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EXISTENCE AND DATA DEPENDENCE FOR
MULTIVALUED WEAKLY REICH-CONTRACTIVE
OPERATORS

Liliana Guran Manciu

Abstract. In this paper we define the concept of weakly Reich-contractive operator and give
a fixed point result for this type of operators. Then we study the data dependence for this new

result.

1 Introduction

Let (X, d) be a metric space. A singlevalued operator 7" from X into itself is called
contractive if there exists a real number r € [0, 1) such that d(T'(x),T(y)) < rd(z,y)
for every xz,y € X. It is well know that if X is a complete metric space then a
contractive operator from z into itself has a unique fixed point in X. In 1972 S.
Reich was obtained some generalizations of this results for some classes of generalized
contractive operators and in some recent papers [10]-[13] S. Reich et al. gave some
applications of these results.

In 1996 the Japanese mathematicians O. Kada, T. Suzuki and W. Takahashi
introduced the concept of w-distance (see [4]) and discussed some properties of
this new distance. Later, T. Suzuki and W. Takahashi starting by the definition
above, gave some fixed points result for a new class of operators, weakly contractive
operators (see [17]).

In 2001 T. Suzuki (see [15]) introduced the concept of 7-distance on a metric
space which is a generalization of both w-distance and Tataru’s distance. He gave
some examples of 7-distance and improve the generalization of Banach contraction
principle, Caristi’s fixed point theorem, Ekeland’s variational principle and the Taka-
hashi’s nonconvex minimization theorem, see [15]. Also, some fixed point theorems
for multivalued operators on a complete metric space endowed with a 7-distance
were established in T. Suzuki [16].

The purpose of this paper is to give a fixed point theorem for a new class of
operators, the so-called weakly Reich-contractive operators. Then we present a data
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dependence result for the fixed point set of these operators.

2 Preliminaries

Let (X, d) be a complete metric space. We will use the following notations:

P(X) - the set of all nonempty subsets of X;

P(X) = P(X) 0

P.(X) - the set of all nonempty closed subsets of X;

Py(X) - the set of all nonempty bounded subsets of X;

Py o(X) - the set of all nonempty bounded and closed, subsets of X;

For A, B € P,(X) we recall the following functionals.

D:P(X)xP(X)—=Ry,D(ZY)=inf{dz,y):x € Zye Y}, Z C X - the gap
functional.

§: P(X)xP(X) = Ry, (A, B) := sup{d(a,b)|lx € A,b € B} - the diameter
functional;

p:P(X)xP(X)—= Ry, p(A, B) :=sup{D(a,B)|la € A} - the excess functional,

H:P(X)xP(X)— Ry, H(A, B) := max{sup inf d(a,b),sup inf d(a,b)} - the
acAbEB peB €A

Pompeiu-Hausdorff functional,;
FizF :={x € X |z € F(x)} - the set of the fized points of F

The concept of w-distance was introduced by O. Kada, T. Suzuki and W. Taka-
hashi (see[4]) as follows:

Let (X,d) be a metric space. The functional w : X x X — [0,00) is called
w-distance on X if the following axioms are satisfied :

Low(z, 2) S w(z,y) + w(y, 2), for any z,y,2 € X;
2. forany z € X : w(z,-) : X — [0,00) is lower semicontinuous;

3. for any € > 0, exists 6 > 0 such that w(z,2) < ¢ and w(z,y) < § implies
d(z,y) <e.

Some examples of w-distance can be find in [16].
For the proof of the main results we need the following crucial result for w-
distance (see[17]).

Lemma 1. Let (X,d) be a metric space and let w be a w-distance on X. Let (xy,)
and (yn) be two sequences in X, let (o), (Bn) be sequences in [0, +oo[ converging to
zero and let x,y,z € X. Then the following hold:

1. If w(xn,y) < ap and w(xy, z) < By, for any n € N, then y = z.
2. If w(zn,yn) < an and w(zy, z) < By for any n € N, then (y,) converges to z.

sksk sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk ok sk sk sk s ok sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk ok ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk sk ok ok sk sk

Surveys in Mathematics and its Applications 7 (2012), 136 — 145
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v07/v07.html
http://www.utgjiu.ro/math/sma

Existence and data dependence for multivalued weakly Reich-contractive operators 139

3. If w(zy, zm) < an for any n,m € N with m > n, then (x,) is a Cauchy
sequence.

4. If w(y,xn) < ay, for any n € N, then (x,) is a Cauchy sequence.

The concept of 7-distance was introduced by T. Suzuki (see[1]) as follows.

Definition 2. Let (X,d) be a metric space. Then 7 : X x X — [0,00) is called
T — distance on X if there exists a function n: X x Ry — Ry and the following are
satisfied :

(r1) 7(z,2) < 7(x,y) + 7(y, 2), for any x,y,z € X;

(r2) n(x,0) =0 and n(z,t) >t for allx € X and t € Ry, and n is concave and
continuous in its the second variable;

(13) lim,, x,, = = and lim,, sup{n(zn, 7(2n, Tm)) : m > n} = 0 imply 7(w,x) <
liminf, (7(w, z,)) for all w € X;

(14) limy, sup{7(Tn,Ym)) : m > n} = 0 and limy, n(xy, t,) = 0 imply lim,, n(yn, tn) =
0;

(7—5) lim,, 77(Zn, T(Zna xn)) = 0 and lim,, U(Zn, T(zm yn)) = 0 imply lim,, d($m yn) =
0.

Notice that one may replace (72) by the following (72)":

(r2)" inf{n(z,t) : t >0} =0 for all z € X, and 7 is nondecreasing in the second
variable.

Some examples of T-distance are given in [15].

We recall the definition of 7-Cauchy sequence and some lemmas (see [16]), useful
for the proofs of the fixed point results on metric spaces endowed with a 7-distance.

Definition 3. Let (X,d) be a metric space and let T be a T-distance on X. Then a
sequence {x,} in X is called T — Cauchy if there exists a function n: X x [0,00) —
[0, 00) satisfying (12)-(75) and a sequence {z,} in X such that lim,, sup{n(zn, 7(zn, Tm)) :
m >n} =0.

A crucial results in order to obtain fixed point theorems by using 7-distance are
the following lemmas.

Lemma 4. Let (X, d) be a metric space and let T be a T-distance on X. If a sequence
{zn} in X satisfies lim, sup{7(zpn,zm) : m > n} = 0, then {z,} is a 7-Cauchy
sequence. Moreover, if a sequence {yn} in X satisfies lim,, 7(xy, yn) = 0, then {y,}
is also a T-Cauchy sequence and lim,, d(zy, y,) = 0.

Lemma 5. Let (X,d) be a metric space and let T be a T-distance on X. If a se-
quence {x,} in X satisfies lim, 7(z,2,) = 0 for z € X then {x,} is a 7-Cauchy
sequence. Moreover, if a sequence {y,} in X also satisfies lim, 7(z,y,) = 0, then
lim,, d(zy, yn) = 0. In particular, for z,y,z € X, 7(z,2) =0 and 7(z,y) = 0 imply
x=1y.
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Lemma 6. Let (X,d) be a metric space and let T be a T-distance on X. If {x,} is a
7-Cauchy sequence, then {x,} is a Cauchy sequence. Moreover, if {yn} is a sequence
satisfying limy, sup{7(zy, ym) : m > n} = 0, then {y,} is a 7-Cauchy sequence and
lim,, d(xy, yn) = 0.

3 Existence of fixed points for multivalued weakly Reich-
contractive operators

For the first result of this section, let us define the notion of multivalued weakly
Reich-contractive operators.

Definition 7. Let (X,d) be a metric space, T : X — P(X) is called multivalued
weakly Reich-contractive operator if for every a,b,c € Ry such that a+b+c € [0,1),
there exists a w-distance on X such that for every x,y € X and u € T(z) there
exists v € T'(y) such that

w(u,v) < aw(@,y) + bDw(z, T(x)) + cDu(y, T(y)),
where Dy(z,T(x)) := inf{w(z,y) : y € T'(z)}.

Let (X, d) be a metric space, w be a w-distance on X xg € X and r > 0. Let
us define:

By(zo;7) := {x € X|w(xg,x) < r} the open ball centered at xy with radius r
with respect to w;

—~d
By, (zo;7)- the closure in (X, d) of the set By, (zo; 7).
One of the main results is the following fixed point theorem for weakly Reich-
contractive operators.

Theorem 8. Let (X,d) be a complete metric space, xg € X, r > 0, a := %IC’ for

every a,b,c € Ry witha+b+c€[0,1) and T : B:,(IB();T) — Py(X) a multivalued
operator such that:

1. T is weakly Reich-contractive operator with respect to a w-distance;
2. For every x,y € X, with y ¢ T(y) we have that
inf{w(z,y) + Dy(z,T(x)): x € X} > 0;
3. Dy(xo,T(x0)) < (1 —a)r.
Then there exists x* € X such that z* € T(x™*).
Fok kR R Rk KR ROk R R KRR SRR R R R R R R R R R R R o

Surveys in Mathematics and its Applications 7 (2012), 136 — 145
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v07/v07.html
http://www.utgjiu.ro/math/sma

Existence and data dependence for multivalued weakly Reich-contractive operators 141

Proof. Let 0 < s <1 and Dy (29, T(20)) < (1 —a)s < (1 —a)r.

Then there exists x; € T(xg) such that w(zg,z1) < (1 — a)s < s. Hence
x1 € By(xo;s).

For z1 € T'(x) there exists zo € T'(x1) such that

w(zy, r2) < aw(xo, 1) + bDy (20, T(20)) + Dy (x1, T(21))

w(zy, x2) < aw(zg, 1) + bw(zo, 1) + cw(x1, T2))
a+b
w(z1,22) < ——w(xo, 1)
1-c
Then w(z1, 22) < aw(zg, 1) < a(l —a)s.
Then w(xg,z2) < w(wg,z1) + w(r1,22) < (1 —a)s + a(l —a)s = (1 —a?)s < s.
Hence x2 € By (xo;s).
For x1 € By (zo;s) and xo € T'(z1) there exists z3 € T'(z2) such that

w(za, x3) < aw(xy, x2) + 0Dy (1, T(21)) + Dy (z2, T'(22))
w(we, x3) < aw(zy, x2) + bw(z1, v2) + cw(ws, x3))

b
w(we, x3) < Cll i

w(zy, z2)

Then w(xg, x3) < aw(ry,12) < a?w(xg, 1) < (1 — a)s.
Then w(zo, v3) < w(wg, ¥2) + w(T2,73) < (1 —a?)s+a?(l—a)s=(1—-a)(l1+a+
a?)s = (1 —a?)s < s. Hence 23 € By, (70; 5).
By induction we obtain in this way a sequence (zp)nen € Buy(xo;s) with the
following properties:
(1) zp € T(xy—1), for each n € N;
(2) w(zp, Tnt1) < (1 — a)s, for each n € N.
For m,n € N with m > n we have

W( Ty Tn) < W(Ty, Trg1) + W(Tnp1, Tnga) + oo + W(Tp—1, ) <

<a'(l1-a)s+a"(1-a)s+..+a™ 1 (1-a)s<

n
o n

(1—-a)s=a"s.

T l-a
Using Lemma 1(3) we have that (zy)nen € Bw(zo;s) is a Cauchy sequence in
(X,d). Since (X, d) is a complete metric space it follows that the sequence (2, )neN
has a limit z* € E:Ud(:no; s).
Assume that z* ¢ T(z*). Fix n € N. Since (Zy,)men € Bw(xo; ) converge to z*
and w(zy, -) is lower semicontinuous we have
w(zy, z*) < W%gnoo inf w(zy,, zy,) < a”s, for every n € N.
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Therefore by hypothesis (2) and by using the above inequality, we obtain

0 <inf{w(z,z*)+ Dy(z,T(z)) :z € X}
< inf{w(zy,z*) + w(xn, Tnt1) : 0 € N}
< inf{a"s(2 — a)w(zp,z1) : n € N} = 0.

Which is a contradiction. Thus we conclude that z* € T'(z*). O

A global result for previous theorem is the following fixed point result for mul-
tivalued weakly Reich-contractive operators.

Theorem 9. Let (X,d) be a complete metric space, T : X — Py(X) a multivalued
operator such that such that:

1. T is weakly Reich-contractive operatorwith respect to a w-distance;

2. For every x,y € X, with y ¢ T(y) we have that

inf{w(z,y) + Dy(z,T(z)): v € X} > 0;

Then there exists x* € X such that z* € T'(x*).
Notice that some similar results can be found in [7].

Remark 10. Similar results can be obtained for the case of T-distance.

4 Data dependence for multivalued weakly Reich-contractive
operators

The main result of this section is the following data dependence theorem for the
fixed point set of multivalued weakly Reich contractive operators.

Theorem 11. Let (X,d) be a complete metric space, Ty, To : X — Py(X) be two
multivalued weakly Reich-contractive operators with respect to a w-distance, with o €
[0,1) where o := ‘%g, for every a,b,c € Ry with a+ b+ ¢ € [0,1) and satisfying for
every x,y € X, with y ¢ T;(y), the following inequality inf{w(x,y) + Dy(z, T;(z)) :
x € X} > 0. Then the following are true:

1. FixTy # 0 # FixTs;

2. We suppose that there exists n > 0 such that for every u € T\ (z) there exists
v € Ty(x) such that w(u,v) < n, (respectively for every v € Tao(x) there exists
u € T1(x) such that w(v,u) <n).
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Then for every u* € Fix1y there exists v* € FixTy such that
w(u*,v*) < 7=, where o = o fori = {1,2};

(respectively for every v* € FixTy there exists u* € FixTy such that
w(v*,u*) < 7=, where o = a; fori={1,2})

Proof. Let ug € FixTy, then ug € Ti(ug). Using the hypothesis (2) we have that
there exists u; € Th(up) such that w(ug,u1) < n.

Since Ty, T, are weakly Reich-contractive with a; € [0,1), where o := ?—J_rlc’, for
every a,b,c € Ry with a+b+c¢ € [0,1) and ¢ = {1,2} we have that for every
up,u; € X with u; € To(up) there exists ug € To(up) such that

w(zy, x2) < aw(ug, wr) + 0Dy (ug, To(uo)) + cDy (w1, To(u1))

w(ug, uz) < aw(ug, ur) + bw(ug, ur) + cw(uy, uz))

a+b
w(uy, ug) < Tw(uo,ul)

Then w(uy, uz) < aw(ug, uy).
For u; € X and uy € Th(u1) there exists uz € To(ug) such that

w(ug, uz) < aw(uy, uz) + 0Dy (ur, Ta(u1)) + cDy(ug, To(us))
w(ug,uz) < aw(uy,ug) + bw(u, uz) + cw(us, usz))

b
w(ug,uz) < Cth

w(uy, ug)

Then w(ug, u3) < aw(uy,uz) < aw(ug,ur).

By induction we obtain a sequence (uy,)neny € X such that
(1) upy1 € To(uy), for every n € N;
(2) w(up, upt1) < a"w(ug, uy)

For n,p € N we have the inequality

W(Un, Untp) < W(Un, Unt1) + W(Uny1, Unt2) + -+ W(Ungp-1, Untp) <
< a™w(ug,u1) + " rw(ug, ur) + - - + P Lw(ug, up) <
< %w(uo,ul)

By the Lemma 1(3) we have that the sequence (u,)nen is a Cauchy sequence.
Since (X, d) is a complete metric space we have that there exists v* € X such that
Uy, b,

Assume that v* ¢ Th(v*). Fix n € N. Since (Zy,)meny € X converge to v* and
w(z, ) : X — [0,00) is lower semicontinuous we have

an

w (U, v*) < pli_glO inf w(up, Untp) < mw(uo,ul) (4.1)

By hypothesis we have the following inequality:
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0 <inf{w(u,v*)+ Dy(u,To(u)):xz € X}
< inf{w(up, v*) + w(tp, un+1) : n € N}
< inf{%w(uo,ul) + a™w(ug,uy) : n € N} =0.

Which is a contradiction. Thus we conclude that v* € T'(v*).

Then, by w(uy, v*) < %w(uo, up), with n € N, for n = 0 we obtain

1 n
) < ——wlug,ug) <
UI(U(),’U ) =7 ’LU( 05 1) =7

which complete the proof. O
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