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ALMOST-PERIODIC SOLUTION FOR BAM
NEURAL NETWORKS

Hamid A. Jalab and Rabha W. Ibrahim

Abstract. In this paper, we study the existence and uniqueness solution and investigate the
conditions that make it almost-periodic solution for BAM neural networks with retarded delays.
The existence of solution established by using Schauder fixed point theorem. The uniqueness
established by using Banach fixed point theorem. Moreover we study the parametric stability of

such a solution. Also we illustrate our results with an example.

1 Introduction and Preliminaries

Recently, the concept of almost periodicity solutions (see[4, 17]), for differential
and integral equations is an important area of research. It naturally arises in diverse
fields such as population biology, economics, neural networks and chemical processes
(see[5, 6]). Our aim is to study the existence and uniqueness of almost-periodic so-
lution for a class of two-layer associative networks, called bidirectional associative
memory BAM neural networks (see[11, 8]) with and without delays, has been pro-
posed and used in many fields (see[13, 12]). The study in neural dynamic systems
involves a discussion of stability properties (see[10, 7]), periodic and almost-periodic
oscillatory [1, 2], chaos [3] and bifurcation [16]. Moreover, we examine the para-
metric stability of this solution. The parametric stability(see[9, 15]) together with
robust stability for nonlinear systems admits the stability of equilibrium points for
such systems. The problem of robust stability is to find how much we can perturb
the parameters of the systems and still retain stability of the equilibrium points.
And the maximal value of parameter that retains stability of the equilibrium is
called the parametric stability margin.

The main subject of this paper is to study the existence and uniqueness solution
and investigate the conditions that make this solution is almost-periodic solution for
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the BAM neural networks

p = —Awi(t) +pi(t) Y pyifi(yi(t = js)) + Tit), (1.1)
j=1

n
Yy = —Bjy;(t) + ¢;(t) Y wij filwi(t —is)) + J;(0),
i=1
subject to the initial conditions
xi(to) = Z;0, yj(to) = Yjo0, to € [—T, 0], T<oco and te J:= [—T, T] (1.2)

where s is a positive number. ¢ =1,...,n,j =1,....m,z; : J — R, y; : J — R, are the
activation of the ¢ —th and j —th neurons respectively. A;, B;, are positive constants
which are denoting the connected matrices. p;(t) and g¢;(t) are continuous functions.
5 and w;; are connection weights. I;(t) and J;(t) are continuous functions and they
denoted the external bias on the ¢ — th and j — th units respectively.

Definition 1. [}, 17] A function f € B (B is a Banach space) is called almost
periodic in t € R uniformly in any K C B a bounded subset, if for each € > 0, there
exists d¢ > 0 such that every interval of length 6. > 0 contains a number s with the
following property:

[f(t+s,u) = f(tu)] <e, teRueK.
Definition 2. [9, 15] Consider the nonlinear system of the form
v = f(z, 1) = ful®), (1.3)

which has an equilibrium at x* = 0 when p = p*. The equilibrium x* = 0 is called
parametrically stable at p* if there exists a small neighborhood N(u*) such that
for any u € N(u*), the following two conditions hold: (a) There ezists an equi-
librium z¢(p) of the nonlinear system (1.3). (b) For any given € > 0, there exist
correspondingly a 6 = (e, u) > 0 such that

lzo = 2“(p)l| < & implies ||lx(t; o, u) — 2°(p)|| < e for all t > 0.

The equilibrium x* = 0 is called parametrically unstable at p* if it is not paramet-
rically stable.

Definition 3. /9, 15] Consider the system (1.3) which has an equilibrium at x* =0
when p = p*. The equilibrium x* = 0 is called parametrically asymptotically stable
at p* if there exists a small neighborhood N(u*) such that for any u € N(u*), the
following two conditions hold:

(a) The equilibrium z* = 0 is parametrically stable at p*.

(b) For all p € N(u*), there exists a number §(u) > 0 such that

lzo — 2°(w)l| < & implies ||lz(t; zo, p) — 2°(p)|| — 0 as t — oc.
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Definition 4. [9, 15] Consider the system (1.3) which has an equilibrium at z* =0
when pu = p*. The equilibrium x* = 0 s called parametrically exponentially stable
at p* if there exists a small neighborhood N(u*) such that for any u € N(u*), the
following two conditions hold:

(a) The equilibrium x* = 0 is parametrically stable at p*.

(b) For all p € N(u*), there exists a number §(p) > 0 such that

lzo — a®(u)ll < & implies |la(t;zo, ) — ()| < Me™*||2(0) — z*(n)],
for some positive constants M, a.

Lemma 5. [15] The equilibrium point x* of the nonlinear system (1.3) is paramet-
rically exponentially stable at p* if the nonlinear system x° = f(x,p1*) = fu () is
locally exponentially stable at x = 0.

2 The existence and uniqueness solution.

In this section we give conditions for the existence and uniqueness of a solution for the
system (1.1). For arbitrary vector: (z(t),y(t)) := (1(t), .., Tn(£), y1 (), ooy Y (t)) T,
t € J, define the norm: [|(z,y) | = [+ [}yl where, [lz]] = supreymaz<ia{lzi(£)]}

and ||y|| = supc ymazi<j<m{ly; (]} Set BT := {(z,y)|(2,y) = (21, -, Tn, Y1, -
»Ym)T} then B"™ is a Banach space endowed with the above norm. To facilitate
our discussion, let us first state the following assumption denoted (A) :

1. A; is a positive constant such that A := mazi<;<,{|4i|} < co.
2. B, is a positive constant such that B := mazi<;j<m{|Bj|} < oo.

3. I;(t) is a continuous function on J such that I := supscymazi<i<n{|1;(t)|}
< Q.

4. Jj(t) is a continuous function on J such that J := supieymazi<j<m{|J;(t)|}
< o0.

5. pi(t) is a continuous function on J such that p := supie ymazi<i<n{|pi(t)|}
< Q.

6. ¢;(t) is a continuous function on J such that § := supieymazi<i<n{|q:(t)|}
< Q.

7. pj; is a parameter such that @ := maz{|u;|} < oo.
8. wjj is a parameter such that @ := maz{|w;;|} < oco.

9. Denotes R := {A + B + almpp + nwq|} such that 0 < 2T'R < 1.
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10. f is a continuous function on R such that |fx(x)| < a(t)|z|, where a : J — J
is a positive continuous function with @ = supse ja(t).

The solution of the system (1.1), subject to the initial conditions (1.2), can be
written as

nlt) =aio+ [ [~Ai(r) +pitr Zuﬂfj yi(r —js) + L(mldr,  (2.)

-T
t
w) =+ [ FBar) + (s Zwmfz (wi(r — i5)) + J;()Jdr.
Define an operator P : B"T — BT by

P(.%',y) = (/;T[ Alxl +p1 Z,U]lf] y] )) +II(7_)]d7_7-"7

t
/ [_Anxn( +pn Z,anfj Yj T_]S))

-T

t
+ I,(7)]dr, /_T[Blyl( +qi(r Zwﬂfl xi(T —1s)) + Ji(7)]dr,

/_T[—Bmym( (7 szmfz 25 — i8)) + Jon(7)] )T

Let B, be a convex close subset of B"™™ define by B, = {(z,y)|(z,y) € B"™,

I(x,y)— (xg,yo)H < r} where (9, y0) f Li(T .,ffT I, (T)dr f TJl( )dT,..
"ffT Jm(7)dT)T and r > 74:’1_];%;7}.

Theorem 6. Let assumption (A) hold. Then the modelling system (1.1) has a
solution.

Proof. In order to show that (1.1) has a solution we only need to prove that P has
a fixed point. Accorcljng _to the definition of the norm of Banach space B"™™, we
have ||(zo,y0)|| < 2T[I 4+ J]. Now we prove that P has a fixed point.

t
HP(%?J) - (anyO)H < SupteJ/ mal‘lgignﬂ - Ai$i(7)|

) S sy s — ) b+ supres / mazi<;em{| - Bjy;(7)|
jl

+g;(7) sz'jfi(xz’(T —is))|dr < 2T{Allz[| + mupally| + Blly|| + nwgal x| }
i=1
< 2T{A+ B +a[mpp + nwq)}| (=, y)|| < 2TR(||(=,y) — (0, 30)ll + [[(z0, yo) )
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we obtain that

-
I1P(e.y) — (a0, 90)] < 200 W0)]| AT T]

that is P : B, — B,. Then P maps B, into itself. In fact, P maps the convex
closure of P[B,] into itself. Since f are bounded on B,, P[B,] is equicontinuous and
the Schauder fixed point Theorem shows that P has a fixed point (z,y) € B"t™
such that P(z,y) = (x,y), which is corresponding to the solution of (1.1).

In the next theorem, we study the uniqueness solution of (1.1). O

For this purpose, we illustrate the following assumption denoted (B) :

1. There exists ¢; > 0 such that |f;(¢;) — fi(0i)| < ]| — o4 for all i =1, ..., n.

2. There exists £; > 0 such that | f;(&;) — f;(vj)| < ;1€ — v forall j =1,...,m.

3. 2T{A+B+lmup+nwq|} < 1, where £ := max{l;} such that k = 1, ..., maz{n, m}.

Theorem 7. Let assumptions (A) and (B) hold. Then system (1.1) has a unique
solution.

Proof. We only need to prove that the fixed point of P is unique. Let (z,y) and
(u,v) in U. By the definition of the norm we have ||(z,y)— (u,v)|| = ||(z—u,y—v)|| =
[l —ull +lly — vl

|P(z,y) — P(u,v)|| = SupteJ{!/ mazi<i<n|—Ai(@i(T) — wi (7))
-T
+i(r) > pii(fi (s (7 = 4s)) — fi(vi(7 = js)))drl}
j=1
+ supres{| /_tT mazi1<j<m|—B;(y; (1) — v;(7))
+ (1) Y wij(filwi(r —is)) — fiui(r — is)))]dr|}
=1

t
< supicy / maz1<ien{| — Ail|(:(r) — wi(r))]
-7

+ (M) Y il (£ (i (m = 3s)) = fi(vs(m = js)))[}dr

=1

+ supies /_T mazi<j<m{| — B;l|(y; (1) —v;(7))
g (DY lwigl|(filwi(r = is)) = filui(r — is)))|}dr
=1
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< 2T {Alle — ul) + mprtlly — o|l + Blly - ol + ng@tlla - ull}
= 2T{A + nqwl}||z — u| + 2T{B + mppl} ||y — v||

< 2T {A + ng@ot} (|l — ul + |y — vll) + 20(B + mpat} (o — u + |y - ol)
— 97 {A+ B + fmip + nasd) (| — ull + Ily — o]

by assumption (B), implies that P is a contraction mapping then by Banach fixed

point theorem, P has a unique fixed point which is corresponds to the solution of

system (1.1). O

3 Almost periodic solution.

In this section, we introduce the conditions that let every solution of system (1.1)
be almost periodic solution. we illustrate the following assumption denoted (C) :

Setting ||(z, y)|| := . And suppose p;(t), g;(t), I;(t) and J;(t) are almost periodic
functions of period s, such that

€[l — 2T (A + B)]
nwT rka

€[l — 2T (A + B)]
SmuTka

v lgit+s) =g ()] <

Ipi(t +s) —pi(t)] <

and |Js(t +5) — Ji(t)] < L= 2€(TA+B)].

€[l — 2T (A + B)]
8T

[Li(t + 5) — Li(t)] <
Lemma 8. Let assumption (C) hold. Then operator P is almost periodic function.

Proof. By the proof of Theorem 2.1, P is bounded operator. By assumption (C),
we have Ve > 0 there exist . such that there exist s € [y, + de] with the following

properties:

P((t+5),y(t +5)) — P(a(t), y(£))] < supres / _marigizal = Adl(a(r -+ 5),
y(r + 5)) — (@(r), y(r))ldr + (mma(t)|y])supres / mazisialpi(r +9) = i)l
+ supieg /_tT mari<i<n|li(T +5) — Li(T)|dT

+ supre /_T mazi<j<m| = Bil[(#(7T + 8),y(T + 5)) = (x(7),y(7))|dr
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t
+ (nwa(t)|1z])supees / maw 1 <jemla; (7 + ) — 4;(7)|dr
-7
t
+ Suptej/ ma:clgjgm\Jj(T +s) — Jj(7)|d7' + 2T |(z(t + s),y(t + s))
-T
t
— (a(t), y ()@ + B) < (maa(t)||(z,y)|)supres / _mazizinlpi(r+ ) — (o)l
t
+ SupteJ/ maxlgign\li(T +s) — Li(7)|dr
-T
t
+ (n@a(®)||(z, y)|)supres / maz1<jemla;(r + 5)
-T

t
— 4;(7)|dr + suprey / mazs<jem| J; (7 + 8) — Jy(7)]dr
-T

then we have

P(a(t + 8),9(t + ) — Plat), y(t))] < —2mPLra__ 1= 2T(A+ B)]

[1—2T(A+ B)] 8mul'xa
N 2nwlha__ €[l —2T(A + B)] 2 €[l —2T(A+ B)]
[1—2T(A+ B)] Snwl'ka [1 — 2T (A + B)] 8T
N 2r €[l — 2T(A + B)] _
[1—2T(A+ B)] 8T
Implies that P is almost periodic function. O

Theorem 9. Let assumptions (A), (B) and (C) hold. Then system (1.1) has a
unique almost periodic solution.

Proof. By Theorems 6 , 7 and Lemma 8. O

4 Parametric stability.

In this section, we discuss the conditions of parametric stability for the almost
periodic solution of modelling system (1.1). The study of stability of system (1.1)
is equivalent to the study of stability of the system

‘73; = _Aixz +pz Z:u’]lf] yj t _]5)) (4'1)

y;' = - jyj + QJ szgfz
It is easy to prove the following result
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Lemma 10. (z*,y*) := (0,0) is an equilibrium point for system (4.1) at
(p*,w*) == (0,0).

Theorem 11. If for small values c; and dj, the system

[_Aixz +pz Z,szfj yj t ]3)) Ci, _Bjy] ‘1’% sz]fz {E@ t ]5)) d; ]
Jj=1 =1
(4.2)
is solvable, then the equilibrium point for system (4.1) is parametric asymptotically
stable.

Proof. (By [14] section3) or [15] . O
Lemma 12. For the homogeneous system

[z = —Aizi(t), y; = —Bjy;(t)], (4.3)
(z,y) = (0,0) is an exponentially stable point.

Proof. We can put the system in a matrix formula X = WX, where W is n +
m X n + m diagonal matrix. It is easily seen to be a Hurwitz matrix with the
eigenvalues — Ay, ....,—A,, B1, ..., By,. Thus system (4.3) is exponentially stable at
(z1) = (0,0). O

Theorem 13. System (4.1) is parametric exponentially stable in the equilibrium
point (x*,y*) = (0,0) at (u*,w") = (0,0).

Proof. At (u*,w*) = (0,0), system (4.1) reduce to the homogeneous system (4.3).
Then by Lemma 4.2, (z,y) = (0,0) is exponentially stable. Thus in view of Lemma
1.1, the equilibrium point (z*,y*) = (0,0) for system (4.1) is parametric exponen-
tially stable at (u*,w*) = (0,0). O

5 An example.

In this section, we give an example to illustrate our results. Consider the following
simple BAM networks with almost periodic coefficients of period 2.

2

xh = —Agy(t) + pi(t) Y pjifi(y; (¢ = js)) + Lie), (5.1)
=1

y;' = —Bjy;(t) +q;(t wafz zi(t —is)) + J;(t),
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subject to the initial conditions x;(t ) = @0 = 0.25, yi(to) = yio = 0.25, t €
J:=[-1/8,1/8], where i = j = 1,2, A =1/2, B = 1/2, p;(t) = (1, sin(t))T with
p=1and g;(t) = (sin(t), 1)T withg=1and I, = J; = 1. Setting

< 11 pa2 ) _ (0.5 0.5>
H21 422 0.1 0.1

wir w2 \ _ (03 0.3
( w21 W22 ) o (0.5 0.5>

with @ = 0.5, @ = 0.5. Define the function f as follows f;(z) = z and f;(y) =y
where a(t) = 1. From above, we see that the functions involved in the previous
example satisfy assumption (A). Then in view of Theorem 7, the system has a
solution in U := {(z,y)|||(z,y) — (z0,y0)|| < 7 = 3/2}. Now if £ = 0.5, the solution
is unique (Theorem 6). Also all the parameters of the example are almost-periodic
functions in ¢. Thus the system has a unique almost-periodic solution. It is clear
that (z*,y*) = (0,0) is an equilibrium point for the system at (u*,w*) = (0,0). In
order to examine the parametric stability of the system, we can easy to show that
the following system is solvable:

- Ail‘z ‘|’pz Z Mﬂfj y] t - ]5)) (5'2)
7j=1

—Bjy;(t) + q;(t wafz zi(t — js)) = d;

for fixed constants ci,cs,d; and do. Thus we obtain that the system is parametric
asymptotically stable (see Theorem 11). Now, since the system

.CL‘; = —Ail‘i (t)

v; = —Bjy;(t)

is locally exponentially stable at (z,y) = (0,0), where

w1l Wiz Wiz Wi4g —0. 0
W= | Wi W22 w2z Way | _ 0 =05 0 0
W3] W32 W33 W34 0 0
W41 We2 W43 W44 0 0

then in view of Theorem 13, the equilibrium point (z*,y*) = (0, 0) for system (5.1)
is parametric exponentially stable at (©*,w*) = (0,0).
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