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A NONCOMMUTATIVE CONVEXITY IN
C*-BIMODULES

M. Kian and M. Dehghani

Abstract. Let &/ and Z be C*-algebras. We consider a noncommutative convexity in Hilbert
o/-8-bimodules, called o7-%-convexity, as a generalization of C*-convexity in C*-algebras. We
show that if X is a Hilbert «/-%-bimodule, then M, (X) is a Hilbert M, (&)-M,(%)-bimodule
and apply it to show that the closed unit ball of every Hilbert «7/-%-bimodule is &7/-%-convex. Some

properties of this kind of convexity and various examples have been given.

1 Introduction and preliminaries

Suppose that &7 and Z are C*-algebras. Let (X, (-, ) ) be a left Hilbert «/-module
and (X, (-,-)%) be a right Hilbert Z-module satisfying

<$,y>@/2’ = LL‘<y, Z>.@ (ﬂs,y,z € X)

Then X is called Hilbert «7-%-bimodule. It is known that every C*-algebra o is a
Hilbert «7-47-bimodule via the bimodule structure given by the multiplication in &/
and the inner products (a,b) = ab* and (a,b) = a*b. Particularity, if H and K are
Hilbert spaces and B(IC,H) is the Banach algebra of all bounded linear operators
from K into H, then B(K,H) is a Hilbert B(#)-B(K)-bimodule with the following
inner products:

(S, T)mx) = S*T.
We recall that every Hilbert &/-%-bimodule X satisfies
(b, by < B2, 2, (a2, az)s < Jal?(z, o). (1.1)

(@b, y)or = (@, yb") s, (a,y)z = (@, 0"Y) 5.
llazb]| < lall[l[|]|]
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foralla€ &/, b€ B and all x,y € X (cf. [7, 15]).
For a full description of Hilbert bimodules, see for example [7, 15] and the
references therein.

1.1 C*-convexity

Let o be a unital C*-algebra with unit 1,. For a1, - ,a, € & with Y ;" | afa; =
1y, the sum Y1 | afz;a; is called a C*-convex combination of {x1,---,2,} C &,
with coefficients a1, - - ,a,. A subset S of & is called C*-convex if it is closed under
C*-convex combinations of its elements. It means that

n

*
g a;xia; €S
i=1

for all z1,--+ ,x, € Sand all a1, -+ ,a, € & with Y 1", afa; = 1.

This notion of convexity, called the C*-convexity, has been introduced by Loebl
and Paulsen [10] as a non-commutative generalization of linear convexity. It is known
that the sets

(1) {TeB(H): 0<T < Iy}
(2) {T € B(H); |T|| < M} for a fix scalar M > 0;
(3) {T € B(H) : w(T) < r}, where w(T) is the numerical radius of T

are C*-convex in the C*-algebra B(H) with the identity operator Ij. It is evident
that the C*-convexity of a set S in &7, implies its convexity in the usual sense.
For if 2,5 € S and A € [0, 1], then with a; = VA1, and as = VI — X1, we have
aja; + asaz = 1, and

Az + (1 — Ny = ajza; + azyas € S.

But the converse is not true in general. For example, it was shown that [10] if A > 0,
then [0, A] = {X € B(H); 0< X < A} is convex but not C*-convex.

Some essential results of convexity theory have been generalized in [3] to C*-
convex sets. Specially, a version of the so-called Hahn-Banach theorem was presented.
The operator extension of extreme points, the C*-extreme points have also been
introduced and studied, see [4, 6, 10, 13]. Moreover, Magajna [12, 14] extended the
notion of C*-convexity to operator modules and proved some separation theorems.
We refer the reader to [8, 9, 11, 12, 14, 16] for further results concerning C*-convexity.

In this paper, we consider the notion of &/-%-convex sets in Hilbert .o7-%-
bimodules as a generalization of C*-convex sets in C*-algebras. We will try to

illustrate differences between these notions by giving various examples. Some properties

of o7-%-convex sets are also presented. In particular, it is shown that the closed
unit ball of a Hilbert &/-%-bimodule is &7-%-convex.
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2 Main results

Throughout this section, suppose that o/ and % are unital C*-algebras with units
1., and 14, respectively and B(H) is the C*-algebra of all bounded linear operators
on a Hilbert space H with the identity operator I3. For given C*-subalgebras A
and B of B(#) the notion of “A, B-absolutely convexity” in operator bimodules
has been defined and studied in [12]. Similarly, an o/-%-convex set in a Hilbert
7 -%B-bimodule can be defined as follows.

Definition 1. Let X be a Hilbert o -%B-bimodule. A subset S of X is called of -HB-
convez if

n n n
Zaiaf =1y, Z b:bz =lg = Za@xlbl )
i=1 =1 i=1

foralla; € o, b; € B, x; €S and n € N.

Remark 2. Assume that X is a Hilbert of -%-bimodule, S is an & -AB-conver subset
of X and 0 € S. Assume that x; € S, a; € &/ and b; € B with Zk—1 aia; < 1y

and % bt < 14. Putc—\/lgy 221%“ andd—\/lﬁ S bb. Then
Zf Jaial +cct =1y andzl 1 bfb; + d*d = 14. Moreover,

k k
Z a;xib; = Z a;x;b; +c0d € S.
i=1 i=1

In other words, Zf L aixib; € S even if ZZ Laiaf <1y and EZ 1 b5 < 1.

Note that, if r is a positive scalar, then it is easy to see that the set
S:={TeBH): 0<T <r}
is C*-convex, see e.g., [10]. We give some examples in the case of .o7-Z-convexity.

Example 3. Let I' be an index set. Define X to be the set

X = {(Xa)ael"

Xo € B(H), Z X)X, converges in B(H) } .
acl

Define a map (-,-) : X x X — B(H) by

<(Xa)aEF7 a aEF ZX Y
ael
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It is not hard to see that (-,-) is well-defined inner product on X. Moreover, if
T € B(H) and (Xa)acr € X, then

X:TTXo < | TP X} Xa.

It follows that X can be regarded as a B(H)-bimodule via the bimodule structure
given by
X x B(H) - X, (XOt)OzEF xT = (XaT)ael"

and
B(H) X X —> X, T X (XOZ)OCEF - (TXCM)O!GF'

Hence, X would be a Hilbert B(H)-B(H)-bimodule.
Assume that r is a positive real number. We are going to show that the subset

S of X defined by
S={(Xo)acr e X¥| 0< XX, <71, acl'}

is B(H)-B(H)-convez.
Assume that A;, B € B(H) with Y ;- | AjAY =Ty =" | B/B;. If

(Xa)ézel“ = (Xé)ael“ €S (2 =1, 7”)7

then 0 < (Xé[yk X! <r. Obviously

n * n
(Z AZ»X;B,) (Z AngBz) > 0.
i=1 i=1
Moreover, (X&)*X& < r if and only if # (Xé)*XfX < V7 if and only if (see e.g.,

[1, 2, 5])
Vo (X8) 1.
( Xi Jr >0, 1=1, , M.
Therefore,
VT A (Z?:1 AiXéBi)*
> lim AiXo B VT

(58 (5 4)ee

which implies that (E?:l A; X Bi)* (Z?:l Ang;Bi) < r. Hence

> Ai(Xa)ierBi = <Z AngBi> €S,
i=1 i=1 ael
and so S is B(H)-B(H)-convez.
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A similar argument used in Example 3 can be applied to show the following
result.

Proposition 4. Consider B(IC,H) as a Hilbert B(H)-B(K)-bimodule. Then for a
fized scalar r > 0, the set

S ={TeBUK,H); 0<TT<rl}
is B(H)-B(K)-convez.

Remark 5. Let X be a Hilbert o/ -%-bimodule. If S is an of -9B-convexr subset
of X, then it is convez in the usual sense. For if \; € [0,1], (i = 1,...,n), and
St A =1, then with a; = VAily € & and b, = \/N\ilg € B we have

n n n n
Zaiaf = Z)\il‘?{ = 1_9{ and Zb:bz = Z/\Zl% = 1,@.
i=1 1=1 =1 i=1

Nowifx; €S (i=1,...,n), then

n n
Z Ni&; = Zazxzbl €S,
=1 =1

which means that S is convez.

Remark 6. Consider the C*-algebra </ as a Hilbert <f -of -bimodule. If a subset
S of o is of -of -convex, then it is C*-convex. Assume that ci,...,c € </ with
Zle ciei=1y. If x1,...,21 € S, then the o/ -o -convexity of S with a; := ¢} and
b; := ¢;, implies that

k k
Z c;‘xici = Zazxzbz e S.
i=1 =1

Therefore, it seems that the concept of of -%B-converity is stronger than C*-convezity.
The next example reveals this fact.

Example 7. (1) Consider M2(C) as a Hilbert Ma(C)-Ma(C)-bimodule. Let o be
a fived scalar and I be the identity matriz. It is clear that the set S = {al} is a
C*-convex subset of Ma(C). However, it is not Ma(C)-Ma(C)-convex. Put

1 1 1 2
A= \/g \/g and B = 3 3
Then AA* =1 = B*B, while A(al)B = aAB ¢ S.
(2) Consider B(H) as a Hilbert B(H)-B(H)-bimodule. The subsets

Si={TeBH): T*=T} and Sy={Te€B(H): 0<T < I}
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are C*-convex subsets of the C*-algebra B(H). Let A, B € B(H) with AA* = I =
B*B and put T = Iy € §1 NSy, Since AB = ATB is not hermitian at all, we
conclude that AB ¢ Sy and AB ¢ Ss. It follows that 81 and Sy are not B(H)-B(H)-

CONnvex.

Example 8. Let X be a Hilbert of -%B-bimodule. Then the subset
S:={reX : (x,2)y <r’ly, for some positive real number r # 1}
of X is o -PB-convex.

Proof. Let a; € o and b; € B (i =1,...,n) with Y " | aa’ =1, and > | bib; =
14. We have

n n
OgaiafSZaialeﬂ, Ogbf()iSZb;«kbi:L@.

i=1 =1
It follows that ||b;|| < 1. If z; € S (i =1,...,n), then (1.1)implies that
(@i, ;i) o < ||bsl|* (@ims, ai) o
< ai(wi, vi)a;
< r?a;a}
<r’ly, (1<i<n).
Then a;x;b; € S for all i = 1,... n. Moreover, if z,y € S, then there exist positive

real numbers 7 # 1 and s # 1 such that (z,z) < r21, and (y,y) < s?1,. In a
C*-algebra &/ we have

a*a + aa*

(Rea)? + (Ima)? = 5 ,

(a € o).
Therefore

0 < 2(Rely,z))* < (z, ) (y, ) + (y,2) (2, ).
It follows that

2| Re((y, 2)I” < (g, ) |I” + [z, )|I* < 2]l |y ]| < 2r%s”.

Hence
Re((y,x)) < [|Re((y, x))||Les < rs.
Consequently
(+y,x+y) = (x,2)+ (y,y) + 2Re({y, z))
< (r? 4 5%+ 2rs)ly
= (r +5)°Ly.
It follows that  +y € S and so > ;- ; a;x;b; € S. d

Sk ok koo ok ok >k kR Sk ok kok ok ok ok kook sk ok kok ok sk ok skok sk sk skokook skook kokook sk ok skokook sk kokok sk ok kokook sk okokok sk sk skokosk sk sk skokosk sk skokok skok kokok skokokok

Surveys in Mathematics and its Applications 12 (2017), 7 — 21
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v12/v12.html
http://www.utgjiu.ro/math/sma

A NONCOMMUTATIVE CONVEXITY IN C*-BIMODULES 13

Many properties of a topological vector space, like locally boundedness, locally
compactness and locally convexity come from the structure of the neighborhoods of
its origin, the zero vector. In a normed space, the unit ball plays this role. We know
that the unit ball of every normed space is convex. More generally, the unit ball
of B(H) is C*-convex [10]. The next theorems show that more generally, the closed
unit ball of every Hilbert «7-%-bimodule is &/-%-convex.

Theorem 9. Let o7 and # be commutative C*-algebras and let X be a Hilbert
o -PB-bimodule. Then the closed unit ball of X is of -%B-convex.

Proof. Suppose that ¢ : & — C(T) and ¢ :  — C(S) are the Gelfand representations
of & and 4, respectively, where S, T are compact Hausdorff spaces. Let a; € &7
and b; € B (i=1,---,n ) such that

n n
Zaiaf = 15;/, Zb:bl = 1,%.
i=1 i=1

It follows from the Gelfand representation theorem that " | |¢(a;)(t)|* =1 (t € T)
and Y0, [(b)(s))P =1 (s € S). Let S ={z € X : |z <1} and z; € S
(i=1,---,n). Then we have

D awibi|| < [l
i=1 i=1
<D llaall sl oall - (by (1.3))
i=1

n
<) e 1B
i=1

n
= Z llp(ai) ]| ||(0:)]| (by the Gelfand representation theorem)
i=1

2

1
(Z]gﬂ)(ai)HQ) (Z\|w(bi)\|2> (by the Cauchy-Schwarz inequality)
=1 =1

IN

1

) <sup2| ¢<ai><t>|2> (iggzwws)yz) .

teT =
Therefore S is &7-%-convex. O

More generally, the C*-algebras o/ and % need not to be commutative. We
prove this fact using a different argument.
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Theorem 10. Let o/ and B be C*-algebras and X be a Hilbert of -AB-bimodule. If
M is a positive scalar, then S = {x € X, |z|| < M} is o -B-convex. In particular,
the closed unit ball of X is < -%B-convex.

Proof. Assume that M, (<) and M, (%) are the matrix C*-algebras whose elements
are n X n matrices with entries in .« and 4, respectively. Put

Mn(.)() = {[LL’Z]], Tij € X, 1< i,j Sn}

Then M, (X) is a M,,(&/)-M,,(£)-bimodule with respect to the following module
operations:

M () X Mp(X) = My (X)

([aij]v[xij]) = [Z AikTkj |
k=1 i

s M (X) X My (B) = My(X)

([z45], [bij]) — [inkbkj ;
k=1 |

and the inner products on M,,(X) defined by

M (X) x Mp(X) = My () (My(B))

(il yis]) = [ka,ywl ([ka,ywl) :

k=1 k=1

Assume that z1,...,2, € S. Leta; € &,b; € B (i=1,...,n)suchthat ;" | a;a =
1y and > | bfb; = 14. Put

a; az e Qg b1 0o ... 0 I 0 0
o o0 ... O by 0 ... 0 0 22 ... O
A= . . .|, B=1 . . and X = . :
o 0 ... 0 b, 0 ... O o 0 ... =z,

Then A € M, (), B € My, (#) and X € M, (X). Moreover,
« . A1k 12
Al = 1A% = [[[A*Af[|> = [[[AA]][>

and
1 el
11BIIl = I1B*|I| = [I|B*Bll|z = [[|BB"||2
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and
1
lze> 0 ... 0 2
. 0 Jz2f? ... 0
X = [[[(X, X))z = : : y : < M.
0 0 o al?
It follows from using (1.3) in the M, (X’) that
Z;L:laixibi 0O ... 0
n 0 0 ... 0
Zail‘z‘bz‘ = ) . .
o1 : Do
0 0 ... 0
= [[[AXB|[| < [[JAl] - 11X - 1[1B][]
< M|||AA*||2]|B*B||?
S gl 0 ... 0\ |7 S bt 0 L. 0\ |7
0 0 ... 0 0 0 ... 0
0 0 ... 0 0 0 0

n
= g a;a;
i=1

<M.

zn: brb;
=1

O

Corollary 11. Consider B(K,H) as a Hilbert B(H)-B(K)-bimodule. If M is a
positive scalar, then the set S = {T € B(K,H), ||T| < M} is B(H)-B(K)-convex.
In particular, the closed unit ball of B(IC, H) is B(H)-B(K)-convez.

Remark 12. [t should be remarked that our mean by the closed unit ball of X in
Theorem 9 and 10 is the closed unit ball of X with respect to the norm induced by
the C*-algebras &/ and AB. In other words, the closed unit ball of a Hilbert of -AB-
bimodule with respect to an arbitrary norm need not to be < -9B-convex. Too see this,
let M,,(C) be the algebra of all nxn matrices with complex entries. For A € M, (C),
let s1(A) > s2(A) > -+ > s, (A) be the singular values of A, i.e., the eigenvalues of
|A| = (A*A)%. Our mean by the spectral norm || -||o is the norm on My(C) defined
by || Allco = s1(A), while the trace norm is defined on M, (C) by ||A|1 = Tr(|A]).
Consider My (C) as a Hilbert M, (C)-M,(C)-bimodule. The closed unit ball of
the trace norm, say B ={X € M,(C): || X]1 <1} is not My(C)-My(C)-convez.

Indeed, if
P:X:(é 8) and Q:Y:<8 (1)>,
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then P and Q are projections, P+ @Q = I and ||PXP|; = |QY Q|1 = 1. However,
|IPXP+QYQ|1 =2 and so PXP + QY Q & B. This shows that B is not Ma(C)-
My (C)-conver.

Note that Theorem 10 guarantees the M, (C)-M,,(C)-convexity of the closed
unit ball of the spectral norm || - ||«. More generally, the set

S::{XeMn(C): (; );)20, 38,7 :0<S<1, 0§T§I}

is M;,(C)-M,,(C)-convex. Indeed, assume that A;, B; € M,(C), (i = 1,--- k)
with Zle AAY =1 = Zle B!B;. If X; € S, (i =1,---,k), then there exist

(2

Si, T; € My(C) with 0 < S; < T and 0 < 7T; < I such that

S X )
> = “e . .
(X; T )_0, 1 =1, Jk

It follows that

S AiSi AT ) S AXi B
(ZleAiXiBz) i BiTB;

A 0 S, X; 1[Ar 0
S I

i=1

Moreover,

k k k k
0<> ASA <> AjAf =1 and 0<Y» BIT,B;<» BiB;=1I,

i=1 =1 i=1 i=1

from which we get Zle A;X;B; € § and so S is M, (C)-M,,(C)-convex. Putting
S =T = I and using the fact that that for X € M, (C), || X[/ < 1 if and only if
[ ;* )I( } > 0, (see for example [1]) we conclude the M,,(C)-M,,(C)-convexity of

S={X e Mu(C); [|Xloo <1},

Let X be a Hilbert «7-#-bimodule, S C X and let || - || and || - || be the norms
on X induced by (-,-),, and (-, )5, respectively. We mean by S, and Sy the norm
closures of § in X with respect to || - || and || - ||, respectively.

Proposition 13. If S is o/ -%B-convex, then so are Sy and S 5.

Proof. Let S be /-%-convex and z1,...,x, € S,y. Assume that z;;, is a sequence
in § such that ||z — zi||lsy — 0 fori =1,...,nas k — oo. If aj,...,a, € & and
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bi,...,by € B with Y I | a;al = 1, and Y ;| bib; = 1y, then Y ;" | axzixh; € S,
for every k € N. Moreover, for every 1 < i < n we have
laizikb — aiwibil|?, = |[{ai(zik — 2:)biy aixir — 2:)bi) o ||
< bl %l (@i (i — i), ai(wir — 23)) o |
< ai||{zik — i ik — i) o || @

= aj||zik — miHZ{a;‘ — 0.

Therefore,

n n
E a;Tikb; — E a;Tib;
i1 i=1

It follows that > i | a;zikb; — > a;x;b; as k — oo and so Y iy a;xib; € Sy O

n
< laiwibi — aizbill o — 0.
of i=1

For every two element z,y in a Hilbert «/-%-bimodule X, we define the .o/-%-
segment connecting x and y by

S z(x,y) ={axb+cyd| aa” +cc* =1y, bb+d'd=1z}.

and the &/-%-convex segment connecting x and y by

CSy.z(x,y) = {Zaixbi + chydj Zaiaf + chc;f = 1lg, bebi + Zd;fdj = 1@} .
i=1 j=1 i=1 j=1 i=1 j=1

If o7 = 2, then we denote Sy z(x,y) and CSy z(x,y) by Sy (x,y) and CSy(x,y),
respectively. These concepts are natural generalizations of C*-segment and C*-
convex segments in C*-algebras. The o/-%-segment connecting x and y, the Sy z(z,y),
is not &7-%-convex in general. The next example shows that S, z(x,y) is not even
convex.

Example 14. [10] Consider M2(C) as a Hilbert Ms(C)-Mso(C)-bimodule. Let

X = < (1) 8 ) and Y = 0. Then every element in the SMQ(C)(X,Y) is a rank

01
10

0 0

one matrixz. If A = < 01

>,thenAA*:IandsoT:< >:AXA*€

1-X 0

Smo©)(X,Y). However, AT + (1 — \)X = ( 0

) 1s not of rank one. It
follows that Sy, c)(X,Y) is not even conver.

However, CS. z(x,y) is o/ -%-convex.
Proposition 15. Ifz,y € X, then CSy z(x,y) is o/ -PB-convex and contains x and
Y.
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Proof. Assume that n=m=1,a1 =14, ¢4 =0, by =15 and d; = 0. Then
x = a1xzby + crydy € CSy 5(z,y).

Similarly y € CSy #(x,y). Now assume that z1,...,2, € CSy z(x,y). Then
nk mp
2k = Z ;b + Z cikyd;i Vk=1,...,n
— —

in which Y "% a;af, + Z;nz’“l ¢jkCyp = lo and Sk b bk + ka dhdir = la,
for every k. Let p1,...,pp € & and q1,...,q, € % with Zz:lpkpk = 14 and
Yo qiqr = 1. We have

n n Nk Mk
> peakar = Zpk > aiabik + Y cirydi | ai
k=1 k=1 i=1 j=1

n n my
= Z Zpkamﬂ:bzk% + Z Zpkcgkydjk(ﬂc € CSy 5(x,y),
k=1 i=1 k=1 j=1

since

n n myg

> Zpkazkazkpk )0 preircini = Zpk Z @ik gy, + Z CikCir, | Pk = Lo
k=1 i=1 k=1 j=1
and

n n  my
> Z(bszk binde + Y Y (dieae) djpqr = Z ar. Z bk + Z dirdjk | ar = 1.
k=1 i= k=1 j=1

O

We are going to show that every .o/-%-convex combination of elements of an
o -%B-convex set, can be presented as a combination of two terms.

Proposition 16. Let S be an of -%B-convex subset of the Hilbert of -9#B-bimodule X
and let xy, -+ ,xp € S. If 2 =3 1" | ajx;b; witha; € &, b; € B and Y | aaf =1y
and Y 7 bib; = 1g, then z = erxfi + eayfa, for some z,y € S, e1,e2 € &/ and
f1, fa € B with e1e] + eze5 =1 and fi fi + fo fo=15.

Proof. Assume that z = Z?:l a;xib;. Put u = %alcf{ and v = %b’{bl so that v and v
are positive invertible elements in &7 and 4, respectively. Put ¢; = %(1 - u)%lal,

-1
dy = %ln(l —v)?2 and
Ci:(l_u)%lai; dZ':bi(l—v)%l i=2,--,n.
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then ¢; € &7, d; € & and

n n

1 _ _ _ _
g cicfzi(l—u)Tla1aT(1—u)71+ (1—u)71aia;‘(1—u)71
i=1 =2

~

a1 n _
1=2

Similarly, > 7" | dfd; = 14. It follows that y = > " | ¢jz;d; € S. But we have

1=1"

" 1 1 ! \
z = aixibi = —=a1 | x1 | —=b1 | + (1 —u)2y(1 —v)2
; (ﬂ 1) 1 <\@ 1> ( )2y( )
in which 21,y € S, fa1a} + (1 —u) = 1,/ and 3bib; + (1 —v) = 1. O

Remark 17. Suppose that X is a Hilbert o -9AB-bimodule and S is an of -%B-convex
subset of X and 0 € S. If x € S and u and v are unitaries in C*-algebras of and B,
respectively, then trivially uxv € S. Let x1,29 € S, a1,a2 € & and by, by € B with
aja} + agal = 1y and biby + bibe = 1. Assume that o} = u;|al| and b; = v;|b;| be
the polar decomposition. Then

z = a1z1b1 + agwaby = |aj|uimyv1|b1]| + |as|uszova|be| = [a]|y1|b1] + [a3|y2|be]

in which, y1,y2 € S and |a}]* + |a}|* = 1 and |b1]? + |ba|? = 14. It means that z
can be presented as a combination with positive coefficients.
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