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GENERALIZED BANACH CONTRACTION
MAPPING PRINCIPLE IN GENERALIZED METRIC
SPACES WITH A TERNARY RELATION

Y. U. Gaba, C. A. Agyingi, Binayak S. Choudhury and P. Maity

Abstract. In the present work the use of ternary relations is introduced in fixed point theory
to obtain some fixed point results in G-metric spaces. Amongst several generalizations of metric
spaces suggested in recent times, G-metric spaces are the ones in which the metric is replaced by a
function through which sets of three elements are assigned to non-negative real numbers. A ternary
relation is assumed on the space and a generalized contractive condition is assumed for the triplets
of elements related by the ternary relation. Fixed point and related results are established for such
contractions as generalization of contractive mapping principle. The case without the assumption of
ternary relation on the space is also discussed. There are some corollaries and illustrative examples.
The illustrations establish the actuality of the generalization. The methodology of the proofs are

new in the context of G-metric spaces.

1 Introduction and Definitions

Banach’s contraction mapping principle is a well known result of functional anal-
ysis which is established in the general setting of complete metric spaces and has
served as the basis of many fundamental results in mathematical studies [19]. It has
been extended to several other spaces which are generalizations of metric spaces like
cone metric spaces [18], fuzzy metric spaces [15], probabenumerateic metric spaces
[25] and the like. Generalizations of these extensions have also been successfully
attempted in the corresponding spaces. A particular extension of metric space is
generalised metric space or G-metric space [22] where a three variable non-negative
realvalued function replaces the ordinary metric which is a function of two vari-
ables. Such extensions were also attempted previously which finally culminated in
the definition of G-metric space [1]. One of the salients features of G-metric spaces
is its Hausdroff topology. This is a reason for a successful extension of metric fixed
point theory to the space which has experienced rapid development in recent times.
A comprehensive account of this development is given in the book [1]. Some more
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recent references, amongst others, are noted in [2, 3, 4, 6, 7, 8, 10, 11, 12, 13, 14, 26].
Other metric related studies have also been transferred to G-metric spaces. As
instances of these works, proximity point problems have appeared in [8] and varia-
tional inequality problems have been studied in [16]. It has recently been observed
that the fixed point theorems for several contractive mappings, which includes both
extension of Banach’s contraction as well as other types of contractions, especially
discontinuous contractions, do not require in their proofs the contractive conditions
to be satisfied for arbitrary pairs of points from the space. Rather the pairs of
points requiring the satisfaction of the contraction between them can be restricted
to a smaller set. For that purpose partial order relations are introduced in metric
spaces and several contractive conditions are assumed for pairs of points conected
through the partial order relation. Fixed point theory in partially ordered metric
spaces has extensively devloped in recent times through works like those noted in
[9, 20, 17, 23, 24].

In the same vein we show that using ternary relations it is possible to obtain
fixed point results in G-metric spaces by requring a contractive condition for sets of
three points from the space which must be related by the ternary relation. In fact we
establish a generalization of the Banach’s contraction mapping principle by the use
of ternary relation. We also discuss the case of our main theorem without any such
ternary relation. There are two examples which demonostrate the actuality of the
generalizations. In the following we discuss some technical aspect of the G-metric
space and related issues on which we base our discussion in the rest of the paper.

Definition 1 ([22]). Let X be a nonempty set, and let the function G : X x X x X —
[0,00) satisfy the following properties:

(G1) G(z,y,z) =0 if x = y = z whenever z,y,z € X;

(z,9,2)

(G2) G(z,x,y) > 0 whenever x,y € X with x # y;

(G3) G(z,x,y) < G(x,y, z) whenever x,y,z € X with z # y;
(G4) G(z,y,2)
(G5) G(x,y,2) <

Then (X, G) is called a G-metric space.

Gz, z,y) = Gy, z,x) = ..., (symmetry in all three variables);

[G(z,a,a) + G(a,y, z)] for any points x,y,z,a € X.

Proposition 2 ([22]). Let (X, G) be a G-metric space. Then for a sequence {x,} C
X, the following are equivalent

(i) {zn} is G-convergent to x € X.
(1) limy, yp—oo G(2, Tp, ) = 0.
(i3i) limy, 00 G(2, Ty, zp) = 0.
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(i) limy, oo G(zp, 2z, x) = 0.
Proposition 3 ([22]). In a G-metric space (X, G), the following are equivalent
(i) The sequence {z,} C X is G-Cauchy.

(ii) For each € > 0 there exists N € N such that G(zp, Tm, Tm) < € for all m,n >
N.

Definition 4 ([22]). A G-metric space (X,G) is complete (or more precisely G-
complete) if every G-Cauchy sequence of elements of (X,G) is G-convergent in
(X,G).

The topology of G-metric space is Hausdorff topology. Therefore the limit of a
convergent sequence is unique. A comprehensive account of the struture of G-metric
space is given in [1].

Proposition 5 ([22]). If (X,G) and (X',G") are two G-metric space, then a func-
tion T : (X,G) — (X', G’) is continuous at a point z* € X if and only if whenever
a sequence {x,} C X is G-convergent to x* € X, then the sequence {Tz,} C X' is
G’-convergent to Tx* € X'.

Definition 6 ([5]). Let (X, d) be a metric space and T : X — X be a given
function. Given any xo € X, the orbit of xy is denoted by O(T(x¢)) and defined by
the sequence

{zo, 1 = T(x0), 22 = T?(20), ovrvrrreenn. }, that is (1.1)

the sequence {x,} where, for allm > 1, x,, = T"(x0) = Txp—_1.

Definition 7 ([5]). Let (X, d) be a metric space andT : X — X be a given function.
Given any point x € X is an orbital point of T if T™(x) = x for some positive integer
n.

We also recall the results by Mustafa:

Theorem 8 ([21]). Let (X,G) be a G-complete G-metric space and let T : X — X
be a mapping such that there exists \ € [0,1) satisfying

G(T:L‘,Ty,TZ) <A G(.%',y, Z)7 (1'2)

whenever x,y,z € X. Then T has a unique fized point. In fact, T is a Picard
operator.

Definition 9. Let X be a non-empty set. A ternary relation p C X3 is said to be
transitive if (z,y,y) € p and (y,z,p) € p together imply (x, z,p) € p.
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2 Main Results

Theorem 10. Let (X, G) be a complete G-metric space and p be a ternary transitive
relation defind on X. T : X — X 1is mapping such that the following hold:

(i) for each x € X, there exists n(x) such that
G @) g, 7@y 7)) < AG(2,y, 2) (2.1)
whenever (x,y,z) € p and X € [0,1) is a constant.
(ii) (x,y,z) € p implies (x,Ty,Tz) € p and (Tx,y,z) € p.
(iii) there exists xg € X such that (xg, Tz, Txo) € p.
Then we have the following conclusions
a) If T is continuous then T has a unique fixed point.

b) If for any sequence {x,} in X, xp, — x as k — 0o and (zy, g, Tx41) € p for
all k > 1, together imply that (zy, xp, x) € p for all k > 1, then there is a point
x in X which is an either orbital point or a limit point of its own orbit.

Proof. Let xy be the same as that given in the condition (iii) of the theorem. We
construct the sequence {z,} as follows:

T =T gy k> 1, (2.2)
We first prove that r(zg) = sup G(xo, Tz, Tkazo) is finite. We have (xg, T'zo, T'zg) €
k
p. Then by repeated application of the condition (ii), we have
($Q,Tkl‘0,Tk:E0) € pforall k> 1. (2.3)

Let p = max{G(xo, T'xo, T'xo) : i = 1,2, ..n(z0)}.
For every positive integer k, there exists an integer s > 0 such that

sn(zo) < k < (s + 1)n(zo).
Then

G(.Io, Tk.r[), kaﬁo) < G(l’o, Tn(xo)xo, Tn(xo)xo) +
G(Tn(mo)xo, T:n(ro)T:Is:—'n(aco)xo7 Tn(wo)Tk—n(mo)l,O)
p + AG(zo, Tkin(zO):CQ, kan(:po)xo)
(since by (2.3), (zg, TF@0) g TE=(20) 10} € p).

IN
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Again by the same argument,
G(xo, Th=n@0) g, Tk_"(xo)xo) < p+ AG(xp, Th=2n@0) Tk_Q”(“”O)mO).
Combining the above two inequalities, we have
G(xo, T 20, Tkxg) < p+ pA+ AG(xo, Tk72"(w°)x0, Tk72"(x0)$0).
Continuing the above process, we obtain that, for all sn(z¢) < k < (s + 1)n(xg),

G(xo, Tz, Tkxo) < pAHPAFPAZ+ . + NG (xp, Th=sm@o) g Tk_sn(xo)xo)

< pAEPAFPAZ F o DA
p

1-X

IN

Since k is an arbitrary positive integer and right hand side is independent of &k, we
conclude that 7(zg) = sup G(zo, T"xo, T*x) < %, which establishes the fact
. _

that r(zg) is finite.
In view of the condition (xo, Txo, Txo) € p, by (2.3), we obtain
(:xo,T”(xl)ajo,T"(m)wo) € p.
Then
G(:El, xra, ZEQ) = G(Tn(xo)mo, Tn(m1)Tn($0)$O’ Tn($1)Tn($O)$0)
= G(T”(%)xo’ TE) () 00 T”(mO)T”(ml)xo)

AG(z0, T®V) 20, T@) 24 (by (1.1))
Ar(zo).

VARV

Again, by (2.2), and by the condition (ii), we have

(Tn(zo)xo, Tn(x2)+n(aco)$0’ Tn(:c2)+n(a:0):z:0) € p,

that is,
(931, Tn($2)$1, Tn(fm)l‘l) € p.
Then
G(.%'Q, xr3, afg) = G(Tn(xl)xl, Tn(IQ)(I}Q, Tn(xg)[EQ)
= G(Tn(xl)xl’Tn($1)Tn(552)x17Tn(xl)Tn(IQ)xl)
< AG(x1, T2 gy, T@2) ), (2.4)

Again, by (2.3), we have
(xo, Tn(m)mo, Tn(gm)l‘()) € p.
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Then
G(x1, T"(M)xl, T"(”):cl) = G(T"(xo)xg, T"(wO)T"(”)xQ, Tn(IO)Tn(IQ)J}())
S )\G(xo, Tn(m):l}o, T"(“)xo)
< Ar(xo). (2.5)

Combining (2.4) and (2.5), we obtain
G(w2, 73, 73) < A1 (20). (2.6)

Proceeding in the above way, we obtain

G(Tn, Tnt1, Tnt1) < AN'r(xg) for all n > 1. (2.7)
Then, for m > n,
m—1 m—1 .
G(xn, Tm, Tm) < Z Gz, Tig1, Tit1) < Z A'r(xg) = 0 as i — oo. (2.8)

Hence {x,} is a Cauchy sequence and therefore, is convergent to T € X (say), that
is,
ZTp — T as N — 0. (2.9)

If 7 is not a fixed point of T, then there exist disjoint open sets U and V withz € U
and 77 € V such that

inf {G(z,y,y) :x € Uand y € V} > 0. (2.10)

Case-1. T is continuous.

Since T' is continuous, T'xz,, — TT as n — oo. Then there exists ky such that for
all k > ko, xp, € U and Txp € V.

Also by repeated application of the condition (ii), for all k£ > 1, we have

(ZL‘k_l,Txk_l,Tl‘k_l) € p. (211)
Then, by (2.2), for all £ > 1, we have

G(:Uk,Txk,Txk) = G(Tn(xk_l)xk_l,Tn(xk_l)TiL‘k_l,Tn(xk_l)TJ:‘k_l)
< ANG(xp—1,Txp_1,Txp_1). (2.12)

Repeating the above process, we obtain
G(xp, Ty, Tay) < NG (w0, Tao, Txg) — 0 as k — oo, (2.13)
which contradicts (2.5).
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Hence 7 = T7.
The proof that T is the only fixed point of the mapping T is by contradiction. If
y € X would be another fixed point of T', then

G(T,y,y) = Gz, Ty T@y) < \G(T, y,y).

This contradiction proves that T is a unique fixed point of T

Hence T has a unique fixed point in X.

Case-II. Let conditions of (b) hold. We have, by our construction, and by the
repeated applications of condition (ii), that for all k > 0, (zk, Tgs1, Tkr1) € p. Also
xp — T as k — oo. Then (xy,zx,T) € p for all k£ > 1.

Then, for all £ > 1,

G(f, z, T'ﬂ(zk)f) < G(f, z, xk-‘,—l) + G(ﬂ%-s—la Tt Tn(x’“)f)
G(Z,Z, k1) + G(T”(wk)xk’ T”(fEk)I]€7 Tn(l'k)f)
< G(7,7,x1) + \G(ag, 25,7) = 0as k — oo, (2.14)

Hence T™"%0)Z — T as k — oo.

If n(xg) = m except for a finite number ks, then T™x = Z, that is, T is an
orbital point of T', otherwise, T is a limit point of its own orbit.

This proves the theorem. O

Example 11. Let X = [0, 1] that we write in the form

11
X = U [2,172711] u {0},
n=1
and let’s endow X with the G-metric d, defined as

d(z,y,z) = max{|z — y|, |y — 2|, |z — x|} for all z,y,z € X.

Let T : X — X be defined as follows:

1 e 1
5T ifr=5,n=12, ..
Tx =141, if x is irrational
0, otherwise.

Let the ternary relation p be defined on X as follows:
1
(z,y,2) € p whenever z,y,z € {2—”,71 =1,2,..} U{0}.

It then follows that with n(xz) =1 for all x, inequality (2.1) is satisfied.

Then, with the choice of zg = %, all the condition of the Theorem 10 are satisfied.

By an application of Theorem 10 there exists a fixed point of T" which can be
seen to be x = 0.
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Note. The function 7' is not continuous here.

In the following we describe the result of Theorem 2.1 in a G-metric space without
any order relation.

Theorem 12. Let (X, G) be a complete G-metric space and T : X — X is a
mapping, for each x € X, there exists n(x) such that

G @) g, @)y 7)) < AG(2,y, 2) (2.15)
forally,z € X and X\ € [0,1) is a constant. Then T has a fixed point.

Proof. The result follows from Theorem 10 by assuming that p is the universal
ternary relation, that is, (z,y, z) € p holds for all z,y,z € X. O

Note. The continuity of T is not a requirement in the theorem.
The following is an illustration of the above theorem.

Example 13. Let X = [0, 1] that we write in the form

X=|])|=,—|u{o
n=1 |:2n7 2n_1:| { }7
and let’s endow X with the G-metric d, defined as

d(x,y,z) = max{]:c _y|a ‘y - Z|a ’Z —l’|} fOT all T,Y, 2 € X.

Let T : X — X be defined as follows:

L if 2 € [ Fr 5ol
xr=
W - pt) o o e |ty ]
and T(0) = 0.
Actually T maps the interval I, := [2%, 2,%1] onto the interval I,41.

The function T is a continuous function on [0, 1] which leaves only 0 fized but
is mot a contraction. Moreover, straightforward computations, considering all the
possible cases for x € I, and y € I,, (with m >n and m <n), lead to

n+3
n+4

|Tz —Ty| < |z —y| forally e X.

Therefore, if we choose A = % in (2.15), then for each x € [2%, 27%1], one can
take n(x) to be n(x) =n+ 3 and for x =0, one just requires that n(0) be such that
n(0) > 1.
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In the special case when n(z) =1 for all z € X, we have the following corollary
which is the case for Banach contraction and an established result.

Corollary 14 ([21]). Let (X, G) be a complete G-metric space and T : X — X
18 a mapping such that the following holds:
For each x,y,z € X,

GTx,Ty,Tz) < A\G(x,y, 2)

where X € [0,1).
Then T has a fized point.

The following is a corresponding result in partially ordered G-metric spaces.

Note. Here the mapping T is automatically continuous.

Corollary 15. Let (X, G) be a complete G-metric space with a partial order relation
“=< 7 defined on X. T : X — X is such that the following hold:

1. for each z,y,z € X such that
GTx,Ty,Tz) < A\G(x,y,2)
whenever x <y = z and A € [0,1).
2. T is isotone, that is, x <y implies Tx < Ty for all z,y € X.
8. there exists xg € X such that xg < Txg.

Let, either

a) T is continuous or,

b) for any sequence {x,} in X, x, — x as n — o0 and xy, < Tk jointly imply
that zp = x for all k.

Then T has a fixed point. If T is continuous then additionally the fized point is
unique.

Proof. We define (x,y,2) € pif x < y and y =< z implies x < y < z. From (iii)
follows that zg < T'xzg = Tzg. The proof then follows by following the same steps
as in Theorem 10 with n(x) =1 for all x € X except for a minor modification with
respect to the implications of condition ii) of the Theorem 10. We omit the details
and note that this is only possible under the condition n(x) = 1 for all x. O
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3 Conclusion

There are two spacial features of the present work which we mention here. One is
the type of generalized contraction and the methodology used to deal with them in
order to establish the fixed point result. The other is the use of ternary relation.
We hope that both the features can be incorporated in fixed point theory elsewhere
to address other circumstances. These can be taken up in future works.
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