= (g — 26+ 30000 — 06), + 2(652C — 0o (3.10a)

G = Ao+ 6(00 — 0%)Go +3(2e — 1), + (65— 0G)G — S(0.C — ), (3.10D)

S0 = A+ 6(0 — )0+ 3(ae — 2),6+ B(0eC — 06)0e — (00— 0C)ed, (3100)

where ¢ = q(z,t), ( = ((z,t), § = d(x,t). By y = ¢+ %5{, (3.10) may be equivalently formu-
lated as

Yt = (y:m - 2y3)m + 3(Cz(5;r - C6$LL‘ + y(:c(s - ycéz - yz<5)$7

G = 4Cuar + 6(ye — %) Co + 3(ye — ¥%) ¢ + 3G (62 + yO)C,

0t = 4020 + 6(yx - y2)6x + 3(%: - y2)x5 + 3¢0z20 — 3(Cx — Y¢)dz6.

It is interesting to point out that, through £ = d, + yd, above system may also be brought to
Hu’s smKdV equation [21]

e = (Yaw — 20° + 3G — 3¢) (3.11a)
gt = 4€xxx + 6(yx - y2)Cx + 3(3/1: - y2)xC + 3@5@ (3.11b)
gt = 4§xwac - G(yar + y2)§x - 3(y;¢ + yz)xf — 3€x<§ (3110)

The Lax representation or spectral problem of the gsmKdV equation (3.10) may be obtained
from the spectral problem of gsKdV equation. Indeed, consider the following gauge transforma-
tion:

1 0 0
=GV, G=|—-q+306¢ 1 —6
—C 0 1

Then from (3.8) and Miura transformation (3.9), we have

g+ 36¢ 1 )
&, =UD, U= A —q+36¢ 0|, (3.12a)
0 —C 6¢

o, =M® M= (G, +GT)G . (3.12b)
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Asy = q—i—%é( , ¢ =(, 6 =4 is an invertible change of variables, above U, M may be equivalently
rewritten in terms of y, ¢ and 4.

Now we consider the possible reductions of above three-component systems (3.1) and (3.10)
together with the Miura transformation (3.9), there are two cases as follows.

Reduction 3.1. Consider the reduction condition ¢ = § which implies £ = 1. Then from (3.1)
and (3.10), we have Kupershmidt’s sKdV equation

Ut = Uggy — OuUy + 120,17, Nt = WNgze — 6UNE — Sugn, (3.13)

and Kupershmidt’s smKdV equation

qt = (qgcx - 2(]3 - GQC@U)x = 3(¢Ca)zzs (3.14a)
(= 4Cran +6(qe — ¢°) e + 3(0 — ¢°) €. (3.14b)

respectively. The corresponding Miura transformation is given by u = ¢, + ¢ + %(Cxc — (),
1 = (z + qC. Thus, the results of Kupershmidt are recovered [28].

Reduction 3.2. Consider the condition § = (. (1 - %ng‘) + (qm —q2)C that implies £ = 1z, —un.
Under this reduction, (3.1) is reduced to

Ut =Ugge — OUUL + 6(77177mc — Mazzz + 22“7”96):1?3 (315&)
Nt =4Nwzz — 6Ung — 3ug), (3.15b)

which is equivalent to Geng-Wu’s sKdV equation [11]

Ut = Ugag — 600z — 1200351 — 602120 + 3Nzazzn + 6Nz, (3.16a)
M = ANgzz — VN — 3vgn, (3.16D)

by v = u + nn;. And the modified equation (3.10) becomes

qt = (qgcx - 2(13 + 3(]@)36 + gaxﬂcv (317&)
Ct = 4Ceae + 6(qz — ¢°) e + 3(dz — ¢°) ¢ + 3CeaeClas (3.17b)

with a = (e — Gl + 2(qx — qQ)ng . The corresponding Miura transformation is given
by v = ¢, + q2 — qCaaC — %(szom: n =Gz + qC.

Remark 3.3. It is remarked that the super KdV and mKdV equations described above are
fermionic extensions of their classical counterparts, rather than supersymmetric ones. Taking
Kupershmidt’s sKdV equation (3.13) as an example, we now compare it with the supersymmetric
KdV equation. The well-known supersymmetric KdV equation in component form [32, 34] is
given by

Ut = Ugge + O6UUL — 3NNgz, Nt = Nezz T 3(1”7)1 (318)

As observed by Mathieu [34], while (3.13) and (3.18) appear quite similar, they are fundamentally
different. In fact, (3.18) is invariant under the following supersymmetric transformation u —
U+ pung, 1 — 1+ pu, where p is a fermionic parameter. In this situation, by extending the
spatial variable x to a doublet (x,#) where € is an odd variable, one may introduce a super space
derivative D = 9p+600,, and a fermionic super field o = «(t, x, 0) such that a = n(x, t)+0u(x,t).
In this way (3.18) is rewritten as the following form:

ar = Qgzg + 3(a(Da)),. (3.19)
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However, (3.13) is not invariant under either of the following supersymmetric transforma-
tions n — n + “—Cu, U — U+ Uy, OT U — U+ “—Cn, n — n + cuu,, where ¢ is a certain bosonic
constant. The reason is that the coefficients of u;, ugr, and ny, Ny in (3.13) or (3.15) are dis-
proportionate thus it is impossible to combine these equations. Thus (3.18) or (3.19) is known
as the supersymmetric KdV equation while (3.13) and (3.15) are the fermionic or super KdV
equations.

3.2 The flows of the gsKdV and gsmKdV hierarchies
Let us first consider the positive flows of the gsKdV hierarchy. In fact, the Lax pairs are given by

L=,y =4(L%), 0, (3.20)

where u = ]y(:r,tN), ¢ = &(x,tn), n = n(z,ty), N = 1,3,5,...,t3 = t, then Lax equation
L, = [4(L?) 4 L} provides N-th flow of the gsKdV hierarchy. One may also write (3.20) as
the matrix form

U,=L¥, ¥, =TyV, (3.21)

where T3 = T, and the N-th flow of the gsKdV hierarchy can be derived by the zero curvature
condition

Ly, —Tn,+[L,Tn]=0. (3.22)
From (3.21) and Miura transformation (3.9), we have
¢, =U®, &, =My®, My= (G +GTN)G}, (3.23)
where ¢ = q(z,tn), ¢ = ((z,tn), 0 = 6(x,tn), Mg = M. Then the zero curvature condition
Ui,y —Mpy,+|U My|]=0 (3.24)

gives rise to N-th flow of the gsmKdV hierarchy.
It is possible to construct the negative flows. Let IV be a negative integer and take T'n, M n
as follows:

Ty = ANTW)  \N+HIp(N+D) oy p(0),
My = ANM®) L \NFLAp(NHD oy g (0)
where T, M®, i = N,...,0, are independent in A. By choosing suitable T, M the

zero curvature conditions (3.22) and (3.24) yield the negative flows of the gsKdV and gsmKdV
hierarchies, respectively. We provide one example below.

Let
Z—'wa;, _
_ W, t_
Ta= X )\’wt,1 + 2wpwy_; — %wmx,tfl + %(éntfl - gt—ln) % wt71£ - §m,t71 !
NWt_; — Nat_y Nty Z

where u = 2w, Z is determined by Z, = (¢n):_,, then (3.22) leads to

Wzt 1 = wawm,t,1 + 4wmxwt71 + 3(577%1&,1 - fz,t7177) + §$777L1 - ftflnw (3.25&)
3 1

g:m:,t_1 = §wx,t_1§ + 2Et_1wx + Emwt_l - ié—Z, (325b)
3 1

Next_1 = §wx,t_177 + 277t_1woc + Npwy_, + 5"727 (3.25C)

which is the first negative flow of the gsKdV hierarchy.
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Let
2r
0 = 0
M_1 = 6727' 0 —(51571 y
_gt_l 0

where ¢ = 4, then (3.24) leads to
. 1 _op 1
Tet , = 2sinh 2r — 5((515_1( + G, 6), Opt =€ "0 =1yl — §5C5t_17 (3.26a)
o 1
Gty = €72 C =Gy = 5C0G (3.26b)

which is the first negative flow of the gsmKdV hierarchy, i.e., a super extension of the sinh-
Gordon equation.

Upon substituting the Miura transformation (3.9) and the equation (3.26) into (3.25), we
have w;_, = €%, Z = e?"§(. The first equation is the temporal Miura transformation which is
exactly the one appeared in [3].

We may also consider the two reductions mentioned in Section 3.1 and obtain the negative
flows of Kupershmidt’s sKdV hierarchy and Geng—Wu’s sKdV hierarchy.

Reduction 3.4. Consider the reduction condition { = § which implies £ = 7, Z = 0. Then
from (3.25) and (3.26) we have the first negative flow of Kupershmidt’s sKdV hierarchy

Wrrrt 1 = 8wzwa:,t_1 + 4wwxwt_1 + 6777]:(:,15_1 + 277:57775_17

Nzzt_ = ;wx,t,lﬂ + 2wy + Npwy_
and the first negative flow of Kupershmidt’s smKdV hierarchy
Teg_, = 2sinh2r — ¢, ¢, Coty =€ ¢ —15G s
respectively. The corresponding Miura transformation is given by

1 1
Wy = i(rx:p +72) — §Cx<, n = Cx +12C, wy_, = e

Reduction 3.5. Consider the condition § = (,; — %gmgxg + (rm — 7“?0)( which gives £ =
Nez — 2wWeN, Z = (N2n)t_, = €*"(4z¢. Under this reduction, (3.25) is reduced to

Wrgxt 1 = 8wxwx,t_1 + 4wxxwt_1 + (37763087&_1 - 37]90,1‘,_1 — MNt_4 ax + nxat_l)('r/xx - 2wm"7)a

3 1
Next_y = §w1’,t7177 + 277t71wa: + NzWt_y + 57777:57775,1,

whose modified equation becomes

Tyt = 2sinh 27 — E(CILI - Catfl)(zéﬁzac — CeaCzC + Q(rwx - r%)<)7
1
Gt =7 C=maiy = €y

The corresponding Miura transformation is given by

1 1
(T'xa: + 7’925) + Z(sz(x — CeaxC) — §Cz<(rrm - r%)a n= G+ raC, Wy, =€

N =

Wy =
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4 Backlund—-Darboux transformations for gsKdV equation

In this section, for gsKdV equation (3.1) we first recall BDTs [38] and build new BDTs. Then
we will show that a BDT for Geng—Wu’s sKdV equation (3.16) may be resulted by a proper
reduction. For convenience, we introduce the potential variables defined by

w=2w,, =2y, U=12Dy, =20y U= 2.
Let ¥ be the solution of (3.21). Consider a gauge transformation
U=WU, (4.1)
such that
§,_ L%, &, = Ta, (4.2)

where L and T ~ are L and Ty but with u, £ and 7 replaced by u, E and 7), respectively. The
compatibility of (3.21), (4.1) and (4.2) lead to the conditions ¥, = (\Il)m and ¥, = (¥)
which yield

W, +WL—-LW =0, (4.3a)
Wi, +WTy—TyW =0, (4.3b)

tn’

respectively. The gauge transformation = WW, together with condition (4.3a), defines a DBT
for the spectral problem ¥, = LV, while the transformation, combined with (4.3), yields a DBT
for (3.21), i.e., for ty-flow of the gsKdV hierarchy. Since all flows share the identical spatial part
of the associated linear problem, the entire hierarchy possesses the congruent Darboux matrix
and spatial part of the BT, and from (4.3b) one may obtain the temporal part of BT. Due to
the associated Lax matrices are traceless, hence the derived Darboux matrices have constant
determinants. In the following we mainly consider the NV = 3 case, namely the third-order flow.

Suppose that W is linear in A. Then we have the following four DBTs for (3.8) and the
related systems.

Proposition 4.1. Let

U =W,¥,
wW— w 1 0
W1:W1(>\17w7€7ﬁ;,7~]/): A—)\1+(1E—W)2+§77 ﬁ}_w 5 . (44)
n 0 1

Then (3.8a), (4.4) and W, = LY are compatible if and only if the following BT
o= N+ (@—w), &= (@—w)E,  Wy=—wy+(@—w)? -\ +ET (4.5)
holds. This BT will be referred to as BTskqv ()\1; w,ﬁ,n,@,g,ﬁ).

Proposition 4.2. Let

W —w 1 —¢
v =Ww,¥, Wo= A=+ @ -w)? ©—w (w—-w)¢ |- (4.6)
(w—@)n —n A=A =&

Then (3.8a), (4.6) and U, = LY are consistent if and only if the following BT
o~ o~ - ~ -~ ~ —~ 2 ~
Ny =—1— (B —w)n, &=+ (0—w),  Dp=-—w,+ (@—w) — X+ (47)
holds. This BT will be denoted by BTskav (Aa; @,é\,ﬁ,w,f,n).
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The BDTs presented above are elementary BDTs.

eliminating 7, §x, W, in those BTs yields
(7=n),

L. Xue, S. Wang and Q.P. Liu
Now we use them to construct a com-
pound BDT. Let us consider BTskqv (Ahw f 0, w, § 77) and BTkqv ()\Q,w 5 n,w,¢&, 77) Then
(@ — w)iy — (@ —w) (7 —n),
f ¢ = (0 - w)E,
(@—w) —)\2—)\1+(w w) —2(w w)(
9

Equations (4.9) and (4.10) allow us to obtain

(4.8)
(4.9)
+E([m—n). (4.10)
B W —w )\2—)\1—( ) +§(77 77)
=w+ 5 + 2(w w)
that is .

Inserting them into (4.8) and the last two equations of (4.7), one finds a BT with two parameters
1=
50~

- Al — A + Wa

(4.11)

~

6o — w2) (7 - 1)
2(@—10)
—w)(E+9)

i ()\2—)\14-1/[\)96—

9

~

i, — w,) (- ¢)
2(w — w)

(A2 + A1+ 20, + 2w,) (0 — w) —

= 1
(M- )\1)A(§— £) (A

(4.12D)
w — w)i —
n—n =~ =
= 2 ) + & —
(@ —w)
have the following proposition
Proposition 4.3. Let

(4.12a)

(A2 — A1)
&n.

The composition of these two DTs (4.4) and (4.6) leads to ¥ = W ¥ = W W,W. Thus we

W3 =

(4.12¢)

~

)\—)\2+(@—w)(w

Wa1

~

—w) w—w
Waa

(w—w)€
(@ —w) (7 —n)

Was

T—n A=Xo+E&(m—n)

. (4.13)
. ~= _ . 2
@)+ € =)@ —w) + A= do + (8 - w)] (w - @),

) @F-0)+ €G-, War— P+ (- u) (@ -0)JE
with the intermediate variables @ and € are defined by (4.11). Then (3.8a), (4.13) and \ix = L\I'
are consistent if and only if (4.12) is satisfied
Those BDTs may be reformulated in terms of solutions of the spectral problem (3.8) and its

adjoint problem
Uh=-vtL U =-UtT,
where ¥t = (—¢f, o, -0, (¢
of (3.8) =

-1
at)\—)\jand\I!+:

)
;= (=

(4.14)

To do so, let ¥; = (w],%',x, ;1(77%)) be a solution
]xﬂ/J;r,—O“’ L(4F€)) be a solution of (4.14) at A = A,
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where ¥; = ;(z,t; )j), 1/1;7 = 1#?(3:,75; Aj) are bosonic, for j = 1,2. Introduce new variables yj,
G y]’-L, (5;7 such that

oo Yie o O e Ve e 0 (8Y)) (4.15)
S A R vF
Then, it is easy to see that those variables satisfy
Yjo = u—yjz'+)\j +&¢5, G =n—YiCj, (4.16a)
2
Y. =u—(y)) +XN+nof, 6, =E—ylo. (4.16b)

The above equations imply that we may take

Using the variables defined by (4.15), we may rewrite the above three DBTs and obtain the
following proposition.

Proposition 4.4. Let

TD=w-—y, G=-C, =& —ng (4.18)
G=w+G, G=n+GG, €=¢&+G, (4.20)
where
Al — A
G = ! 2

Ys —y1+05C1

1, C1,~y;, 85 are defined by (4.15)/\. Then, for any (¥,u,§,n) satisfying_equation (3.8),

(\Il,qﬂ,g,ﬁ) given by (4.4), (4.18), (\I’,@,g,ﬁ) given by (4.6), (4.19), and (\Il,ﬁ?,f,ﬁ) given
by (4.13), (4.20) satisfy the following equations:

U, =LY, W,=L%, ©,=L¥ U, =TV,
respectively.
Remark 4.5. Inserting (4.20) into (4.12) yields

(Gm —G? + A — )\2)(5;

(Go —G*+X2— NG

_ _ s+
G G2 De—M)2—G2 (A +N)
u=gq Gt 1G? T

1 A2 — A1)y
Ll opa. — o)+ Qe m B G
2 ’ G
which can be viewed as an alternative form for the transformation of u, &, 7.

Next, we consider the limit of the compound BDT and show that a fourth BDT may be
obtained. Let Ay = A1 + €, ¥g = ¥1(x,t; A1 + €). Taking account of (4.17), the limits of (4.12),
(4.13) and (4.20) as € — 0 give rise to the following proposition.
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Proposition 4.6. Let

1 G - 5

—— T — T §=8—F—F> (4.21)
Y — 01 ¢ Yy — 07 ¢l Yy — 01 ¢l

v =W,¥, W4 = lim Wg\/\

—0

w=w — n=mn-—

- (4.22)
2=A1te€, £, 17, W—Ww

where (1, 5;“, y1 are given by (4.15), thefsuperscript " denotes the cliﬁere@iog wit}ﬂspect
to A\1. Then for any ¥ satisfying (3.8), ¥ defined by (4.22) solves ¥, = LW, ¥y, = TVY. In
particular, the compatibility of (3.8a), (4.22) and ¥, = LY leads to

(M=) = %(w —w)(7 +n) + (@ 2_(;;“_) (Z)_ il : (4.23a)

(I %(@—w)(g—Ff) + (wa—(;ux_)(j)— 5), (4.23b)
W —w)? =

(W — w)ge = 20\ + Wy + wy) (W — w) — %(w —w)? + é(w_u);; +&m—En. (4.23¢)

Remark 4.7. In the last two propositions, we may avoid the solutions of the adjoint spectral
problem and reformulate the Darboux matrices and transformations for fields in terms of so-

lutions of the spectral problem. To see it, introduce an auxiliary variable ; = W such

that §; = 5;?. Thus y;-r, 5;? may be replaced by yj =y;—9,j, 5;? = ¢;, and the formulas (4.19)-
(4.21) may be rewritten. Therefore, one may show that (4.18), (4.19), (4.21) coincide with the

results obtained in [38].

Remark 4.8. The BDT given by Proposition 4.6 survives under the reduction { = 7. Indeed,
taking (1 = &7, we have 7j = £. Therefore from (4.21)—(4.23), we directly obtain the BDT for
Kupershmidt’s sKdV equation (3.13) [38].

As mentioned in last section, system (3.1) enjoys another reduction, namely the Geng—Wu'’s
sKdV equation. It is interesting to observe that the BDT presented by Proposition 4.6 also
survives under this reduction. Indeed, we take 8 = 1, — y1m + A1¢1 4+ 7n2Ci. Then, it is easy to
check that ¢ = 1., —un implies £ = 7, — un. In this way, we obtain a BDT for the Geng-Wu'’s
sKdV equation from (4.21)-(4.23), and the result is summarized in the following proposition.

Proposition 4.9. Let £ = 1., — un, and

w=w+H, n=n+Hq, (4.24)
A=A+ AgH H —-HA;
U=W:¥  Wy= M- N)H+44 A-M+Ay —J(H*+H,)A |, (4.25)
AgH( H¢ A=A +AHG
where

H=—[yi + (e — yin + MG +mmaGi)] 7,

B Hn Hy N21C1
Av=net 57 = o T T
) 1
Ao = gp (H? = Hot HAVG)),  Av= (H + Ho + HAG),

and (1, y1 are given by (4.15). Then any ¥ defined by (4.25), together with (3.15) and (3.8),
solves W, = LW, W, = TW. The corresponding BT, after eliminating H and (; by (4.24),
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becomes

(- = 5@ - w) ) +

5 2@ﬂu)(ﬁ—n),

_ _ _ 1. _ w— w)?
(W — W)z = 2(W — w)(A\1 + W, +wy) — i(w —w)® + é(w_u);;
+ Nz (M — ) + e (W — w) + (A1 — 2wy).
Above BDT is given in terms of variables w, n and it is possible to go over to variables v, 7.
In fact, by means of v = 2w, + nn, ¥ = 2w, + N7,,, from Proposition 4.9 we obtain

1
®:U+2Hx+HC1nz+§C177(H2 _Ha:)a

which should be coupled with the second equation of (4.24).

5 Backlund and Darboux transformations
for gsmKdV equations

In this section, we aim to construct BDTs for gsmKdV equation (3.10) and consider the relevant
reductions.

Let ® be the solution of (3.23). Similarly, consider a gauge transformation ® = V&, such
that ®, = (Z:i” :f’tN = MN:I;, where U and MN are U and M y but with ¢, ¢ and ¢ replaced

by q, Z and 0, respectively. The compatibility conditions ¥, = (\Il)x and ¥, = (\Il) - lead to
V,+VU-UV =0, (5.1a)
Vix +VMy - MyV =0, (5.1b)

respectively. Therefore, the gauge transformation o = V&, together with condition (5.1a),
provides the same Darboux matrix and spatial part of BT for ¢y-flow of the gsmKdV hierarchy,
and from (5.1b) one may obtain the related temporal part of BT. Again in the following we
consider N = 3 case.

We first note that there exists the following gauge transformation for spectral problem (3.12a).

Proposition 5.1. Let

- 0 1 4
=Ved, Vo=[(r 0 0 |. (5.2)
0 —C 1+6C

Then (3.12a), (5.2), and ®, = U® are compatible if and only if

are satisfied.

It is pointed out that there is no free parameter in (5.3) so that the gauge transformation does
not qualify a DT. However, it is interesting to note that from (5.3), the Miura transformations

U:2wz:yx+y2_§C7 n = G +y¢, €:5z+y57
and

ﬂ=2ﬂ7z=§x+@2—g§, ﬁ:Zx—i_gE? g:gw'i_ggv
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we have
O=w-y, u=y+y+&5, Ta=-n-vui & =E+YE,

which is exactly (4.5) if Ay = 0.

We now present two elementary BDT's for the gsmKdV equation. In the remaining part, for
convenience, we introduce k; by \; = k]2 (j = 1,2), and let q = 7y, qp5) = [l J = 1,2,3,4.
Our results are summarized as follows.

Proposition 5.2. Let

A kip1 + pi A 0
=Vi®,  Vi=|Meaprl+AA A A6 —6p)) | (5.4)
AMC =) 0 A

where py = " A = %(6[1]—5)@[1} —(). Then (3.12a), (5.4), @y, = U@y are compatible
if and only if

. 1 Uy o

() =)o =2k sinh(ry) +7) + 5 (5¢p) — Q) + 562 W2 (61 — 6) (¢ =€) (5.5a)
1

() = Qo =kre™ 7"y = 72 (Guy — €) + 50 ¢Cpys (5.5b)
1

(5[1] — 5)x =k1e "7 — Tm’m(CSM — 5) + 555[1]C (5.50)

18 satisfied.

Proposition 5.3. Let

A —kopa —p3Ds  kapa(djg — 0)
Py = V2@, Vo= | —Akapy ' + NAy A A6 — b)) . (5.6)
¢ = () kop2(Cia) =€) A — k3 + 2kapaAg

where py = "1 Ay = %(5[2]—5)@[2} —(). Then (3.12a), (5.6), P, = Uy Py are compatible
if and only if

3 1 1 T 'S
(g =)o = — 2k sinh(rpy +7) + 5 (3¢ — d16) — 562 22 (S — 6) (¢ — ), (5.7a)
. 1
(Cl2) = )z = — kae "BT"C — 119y 4 ((g — ) — 29¢216s (5.7b)
. 1
(O2) = 0)a = — kae™ "B d1g) — 7 (df) — ) — 57210z (5.7¢)

is satisfied.

It is noted that the BT (4.12) may be related to (5.5) (or (5.7)). In fact, from (5.5), the
Miura transformation (3.9) and its deformation

(011),2€11) = Oy = (e + a €y

= =~ 1
U= 2w, = qn),x + Q[21] - 5

~

§ =0p12 + a1y,
imply
=~ 1 = o~
W =w+ ket §ezr[1]+2r(5[1] —6) (¢ — ©), n=mn+(w—w){pu,

E=¢+ (@—w),
then (4.12) is satisfied when Ay = 0.
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To formulate the BDTs given above in terms of the particular solutions of spectral prob-
lem (3.12) and adjoint problem

o =-9TU, o =-d" M, (5.8)

we assume that ®; = (¢15, ¢oj, #3;)' is a solution of (3.12) at X = A, '1>+ = (gzﬁlj,d)%,d)g])
is a solution of (5.8) at A = A;, where ®; = ®;(z,t; \)), <I>+ = <I>+(a: t; N ) ¢3; and gb3] are
fermionic, and other components are bosonic, for =12 Introduce new varlables bj, 537

ﬁ;r such that

15 P3;j L by n ¢3J
! P2j ’ P2j I 5 J o7
Those quantities satisfy the following differential equations:
bjo = A2 — 14205 — B30, bt =N (b])? —1+2bFq— B¢, (5.10a)
1
Biz = C+ Bi(q+ \jbj) + 35i9¢, B =048 (a+XMb]) - 75+5<, (5.10b)

which indicate that we may take bj =b; — ﬁjﬁj.
With those preparations, we may rewrite the BDT's given by last propositions and obtain the
following result.

Proposition 5.4. Let

1 (6]
et =y <b1 - 04151) ) =6+ fll’ Oy =0+ bill;

BJr +
T[2]+r _k ( /82 ) ) 5[2] :5+b%7 C[Z C—i_ b+7
2

where b;, B;, bj, B;r are defined by (5.9), the auxiliary variables aq, a; satisfy the following
first-order differential equations oy, = 0 + qaq — %aldg, aix =(+qaf + %o{é(, respectively.
Then (5.5) and (5.7) are satisfied.

Taking the last two BDTs into consideration, we find a compound BDT summarized by the
following proposition.

Proposition 5.5. Suppose that ® solves (3.12) and denote kikge" "B by C. Let

_ XeMiB(by —bi + 83 1)

(g =C+ BB, Oy =0+Bpf, C N h : (5.11)
A= ) — Q2= —b1bg (A2—X1) 0165 (A2—A1)
by —b1+53 1 b;—b1+6gﬁl by —b1+053 B
D5 = V3@, Vi=| AB+3AB*6581 A— 2732ﬂ+ﬁ1 —ABBy ;
2
—\Bp; —Xob3 BB A= X(1+ BBS B)
where
2 —
B = (A2 = A1) (5.12)

2(Aobg — Mib1) + (M + A2)B3 1

and b1, B1, b3, By are given by (5.9). Then @), = U P, P = M3®Pp hold. By
eliminating by, 81, b 2 , ﬂQ , the compatibility condition V3, + V3U — U3V3 = 0 leads to the



16 L. Xue, S. Wang and Q.P. Liu

following BT:

(T[S] o r)cc — _B— (C - )‘1)(0 — >‘2) _ 6[3]C B 5C[3]

BC 2
(- /\1)(5[313—2 ) (Cg) — C)j (5.130)
(Gl = Oa = G B — 4(Cg — O) + (C - Azjg(([s] —() C[:a]i[g}év (5.13)
(O3] = 6)a = 013 B — (013 — 8) + (€20 =0) | dpdia? (5.13¢)

where the formulae of B, B~ are given by

mi  me  moem} 4 mo  mima  2m3m3
- 3 B~ = R 5

B =
mo mi ml ma ml ml

with

mo = 4(r + rg)z — 2(03¢ — 6(3)),
20 — 4r, Cy + 44X Ao
C

+ (5[3] - 5)Cm - 517(([3} - C)a
my = 3C(S31¢ — 6(z)) — 3A1(Sp3 — 6)¢ + 3A20(Cz — €) + (A2 — M) (O3 — 6) (g — €)-

Proof. It is tedious but straightforward to check that ®3, = Uz P, Py = Mg P
hold, and the compatibility condition V3, + V3U — U3V3 = 0 together with (5.11) leads
to (5.10). Now we show that the BT (5.13) may be obtained from (5.11) and (5.10). Firstly,
(5.11) and (5.12) lead to

mq =4C —

— 3rz(8p31¢ — 6¢j3) — 26[31¢5([3)

3 —¢ + O -9

Bl_Ta 52_ Bv

1 C By B L1 C By B

b= — — —— + . b= — 2P
B MB 2 B MB 2

Plugging above into the first-order differential equations (5.10), one may obtain (5.13) and the
following equation:

1
By =2C = A1 = Ay = 2o B + B* + S B(0.¢ — ()
1
+ @()\2 — A1)(03 — 0) (¢ — €)- (5.14)

The auxiliary variable B may be eliminated as follows. We first differentiate (5.13a) with respect
to x, and meanwhile use (5.13b), (5.13c) and (5.14) to replace (3] 4 (3], Bz, thus get another
algebraic equation for B. We then use (5.13a) to simplify this equation and find moB = my +".
As m3 = 18(C — A1)(C — A\2)([3)0[3¢d, m3 = 0, we may solve the last equation and obtain B. W

Remark 5.6. Setting the fermionic variables to zero, we recover the generalized BT for the
mKdV equation

[(ri3) — 7)aw — 4k1 ko sinh (rpg — 1))
= (g + T)i [(7“[3} B T)i + 4(13% + k:%) — 8k1kg cosh (3 — 7“)]»

which was referred as the type-II BT for the mKdV hierarchy in [14] (see also [33]).
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Now we consider the limit of the compound BDT and construct one more BDT. To this end,
let A2 = A1 + € and ®F = & (2,¢; A1 + €), then b = b (z,t; M1 +¢€), BF = Bf (z,t; M1 + e).
Choosing bf =b — ﬁfﬁl, the limit of B is found to be

2
limB=K= , 5.15
e—0 2by — B B1 + 271 (V) — By BY) o

where b] = g—/b\ll By = g—fi. Thus after taking the limit of the last property as e — 0, from

Proposition 5.5 we have the following proposition.

Proposition 5.7. Suppose that ® satisfies (3.12), and let
Gy=CH+Ep g =8+KB, T = MK (b - 5B,

b —bi(b1—51 B1) b8y
ATMTEATE T ware bi—5; B
By=Vie  Vi= | akedrie -2 Dwgt |
~K5T A
—AK M KB A=A (1+ KBy B)

where by, B, By are defined by (5.9), K is given in (5.15). Then Py = Uy Py, Pup =
M y®y hold. The compatibility condition V4, + V4U — U4 V4 = 0, after eliminating b1, b1,
By, leads to (5.13) with the replacement (Ci3) = Clag> Op3) = Opap> (3] — T4 k2 — k).

As Hu’s smKdV equation is related to the gsmKdV equation, it is possible to obtain its BDT's
from the above results. Indeed, taking account of the transformations y = ¢ + %5(, &= 0,4+ qd,
Yl = 4j) + %(5[]]Cm, fm = (5[]-]71, + qmém, and Propositions 5.2-5.7, we have

6p1 —1
=&+ Aibid, ypp =y + Mb + ﬁlbl ;
. L L daf —1 o
) =&+ (036 +67), Yp) = Y + A2by + = +(b+)2;
2 2

(A = A2) (b3 0+ B3 )b

=i by —bi+0636
. (+/\1 — Ao)biby (A1 —Xo)(1—051) ;
by —bi+ B3B8 Aobf — Aiby + XofBF B
€y =€~ 171(171(5—Bfrﬂl(s—l—/jfr)7
by — By B
v =y — bi (b1 = By A1) (1—46p1)

B=BIB b+ MY - BB
Hence, these formulae, together with the transformations of (j;; and Propositions 5.2-5.7, also
yield the BDTs for Hu’s smKdV equation (3.11). Since its DTs have already been considered
in [41] under a different spectral problem, how to relate their results to ours is a problem
deserving further study.

Finally, we can show that the BDT presented in last proposition survives under the two
reductions mentioned in the introduction. For the first reduction ¢ = ¢, its BDT is described
by the following proposition.

Proposition 5.8. Suppose that ® satisfies (3.12) with ( = 4. Let
Py =Vs®,  Vs=Vilg s,

/61 _ bl
+ ,ooe
b1 + A1 (b — B15])

—1_ 7
b1 + i (V) — B15Y)

Cu=¢
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where by, 1 are defined in (5.9). Then @y, = Uy ®Pu), ®uyy = My Py hold. The corre-
sponding BT is

(ryy— 7)o = —R— W o
(= Qo = (R — 12((g — Q) + Ar(em _RU(CM] - 4)7
where
o m 3MO e
2(r + 1)z + 20 s ;

mg = (i) — 7)ax + 72 — (1)) + 2A1 ("8 — e"W77) + 3r, Gy + (G — ) a-

In particular, we have a BDT for the Kupershmidt’s smKdV equation (3.14). Indeed,
let Ry = ¢219); — ¢110h, + ¢31¢%; and notice that Ry, = —¢3 and b) — 18] = —Ro/d3,
hold. Then the DT presented in last proposition, after being rewritten, coincides with the DT
in [40, 41].

For the second reduction, our result is summarized as follows.

Proposition 5.9. Suppose that ® satisfies (3.12) with § = (oo + (o — ¢%)¢ — 3CoaCa. Let

@[4] = V6¢7 V6 = V4’ﬁfr:§x+>\161+((q+>\1b1)’

Gy =C+SB1, €T = AS[B) + B1(Ce + b1+ (g + Aibr))],

where

2
S = ,
201 + 2M10) 4 (B1 4 201 87) (G + A1 B+ (g + Aby))

b1 and By are defined by (5.9). Then @y, = Uy Py, Py = My Py hold. The related BT
s given by

Al(erfrm _ 1)2
Se" "4l
1 1
- 5(([4} - () [C:m + C()\l +qz — QQ)] =+ ZC[4]C:):9@C$C7
A 1
Qe = Ca + CapS — q(G) — ¢) + gl(er_r[‘” = DGy = O + 56Cu) (Caw + 5Co),
/\l(erir[‘l] _ 1)2

T—'I‘[4]

1
qu) =Tl =9 — S — - §5C1C

Sx = 2)\1 (er—r[4] - 1) - Sq - S’I"[4]7x -
(S

In this way, we succeed in obtaining a BDT for equation (3.17).

6 Exact solutions

As we know that Darboux transformations and Béacklund transformations can be employed to
generate solutions for the associated nonlinear equations. In this section, we apply the results
obtained in last two sections to construct exact solutions of the sKdV and the smKdV systems.
To do it, we initiate from a trivial solution of an evolution equation along with the corresponding
spectral problem or Riccati type equation, then employ algebraic and differential operations to
construct new solutions.
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6.1 Solutions of gsmKdV equation and its reductions

We start from the zero solution of gsmKdV equation: ¢ =0, ¢ = 0, § = 0. Then by solving (5.10)
and the differential equations in Propositions 5.4, we obtain

1
by = - coth Py, ap =, B1 = Orcsch Py, B = picschPy,
1

1
b; = T tanh Py, a; =9, B; = pgsech Py,
where P; = kjx + 4k§’t +cj, A\j = ka, and c¢; are arbitrary bosonic constants while v;, 05, u; are
arbitrary fermionic constants, for j =1, 2.
Therefore, Propositions 5.4-5.7 give the following three exact solutions:

. —2k1 + k%@l’yl cosh Py )
qm N sinh 2P1 - k:l@wl sinh P1 ’

C[l] = —kq01sech Py, 5[1] = —k1y1 tanh Py,

2(!@% — k%)@l cosh Py
) = (ko + k1) cosh(Py — Py) — (ko — k1) cosh(Py + Py)’
S 2(k3 — k%) po sinh Py
B (kg + k1) cosh(Py — Py) — (kg — k1) cosh(Py + Py)’
(ko + k1) cosh(Py — Py) — (ko — k1) cosh(Py + Py) + (k% + k%),u,gﬁl .
(ko + k1) cosh(Py — Py) + (ko — k1) cosh(Py + Py) + 2k1 kajuoby
4k101 sinh P; 4kqp1 sinh Py

Q[3] = 81 In

= Sk (ot 12k20) —sinh2Py W T 2k (o + 12k30) — sinh 2P,
9.1 2kq (SC + 12]6%75) —sinh 2P + 2k 161 sinh? P
= Og n .
o 2y (z + 12k3t) + sinh 2P) — 2ky 110y cosh® Py

One may easily get the solutions of Hu’s smKdV equation by y;) = q5 + %(5[]-]%], &) = Opjl,e +
q5)9)5) together with (.

From Propositions 5.8 and 5.9 or from the reductions of (4}, dj4], q4)), We also obtain a com-
mon solution for Kupershmidt’s smKdV and Geng—Wu’s smKdV equations, that is

N 4/{101 sinh P1
2k (z + 12k%t) —sinh 2Py’

2k (z + 12k}t) — sinh 2P
2k1 (z + 12k}t) + sinh 2Py

Cla)

q[4] = 8;,; In [

Let fermionic variables disappear and Q1 = P; — iz’r. We have

21k, 4iky [ cosh 2Q1 — 2k1 (z + 12kft) sinh 2Q1]
M =S5 d4=
M cosh 21 4 4k2 (a: + 12k%t)2 + cosh? 2Q

which are two pure imaginary solutions of mKdV equation.

6.2 Solutions of gsKdV equation and its reductions

First choose the initial solution w = 0, £ = 0, n = 0. Then solving the differential equa-
tions (4.16) yields y; = kjtanh P;, (; = 61sechP;, 5fr = pysechPy; y;r = ko coth Py, 5; =
pocsch Py, where P; = k; (w + 4kj2t + cj), Aj o= k:jz, and c¢; are arbitrary fermionic constants
while p; and 6; are arbitrary fermionic constants, for j = 1,2.
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Therefore, Proposition 4.4 leads to a one-soliton and two-soliton solutions of gsKdV equation.

They are given by

u= —2k%sech2P1, 1 = —01sech Py, E: 0;

~ ~  2(k? — k%), sinh P. =~ 2(k? — k2 h P

7= —202IQ, 7= (k% — k3) 01 sin 2 = (K$ — k3) pa cos L

Q Q

where @ = (ka + k1) cosh(Pa2 — P1) + (k2 — k1) cosh(Py + Py) + 2u261. From Proposition 4.6,
one has the solution of gsKdV equation

u = —202In [2k7 (z + 12k7t) + kq sinh 2P — 24116, sinh® Py,
_ 4k161 cosh P, E— 4kq 1 cosh Py
2k (z + 12k3t) + sinh 2P, 2k (z+ 12k3t) +sinh 2P

=
I

Similarly, by the reductions of (7, £, %), we also obtain the common solution for Kupershmidt’s
sKdV and Geng—Wu’s sKdV equations, that is

4]{3101 cosh P1
2k1 (x + 12k}t) +sinh 2P’

n= 0 = —202In [2k: (z 4 12k7t) + sinh 2P].

We also note that by combining the corresponding Miura transformation and Galilean trans-
formation one may generate other solutions for gsKdV, Kupershmidt’s and Geng—Wu’s sKdV
equations from the solutions of smKdV equation ((j;, 1, 91,7 = 3)-

7 Conclusions and discussions

In this paper, first by constructing a Miura transformation, we obtained a gsmKdV equation
from the gsKdV equation, and we showed that not only the Kupershmidt’s, but also Geng—
Wu’s sKdV together with the corresponding smKdV equations are reductions of them. We also
provide the first negative flows of the gsKdV and gsmKdV hierarchies.

From the binary BDT of the gsKdV equation, we obtained a BDT of the Geng-Wu’s sKdV
equation which is given in Proposition 4.9. We also constructed the DBTs for gsmKdV equa-
tion, and five transformations (one non-parameter transformations, two elementary BDTs, one
compound BDT and one generalized BDT) were obtained which are presented in Proposi-
tions 5.1-5.9. We showed that the non-parameter transformation is related to the elementary
DBT of gsKdV equation, while the elementary BTs are related to the generalized binary BT of
gsKdV equation. The generalized DBT was used to obtain the DBTs for Geng—Wu’s smKdV
and Kupershmidt’s smKdV equations, respectively, see Propositions 5.8 and 5.9. It was observed
that the DBTs for Hu’s smKdV equation can be obtained from Propositions 5.2-5.7 directly.

Since all flows of the sKdV or smKdV hierarchy share the same spatial parts of spectral
problem and Miura transformation, thus Darboux matrices and spatial parts of BTs can be
used for any flow of the hierarchy.

There are some interesting problems to be explored. For example, it is interesting to con-
struct the N-fold Darboux transformations and multi-soliton solutions for gsKdV and gsmKdV
hierarchies, derive the temporal parts of BTs and solutions for the super sinh-Gordon equa-
tion (3.26), and explore the dispersionless limits of gsKdV and gsmKdV equations. Besides, the
Hamiltonian structures and integrable discretizations for the gsmKdV equation are also worthy
of study. Progress in these directions may be published elsewhere.
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