Surveys in Mathematics and its Applications

ISSN 1842-6208 (electronic), 1843-7265 (print)
Volume 4 (2009), 239 — 252

THE n-DIMENSIONAL CONTINUOUS WAVELET
TRANSFORMATION ON GELFAND AND SHILOV
TYPE SPACES

S. K. Upadhyay, R. N. Yadav and Lokenath Debnath

Abstract. In this paper the wavelet transformation on Gelfand and Shilov spaces of type
War (O™), W (A™) and W5 (A™) is studied. Tt is shown that Wy ¢ : War (O™) — War (O™ x O7F),
Wyd: WE(A™) — W (A™ x O%) and Wy ¢ : Wi (A™) — Wik (A™ x %) is linear and continuous
where (0" and A™ are n-dimensional real numbers and complex numbers. A boundedness result in

a generalized Sobolev space is derived.

1 Introduction

The spaces of type Wy (O7), W2 (A") and Wik (A") were investigated by Gelfand
and Shilov ([3]) and Friedman ([2]). It was shown that the Fourier transformation
F o Wy (@O — WEAY), F: W(A") — Wy (O") and F : W (A") —
Wz\g}[ll (A™) are linear and continuous. The main objective of this paper is to study
the continuous and wavelet transform of these W-type spaces. A complex-valued
continuous function ¢ with property

/ W () dt =0
is called a wavelet.

The n-dimensional continuous wavelet transformation of function ¢ with respect
to wavelet ¢ is defined by

(0, a) = o.a) = (2m) "2 t—o i
Slo.) = We) o) =en ™ [ o (*T7) S5 )

a

provided the integral exist for a = (a1, az,a3,--- ,a,) € O} and o = (01,092,038, -+ ,04) €
O". If ¢ € L2 (0") and ¢ € L% (0") then by the Parseval formula of the Fourier
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transformation, the wavelet transformation (1.1) can be defined in the Fourier space
by the following formula:

3(0,0) = (Wy9) (0,a) = (2m) /2 / ¢@NG (az) §(x)de.  (12)

n

The reconstruction formula for (1.1) is given by

o) = (W) (0.) ()

= ot 20" (/D1 (/n & (0,a) 9 (z - U) Cf;;) da> (1.3)

~ 2
where Cy = [, |¢(;f)’ dz > 0.

We use [2] and [3] for the definitions of W-spaces of type Wy, (OO7), W (A™)
and Wik (A™). Let M; and ©; be the convex functions such that

M; (z;) = /fu(@-)dfj (2> 0), (1.4)
Yj
0 (y;) = / wing)dn; (g5 > 0) (1.5)

forj=1,2,3,---,n.
We set

p(&) = (&), (&),  wn)=(wim), - (wn(m))

and
Mj (—."L‘j) = Mj (:EJ) 5 Mj (SL‘J) + Mj (IL‘;) < Mj (l’j + l‘;) (1.6)
Q(=y) = L), Yw)+2 ) <y +y)). (1.7)
The space Wiy (O") consists of all C*°-complex valued function ¢ () on 0" which
satisfy the inequalities

Do ()| < Crexpl-M (o)), (1.8)

where exp [-M (ax)] = exp [-M (aqz1) -+ — Mj () - - - — My, (apxy)] and C,
« > 0 are constants which may depend on the function ¢.

A function ¢ (z) € W@ (A™) if and only if for 3 > 0 there exists a constant
C} > 0 such that

o) < CrewlQ(BY],  z=atiy (1.9)
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and

exp [Q(By)] = exp[Q[(Biy1) + -+ Q(By;) + -+ Q(Buyn)l] 5

where the constants C} and 3 depend on the function ¢.
The space WSt (A™) consists of all entire analytic functions ¢ (z) there exist
constants a > 0, 6 > 0 and C' > 0 such that

0 (2) < Clexp [-M (ax)] + Q[(By)]],  z=z+iy (1.10)

where exp [-M (ax)] and exp [ [(By)]] have usual meaning like (1.8) and (1.9) and
constants C', a and 3 depend on the function ¢.

Now we define the duality of functions M (x) and €2 (y) following the Young’s
concept. Let M (z) and Q (y) be defined by (1.6) and (1.7) respectively by the
function p () and w (1) which occur in these equations are mutually inverse, that is
p(wn) =mnand w(p()) =&, then the corresponding functions M (z) and Q (y)
are said to be dual in sense of Young. In this case, the Young inequality

zjy; < Mj(x5) + S (y;) (1.11)

holds for any x; > 0, y; > 0, where equality holds if and only if y; = p; (z;) and
x; varies in the interval x? < zj < 00, y; varies in y;-) < y; < oo. The Fourier
duality relation is given by F [Wy, (O")] = W (A"), F [W (A™)] = W)y (O") and
F Wi (A™)] = Wi (A") from [2] and [3].

The present article is divided into three sections. Section 1 is an introduction
with notations, auxiliary results of the wavelet transformation and W-type spaces.
Section 2 gives the characterization of W-spaces by using the concepts of the wavelet
transformation. In the last section we derive some results of the wavelet transformation

on LP-Sobolev spaces.

2 Characterization of W-type spaces

In this section, we study the characterization of W-type space by using wavelet
transformation

Lemma 1. Let ¢ (z) € W2 (A") and ¢ € W (A™). Then ¢ ¢ € W (A™).

Proof. Since a € 0" and z € A". Therefore ¢ (az) € W (A") and ¢ € W (A™).
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This indicates that

) (a2) 6 (2)

= #4223
’sz az Hzmgg z)‘
Cr exp [Q [(aay)]] Crm exp [ [(ay)]]

CrCrmexp [Qa(a +1) 9]
Crmexp [Q[a(a+1)y]].

IA A IA

Theorem 2. Let the M (x) and Q(y) be the functions, which are dual in sense
of Young and ¢ € Wy (O%) and ¢ € Wy (O"). Then the wavelet transformation
Wy : Wy (O") — Wy (O™ x O%) is continuous and linear.

Proof. The wavelet transformation Wy,¢ with respect to wavelet ¢ is given by

~

W) (7.0) = (2) ™ [ €15 (a) (o) o

It follows from [2, p. 121.] that

(Wyo) (0,a) = (2%)_"/2/ne"<"’z>'$(az)$(z) dz
= (2%)_”/2/nei<"’z>$(a2)$(2) dx.

For ® (z,a) = 1 (az) ¢ (). Therefore, (Wyo) (0,a) = (2m) /2 Jom eHo2® (2, a) du,
where z = (21,292,235 2n), a = (a1,a2,a3 - a,) and z = = + iy.

Differentiating the above function with respect to ¢ and a gives

DED™ (Ws6) (0, a) = (27) ™2 / (i) €2 DD (2, a) da.
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Then, applying Lemma 1, we get

|DEDE (Wy9) (0,a)|

(271')7"/2 (/ e %Y
’Z‘k-‘rZ + |Z’k

< (@m)? </n e_ayw Dy ® (2, a)| dx)

IN

kDM (2, a)‘ dx) (2.1)

< @0 o (o) [ (Cuat G elRla+ Daul]

< @2m) 2 exp—oy + Q(a+ 1) ay]] (Ciza + Ck) C

< (2m) " exp[-oy + Q[(a+1) ay]] (Crrzn + Cin)

< (27r)_n/2 Dy pexp|—oy+ Q[(a+ 1) ay]]. (2.2)

Since y is found an arbitrary number then using [2, p. 22], we choose the sign of y
in such a way that the following equality holds

o

o] |yl = M [(a—i—l)a

] + Qf(a+1)ay].
The exponent in the expression (2.2) becomes

e ol v =1 [

Then we get

DED™ (Wyo) (o, a)‘ < By oxp [—M [(afl)a” .

This implies that
(W¢¢) (0, a) e Wy (Dn X Di) .

Lemma 3. Let ¢ (ax) € W (A™). Then D34 (ax) € Wy (O7).

Proof. We obtain from [3]

~

da) = 2m) 7 [ () do

w3
where s = 0 + i1, 0 = (01,092,038, ,0p) and 7 = (71,72, 73, ** , Tn).
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Then
DSy (az) = (2m)/? / n(ias)ﬁe”a‘”’s%(s)da
~ () / (ias)? 5 (5) do
— (2m) / (ias)? @ (s) do.
Hence
DG (a)|
< 2 [ ol e (o) do
< (@m) /D (14 1af?) |%%6 ()| exp (~aar) do
< (@2m)""? /D (1 1al”) |(1+ 52) s (s)| exp (~az7) (1+Ci02)”/2‘

From (1.7) and (1.9) we obtain
]D% (ax)( <c, (1 + \ayﬂ) (C + Cpa) exp [ (Br) — azr] .

Using (1.11) gives

‘Dgzz;(ax)‘ < (2m) 2, (1 + ya\ﬁ) (Cp + Cppa) exp [—M (‘gﬂ .

Then we obtain

exp [M <a:1;>} DY (az)| < Cpap <1 + ]a\ﬁ> :
B
U
Lemma 4. Let ¢ (z) € Wy (O") and ¢ (az) € Wiy (O%). Then
-1
|IDI'® (x,a)| < (1+ |a|™) Dy, exp [—M <a )x] , m>0 and a>0,

where ® (z,a) = gg(x) J(am).
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Proof. We have

Then
Dy® (v,a)| = |DF |§()d (ar)|
. g(?)w—%mwi (az)
= (5 ) || |pss o)

From Lemma 3, the above expression yields
| D' ® (x, )l

(%) Cocsesp [0 (£)] 1+ e [ a1 (%)

5 (5 ) onescaain‘om o (5) - 20 ()

o<m

(]

IN

Using (1.6), we obtain

D@ (z,a)
< (1+a)" 5;( " ) i 5Cls exp [—M (“;1> x}
< (1+]a])™exp [—M <G;1> a:} > < T; )Cm§c§

< (1+la|)™ Dy exp [—M <a_ 1) :c] :

Theorem 5. Let M (z) and Q2 (y) be the functions which are same as in Theorem
2.2 and ¢ € WE(A"), ¢ € W (A"). Then the wavelet transformation Wy¢ is a
continuous linear mapping from W (A™) into W (A” X D’}r)

Proof. The wavelet transformation of a function ¢ with respect to wavelet 1) is given

by
W) (7.0) = (2) ™ [ 9 (2)  aw)

n
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From [2, p. 20-21], we find that
(Wyo) (s,a) = (277)_”/2/ e(®:5) @ (z,a)dx,

where ® (z,a) = ¢ (z) ¥ (az).
Hence
(is)™ (Wy) (s,0) = (=)™ (2m)™"/2 / "I DD (v, a) dx.

7

Therefore,

|(i5)™ (Wy o) (s, a)]

(27r)—"/2/ exp (— 7)) D™ (2, a)| da
Dn

IN

< (27r)_”/2/ exp (= [z|[7]) [ D' ® (2, a)| .
On

Using Lemma 4, we get
|(is)™ (W) (s, a)]
< (2%)_"/2/ Dy, (1+ |a])™ exp [—M < 1> x] exp (|z| |7]) dx
On

< (212D, (14 o))" (/ exp :|$| 7 = M K“ - 1) :1:” d:c> .

Using Young inequality (1.11), the above integral can be evaluated as follows

2] T\—MKa;l)x] M[(“j)a{ +Q[<af2)7} _MKa;l)m}
=@l

(i)™ (W) (s, )]
(27) "2 Dy, (1 + |a|)™ exp [Q [(aa—2)} T

a —

IN

IN

IN

IN

Drna (1+ |a])™ exp [Q [((ﬁm} T] .
Hence,
|(i5)™ (14 a) ™™ (Wy) (s,a)| < Dy exp [Q {(a —2)7! a} 7'] .

This implies that
Wyp € W (A" x O1).
O
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Lemma 6. Let ¢ € WASZ (A™) and @Z(az) € VVJ\(/Zf1 (A™). Then

| (2,0)] < Dexp [=M; {(a = 1) ax} + Qi [(a + 1) By]].

Proof. Now,

@ (2, a)]

16(2) ¥ (a2)
6] |0 (@)

< Cexp[—M; (ax) + Q1 (By)] C" exp [-M; (acx) + Q1 (aBy)] .
From (1.6) and (1.7) we have

< CC exp [{—M; (acx) + My (o)} + Q1 [(By) + 1 (aBy)]]
< Dexp[-Mi{(a—1)az} + 21 {(a+1) By}

| (2, a)

Therefore,
@ (z,a)| < Dexp [-Mi{(a —1) azx} + Qi {(a +1) By}].
O

Theorem 7. Let Q4 (x) and My (x) be the functions which are dual in the sense of
Young to the functions M (z) and Q2 (z) and ¢ € WSt (A™), ¢ € WL (A™). Then
the wavelet transformation Wy ¢ is a continuous linear mapping from WAS}[ (A™) into
Wi (A" x O1).

Proof. From (1.2) the wavelet transformation is given by
W) (r.a) = @n)"2 [ 15 (0) G (ax) da

= (271')"/2/ N (2, a) dr,

~

where ¢ (z,a) = g/g(az) Y (ax).
It follows from [2, p. 23] that

(Wy) (s, a)
= (2#)"/2/ 52 P (2, a) dz,

_ (om) 2 < / expli (o +i7) (x + i9)] @ (2,0) d:z;)
_ (2 < / expli(—oy — 7o) + (0w — ) B (2,a) d:r) .

Sk ok koo ok ok >k kR Sk ok kok ok sk ok kook sk sk okok ok sk ok skok sk sk skokok skook kokook sk ok skokook sk kokok sk ok kokook sk ok skok sk sk skokosk sk ok skokosk sk skokokoskok kokok skokokok

Surveys in Mathematics and its Applications 4 (2009), 239 — 252
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v04/v04.html
http://www.utgjiu.ro/math/sma

248 S. K. Upadhyay, R. N. Yadav and L. Debnath

So that

|(Wy) (s,a)|
(2%)_”/2/ exp [(—7z — oy)] |® (z,a)| dx
On

IN

< (2%)7"/2 D o exp [(tz — oy)]exp [-M; (a — 1) ax] + Q4 [(a + 1) By] dz

= @2m) " Dexp|—oy+ Qi {(a+1)By}] /Dn exp [rx — My {(a — 1) ax}] dz.

Now using the arguments similar to those of Theorem 2.2 and Theorem 2.5, we find

that
Dexp [—M{M} +Q{(a7+2)} /Dnexp[—M(ax)} dx
v {5t oGy )

(Wyo) (s,a) € Wip (A" x O71) .

[(Wyo) (s, a)l

IN

IN

Hence

3 Wavelet transformation on L? ((J")-Sobolev spaces

In this section we study the wavelet transformation of a function ¢ € W (A™) with
respect to wavelet ¢ € W]\% (A™) on LP-type Sobolev space.

Definition 8. For m € 0 and 1 < p < oo, the space G"™P (A™) is defined to the set
of all g € (W} (A”))/ such that

1
m/2 )~ P P
follons = ([ (L+15) "3 am) "
where qg: F¢ and s = o +iT.
Definition 9. We define the space of all measurable function ¢ on O x A™ such

that
p'/p
, :[/ (/ yq>(s,a)da> a—m—lda],
Hg,m |:| n

oo

L
+

where s = o +1iT.
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Lemma 10. Let ¢ € Wit (A") and ¢ € Wik (A™). Then

e "1 ta = o n(1+|s|2>m/2‘$(s)}plda,
O O

where m € ", a € Y and s = o +17,
p/
da| .

Cm’p/ = su /
¥ Sp[ -

¥ (as) 6 (s)

"
+

a ™t (1 + \S|2>_m/2 ‘z/ﬁ\(as)

n
Proof. Now

¥ (as) 6 (s)

/Di g1 {/n g da}da
= [ L () " ] (1 12) "

:/n {/D o™ <1+]s]2)_m/2‘$(a3)‘p/da} <1+\s\2)m/2‘$(s)‘p do

= sgp [/D”
— o’ U (1+ |s|2)m/2 ‘5(5)

p/
dcr} da

"
(1 + \3\2) e a~m1 ‘@(as) !

p/
da] .

Theorem 11. If m € 0", % + [% =1 and 1 < p < 2, then, we have the following
relation:

/

ot

1/p
p— m?p
g = (C07) " Ilms -

Proof. From Theorem 5 the wavelet transformation of a function ¢ € Wik (A") can
be written as

Woo) 5.0 = ([ 59D (a)a). 3.1)

where s = o + 47 and z = = + 1y.
Therefore,

(Wyo) (5,0) = F [$(2) D (a2)] (),
so that

~ ~

FHWy (s,a)] (2) = 6 (2) ¥ (az).
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Using the Hansdorff-Young inequality for 1 < p < 2, % + }% =1, we have

, 1/p’
/ P dx}

< o[ wssara]”

Fersef ] = [ i mesae

where C), > 0 is a constant. Then

/mi " { / |¢(az) (2) g dﬂc] da
< @[, {10706 a)\pda}p//p md] |

Using Lemma 3, we get

N
16llgm < <C> ’ |3 (5.0

m,p’ ! om
e g

Again we can write from (3.1) so that

Then
fiweora]” « ([ [rEniw] o«
= [/Dn 5(2‘)&(612)‘ dx];
Therefore,
UD (ool d"F/ <Dy | |6(:)¥(a2) " da.
so that
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Using Lemma 10 yields

/.

e U T da]

T2
+

m,p 2 mi2 |~ p
< DyCy> (1—|—|s] > ‘¢(s)‘ do
g Dp/C,ZZL’p ‘¢HGP’"L .
Then
H(I) (S’G)‘ HP™ < EZ%RP 16l . -
O
References

[1] L. Debnath, Wavelet Transforms and Their Applications, Birkhauser Verlag,
Boston (2002). MR1877823(2002m:42001). Zbl 1019.94003.

[2] A. Friedman, Generalized Functions and Partial Differential Equations, Prentice
Hall, Englewood Cliffs, N. J., 1963. MR0165388(29 #2672). Zbl 0116.07002.

[3] I. M. Gelfand and G. E. Shilov, Generalized Functions, Vol. 3., Academic Press,
New York, 1967. MR0435833(55 #8786¢).

[4] R.S. Pathak, The wavelet transform of distributions, Tohoku Math. J., 56 (2004)
411-421. MR1185272(94i:46051). Zbl 1078.42029.

[5] R. S. Pathak and S. K. Upadhyay, WP-spaces and Fourier transformation,
Proc. Amer. Math. Soc., 121:3 (1994) 733-738. MR1124154(92h:62104). Zbl
0816.46033.

[6] R. S. Pathak and Girish Pandey, Wavelet transform on spaces of type
W, Rocky Mountain Journal of Mathematics, 39 (2009), no. 2, 619-631.
MR2491156(2009k:42080). Zbl 1167.42012.

Sk ok ko ok ok >k kR Sk ok kok ok sk ok skook sk ok okok ok sk ok skok sk sk skokook skook kokook ko skokook sk kokok sk ok kokook sk okoskok sk sk skokosk sk sk skokosk sk skokokoskok kokok skokokok

Surveys in Mathematics and its Applications 4 (2009), 239 — 252
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=1877823
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1019.94003&format=complete
http://www.ams.org/mathscinet-getitem?mr=0165388
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0116.07002&format=complete
http://www.ams.org/mathscinet-getitem?mr=0435833
http://www.ams.org/mathscinet-getitem?mr=1185272
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1078.42029&format=complete
http://www.ams.org/mathscinet-getitem?mr=1124154
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0816.46033&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0816.46033&format=complete
http://www.ams.org/mathscinet-getitem?mr=2491156
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1167.42012&format=complete
http://www.utgjiu.ro/math/sma/v04/v04.html
http://www.utgjiu.ro/math/sma

252

S. K. Upadhyay, R. N. Yadav and L. Debnath

S. K. Upadhyay

Department of Applied Mathematics,
I.T.andCIMS,DST, B. H. U,
Varanasi - 221005,

India.

email: sk_upadhyay2001@yahoo.com

Lokenath Debnath

Department of Mathematics,

The University of Texas-Pan American,
1201 West University Drive,

Edinburg, 78539, USA.

e-mail: debnathl@Qutpa.edu

R. N. Yadav

Department of Mathematics and Statistics,
D. D. U. Gorakhpur University,
Gorakhpur,

India.

Sk ok ko ok ok >k kR Sk ok kok ok ok ok skook sk sk okokook sk ok skok sk sk skokok skook kokook koo skokook sk kokok sk sk kokook sk okokok sk sk skokosk sk ok skokosk sk skokokoskok kokok skokokok

Surveys in Mathematics and its Applications 4 (2009), 239 — 252
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v04/v04.html
http://www.utgjiu.ro/math/sma

	Introduction
	Characterization of W-type spaces
	Wavelet transformation on Lp(n)-Sobolev spaces

