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ON A RECURRENCE RELATION OF
GENERALIZED MITTAG-LEFFLER FUNCTION

Ajay K. Shukla and Jyotindra C. Prajapati

Abstract. The principal aim of this paper is to investigate a recurrence relation and an integral
representation of generalized Mittag-Lefller function Elqﬁ (2). In the end several special cases have

also been discussed.

1 Introduction and Preliminaries

In 1903, the Swedish mathematician Gosta Mittag-Leffler [2] introduced the function
E,(z), defined by

[e.e] n

Eu(z) =Y m(a € C, R(a) > 0) (1.1)

n=0

where I'(z) is the familiar Gamma function. The Mittag-Leffler function (1.1)
reduces immediately to the exponential function e* = FEj(z) when a = 1. For
0 < a < 1 it interpolates between the pure exponential e* and a geometric function
L= 3% ,2" (]| < 1). Its importance has been realized during the last two
decades due to its involvement in the problems of applied sciences such as physics,
chemistry, biology and engineering. Mittag—Leffler function occurs naturally in the
solution of fractional order differential or integral equations.

In 1905, a generalization of E,(z) was studied by Wiman [6] who defined the

function E, g(z) as follows:

Fag(z) = ;} F(a;:ﬁ); (0,8 € C, R(a) > 0, R(3) > 0). (1.2)

The function E, g(z) is now known as Wiman function.
In 1971, Prabhakar [3] introduced the function E] ;(2) defined by
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El () =) F(osz)iﬂ) %(a,ﬂ,y € C; R(a) >0, R(B) >0, R(y) >0), (1.3)
0

where (), is the Pochammer symbol (see, e.g. , [4]) defined (A € C) by

()x—l—n): 1 (n=0; \#0)

(M=t
T A+ Do At — 1) (neN; Ae Q)

N being the set of positive integers. In the sequel to this study, Shukla and Prajapati
[5] investigated the function Ez%(z) defined by

,q . - (W)qn ﬁ
Eg’ﬂ(z)_;F(an+ﬁ) n!’ (1.4)

(o, 8,7 € C,R(a) >0, R(B) >0, R(y) >0, g€ (0,1)UN).

It is noted (See, e.g., [4, Lemma 6 p.22]) that
q
(W)qn = qi" H (%H)n (q €N, neNg:=NU {O})

r=1

The function Eg%(z) converges absolutely for all z € C if ¢ < R(a) + 1 (an
entire function of order R(a)~! and for 2| < 1if ¢ = R(a) + 1. It is easily seen
that (1.4) is an obvious generalization of (1.1), (1.2) , (1.3) and the exponential
function e* as follows:

1,1 1,1 1,1 1
Epi(z) =€, Eyi(2) = Ealz), E, u(2) = Eap(z), El42)=E, 4(2).

2 Recurrence Relation

We begin by stating our main theorem
Theorem 1. For R(aw+p) >0, R(B+s) >0, R(y) >0, ¢ (0,1) UN we get

ngp,ﬁ—ks—&-l(z) - ngp,ﬂ+s+2(z)

+a+p) {a+p+2(B+s+1)}z Egﬁpﬂ+s+3(z), (2.1)

. . 2
where E)%(2) = LEVY(2) and E)%(2) = £ E1%(2).
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It is easy to obtain the following corollary by letting « + p =%k and +s=m
Corollary 2. We have, for k, m € N

EXt (2)=FE"" () +m(m+2)E?  (2)

k;n—gl k,m—+2 k,m~+3 (2'2)
+k%2 Eg;+3( )+k(k+2m+2)Eg;+3( 2).

Proof of the Theorem 1. By applying the fundamental relation of the Gamma function
I'(z+1)=2I'(2) to (1.4), we can write

n

B Z (’V)qn i
arp o (2 {(a+p)n+B+s}T (a+p)n+p5+s)n!

(2.3)

and
Eg-ﬁpﬁ-‘rs-i-Q()
_3 (Vgn 2"
= {lat+tp)n+tB+s+1t{latp)n+B+stT((atp)n+B+s)nl

Equation (2.4) can be written as follows:

Elfp ﬁ+s+2( z)

N 1 _ 1 (V)gn o
_g{(a+p)n+ﬁ+s (a+p)n+6+s+1} I((a+p)n+f+s)n!

(2.5)
7.4 S (Man Z"
- Eonrp ﬁ+s+1( z) — nZ::O ((a+p) n+B+s+1)T ((a+p) n+B+s) n!"
We, for convenience, denote the last summation in (2.5) by S:
—~ ((a+p)n+B+s+ 1) ((a+p)n+p+s)n!
ngp 6+s+1( z) — Egﬁpﬂﬂw(z)-

Applying a simple identity
1= ﬁ#—%ﬂ (u=(a+p)n+p+s+1)) to(2.6), we obtain

u

{(a+p) nt+B+s} (Van {(atp) n+B+s} {(atp) ntB+s+1} (Vgn 2"
S = Z F(a+p)n+6+s+§ fw + Z T ((a+p) n+B+s+3) ! %
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x (W)qn il =, (W)qn Al
= (a+p) Zo T ((a+p) n+B+s+3) (n—1)! + (B+5) nzz:o T ((a+p) n+B+s+3) n!

n=

2 S n (’Y) n ikl (7) n 2™
+ (a+p) nZ::O T ((aFp) ntBFs53) (o)l T b n;o T ((ap) ntBFs73) (n=T)1
Te nz::O T ((@tp) ntATa¥3) nl
(2.7)
where b= (a+p)(26+2s+1)and c=(+s)(B+s+1).

We now express each summation in the right hand side of (2.7) as follows:
P e =3 20D O (28)
dz2 a+pﬂ+s+3 nOF a—i—pn—l—ﬂ+s—|—3) '

We find from (2.8) that

c- n (7)gn 2" 7, 754
=22E 4z EY
;:1 I' (a+p)n+p+s+3) (n—1)! =2 B, prors(2) T 42 B 5.0 5(2)
(Man 2"
-3 . 2.9
Z ((a+p)n+B+s+3) (n—1)! (29)
Considering
d = (n+1) (v) 2"
Ly, pra _ an -
dz{z a'rpprata(2)} 7;) F'((a+p)n+B+s+3) nl’
similarly we have
- (7)gn 2"
=2 EY 2.10
z:: (@rpn+Bistd) -1 ~Larporsrs®: (2.10)

Combining (2.9) and (2.10) yields

o0 n

n(Y)gn z B 7
2 Tatpnt G519 1 =2 Bl g1ass(2) + 27 B 51 sya(2):

n=1
(2.11)
Applying (2.10) and (2.11) to (2.7), we get
S=(a+p) QEngp grs+3(?)

Ha+p)? +(a+p)+ 0}z EYE o1 () + B+ s+ ) EVL 50 00s(2)-

Now setting the last identity into (2.6) completes the proof of Theorem 1. O
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3 Integral Representation

Theorem 3. We get

1

/tﬁ-i-sE’Y »q (ta-i-p) dt = E"h

a+p,B+s a+p6+8+1( ) Ey{

0
R(a+p) >0, R(B+s)>0, R(y)>0,qe(0,1)UN).
Setting « +p =k € N andf + s =m € N in (3.1) yields

Corollary 4.
1

[ maea = B0 - B0

k,m+1 k,m+2
0
(k, m e N)
Proof of the Theorem 3. Putting z = 1 in (2.6) gives,
3 (Vgn
— {(at+p)n+B+s+1}T ((a+p)n+pB+s) n!
ngp B+s+1(1) a ngp,ﬁ—&—s—kQ(l)'

It is easy to find that

z
/ tﬁ“Eg;rp s (L7 dt
0
('Y)qn (a+p)n+ﬁ+s+1

Z {la+p)n+B+s+1} T ((a+p)n+pB+s) nl

a+p, ﬁ+s+2(1)'

(3.1)

(3.3)

(3.4)

Comparing (3.3) Wlth the identity obtaining by setting z = 1 in (3.4) is seen to

yields (3.1) in Theorem 3.

4 Special Cases

O]

1. Setting p =0,y =¢q=1and §+s =m € N in (2.1) reduces to a known

recurrence relation of E, g(z) (see Gupta and Debnath [1]):

Eomi1(2) = 0222 Eqmis3(2) + a(a+2m +2) 2 By mi3(2)
Fm(m +2) Famis(z) + Fampa(2)
2

where o 5(2) = 2 [Eap(2)] andEa p(z) = £5[Ea(2)].

(4.1)
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2. Setting (k = m =qg =~ = 1l)and (k =m = ¢qg = landy = 2) in (3.2)
respectively, yields

1
/tet dt = Epy(1) — Ellé(l) = FE12(1) — E13(1)
0

and
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