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FIXED POINTS OF MULTIVALUED MAPPINGS IN
METRIC SPACES

Binayak S. Choudhury, N. Metiya, S. Kundu and D. Khatua

Abstract. Admissibility of mappings are introduced to create conditions to minimally restrict
various contractive conditions on pairs of points from a metric space in order to ensure fixed point
property of the respective contractions. In the present work we define new admissibility conditions
and control functions to obtain certain multivalued fixed point theorems. The corresponding single
valued case is discussed. We define four weak contraction mappings of which two are multivalued
and two are single valued. The results are without any assumption of continuity. There is an

illustrative example.

1 Introduction and Definitions

It is observed that the conventional proofs of many fixed point theorems of contractive
mappings in metric spaces including that of the famous Banach’s contraction mapping
principle do not utilize the contraction condition for every pair of points from a
metric space. In many of these results it has been possible to restrict the contraction
condition to certain sets of the pairs of points for which the conclusions of these
theorems are unaltered. Admissibility conditions on functions are introduced for
that purpose. It was first introduced by Samet et al. [26] and was further generalized
for different types of mappings. References [1, 5, 8, 17, 20] are some of the results
from this line of research in metric fixed point theory. It is an alternative to the
approach of introducing partial order in metric spaces which also serves the same
purpose. Fixed point theory in partially ordered metric spaces has a vast literature
for which [7, 16, 22, 23, 24] are some recent references.

We consider multivalued operators in our results. It was through the work of
Nadler [21] that the fixed point theory got extended to the domain of set valued
analysis. Today it has a vast literature and is a subject in its own right. Some
recent references on this topic are [8, 9, 13, 14, 15, 27].

2010 Mathematics Subject Classification: 54H10; 54H25; 47H10.
Keywords: Set valued analysis; Cyclic (o, 8)-admissible mapping; Multivalued mapping; Fixed
point.
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In the following we note some mathematical concepts which form the background
of the present work.

Let (X, d) be a metric space. We consider the following classes of subsets of the
metric space X :

N(X)={A: Ais a nonempty subset of X},
B(X)={A: Ais a nonempty bounded subset of X}.

For A, B € B(X), the functions D and ¢ are defined as follows :

=inf {d(a, b) :a € A, b€ B},

D(A, B
1) =sup {d(a, b):a € A, be B}.

)
(4, B)
If A = {a}, then we write D(A, B) = D(a, B) and 6(A, B) = §(a, B). Also in
addition, if B = {b}, then D(A, B) = d(a, b) and 6(A, B) = d(a, b). Obviously,
D(A, B) <6(A, B). For all A, B, C € B(X), the definition of §(A, B) yields the
following:

5(A, B)=38(B, A); (A, B) < (A, C)+6(C, B)

d(A, B)=0if and only if A= B = {a}; (A, A)= diam A[12].

There are several fixed point results which have utilized é-function [2, 3, 12, 18, 28].

Definition 1. Let X be a nonempty set and T : X — X. A point z € X is said to
be a fixed point of T" if x = T'x.

Definition 2. Let X be a nonempty set and 7' : X — N(X) be a multivalued
mapping. A point z € X is said to be a fixed point of T" if x € Tz.

In [26] Samet et al. first introduced the concept of a-admissible mappings and
utilized these mappings to prove some fixed point results in metric spaces.

Definition 3 ([26]). Let X be a nonempty set, T : X — X and o : X x X — [0, 00).
The mapping T is a-admissible if for z, y € X,

a(z,y) > 1= o(Tz,Ty) > 1.
In a separate vein the following definition was introduced in [1].

Definition 4 ([1]). Let X be anonempty set and 7' : X — X. Let o, 5: X — [0, 00)
be two mappings. We say that T is a cyclic («, §)-admissible mapping if for z, y € X,

a(r)>1 = B(Tz)>1 and B(y) >1 = a(Ty) > 1.

In the following we define cyclic («, 5)-admissibility for multivalued mappings.
We define the following notions for our purpose based on which we prove our
theorems.
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Definition 5. Let X be a nonempty set and 7' : X — N(X) be a multivalued
mapping. Let a, §: X — [0,00). We say that T is a cyclic multivalued (a, f)-
admissible mapping if for z, y € X,

a(r)>1 = p(u)>1forallueTx and B(y) >1 = a(v) >1forallveTy.

In our results we will use the following classes of functions.
Let ¥ denote the set of all functions : [0, 00) — [0, 0o) such that 1 is continuous,
monotone nondecreasing and ¢ (t) = 0 if and only if ¢ = 0, and © denote the set
of all functions 6: [0,00)? — [0, 00) such that for any sequence {(z,,%,)} in [0, 00)?
with (2, yn) — (u,v) # (0,0), lLm 0(x,,y,) > 0.

Definition 6. Let (X, d) be a metric space and T': X — X. Let o, 5: X — [0, 00),
1 € U and 0 € ©. We say that T is a («, 8,1, 0)-weak Kannan type mapping if for
T, y € X, a(z)B(y) 21 =

YT, Ty)) <6 (5 (e, Ta) +dly, Ty)) — 0(da, To), dly, Ty).

Definition 7. Let (X, d) be a metric space and T : X — X. Let a, f: X — [0,00),
1 € ¥ and 0 € ©. We say that T is a (a, 3,1, 0)-weak Chatterjea type mapping if
forz, y € X, a(z)B(y) 21 =

YT, Ty)) < (5 [de, To) +d(y, T2))) - 6(d(z, Ty), dly, To))

Definition 8. Let (X,d) be a metric space and T : X — N(X) be a multivalued
mapping. Let o, 8: X — [0,00), ¢ € ¥ and § € ©. We say that T is a multivalued
(o, B, 1, 0)-weak Kannan type mapping if for z, y € X, a(x)f(y) > 1 =

V3T, Ty)) < ¥(5 (D, Ta) + Dly, Ty))) —06(z, T2), 3(y, Ty))

Definition 9. Let (X,d) be a metric space and 7' : X — N(X) be a multivalued
mapping. Let o, 8: X — [0,00), ¢ € U and 6 € ©. We say that T is a multivalued
(o, B, 1, 0)-weak Chatterjea type mapping if for z, y € X, a(x)B(y) > 1 =

V3T, Ty) < (3 (D, Ty)+ D(y, Ta))) - 6(6(z, Ty), 8(y, Tr).

The inequalities defined above are originated from the ideas of Kannan [19]
and Chatterjea [4]. Incidentally these works are early references in fixed point
theorems for discontinuous functions in metric spaces. Further the inequalities are
weak contraction inequalities which was first introduced in metric spaces by Rhoades
[25] and has been further discussed in works like [6, 7, 10, 11, 16, 22].

Some features of the present work are the following.
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e We define a new admissibility condition.

We introduce four new contractions.
e Our main results are for multivalued mappings.
e We use control functions and weak inequalities in our theorems.

e No assumption of continuity is made.

An illustrative example is discussed.

2 Main Results

Theorem 10. Let (X,d) be a complete metric space and T : X — B(X) be a
multivalued mapping. Suppose there exist 0 € © which is nondecreasing in each
coordinate, Y € ¥ and o, B : X — [0,00) such that T is a multivalued (o, B,,0)-
weak Kannan type mapping and also the following conditions hold.

(1) T is a cyclic multivalued (v, B)-admissible mapping,

(1i)  There exists xg € X such that a(xg) > 1 and B(xg) > 1,

(tit)  If {xn} is a sequence in X such that x,, — x as n — oo and (xy) > 1 for all n,
then B(x) > 1.

Then T has a fized point.

Proof. By condition (ii) of the theorem, there exists xyp € X such that a(zg) > 1
and B(zg) > 1. Let 1 € Txg. By condition (i) of the theorem, S(z1) > 1. Let
x9 € T'r1. By condition (i) of the theorem, a(x2) > 1. Let x3 € T'zo. By condition
(i) of the theorem, (z3) > 1. Continuing this process we obtain a sequence {z,,}
in X satisfying

Tnt1 € Tz, with a(xe,) >1 and [(zony1) > 1 (2.1)

Since T is a cyclic multivalued (a, 8)-admissible mapping and 5(z¢) > 1, for the
sequence {x,}, we get

a(r2n+1) > 1 and B(z2,) > 1. (2.2)
So from (2.1) and (2.2), we summarize that
ZTnt1 € Ty, with a(x,) > 1 and S(x,) > 1, for all n > 0. (2.3)
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Let R, = d(xy, ®ny1), for all n > 0.
As a(zy,) B(zn+1) > 1 and T is a multivalued (¢, 3,1, 0)-weak Kannan type mapping,
using properties of 1 and 6, we have

w(Rn-&-l) =
Y(d(Tpg1, Tug2)) < PO(Ton, Trnir))

< w<% [D(xna Twn) +D(xn+1a Txn+1)]> —9(5(.%”, T‘T")’ 5(:6""‘1’ T‘T”+1))
< w<% [d(xm mn—i—l) +d<mn+17 $n+2)]> —G(d({L‘n, ‘rn"‘l)’ d($n+1, $n+2))
< w<% [Rn + RnJrl]) - H(Rna Rn+1)' (2'4)

1
Since 6(R,,, Rn+1) > 0, we have from (2.4) that ¢(Rp41) < w(i (R, + Rn+1]). By

1
monotone property of v, it follows that R, 1 < 3 (Rp+ Rpt1), that is, Rp+1 < Ry,

Thus {R,,} is a monotone decreasing sequence of nonnegative real numbers. Hence
there exists an r > 0 such that

R, = d(zp, Tpi1) =T as n — oo. (2.5)

Taking limit supremum in both sides of (2.4), using (2.5) and continuity of 1, we
have

1/1(7“) S 1/1(7“) +m (_ H(Rna Rn—l—l))-
Since lim (— 0(R,, Rnt1)) = — lim O(R,, Rn41), we have

1/)(7") S 7/}(7') - h7m G(Rn, Rn+1)7

that is,
lim Q(Rny Rn—H) <0.

Since (R, Rn4+1) — (r,7), by properties of 6, the above is a contradiction unless
(r,r) = (0,0), that is, » = 0. Therefore,

71113010 R, = nlingo d(xn, Tpy1) =0. (2.6)
Next we show that {z,} is a Cauchy sequence.
Suppose that {z,} is not a Cauchy sequence. Then there exists an € > 0 and two
sequences of positive integers {m(k)} and {n(k)} such that for all positive integers
k, n(k) > m(k) > k and d(Zp,(r), Tnk)) = € Assuming that n(k) is the smallest
such positive integer, then we have

d(wm(k), xn(k),l) < €.
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Now,
€ < d(Timrys Tuky) < ATmk)ys Tok)-1) T ATnk)—15 Tnk))s
that is,
€ < ATy, Tnky) < €+ d(Tpi)—1, Tnk))-

Taking limit as k — oo in the above inequality and using (2.6), we have
klin;o d((L‘m(k), xn(k)) = €. (27)
Again,

ATy, Tni)) < ATmiys Tmk)+1) T ATm@)+15 Tnk)+1) T ATnk)y+15 Tnk))

and

AT +1> Tn)+1) < ATm@)+1> Tmik)) T ATy Tng)) + ATnk)s Tnk)+1)-

Taking limit as k — oo in the above inequalities and using (2.6) and (2.7), we have

lim d(xm(k)-I—lv xn(k)-l—l) =€ (28)

k—00

As () B(Tpm) > 1 and T is a multivalued (a, 8,1, 0)-weak Kannan type
mapping, using properties of 1) and 6, we have

V(A (k)15 Tne)+1)) < VO (T Ty, Topry))

< ¢(§ [D (l’m(k),Tﬂ?m(k)HD(ﬂfn(k),Txn(k))])—9(5($m(k),Tﬂfm(k)), 8(Zn(k)s Tn(r)))
1

< (5 [d(gjm(k)’ xm(k)-l—l)_'_d(l‘n(k)? xn(k)-‘rl)]) _e(d(l‘m(k)a mm(k)-l—l)a d(xn(k) ) ‘/En(k)-i—l))

Since 0(d(Tpm(k)ys Tmk)+1)s UTn(k) Tngry+1)) = 0, we have

1

V(AT (k) 415 Tngk)+1)) < ¢(*

5 [A(@mry, Tmery+1) + d(Znr), wn(k)+1)]>,

which, by monotone property of 1, implies that

1
ATrm(k)+15 Tngk)+1) < 5 [A(Zm(k)s Tm)+1) + A @iy Tog)+1)]-

Taking limit as k& — oo in the above inequality and using (2.6) and (2.8), we obtain
€ < 0, which is a contradiction. Hence {z,} is a Cauchy sequence.
As (X, d) is a complete metric space, there exists z € X such that

Tp —Z as m— oo. (2.9)
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By the condition (iii) of the theorem $(z) > 1. Now «(zy,) S(z) > 1 for all n > 0.
As T is a multivalued («, 3,1, 0)-weak Kannan type mapping, using properties of
and 6, we have

(0(znt1, T2))

IN

V(0(Txy, Tz))
(% [D(n, Taa) + D(z, T2)]) ~6(6(ea, Tn), 8z, T2))

IN

(4
< (5 W@, 20e1) + DGz, T2))) ~ 6(d(an, wasn), 6z, T2))

Since (d(xn, Tnt1), 0(z, Tz)) > 0, we have

Y(3(enss, T2) < (5 i, 2a11) + DG, T2)),

which, by monotone property of ¢, implies that

xnt1, T2) < = [d(xn, Tny1) + D(z, T2))].

1
2

Taking limit as n — oo in the above inequality and using (2.6) and (2.9), we have

1
0(z, Tz) < 3 D(z, Tz).
Since D(z, Tz) < §(z, Tz), it follows from the above inequality that

d(z, Tz) < = d(z, Tz),

N =

which is a contradiction unless 6(z, Tz) = 0, that is, Tz = {z}, that is, z € Tz.
Therefore, z is a fixed point of 7. O

Theorem 11. Let (X, d) be a complete metric space T : X — B(X) be a multivalued
mapping. Suppose there exist 0 € © which is nondecreasing in each coordinate, ¥ €
U and o, B: X — [0,00) such that T is a multivalued (c, 3,1, 6)-weak Chatterjea
type mapping and also the conditions (i), (ii) and (iii) of Theorem 10 hold. Then T
has a fixed point.

Proof. Following the line of proof of Theorem 10, we construct the sequence {x,,}
such that (2.3) is satisfied, that is,

ZTpt1 € Ty with a(z,) > 1 and S(x,) > 1, for all n > 0.

Let R, = d(xy, ®py1), for all n > 0.
As ozy) B(zpt1) > 1 and T is a multivalued (o, 3,1, 0)-weak Chatterjea type
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mapping, using properties of 1) and 6, we have

Y(Rnt1) = Y(d(@ny1, Tote)) S (O0(Twn, Trpgr))

< [D(xnv Txn—i—l) +D(xn+17 Txn)]) _9(5(1'717 Txn-i—l)’ 5(xn+17 Txn))

v(3
< w<% [d(xrw $n+2) —i—d((L’,—H_l, 1’n+1)]> —H(d(fﬂn, xn+2)7 d($n+1, xn—f—l))
< oy

[d(zn, Tni2) +O]> —(d(x, Tnis), 0). (2.10)

Since 6(d(xn, Tnt2), 0) >0, we get

Y(Rpq1) < w(% d(xn, xn+2>> < ¢<% [d(2n, Tni1) + d(Tng1, xn-ﬂ)])

1

= (5 (Ra+ Ratn)). (2.11)

1
Using monotone property of 1, we have R,,+1 < 3 (Rp+ Ryy1), that is, Ry41 < Ry,

Thus {R,} is a monotone decreasing sequence of nonnegative real numbers. Hence
there exists an 7 > 0 such that (2.5) is satisfied, that is,

R, =d(xn, Tpt1) =T a8 n — oo.

Using monotone property of 1, we have from (2.11) that

(Rn + Rn—i—l)'

| =

1
Rpy1 < ) d(fﬁna xn+2) <
Taking n — oo in the above inequality and using (2.5), we have

1 1
r < lim 5 d(xp, Tpi2) < 5 (r+r)=r.

n—o0

Therefore,

1
lim — d(zy, Tny2) =7, thatis, lim d(z,, Tni2) =27 (2.12)
n—o00 2 n—00

Taking limit supremum on both sides of (2.10), using (2.5), (2.12) and continuity of
1, we have

U(r) < P(r) +lim (= 0(d(n, Tnt2), 0)).

Since lim (_ H(d(xm $n+2)a 0)) = — lim e(d(xm xn+2)> O), we have

P(r) < ¢(r) — lim 6(d(2n, Tnt2), 0),

that is,
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Since (d(xpn,xni2), 0) — (2r,0), by properties of #, the above is a contradiction
unless (2r,0) = (0,0), that is, r = 0. Therefore, we have (2.6), that is,

lim R, = hm d(xn, Tpy1) =0.
n—oo

Again
lim d(xp,xn42) = 0. (2.13)

n—o0

Next we show that {x, } is a Cauchy sequence. If {z,} is not a Cauchy sequence,
arguing similarly as in the proof of Theorem 10, we have an € > 0 and two sequences
of positive integers {m(k)} and {n(k)} such that for all positive integers k, n(k) >
m(k) >k, (T k), Tpr) > € and (2.7), (2.8) are satisfied, that is,

lim d = d lim d =€
I (@), Tag) =€ and  Um d(@mE)41, Tnmy4) = €

Again,

ATm)s Tnk)) < ATm@)s Trg)+1) + ATn@) 11> Tngk))
and

A T)s Tnk)+1) < A @m)s o)) + A Tnw)s Tnr)+1)-

Letting & — oo in the above inequalities and using (2.6) and (2.7), we have

lim d(x x =e€. 2.14
kl ( m(k)> n(k)-l—l) € ( )
Similaﬂy, we have
li =€ 2.1
klm d( n(k)» m(k)-l—l) € ( 5)

As a(Tpky) B(Tpry) = 1 and T is a multivalued (o, 8,9, 0)-weak Chatterjea type
mapping, using properties of 1) and 6, we have

%ZJ(d(xin(k)H, n(k)+1)) < YOIy, TTnwy))
< ¢<§ [D(xm(k)vTﬂ:n(k))+D($n(k)7TfEm(k))]) —0(0(Tm(k), TTn(k))s O(Tnk), TTmk)))

1
< ¢<§ [d(ﬂfm(kyxn(k)+1)+d($n(k)7fL‘m(k)H)])—@(d(éEm(kyxn(k)ﬂ), A( T (ks Trn(k)+1))-
Taking limit supremum in the above inequality, using (2.8), (2.14), (2.15) and
continuity of ¢, we have

Y(€) < (e) + Im (—0(d(Zm()s Tngk)+1)s ATng)s Tomk)+1)))-

lim (_e(d(mm(k)v xn(kz)-‘rl)’ d(mn(k)a mm(k)—i—l))) =

— lim e(d(xm(k) ) xn(k)Jrl)a d(xn(k) ) xm(k)+1))>
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we have
1/}(6) < Tﬂ(ﬁ) — lim H(d(xm(k)a xn(k)Jrl)? d(xn(k)a xm(k)+1))7
that is,
lim 0(d(Zmkys Tnk)+1)s ATnk)s Tmk)+1)) < 0.

Since (d(Tmk)s Tnk)+1)> ATnk): Tmry+1)) = (€,€) # (0,0), by properties of 0, the
above is a contradiction. Hence {z,} is a Cauchy sequence. As (X, d) is a complete
metric space, there exist z € X such that (2.9) is satisfied, that is, z,, — z as n — oo.
By the condition (iii) of the theorem 3(z) > 1. Now «a(x,) 8(z) > 1. As T is a
multivalued (a, B, 1, 8)-weak Chatterjea type mapping, using properties of ¢ and 6,
we have

VY(6(rn+1,T2)) < (6(Txy, T2))
(% [D(n, T2) + D(z, Ta)]) — 6(6(en, T2),8(2, Tra)
D

IN

(4
< (5 D, T2) +d(z, 0ni)]) 00 (en, T2),d(z, nin)).

Since 0(6(zy, Tz),d(2z, Tnt+1)) > 0, we have

1
$(0(@nt1, T2)) Sv(5 [Dl@n, T2) +d(z aui1)]),
which, by monotone property of 1, implies that

d(xnt1, T2z) < = [D(zp, Tz) +d(z, Tpi1))]-

1
2

Taking limit as n — oo in the above inequality and using (2.9), we have

0(z, Tz) < = D(z, Tz).

N

Similarly as in the proof of Theorem 10, we can show that 6(z, T'z) = 0, that is, T’z
= {z}, that is, z € T'z. Therefore, z is a fixed point of T'. O

Example 12. Let X = [0,00) be equipped with usual metric d. Then (X,d) is a
complete metric space. Let T : X — B(X) be defined as follows:

(&1, if 0<z<l
T = [:z:—i—%—%, n], if n—1<x<nwithn>2.

Let a, B : X — [0,00) be respectively defined as follows:

i, it x> 1, and B(:”):{ 0, if z>1.

o
if <zx<l1 .

{ €% 0<z< z+1, if 0<x<1
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Let v: [0,00) — [0,00) and 6 : [0,00)? — [0,00) be respectively defined as
follows:

5 if 0<t< Tty
L/J(t)—{ ; i ors 1 and H(x,y)—T, for z, y > 0.

Clearly, ¥ € ¥ and 0 € ©.

(i) Suppose that x € X and a(x) > 1. Then = € [0, 1] and Tx C [0, 1]. It
follows that B(u) > 1 for all w € Tx. Similarly, if y € X and f(y) > 1, it can
be shown that a(v) > 1 for all v € T'y. Therefore, T is a cyclic (¢, )-admissible
mapping.

(ii) a(x) > 1 and B(z) > 1 for every x € [0, 1].

(iii) Suppose that {x,} is a sequence in X such that =, — = as n — oo and
B(xy) > 1 for all n. Then {z,} is a sequence in [0, 1] and also z € [0, 1]. Then it
follows that B(z) > 1

(iv) Let z,y € X with a(z) B(y) > 1. Now, a(z) B(y) > 1 implies that z,y €
[0, 1]. Therefore, it is required to verify the inequalities of Theorems 10 and 11 only
for z,y € [0, 1]. With out loss of generality, we suppose z,y € [0, 1] with z > y
[calculation is similar for x < y]. Then

Y(8(Tz, Ty)) = () = el = 22v,

U} [D(a, Ta) + Dy, Ty)]) = (=) — =w — iy — 3G,
¢(% [D(z, Ty) + D(y, Tx)]) = ¢(|$*E|J2r\yfﬁ| _ x—ﬁz‘y,E|7

9(5(35: Tz ) ( ?J)) (if %v %) = 8 — 1
O((z, Tv). 8y, o)) =0( =~ 4|, |y = %\1>=W,
Now, 1(6(Tz, Ty)) = 5 < 2 < 5“;;?/) 5(gjy> 5(;’;1’) = (L [D(x, Tx)+

2
D(y, Ty)]) — 0(6(z, Tx), (5( Ty)). Therefore, the inequality of Theorem 10 is
satisfied for all z,y € X with a( ) B(y) > 1 and hence T is a multivalued («, 3,1, 0)-
weak Kannan type mapping.

Again,
1 Daty), if y>=
Z D T D T — 64 ’ = 16
o(3 0. T+ D0 7o) = { BT S
) i oy > &
0(5(x, Ty). 0y, To) ={ 2, o 1
17(1282’,)7 if y <5
> & then ¢(§(Tx,Ty)) = %2 < IT-;y < (x+y) 15(6x+y) _ 15(z+y)

)
D(x,Ty) + D(y. T2)]) — 0(5(z, Ty), 8(y, ). It y < £, then (8(Tx, Ty)) =
v < ey - T0y) 1T0w) — (3 [D(2, Ty)+D(y, Tx)])~60(5(z, Ty), §(y, Tx)).

—
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Therefore, the inequality of Theorem 11 is satisfied for all z,y € X with a(x) S(y) >
1 and hence T is a multivalued («, 3,1, #)-weak Chatterjea type mapping.

Therefore, all the conditions of Theorems 10 and 11 are satisfied and the set of
fixed points of T is {0, 2, 3, 4,...n,...}.

In Theorems 10 and 11, considering a(z) = f(x) =1 for all x € X, we have the
following corollaries.

Corollary 13. Let (X,d) be a complete metric space and T : X — B(X) be a
multivalued mapping. Suppose there exist ¥ € ¥ and 6§ € © such that

(8(Tz, Ty)) < 1/}(% [D(z,Tx) + D(y,Ty)]) —0(8(z, Tx), 8(y, Ty)), for all z,y € X.

Then T has a fixed point.

Corollary 14. Let (X,d) be a complete metric space and T : X — B(X) be a
multivalued mapping. Suppose there exist Y € ¥ and 8 € © such that

D(8(Tz, Ty)) < w(% [D(z, Ty) + D(y,Tx)]) —9(8(x, Ty), 8(y, T)), for all z,y € X.

Then T has a fixed point.

3 Consequences in singlevalued cases

In this section we obtain some consequences of the corresponding results of Section
2 in the cases of singlevalued mappings. For the following results the monotone
property of # is not necessary.

Theorem 15. Let (X,d) be a complete metric space and T : X — X. Suppose
there exist a, §: X — [0,00), ¥ € ¥ and § € O such that T is a («, 8,1, 0)-weak
Kannan type mapping and also the following conditions hold.

(1) T is a cyclic (o, B)-admissible mapping,

(13)  There exists vog € X such that a(zg) > 1 and B(zo) > 1,

(ii7)  If {xn} is a sequence in X such that x,, — x as n — oo and B(xy) > 1 for all n,
then B(x) > 1.

Then T has a fized point.

Proof. We know that for every x € X, {z} € B(X). We define a mapping S : X —
B(X) as Sx = {Tz}, for € X. Then all the conditions of the theorem reduce to
the conditions of Theorem 10 and hence by application of Theorem 10, there exists
u € X such that {u} = Su. By the definition of S, we have Su = {T'u}. Hence
u = T'u, that is, u is a fixed point of T ]
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Theorem 16. Let (X,d) be a complete metric space and T : X — X. Suppose
there exist a, f: X — [0,00), ¥ € ¥ and § € O such that T is a («, 3,1, 0)-weak
Chatterjea type mapping and also the conditions (i), (ii) and (iii) of Theorem 15
hold. Then T has a fixed point.

Proof. Arguing similarly as in the proof of Theorem 15 and by an application of
Theorem 11, we have the required proof. O

In Theorems 15 and 16, considering a(x) = S(x) = 1 for all x € X, we have the
following corollaries.

Corollary 17. Let (X,d) be a complete metric space and T : X — X. Suppose
there exist ¥ € ¥ and 6 € © such that

YT, Ty)) < b (5 [d, To) + dly, Ty)]) — 0(d(a, Ta),dly, Ty)), for all 2,y € X.
Then T has a fized point.

Corollary 18. Let (X,d) be a complete metric space and T : X — X. Suppose
there exist v € ¥ and 6 € © such that

W(d(Tz, Ty)) < zp<% [d(z, Ty) + d(y, T:U)]) —6(d(z,Ty),d(y,Tx)), for allz,y € X.
Then T has a fixed point.

In Theorems 15 and 16, considering a(x) = f(z) =1 for all x € X, ¢(t) =t for
all t € [0,00) and O(u,v) = (1 — k)u—i—v
have respectively Kannan [19] and Chatterjea [4] fixed point theorems.

for all (u,v) € [0,00)2, where k € [0,1), we

Corollary 19. Let (X,d) be a complete metric space and T : X — X. Suppose
there exists k with 0 < k < 1 such that

d(Tz,Ty) < g [d(z, Tx)+d(y, Ty)], for all z,y € X.

Then T has a fized point.

Corollary 20. Let (X, d) be a complete metric space and T : X — X. Suppose
there exists k with 0 < k < 1 such that

d(Tz, Ty) < g [d(z, Ty)+d(y, Tz)], for all z,y € X.

Then T has a fixzed point.

Acknowledgement. The authors gratefully acknowledge the referee’s suggestions.

sk sk sk ok sk ok ok s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk ok sk sk sk sk ok sk sk sk st ok sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 14 (2019), 1 — 16
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v14/v14.html
http://www.utgjiu.ro/math/sma

14 Binayak S. Choudhury, N. Metiya, S. Kundu and D. Khatua

References

[1] S. Alizadeh, F. Moradlou, P. Salimi, Some fized point results for (o — ) —
(1 — p)-contractive mappings, Filomat 28(3) (2014), 635-647. MR3360036. Zbl
06704788.

[2] I. Altun, D. Turkoglu, Some fized point theorems for weakly compatible
multivalued mappings satisfying an implicit relation, Filomat 22 (2008), 13-21.
MR2482646. Zbl 1199.54202.

[3] I. Beg, A. R. Butt, Common fized point for generalized set valued contractions
satisfying an implicit relation in partially ordered metric spaces, Math. Commun.
15 (2010), 65-76. MR2668982. Zbl 1195.54068.

[4] S. K. Chatterjea, Fized-point theorems, C. R. Acad. Bulgare Sci. 25 (1972),
727-730. MR324493. Zbl 0274.54033.

[5] S. H. Cho, A fized point theorem for weakly «a-contractive mappings with
application, Appl. Math. Sci. 7 (2013), 2953-2965. MR3065198. Google Scholar.

[6] B. S. Choudhury, P. Konar, B. E. Rhoades, N. Metiya, Fized point theorems for
generalized weakly contractive mappings, Nonlinear Analysis: Theory, Methods
and Applications 74 (2011), 2116-2126. MR2781742. Zbl 05865491.

[7] B. S. Choudhury, N. Metiya, M. Postolache, A generalized weak contraction
principle with applications to coupled coincidence point problems, Fixed Point
Theory Appl. 2013 (2013). MR3072000. Zbl 1295.54050.

[8] B. S. Choudhury, N. Metiya, C. Bandyopadhyay, Fized points of multivalued
a-admissible mappings and stability of fixed point sets in metric spaces, Rend.
Circ. Mat. Palermo 64 (2015), 43-55. MR3324372. Zbl 1320.54024.

[9] B. S. Choudhury, N. Metiya, T. Som, C. Bandyopadhyay, Multivalued fized point
results and stability of fixed point sets in metric spaces, Facta Universitatis (NIS)
Ser. Math. Inform. 30(4) (2015), 501-512. MR3384672. Zbl 06749364.

[10] D. Dori¢, Common fized point for generalized (¢, ¢)-weak contractions, Appl.
Math. Lett. 22 (2009), 1896-1900. MR2558564. Zbl 1203.54040.

[11] P. N. Dutta, B. S. Choudhury, A generalisation of contraction principle in
metric spaces, Fixed Point Theory Appl. 2008 (2008), Article ID 406368.
MR2470177. Zbl 1177.54024 .

[12] B. Fisher, Common fized points of mappings and setvalued mappings, Rostock
Math. Colloq. 18 (1981), 69-77. Zbl 0479.54025.

sk sk sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk ok sk sk sk sk ok sk sk sk s ok sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 14 (2019), 1 — 16
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=3360036
https://zbmath.org/?q=an:06704788
https://zbmath.org/?q=an:06704788
http://www.ams.org/mathscinet-getitem?mr=2482646
https://zbmath.org/?q=an:1199.54202
http://www.ams.org/mathscinet-getitem?mr=2668982
https://zbmath.org/?q=an:1195.54068
http://www.ams.org/mathscinet-getitem?mr=324493
https://zbmath.org/?q=an:0274.54033
http://www.ams.org/mathscinet-getitem?mr=3065198
https://zbmath.org/
http://www.ams.org/mathscinet-getitem?mr=2781742
https://zbmath.org/?q=an:05865491
http://www.ams.org/mathscinet-getitem?mr=3072000
https://zbmath.org/?q=an:1295.54050
http://www.ams.org/mathscinet-getitem?mr=3324372
https://zbmath.org/?q=an:1320.54024
http://www.ams.org/mathscinet-getitem?mr=3384672
https://zbmath.org/?q=an:06749364
http://www.ams.org/mathscinet-getitem?mr=2558564
https://zbmath.org/?q=an:1203.54040
http://www.ams.org/mathscinet-getitem?mr=2470177
https://zbmath.org/?q=an:1177.54024
https://zbmath.org/?q=an:0479.54025
http://www.utgjiu.ro/math/sma/v14/v14.html
http://www.utgjiu.ro/math/sma

Fixed points of multivalued mappings 15

[13] M. Fakhar, Endpoints of set valued asymptotic contractions in metric spaces,
Appl. Math. Lett. 24 (2011), 428-431. MR2749721. Zbl 1206.54043.

[14] M. E. Gordji, H. Baghani, H. Khodaei, M. Ramezani, A generalization of
Nadler’s fized point theorem, J. Nonlinear Sci. Appl. 3(2) (2010), 148-151.
MR2601851. Zbl 1187.54038.

[15] A. A. Harandi, D. O'Regan, Fized point theorems for set valued contraction
type maps in metric spaces, Fixed Point Theory Appl. 2010 (2010), Article ID
390183. MR2595829. Google Scholar.

[16] J. Harjani, K. Sadarangani, Fized point theorems for weakly contractive
mappings in partially ordered sets, Nonlinear Analysis: Theory, Methods and
Applications 71 (2009), 3403-3410. MR2532760. Zbl 1221.54058.

[17] N. Hussain, E. Karapinar, P. Salimi, F. Akbar, a-admissible mappings and
related fized point theorems, J. Inequal. Appl. 2013 (2013). MR3047105. Zbl
1293.54023.

[18] G. Jungck, B. E. Rhoades, Some fized point theorems for compatible maps,
Intert. J. Math. Math. Sci. 16 (1993), 417-428.

[19] R. Kannan, Some results on fized points, Bull. Cal. Math. Soc. 60 (1968), 71-76.
MR257837. Zbl 0209.27104.

[20] E. Karapinar, B. Samet, Generalized a—1) contractive type mappings and related
fized point theorems with applications, Abstr. Appl. Anal. 2012 (2012), Article
ID 793486. MR2965472. Zbl 1252.54037.

[21] S. B. Jr. Nadler, Multivalued contraction mapping, Pac. J. Math. 30 (1969),
475-488. MR254828. Zbl 0187.45002.

[22] H. K. Nashine, B. Samet, Fized point results for mappings satisfying (¢, ¢)-
weakly contractive condition in partially ordered metric spaces, Nonlinear
Analysis: Theory, Methods and Applications 74 (2011), 2201-2209. MR2781749.
Zbl 1208.41014.

[23] J. J. Nieto, R. Lopez, Contractive mapping theorems in partially ordered sets
and applications to ordinary differential equations, Order 22 (2005), 223-239.
MR2212687. Zbl 1095.47013.

[24] A. C. M. Ran, M. C. B. Reurings, A fized point theorem in partially ordered sets
and some applications to matriz equations, Proc. Amer. Math. Soc. 132 (2004),
1435-1443. MR2053350. Zbl 1060.47056.

sksk sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk s ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk ok stk sk sk ok sk sk sk sk ok sk sk sk ok sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk sk ok ok sk ok

Surveys in Mathematics and its Applications 14 (2019), 1 — 16
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=2749721
https://zbmath.org/?q=an:1206.54043
http://www.ams.org/mathscinet-getitem?mr=2601851
https://zbmath.org/?q=an:1187.54038
http://www.ams.org/mathscinet-getitem?mr=2595829
https://zbmath.org/
http://www.ams.org/mathscinet-getitem?mr=2532760
https://zbmath.org/?q=an:1221.54058
http://www.ams.org/mathscinet-getitem?mr=3047105
https://zbmath.org/?q=an:1293.54023
https://zbmath.org/?q=an:1293.54023
http://www.ams.org/mathscinet-getitem?mr=257837
https://zbmath.org/?q=an:0209.27104
http://www.ams.org/mathscinet-getitem?mr=2965472
https://zbmath.org/?q=an:1252.54037
http://www.ams.org/mathscinet-getitem?mr=254828
https://zbmath.org/?q=an:0187.45002
http://www.ams.org/mathscinet-getitem?mr=2781749
https://zbmath.org/?q=an:1208.41014
http://www.ams.org/mathscinet-getitem?mr=2212687
https://zbmath.org/?q=an:1095.47013
http://www.ams.org/mathscinet-getitem?mr=2053350
https://zbmath.org/?q=an:1060.47056
http://www.utgjiu.ro/math/sma/v14/v14.html
http://www.utgjiu.ro/math/sma

16 Binayak S. Choudhury, N. Metiya, S. Kundu and D. Khatua

[25] B. E. Rhoades, Some theorems on weakly contractive maps, Nonlinear Analysis:
Theory, Methods and Applications 47(4) (2001), 2683-2693. MR1972392. Zbl
1042.47521.

[26] B. Samet, C. Vetro, P. Vetro, Fized point theorems for o — 1-contractive type
mappings, Nonlinear Analysis: Theory, Methods and Applications 75 (2012),
2154-2165. MR2870907. Zbl 1242.54027.

[27] W. Sintunavarat, P. Kumam, Coincidence and common fized points for hybrid

strict contractions without the weakly commuting condition, Appl. Math. Lett.
22 (2009), 1877-1881. MR2558560. Zbl 1225.54028.

[28] J. Yin, T. Guo, Some fized point results for a class of g-monotone increasing
multi-valued mappings, Arab J. Math. Sci. 19(1) (2013), 35-47. MR3004031.

Binayak S. Choudhury

Department of Mathematics, Indian Institute of Engineering Science and Technology,
Shibpur, Howrah - 711103, West Bengal, India.

E-mail: binayakl12@yahoo.co.in

Nikhilesh Metiya

Department of Mathematics, Sovarani Memorial College, Jagatballavpur,
Howrah-711408, West Bengal, India.

E-mail: metiya.nikhilesh@gmail.com

Sunirmal Kundu
Department of Mathematics, Government Degree College, Salboni,
Paschim Mednipur - 712516, West Bengal, India.

E-mail: sunirmalkundu2009@rediffmail.com

Debashis Khatua

Department of Mathematics, Indian Institute of Engineering Science and Technology,
Shibpur, Howrah - 711103, West Bengal, India.

E-mail: debashiskhatua@yahoo.com

License

This work is licensed under a Creative Commons Attribution 4.0 International
License.

Sk ok koo ok ok >k kR Sk ok kok ok ok ok kook sk ok kok ok sk ok skok sk sk skokook skook kokook sk ok skokook sk kokok sk ok kokook sk okokok sk sk skokosk sk sk skokosk sk skokok skok kokok skokokok

Surveys in Mathematics and its Applications 14 (2019), 1 — 16
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=1972392
https://zbmath.org/?q=an:1042.47521
https://zbmath.org/?q=an:1042.47521
http://www.ams.org/mathscinet-getitem?mr=2870907
https://zbmath.org/?q=an:1242.54027
http://www.ams.org/mathscinet-getitem?mr=2558560
https://zbmath.org/?q=an:1225.54028
http://www.ams.org/mathscinet-getitem?mr=3004031
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://www.utgjiu.ro/math/sma/v14/v14.html
http://www.utgjiu.ro/math/sma

	Introduction and Definitions
	Main Results
	Consequences in singlevalued cases

