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Abstract. A Young subgroup of the symmetric group Sy, the permutation group of
{1,2,..., N}, is generated by a subset of the adjacent transpositions {(i,i+1) | 1 <i < N}.
Such a group is realized as the stabilizer G,, of a monomial z* (= ) a2 - zyY) with
A= (d?l,d;’ﬁ...,dgp) (meaning d; is repeated n; times, 1 < j <p, and d1 > dy > --- >
d, > 0), thus is isomorphic to the direct product S,, x Sp, x -+ x S,,. The interval
{1,2,..., N} is a union of disjoint sets I; = {i | \; = d;}. The orbit of 2* under the action
of Sy (by permutation of coordinates) spans a module Vy, the representation induced from
the identity representation of G,,. The space V) decomposes into a direct sum of irreducible
Sny-modules. The spherical function is defined for each of these, it is the character of the
module averaged over the group G,. This paper concerns the value of certain spherical
functions evaluated at a cycle which has no more than one entry in each interval I;. These
values appear in the study of eigenvalues of the Heckman—Polychronakos operators in the
paper by V. Gorin and the author [arXiv:2412:01938]. In particular, the present paper de-
termines the spherical function value for Sy-modules of hook tableau type, corresponding
to Young tableaux of shape [N —b, 1b].
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1 Introduction

There is a commutative family of differential-difference operators acting on polynomials in N
variables whose symmetric eigenfunctions are Jack polynomials. They are called Heckman—
Polychronakos operators, defined by Py, := Zi]i1($ipi)k» k=1,2,...,in terms of Dunkl opera-
tors

D;f(x) = 6‘f(x)+/-e | > f(e%)fi(x(i,j));

x(1, j) denotes x with x; and z; interchanged, and & is a fixed parameter, often satisfying £ > —%
(see Heckman [4], Polychronakos [6]; these citations motivated the name given the operators
in [3]). The symmetric group on N objects, that is, the permutation group of {1,2,..., N},
is denoted by Sy and acts on R[zy,...,zx] by permutation of the variables. Specifically, for
a polynomial f(r) and w € Sy the action is wf(z) = f(zw), (zw); = Ty, 1 <7 < N. This
is a representation of Sy. The operators P, commute with this action and thus the structure
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of eigenfunctions and eigenvalues is strongly connected to the decomposition of the space of
polynomials into irreducible Sy-modules. The latter are indexed by partitions of NV, that is,
T=(71,...,7¢) withm;, e N, 7y > 19 >--->7,>0and Zle 7; = N. The corresponding module
is spanned by the standard Young tableaux of shape 7. The general details are not needed here.
The types of polynomial modules of interest here are spans of certain monomials: for a € Zf , let
%= Hfil zt. Suppose Ay > Ay > -+ > Ay > 0, then set V) = spanF{xﬁ | B=w\ we SN},
that is, S ranges over the permutations of A, and F is an extension field of R containing at
least k. The space V) is invariant under the action of Sy. The eigenvector analysis of Py is
based on the triangular decomposition PrVy C V) 69 > ) @Vl,, where v < A is the dominance
order, Zz i <Yl Aifor1 < j <N, and ZZ Vi = Z Ai. Part of the analysis is to
identify irreducible Sy-submodules of V). This depends on the number of repetitions of values
among {); | 1 < i < N}. To be precise let A\ = (d{*,d3?,...,dy?) (that is, d; is repeated
n; times, 1 < j < p), with d; > dy > -+ > dp, > 0and N = Y | n;. Let Gy denote the
stabilizer group of z*, so that Gy = my X 8py X -+- X Sy, The representation of Sy realized
on V) is the induced representation 1nd N, This decomposes into irreducible Sy-modules and
the number of copies (the multiplicity) of a particular isotype 7 in V) is called a Kostka number
(see Macdonald [5, p. 101]).

The operator Py, arose in the study of the Calogero—Sutherland quantum system of N identical
particles on a circle with inverse-square distance potential: the Hamiltonian is

Moo \? k(k—1) 1
HZ_Z(%) +T Z sinz(%(ei—ej));

j=1 1<i<j<N

the particles are at 61, ...,60y and the chordal distance between two points is }2 sin(%(@i — 6’]-)) !
By changing variables x; = expif;, the Hamiltonian is transformed to

H-i(x 0 >2 2k(k — 1) Z Tils
=1 " 0w 1<i<j<N (i — ;)
(for more details see Chalykh [2, p. 16]).

In [3], Gorin and the author studied the eigenvalues of the operators Py restricted to sub-
modules of V) of given isotype 7. It turned out that if the multiplicity of the isotype 7 in V)
is greater than one, then the eigenvalues are not rational in the parameters and do not seem
to allow explicit formulation. However, the sum of all the eigenvalues (for any fixed k) can
be explicitly found, in terms of the character of 7. In general, this may not have a relatively
simple form but there are cases allowing a closed form. The present paper carries this out for
hook isotypes, labeled by partitions of the form [N — b, lb] (the Young diagram has a hook
shape). The formula for the sum is quite complicated with a number of ingredients. For given
(n1,...,np) define the intervals associated with A, I; = [Z] i+ 1LY nl] for1 <j<p
(notatlon [a,b] == {a,a+1,...,b} C N). The formula is based on considering cycles g4 corre-
sponding to subsets A ={a1,...,as} of [1,p], which are of length ¢ with exactly one entry from
each interval I,;. Any such cycle can be used and the order of ay, ..., a; does not matter. The
degrees dy, ..., d, enter the formula in a shifted way:

di == di + K(nig1 + nigo + - +np), 1<i<p.
Let h;fl = hp, (dval,givaz, .. .,Elvae), the complete symmetric polynomial of degree m (the gener-
ating function is » ;- hi(ciyc2,. oy e)tt = [T, (1 = ¢it) 7, see [5, p. 21]). In [3], we used
an “averaged character” (spherical function, in the present paper). Denote the character of the
representation 7 of Sy by x7, then

X' [A;n] = > X7 (g4h),
h€Gn

#G
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where g4 is an (-cycle labeled by A as above, and #Gn = [[/_; n;!. In formula (1.1), the inner
sum is over k-subsets of [1, p|, the list of labels of the partition {I1,...,I,}, so a typical subset is
{a1,a2,...,ax}, ga is a cycle with one entry in each I, and hjjﬂ_g = hk+1,g(£lva1,£lva2, ... ,Jag).

Now suppose the multiplicity of 7 in V) is u, then there are pdim 7 eigenfunctions and
eigenvalues of Py, and the sum of all these eigenvalues is [3, Theorem 5.4]

min(k+1,p)
dim 7 Z (k)1 Z X" [A; n}h;é‘“_[ H n;!. (1.1)
— AC[Lp], # A=t ieA

The main result of the present paper is to establish an explicit formula for x"[A;n] with
T = [N — b, 1b]. Since the order of the factors of G, in the character calculation does not
matter (by the conjugate invariance of characters), it will suffice to take A = {1,2,..., ¢},
for 2 < ¢ < p. In the following, e; denotes the elementary symmetric polynomial of degree ¢ and
the Pochhammer symbol is (a), = []i"_;(a+i—1). The combined main results are the following.

Theorem 1.1. Let m:=p—b—1, ¢ <p and A={1,2,...,}, then

1
[An] = ——— 1.2
X" [A;n] T m (1.2)

min(m,£)
(b+ )m—k; . (b_g—i_ 1)m
X { kZ:O Wez—k(m —lng—1,...,np—1)+ (-1 ——m
—1

m)!

min(b,l—1) .

b+m (b+m—i 1 1 1
= E ! il —s—, o, — |- 1.3
< b >+ P ( )< b—i >e <n1 n2 W) (13)

These results come from Theorems 5.9, 5.19 and Proposition 6.1. There are no nonzero
Gy-invariants if m < 0 (as will be seen).

In Section 2, we present general background on spherical functions, harmonic analysis, and
subgroup invariants for finite groups. Section 3 concerns alternating polynomials, which span
a module of isotype [N —b, 1b] . There is the definition of sums of alternating polynomials which
make up a basis for Gp-invariants. The main results, proving formula (1.2) for the case p = b+1
are in Section 4, and for the cases p > b+ 2 are in Section 5, with subsections for p = b + 2
and p > b+ 2. The details are of increasing technicality. Section 6 deduces formula (1.3)
from (1.2). Some specializations of the formulas are discussed.

2 Spherical functions

Suppose the representation 7 of Sy is realized on a linear space V' furnished with an Sy-invariant
inner product, then there is an orthonormal basis for V' in which the restriction to G, decomposes
as a direct sum of irreducible representations of G,. Suppose the multiplicity of 1, is u, and
the basis is chosen so that for h € Gy

1, (@) - (@)
1
r(h) = O TW(h) (@) ’
O O T (k)
where T, ... T) are irreducible representations of Gy not equivalent to 1g, (see [1, Sec-

tions 3.6 and 10] for details). For g € Sy, denote the matrix of 7(g) with respect to the basis
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by 7;,j(g); since T(hi1gh2) = 7(h1)7(g)7(h2), we find

7i3(9), 1<i,5<p,
0, else.

1
(#Gn)?

> 7ij(haghs) =

h1,h2€Gn

Then {7;; | 1 <4,j < p}is a basis for the Gu-bi-invariant elements of span{7,}. The spherical
function for the isotype 7 and subgroup Gy, is defined by

o
)= 7ilg), gESy
=1

(our notation for x"[4;n]). Sometimes the term “spherical function” is reserved for Gelfand
pairs where the multiplicity u = 1. The character of 7 is x"(g) = tr(7(g)), then

PRy

heGn

"(9) #G

The symmetrization operator acting on V' is (¢ € V)

>

heGn

e #G
The operator p is a self-adjoint projection.

Suppose there is an orthogonal subbasis {¢; | 1 < i < u} for V which satisfies 7(h); = 1; for
h € Gy (thus py; = ;) and 1 <1 < p, then the matrix element 7;;(g9) = (7(9)Vi, Vi) /{(Vi, Vi)
and the spherical function ®7(g) = > %, ) w < (9)i, ). We will produce a formula for ®7(g)
which works with a non-orthogonal basis of Gp-invariant vectors {& | 1 < i < p} in V. The
Gram matrix M is given by M;; := (§,&;). For g € Sy, let T(g)i; := (1(9)&;,&:)-

Lemma 2.1. ®7(g) = tr(T(9)M ).

Proof. Suppose {¢; | 1 < i < p} is an orthonormal basis for the Gp-invariant vectors in V,
then there is a (change of basis) matrix [A;;] such that §; = ?:1 Aj;i&; and

1 I
(1(9)G, G) = <Z 7(9)Aji&j, Z Aki§k> = Z Aji AT (9)kj
Jj= Jik

1 k=1
= 3 A AT (o) = 3 (AA)T (g)sy = 0((AAIT(g)).
i g i
Furthermore,
Z] - Cl’CJ ZAkz rj gkagT ZAkiArijr = (A*MA)”
k,r k-
and A*MA=1, M = (A")'A™! = (447)"". m

Corollary 2.2. Suppose p1(g9)&; = Z;;l Bji(9)&;, 1 <i,j < p, then ®7(g) = tr(B(g))-

Proof. The expansion holds because {¢; | 1 <i < p} is a basis for the invariants. Then
T(g)ij = <T(g)£j7€i> - < gjﬂgl = <2Bk] £k7£z> ZBkj Mkz - (MTB(Q))U

and tr(T(g)M 1) = tr(MTB(g)M 1) = tr(B(g)) (note MT = M). [
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We will use the method provided by the Corollary to determine ®7(g). This formula avoids
computing T'(g) and the inverse M~! of the Gram matrix. When the multiplicity p = 1, the
formula simplifies considerably: there is one invariant ¢1, T'(g) = (g1, %1) and M = [(¢1,11)]
so that ®7(g) = <gf11’;fll>> (or = cif pgyn = cp1). We are concerned with computing the spherical
function at a cycle g of length ¢ with no more than one entry from each interval I; , where the
factor Sp,; acts only on I;. The idea is to specify the Gp-invariant polynomials £, the effect of
an {-cycle on each of these, and then compute the expansion of pg€ in the invariant basis.

3 Coordinate systems and invariant sums
of alternating polynomials

To clearly display the action of Gy, we introduce a modified coordinate system. Replace

1 2
(r1,22,...,ZN) = (:ng ),...,:U,(Ill),xg ),...,x%),...,ajgp),...,x%})),
that is, :EZ(-j) stands for xs with s = Zf;ll n; +1i. We use xg), xg) to denote a %eneric xg-i) with
1 < j <mny, respectively, 2 < j < n;. In the sequel, g denotes the cycle (wgl ,:z:§2), e ,xge)).

Throughout, denote m :=p — b — 1.

Notation 3.1. For 0 < j </, denote the elementary symmetric polynomial of degree j in the
variables ny — 1,n2 — 1,...,my — 1 by ej(n, —1). Set m; := Hle n; and mp := [[7_; n;. For
integers i < j, the interval {i,i+ 1,...,j} C N is denoted by [i, j].

Definition 3.2. The action of the symmetric group Sy on polynomials P(z) is given by
wP(z) = P(zw) and (zw); = Ty, w € Sy, 1 <i < N.

Note (z(vw)); = (V) (i) = Tu(w(i)) = Tow(i), VWP (z) = (wP)(zv) = P(zvw). The projection
onto Gp-invariant polynomials is given by

1
pP(z) = ey hezgjnP(a:h).

We use the polynomial module of isotype [N —b, 1b] with the lowest degree. This module is
spanned by alternating polynomials in b + 1 variables.

Definition 3.3. For z;,,®;,, ...z, ,, let

A(xi1,$i2,...a}ib+1) = H (mi]. —l‘ik).

1<j<k<b+1

Lemma 3.4. Suppose x1,...,xp2 are arbitrary variables and f; := A(x1,22,...,Zj,...,Tp12)
denotes the alternating polynomial when x; is removed from the list, then Z?ﬁ(—l)jfj =0.

Proof. Let F(z) := Z?ﬁ(—l)jfj. Suppose 1 < i < b+ 2 and (4,7 + 1) is the trans-
position of x; and x;41, then (i,i + 1)f; = —f; if j # 4,i+ 1, (4,0 +1)fi = fi1 and
(t,i41) fix1 = fi- Thus (i,i+ 1)F(z) = —F(z) and this implies F'(z) is divisible by the alternat-
ing polynomial in @1, ..., Zp+o which is of degree 2(b+2)(b+ 1), but F is of degree < 2b(b + 1)
and hence F(z) = 0. [

We briefly discuss the relation between hook tableaux and alternating polynomials. The irre-
ducible representation of Sy corresponding to the partition [N —b, lb] has the basis of standard
Young tableaux of this shape. For a given tableau 7" and an entry i (with 1 <4 < N) the content
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c(i,T) := col(i,T) — row(i,T") (the labels of the column, row of T containing i). The Jucys—
Murphy elements w; := Z{;ll (4,7), 1 < j < N, mutually commute and satisfy w;T" = ¢(j,T)T;
this is the defining property of the representation. There is a general identity wjy1 = ojwjoj+0;
where 0 := (j,j+1) for 1 < j < N. The tableau T with first column containing {1,2,...,b+1}
satisfies ¢(i,7p) =1 —ifor 1 <i<b+1land =i—b—1for b+2 <i < N. We use the notation

of Lemma 3.4 so that fy4o := A(z1,...,Tpt1)-
Proposition 3.5. w;fyio = c(i,To) fo+2 for 1 <i < N.

Proof. Since (7,7)for2 = —fo42 for 1 <i < j <b+1, it follows that w; fyo = —(i — 1) foyo for
1 <i<b+1, while w; = 0 implies wy fpao = 0 = ¢(1,Tp) for2- The claim wpioforo = frro needs
more detail. Consider the term for (i,b + 2) in wpiafpyo (for 1 <i<b+1)

. (%) —i
(Z,b+ Q)A(l‘l, .. ~$b+l) == A(:cl, ey Tp42y - e ,l‘b+1) == (—1)b+1 fi,

the sign comes from moving xp10 by b + 1 — i adjacent transpositions to the last argument
of A(x). Thus

b+1 b+1 A
D b+ 2) fora =Y (1) = frp
=1 i=1

by the lemma (multiply each term by (—1)b+1). Now let ¢ > b+ 2 and suppose w;fpio =
(1 —b—1)fpro, then wiyi foro = (oiwio; + ;) fo+2 = (Wi + 1) fo42 = (i — b) fy42. By induction,
wifor2 = (1 —b—1)fp4o for b+ 2 < i < N and this completes the proof. [ |

The Sy-module spanned by fp12 is of isotype [N —b, 1”].
Usually x denotes a (b + 1)-tuple as a generic argument of A.

(41) ,.(d2) (Jb+1)
T ,...,zib:l ), then

Definition 3.6. Suppose x :(:1:

L(x) = (J1,J2,- - Jos1) and A(x) = A(xgl),ng),...,:nz(-Z’:l)).
The arguments in £(x) can be assumed to be in increasing order, up to a change in sign
of A(x) (for example, if o is a transposition, then A(xo) = —A(x)).

Proposition 3.7. If h € Gy, then L(xh) = L(x), and

b+1

pAx) = []n; "D {AW) | Lly) = L(x)}.

Proof. The second statement follows from the multiplicative property of p and from

1 Wy _ LR 0
2 f@h) = =3 f(@),
J hESnj J =1

where xfﬁ' ) denotes an arbitrary 20

i

, and (nj — 1)! elements h fix $§j). [
It follows from Lemma 3.4 that a basis for the G-invariant polynomials is generated from
A(x) with x :(:):gl), xgz’), e ngL)’ that is, the last coordinate is in Ij,.
In the following, we specify invariants by the indices omitted from £(x); this is actually more
convenient.
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Definition 3.8. Suppose S C [1,p — 1] with #S = m, then define the invariant polynomial

£g = Z{A(x) | x = (...,:rl(-j),...,ﬂigi)), Jé¢ S}-

That is, the coordinates of x have b distinct indices from [1,b + m] \ S. The basis has
cardinality p = (b+m) (see [5, p. 105, Example 2 (b)]). The underlying task is to compute the
coefficient Bg g(g) in pg€s = > Bsr,s(9)&s/. This requires a decomposition of £g.

Definition 3.9. Suppose S C [1,p — 1] with #5 =m and E C ([1,{]U{p}) \ S say x € X5
if j € F implies x; = x(lj),j € [(+1,p]\S implies x; = x,(g) with 1 <k <mnjandj e [1,{\(SUE)
implies x; = x,(j) with 2 < k < n; (consider x as a (b+ 1)-tuple indexed by [1,b+m]\ SU{p}).
Furthermore, let

ds5 =Y {A(x)|x€ Xgp}.

Thus & = > 5 ¢s,p and we will analyze pgogsp. It turns out only a small number of
sets I allow pgos g # 0, and an even smaller number have a nonzero coefficient Bg (g g) in the
expansion pgés k = ) ¢ B (s,g)§s, namely & (the empty set), [1,£] and [1,min S — 1] U {p}.
Part of the discussion is to show this list is exhaustive.

Lemma 3.10. For pA(x) # 0, it is necessary that there be no repetitions in L(x).
o) (k)

Proof. Suppose j, = j, = k, and A( C Ty e Ty ,) appears in the sum; we can as-
sume b = a + 1 by rearrangln% the Varlables possibly introducing a sign factor. If ¢, =
ip, then A(x) =0, else A(..., Zf , Z ,... also appears, by the action of the transposition

(iq,ip) € Sp, These two terms cancel out because A(x(iq,7)) = —A(X). [

If some x has coordinates a:g), a:gﬂ) and i < /, then pgA(x) = 0 by the lemma since

xg = ( J:SZ—H), (H_l) ) This strongly limits the sets E allowing pA(xg) # 0.

4 Thecasep=b-+1

This is the least complicated situation and introduces some techniques used later. Here £(x) =

(1,2,...,b,b+1). There is just one Gy-invariant polynomial (up to scalar multiplication):
1 b+1 . . .
¢ Z{A 1(1)’ 12)"'7x§p ))|1§11§n171§Z2§n2>-"71§Zb+1§nb+l}-

In Definition 3.9, the set S = @ and we write ¢ for ¢y g.
Proposition 4.1. If 1 < #FE < {, then pgog = 0.

Proof. Suppose there are indices k, k+ 1 with k € E, k < {and k+ 1 ¢ E. If A(x) is one of
the summands of ¢g, then x = ( g ), (>k+1), . ) and xg = ( ..,xgkﬂ),x(f“), . ) and by
Lemma 3.10 pA(x) = 0. Otherw1se kel 1H1A)hes k+1 € E or k = £ which by hypothesis
implies ¢ € E and 1 ¢ E, then x—( Q. ml ,...), Xg = ( (1)...,3:51),...) and pA(x) =0

as before. [ |

It remains to compute pg¢r for E = @ and E = [1,£]. Note gpg = ¢g.
Suppose x € Xg g, then x = (x(>1), e ,fz:(f),azgﬂ), . ,x£b+1)) and since pA(xg) = pA(x) =

%lﬁ (by Proposition 3.7) and #Xg 5 = Hle(ni -1) H?J“%H nj, it follows that

pbo s = ;H(n —1) = ieg(n* —1).
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Now suppose E = [1,/] and x € X, 1 4 implies x = (%1)7 N ,a:?),xi”l), N wfkbﬂ))? "
= (xgg)’xgl)’ ey ,m£b+1)).

Applying ¢ — 1 transpositions (¢ — 1,¢), (¢ — 2,4 —1),...,(1,2) transforms x to xg and thus
A(xg) = (-1 TA(x). So

pA(xg) = (—1)TpAx) = (~1) 1~

Tp

(-1

Since #X g 1. = [1044,1 i, it follows that pop i 4 =
Proposition 4.2. Suppose p=b+1 and 2 <l <b+1, then

1

@7 (g) = —{erln. = 1)+ (=1)"'},

Proof. pgy = pgdo.o + pgdo ey = 2 {ee(n. —1) + (=1) '} |

This is the main formula (1.2) specialized to m = 0.

5 Thecasesp>b+1

There is some simplification for p = b + 2 compared to p > b+ 3. First, we set up some tools.

Definition 5.1. For an invariant basis element £ and a polynomial ¢, let coef (€, p¢) denote the
coefficient of ¢ in the expansion of p¢ in the basis.

The main object is to determine

®7(g) = ) _ coef(&s, pgés).- (5.1)
S

Proposition 5.2. Suppose S and E are given by Definition 3.9, £ < b+m, coef (&g, pgps. i) # 0,
then E =@ or SN[1,{] =@ and E = [1,{].

Proof. Let vE :={j € F | j+ 1 ¢ E}, the upper end-points of E. If j € vE and j+1 €
[1,b+m]\ (SUE), then L(xg) = (..., +1,j+1,...) and pgA(x) = 0 (Proposition 3.10)
Thus x € Xg g, p .Agx) # 0 and k € vE implies k + 1 € SU{¢}. Suppose j € vE, j+1€ S
and j < £, then :UIJ_H appears in g¢p. That is, if z € Xg g, then j + 1 is not an entry of £(x)
but j + 1 appears in £(xg)) and thus coef({s, pg¢s r) = 0. Another possibility is that there
exists i ¢ SUFE, 1 <i < {and i+ 1 € E, in which case i + 1 does not appear in L(xg)
and coef(&g, pgods. ) = 0. [

The case £ = b+ m + 1 involves more technicalities.

Informally, consider S as the set of holes in £(x); no new holes can be adjoined or removed
from L£(xg) because this would imply coef(&g, pA(xg)) = 0. And of course L(xg) can have
no repetitions. This is the idea that limits the possible boundary points of F (that is, j € E
and j+1¢ Eorj—1¢FE).

Recall g5 =Y {A(x) | x € Xg g}, and the task is to determine coef (&g, pgds k).
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5.1 Case p=>b+4 2

Here m = 1 so the sets S are singletons {i} with 1 < i < b+ 1. Note that m = 1 is an underlying
hypothesis throughout this subsection. Write &; in place of . Then {§; | 1 <7 < b+ 1}
is a basis for the Gp-invariants. The possibilities for E are & for any 4, [1,¢] for i > ¢, and
[1,i —1JU{b+ 2} for £ = b+ 2. Suppose E = &, then x € X; o implies

X = (:L'(>1), .. ,mg),xgﬂ), . ,xib+2))

with azg), :nf.f) omitted if ¢ < £ or i > £, respectively. From Proposition 3.7,

pA(xg) = pA(x) = ¢
p

l b+2 l b+2 o .
Also #X;5 = [T;-1 j2(nj — 1) Hl;ul ng, or [[;_(n; —1) H/;Hl,k;éi ng, if i < Lori >/,
respectively.

Proposition 5.3. Suppose 2 <l <b+1 and i > {, then coef(&;, ppi ) = Trizeg(n* —1).

Proof. Multiply #X; o by 2 with result L [T (nj —1). |

Tl'p Y jzl

n;—1

Proposition 5.4. Suppose2 < ¢ < b+2 andi < ¢, then coef(&;, pgpi z) = 7r%eg(n*—l)(l—l— L )

Proof. Multiply #X; & by Z—; with result

I S (ﬁ njnj)(mn_il) _;ﬁ(nj_D(Hml_l). .

j=lj#i 7 j=1 j=1

Proposition 5.5. Suppose 2 <{ <b+2 and { < i, then coef(§;, pgqﬁiﬂﬂ) = %(—1)5*1.
Proof. If x € Xj 4, then x = (:chl),...,x(le),xgﬂ),...,xibﬁ)) omitting xgj) and L(xg) =
2,3,...,6,1,04+1,...;i—1,i4+1,...,b+2). Applying a product of £ — 1 transpositions shows
(2,3,...,6,1,6+1,...i—1i+1,..., pplying a p p

thgt A(xg) = (=1)*TA(x) and pA(xg) = (_1)371%@. Multiply (-1)“% by #Xi 14 :

-+2 : =1 7174 -1
s=0+1,s#i bs to obtain (_1) Hs:l g -

Theorem 5.6. Suppose 2 < < b+ 1, then
7 ( =L -1 D+ (Db -t 41
9) = A+ De(na = 1) + e (n = D) + (=D 6 - £+ 1},

Proof. Break up the sum (5.1) into i > ¢ and i < ¢ sums:

b+1 b+1
> coef(&,pg&i) = > (coef (&, pgdiz) + coef (&, pgdyg))
=011 =11
= L1 ot D 1),
L ¢ 1 1
Zcoef(&,pg&) = ZCOef(&,Pgﬁbz‘,@) = Z ee(ne — 1) (1 + ;= 1)

i=1 =1 =1

= ;(ﬁeg(n* —1)+er1(ne —1)).

Add the two parts together. |
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Proposition 5.7. Suppose t =b+2 and 1 <i < b+ 1, then for E =[1,i—1]U{b+ 2}

b+1

coef (&, pgei i) = I

s=1+1

Proof. If x € X, g, then xg = (m§2), . ;Ugl),:c(;—’_l), . .,mgl)), L(xg) = (2,...,4,i+1,...,
b+1,1) and A(xg) = (—=1)°A(y) with L(y) = (1,2,...,b+1). Apply Lemma 3.4 to obtain

JA iUl,fUQ yeer L T .Tb+2) + (_1)b+2A(1‘17$2,7 cee xb-i—l) =0

M@

J=1

(the notation z; means x; is omitted). Use the term j = ¢ in the identity to obtain

coef (&5, pgA(y)) = —(—1)"17%
P
From #X; g = Hgi§+1(ns — 1), it follows that
b+1
Coef(flapg¢z E) l ! H |
s=i+1

Proposition 5.8. Suppose £ = b+ 2, then

b+1 1 b+1
Zcoef(fz‘,P9¢i,[1,i—1]u{p}) = 7r{I_I(ns - 1) - (—1)6}-
i=1 P \s=1
Proof. The sum is
s b+l s b+1
—> =) [ =)= => (-1 i—1+1) ] (ns—-1)
T =1 s=i+1 it s=i+1
s b+1 b+1
=— {( D7 s =1 = (=1° T] (ne = 1)}
Tp =1 s=i s=i+1
b+1
1 1
= — = 1) - (-
P Tp
by telescoping, leaving the first product with ¢ = 1 and the last with ¢ = b+ 1. |
Theorem 5.9. Suppose £ =b+ 2, then
7{ — Deg(ne — 1) + e_q(ne — 1) + (—=1)°1.

Proof. Combine Propositions 5.4 and 5.8 (note 7, = m),

b+1 1 —1 7 1 1 /—1 1 bt
;mwwmﬂgjhan+ L) £ -0 - 2o

i=1 j=1 s=1 p
1 ¢ | 1 1 1 1 b+1
= mjl;[l(nj — 1){;(1 +o 1) iy 1} - ;p(—l)
= ;{(Z —1eg(ne — 1) +ep1(ne — 1) + (_1)b}' u

Formula (1.2) with m =1, £ = b+ 2 has the term (_1)€+1W = (—=1)"*2 = (=1). This
completes the case p = b+ 2.
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5.2 Casep >b+ 2
Write p = b+ m + 1. Label the invariants by S C [1,b+ m], #S = m,
gs _Z{A (J1)7 7’;2)7."be )7 ’[(,p)) ‘{]17"7.7b}:|:17b+m:|\57
1<ig<nj,1<s<b 1<i,<ny},

and in A(x) take j1 < ja < --+ < jp. The following lemma generalizes the generating function
for elementary symmetric polynomials.

Lemma 5.10. Suppose y1,y2, - .., Yy, are variables and ¢ < r < s, then

ﬁyz‘ > 11 (1+ 1) :mmz(q:”") (2:’;>erk(yl,_..,yr).

i=1 UC[l,s],#U=qjeUN[1,r] Yi k=0

Proof. The product

11 <L+;>:§22Xil<;>|VCUﬂHwL#V=k}

JjeUN[1,r] JEV
Any particular V' with #V = k appears in (2_ ) different sets U. Then ey (y1 ,...,y;l) is
a sum of HjEV(yij) over k-subsets of [1,r], and thus the sum is me(q ) (Z llz) en(yr 'ty oy t).

Also

(Hyz> yl 7"'7yr_1) :67‘—k(y17"'7y7‘)~ n

The apparent singularity at y; = 0 is removable.

Proposition 5.11. If S C [1,b+m], #S =m and £ < b+ m + 1, then

coef(&s, pgds.z) = H{

Proof. When E = @, then x € Xg g satisfies pA(xg) = pA(x) = (H§+T;15 n; )55 Further-

more, #Xg gz = Hfﬂ,l%s(m —1) x H?Jr?ﬁlﬁésn] and the product of the two factors is

l
—1
I () .
1=1,i¢S
Proposition 5.12. For ¢/ < b+ m,

n; —

1]1§i§&i¢s}

min(m,£)
1 bt 1)
S cocf(Espadse) =~ D U Umoke i, 1),
SClLbtm], #5=m T oo (m— k)

Proof. The sum equals

SN (= B | (D SIS |

SC[1,b4m], #S=m s=1,i¢S =1 SC[1,b4+m], #S=m je[14NS

1 min(m,£) btm—k
= — Z €g,k(n*—1)
Ty m—k
k=0
by Lemma 5.10 with r =/, s=b+m, ¢g=m and y; = n; — 1. Also
b+m—Fk\  (b+m—k)!  (b+1),—
Cobm—k)!  (m—k)

m—k
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1)Z+1

Proposition 5.13. If { <b, S C [{ + 1,b+ m], #S = m, then coef(&s,pggb&[l’g}) = (_m

Proof. If x € Xg 1 4, then L(xg) = (2,3,...,4,1,0+1,...,b+m+1) with {j | j € S} omitted.
Thus

b+m+1
Alxg) = (-1)'A(x)  and  pA(xg) = (-1 ] ni'és.
i=1,i¢S

The number of summands in ¢g 1 ¢ is

b+m+1

#Xs 1,0 = H Ng

s={+1,s¢S

1 )E— 1 Hb+m+2

and the required coefficient is the product with (— i1 ig SNy namely

l
1)4_1Hn;1. [
i=1

Theorem 5.14. Suppose £ < b+ m, then

(I)T(g) = 1{min(f’€) (b;—l)mkegk(n* — 1) + (_1)€+1(b_€+1)m}_

— k) |
— ( E)! m!

Proof. When b < £ < b+ m, then the sum (5.1) equals )¢ coef({s, pgps,z), else if 2 < £ < b,
then it equals

> coef(€s,pgdse) + Y coef(Es, pgds i g)-
SC[1,b+m] SCll+1,b4+m)]
There are (b+2_£) subsets S C [(+1,b+m]. In both cases the sums evaluate to the claimed value,
since E=Etlm (4 m=0) iy < and = 0if b+ 1 < £ < b+ m. ]
For the case ¢ = b+m+1, the sets E which allow coef (g, pgds ) # 0 are E = &, [1, min S —

1JU {¢}. Lemma 3.4 is used just as in the situation m = 1.

Proposition 5.15. Suppose £ =b+m + 1, then

m

b + 1 k
> coef({s, pgds o) = nz —-1) Z Jm pee-1-k(m =1, ey — 1)
SC[1Lb+m],#S=m k=0

Proof. By Proposition 5.11,

b+m+1 i — 1 b+m+1 n—1 s
coct(€s.potse) = [ Mt - ( " ) (")
g n; n; —1

i=1,i¢S i=1 jES
and
L
S oetlspose) = = Jo-1 ¥ T[(1+ )
SC[L,b+m]#S=m ti=1 SC[L,b+m] jES

1)

e@—l—k’(nl -1 . ,neq — l)a

1 b+m
— D [[n-1) Y H(
L) SC[1,b+m] jES

1 (b4 Vs

= ;g(ng_ l)k Oi(m—k)!

by Lemma 5.10 with r =s=b+4+m,g=m, (r=£¢—1) and y; =n; — 1. |
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Proposition 5.16. Suppose S C [1,b+m|, #S =m and ¢ =b+m+1, and E = [1,t —1]U{/(}
with t == min S, then

b+m
coef(€s, pgos.i) = (—N“i [ -D]] (1 R >

T n; —1
bty jES J

Proof. If min S =1, then £ = {¢}. Set £ := minS. A typical point in Xg g is

x —(a:gl), x§2), - ,xgt_l),a;(;ﬂ), e ,x(f_l), mgﬁ))

omitting {:1: | j €S}. Then

Xg = (a:g ), (3 ),...,$§),x(>t+1),...,x(f*l)mgl))

A(Xg) ( )bA(l'g )74352),--~axgt),fﬂ(>t+1),...,$(>z_l))

and

omlttmg S \){t} terms ( ap}alylng b adjacent transpositions). To apply Lemma 3.4, we relabel
ml b ;H . ,xl)) (omit S\ {t}) as (yl,...,yb+2)W1thyl—xg)f0r1<z<t
and i = E Thus

b

A(yla Y2,5--+, yb+1) = Z(_l)j+b+1A(yla Y2,,--- ’g\ja B yb+2)-
j=1

Apply p, then the term with j = ¢ becomes (—1)t+b+! (Hle’igs n;')¢s. Thus

l
coef(§s, pA(xg)) = (—1)b(—1)t+b+1< I1 nf)-

i=1,i¢S

Multiply by #Xgs g = Hi’iﬁl i¢s(ni — 1) to obtain

b+m
coef(£s, pgds,p) = (_1)”1735 [Temi-0I1 (1 + nl_ 1)' u
i=t j€S J

The next step is to sum over S with the same min S.

Proposition 5.17. Suppose { =b+m+1,1 <t <b+1, and E = [1,t — 1] U {{l}, then

Zflft

(m —k)py1-4
(b+1—1)!

3 coef(€s, pgds,p) = t@

min S=t

—————ep k(1 — 1, e — 1),

OM

Proof. By Proposition 5.16,

b+m
Z coef(Es, pgos,p) = (‘Ut“i H (ni =1) <1 * ntl— 1)

h Ty -
min S=t 1=t

X > H<1+nj1_1>

UC[t+1,b4m]|,#U=m—1j5€U

m—1
P b+m—t—k
= 1)7rgz< m—1—k

)ef—l—t—k(nt-H —1,...,mp 1 — 1)
k=0

by Lemma 5.10 with r = s =¢—1—-1t¢, ¢ =m —1 (note b+ m = ¢ —1). In the inner sum
S = U U {t}. The binomial coefficient is equal to the coefficient in the claim. [
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To shorten some ensuing expressions, introduce
e(k,u) = ek(nu - 17 Nu+1 — 17 ceeyTp—1 — 1)

Proposition 5.18. Suppose £ =b+m + 1, then

b+1 ml ]{7 m b+1
7” b+1t mk b
C—1—t—Fkjt+1) e(l —k;1 —1)°.

;1 nt§0 bri-1) e( jt+ El ;1) + (=1)

Proof. Write ny = (ny — 1) + 1 and use a simple identity for elementary symmetric functions
ne(l —1—t—kit+1)=e(l—t—kit)—e(l —t—Fk;t+1)+e(l —1—t—k;t+1),

then the sum becomes

; e(l—1—k;1)
k=0 ’
b+1 m—1 (m k‘)
t+1 — K)b+1—t )
= =0
b+1 m—1 (m k)b
- 1—t
=D (=D me(ﬁ —t—kit+1) (5.3)
t=1 k=0 )
b+1 m—1 m—k)b
o S G e e k)
Y]
— b+1-1)!

We will show that there is a three-term telescoping effect, after changing the summation variables
in sums: (5.2) t - t+1, (5.3) k — k + 1. This results in (displayed in same order)

m—1
Z Me(ﬁ—l—k;l)
k=0
b+1 m—1 (m_ k)b .
p— t — _ _ _ .
+) (-1 ] e(l—1—t—kit+1)
t=1 k=0
b+1 m—2
B il (m—k—Dot1-¢ ., - , .
;( 1) kz_:l i e(l —1—t—k;t+1)
b+1 m—1 (m k)b
—1)tHt b (1 —t — kit + 1),
+;( ) 2 By e( it+1)

b m—1 b+1 m—2
Z(_l)t (m =Koy Z 1)t+1 Z (m—k — Dpt1-¢
— ) _
— — (b—1t)! — b+1-1)
b+1 m— 1 m k‘
1)t+! b+1 t

the limits in the middle sum can be replaced by 0 < k < m — 2 since e({ — t;t + 1) = 0
(at k = —1). If a pair (¢, k) occurs in each sum, then the sum of these terms vanishes, by
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a straightforward calculation. Exceptions are at ¢ = b+ 1 (where / =1 —-b—1 =m — 1
ande(l —1—t—kit+1)=em—1—-k;b+2)andat 1 <t<b k=m-—1

m—2 m—1
(—1)b+2{— Z 1+ l}e(m—l—k;b+2) = (=1)%e(0; b+ 2),

k=0 k=0
b b
{Z(—l)t + Z(—l)t+1}e(€ —t—m;t+1)=0,

respectively. Thus

b+1 m— 1 m ki b
= R)b+1-—¢ .
> (-1 ”tz (RS e(l —1—t—k;t+1)
=1 =0
m—1
—k
=3 (m =k . )be(e —1—k;1) + (—1)°
k=0 '
(b 1) b
= ————e(l—k;1 1
> Skl — k1) + (1),
k=1
(changing k — k — 1) since (m;!k)b = (mn:]f;irb) = 7“2;22:?;- u

Theorem 5.19. Suppose £ = b+ m + 1(= p), then

P7(g) = 7.%—1{2 meg_k(n* —-1)+ (—1)b}.

k=0

Proof. Combining the values from Proposition 5.15 for £ = @ and from Proposition 5.18 for
E =[1,minS — 1] U {p},

> coef(Es, pgts) = 7; (ne—1) Wee_1_k(n1 =1, ne = 1)
- !

k=0
+ ;{é (lz;: i)TIZ)_' er—k(m —1,...,ne1 — 1) + (—1)b}
- ;{g:o (lznt 1)7;)!;@ er—k(ne — 1) + (—1)b}
In the second line the lower limit £ = 1 can be replaced by & = 0 because
eelni—1,...,np1—1)=0. [ |
Observe that formula (1.2) contains (—1)“1%%)” which becomes
(_1)4-1-1(_;:!)77? — (_1)m+€+1’

and £ = b+m+1. Thus we have proven the general formula for any £ with 2 < ¢ <p=b+m+1.
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6 An equivalent formula

1

”771

Formula (1.2) can be expressed in terms of ek(n%, ) as displayed in formula (1.3).

Proposition 6.1. Form >0 and2 <{<b+m+1=p,

i {min(f,w Ot Vnky oy (cpyenr o 1)m}

| = (m —k)! m!

in(b,f—1 .
b+m +mm(z: )( 1) b+m—i 1 1
= - el —,...,— |.
b — b—1 "\ ny Yy
Proof. From the generating function for elementary symmetric functions (we denote e;(nq, no,
. 7nf) by ei(”‘*))v

¢ i ¢ .
thej(n* - H(1+t( 1)) = (1—t)£H<1+1tni>
J=0 i=1 i=1 -
¢ =
S UEUELUSED 3) DI G Toats
i=1 i=1 k=0
‘ 4 (=1
_gzo t]zz;(_l)] <Jl>el(n*)’

J o,
and thus ej(n, —1) = > (-1)7" (f:i) ei(n.). The first formula equals
i=0

min(m,f) ¢(—k .
b+1mk O—k—i l—1 . _ Z—i—l(b_g—i_l)m .
{38 Gt Jat e =in

the coefficient of e;(n.) is

Y

min(m,f—1i) . .
— (m —k)! k! m!

(by the Chu—Vandermonde sum) which leads to

y4 .
W[l{Z(—l)gi bti+i- E)me,-(n*) + (—1)”1(()_6—'_1)’”}

m! m!

i=0

£ (b+1+i—1) = (b1 —fmeri(n)
| i —)m _ m €0—;5 (N«
- 7T€ ZZ;( 1) m) el(n*) - jzo( ) m) 0 )

(with j = £ — ) this is the second formula since
. Y A
bA1=G)n = (b+m, ik and e =e; i,...,i : [ |

m! (b—j)Im! Ty ny Ny

The second formula is more concise than the first one when b is relatively small. For example,
when b =1 (the isotype [N — 1,1] and p = m + 2), the valueis p — 1 — 61(,%1, e ) this was
already found in [3, Theorem 5.6].
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Another interesting specialization of the first formula is for n; = 1 for all i so that the spherical
function reduces to the character (7‘ = [N — b, lb])

(b + 1)m—€ (b —/ + 1)m
(m —0)! + (=) m!

(—1yrrt o= U m<l<N.

m)!
Observe that x"(¢9) =0 whenb<¢—1and m > 1. If N =b+ 1, m = 0, then 7 = sign whose
value at an f-cycle is (—1)“*1.

b K S m7
X" (9) =
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