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STABILITY IN NONLINEAR NEUTRAL
LEVIN-NOHEL INTEGRO-DYNAMIC EQUATIONS

Kamel Ali Khelil, Abdelouaheb Ardjouni and Ahcene Djoudi

Abstract. In this paper we use the Krasnoselskii-Burton’s fixed point theorem to obtain
asymptotic stability and stability results about the zero solution for the following nonlinear neutral
Levin-Nohel integro-dynamic equation

2 (t) + / a(t,s)g (z(s)) As + c(t)a:z (t—7()=0.
t—7(t)

The results obtained here extend the work of Ali Khelil, Ardjouni and Djoudi [5].

1 Introduction

In 1988, Stephan Hilger [24] has initiated the theory of calculus on time scales
to unify discrete and continuous analysis for the aim of combining the study of
differential and difference equations. Hilger’s work has been the foundation of so
many investigations in the theory of dynamic equations and has received much
attention since its publication.

The study of Levin-Nohel equations brings the traditional research areas of
differential and difference equations. It allows researchers to handle these two
research areas at the same time, hence shedding light on the reasons for their seeming
discrepancies. In fact, many new results for the continuous and discrete cases have
been obtained by studying more general time scales cases (see [1]-[6], [10], [28]-[30]).

In particular, the fixed point theorem was applied to deduce stability conditions,
see also the papers ([7]-[19], [22], [23], [25]-[27]) where different techniques are used
to study stability of delay dynamic equations. While, the Lyapunov direct method
has been very effective in establishing stability results and the existence of periodic
solutions for wide variety of ordinary, functional and partial differential equations.
Nevertheless, in the application of Lyapunov’s direct method to problems of stability
in delay differential equations, serious difficulties occur if the delay is unbounded or
if the equation has unbounded terms. In recent years, several investigators have
tried stability by using a new technique. Particularly, Burton, Furumochi, Zhang
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and others began a study in which they noticed that some of this difficulties vanish
or might be overcome by means of fixed point theory (see [21], [32]). The fixed
point theory does not only solve the problem on stability but has other significant
advantage over Lyapunov’s direct method. The conditions of the former are often
average but those of the latter are usually pointwise (see [20]).

In [5], Ali Khelil, Ardjouni and Djoudi have used the Krasnoselskii-Burton’s fixed
point theorem to obtain asymptotic stability results about the zero solution for the
following nonlinear neutral Levin-Nohel integro-differential equation

x'(t) + /t_ o a(t,s)g (z(s))ds + c(t)z'(t — 7(t)) = 0.

The aim of this paper is to extend the theory established in [5] to neutral Levin-

Nohel integro-dynamic equations on time scales. More precisely, we consider the
equation

2 (t) + /t_ o a(t,s)g (z(s)) As + c(t):vg(t —7(t)) =0, t € [ty,o0)r, (1.1)

with an assumed initial condition

where ¢ € Cyq ([m (to) , to]y ,R) and
m (to) = inf {t — 7 (t) : t € [to,00)} .

In order for the functions z (t — 7(t)) to be well-defined over [tg, 00)y, we assume that
T : [tg, 00)p — T is positive rd-continuous, and that id—7 : [tg, 00) — T is increasing
mapping such that (id — 7) ([tp,00)y) is closed where id is the identity function.
Throughout this paper, we assume that ¢ € C, ([to, 00)1,R), a € Cra([to, o0)p X
[m (to) ,00)p,R4) and g : R — R is continuous with respect to its argument. We
assume that ¢ (0) = 0 and 7 € C?, ([tg, 00)7, (0,00)) such that

T2 (t) # 1, t € [tg,00) 7. (1.2)
Our purpose here is to use the Krasnoselskii-Burton’s fixed point theorem to show
the asymptotic stability and stability of the zero solution for (1.1).
2 Preliminaries

A time scale T is an arbitrary nonempty closed subset of the real numbers R. Since
we are interested in oscillatory behavior, we suppose that the time scale under
consideration is not bounded above and below. Throughout this paper, intervals
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subscripted with a T represent real intervals intersected with T. For example, a,b €
T, [a,bly = [a, b)) N T.

We begin this section by considering some advanced topics in the theory of
dynamic equations on time scales. Most of the following definitions, lemmas and
theorems can be found in [12, 13].

Definition 1. The forward and backward jump operators o,p : T — T and the
graininess function p: T — [0,00) are defined, respectively, by

o(t)=inf{seT:s>t}, p(t) =sup{seT:s<t}, pt)=o(t)—t.

We make the assumption that inf @ = sup T and sup() = inf T. A point t € T
is called right-dense if t < sup T and o(t) = t, right-scattered if o(t) > t, left-dense
if ¢ > infT and p(t) = ¢, and left-scattered if p(¢f) < ¢. If T has a left-scattered
maximum m, define T¥ = T— {m}. Otherwise, T¥ = T. Finally, if f : T — R we
define the function f? : T — R by

fo@t) = f(o(t)) forall teT.

Definition 2. A function f : T — R is called rd-continuous provided it is continuous
at every right-dense point t € T and its left-sided limits exist, and is finite at every
left-dense point t € T. The set of rd-continuous functions f : T — R will be denoted

by
Crqg = Crd(T) :Crd(Ta R)

The set of functions f : T — R that are differentiable and whose derivative is rd-
continuous is denoted by

Crg = Crg(T) =Cpy(T, R).

Definition 3. For f : T — R, we define f*(t) to be the number (if it exists) with
the property that for any given € > 0, there exists a neighborhood U of t such that

((F®)) = £(5)) — F2(0) (o(t) = )] < elo(t) — 5| for all s € U.
The function f>: TF — R is called the delta (or Hilger) derivative of f on TF.
Theorem 4. Assume f : T — R is a function and let t € T*. Then, we have the
following,

(2) if f is differentiable at t, then f is continuous at t,
(ii) if f is continuous at t and t is right-scattered, then f is differentiable at t

i [o) = S
Ay J\O - .
(7i1) if t is right-dense, then f is differentiable at t with
o S = f(s)
FR0) =l =
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Theorem 5. Assume f,g:T — R att c TF. Then
0 (F+9)° ) =) + 9% (1)
(i1) (af)® (t) = af>(t), for any constant o
(12d) If g (t) g (o (t)) # 0, then

N Pl —FH™ @)
<g> =)

The next theorem is the integration by parts.

Theorem 6. Ifa,b €T and f,g € Cyq then,
(i) J7 £ (o (£) g™ (t) At = (fg) (b) — (fg) (a) = [} F2 (£) g (1) A,
(ii) [} (t) g™ (t) At = (fg) (b) — (fg) (a) — [} f2 () g (o (1)) At.

The next theorem is the chain rule on time scales [13, Theorem 1.93]

Theorem 7 (Chain rule). Assume that v : T — R is strictly increasing and T :=
v (T) is a time scale. Let w: T — R. If v2 (t) and w™ (v (t)) exist for t € T*, then
(wo V)A = (wA o 1/) VA,

In the sequel we will need to differentiate and integrate functions of the form
ft—7(t)=f(v(t),wherev (t) :=t—7(t). Our next theorem is the substitution
rule [13, Theorem 1.98]

Theorem 8 (Substitution). Assume that v : T — R is strictly increasing and T :=
v (T) is a time scale. If f: T — R is rd-continuous function and v is differentiable
with rd-continuous derivative, then, for a,b € T,

b v(b) .
[ 1o war= [ (ror) s
a v(a)

Definition 9. A function p : T — R is called regressive provided 1 + pu(t)p(t) # 0
for allt € T. The set of all regressive and rd-continuous functions p : T — R will be
denoted by R = R(T,R). We define the set R™ of all positively regressive elements
of R by

RT=RY(T,R)={pcR:1+ut)pt)>0,VvteT}

Definition 10. Let p € R, then the generalized exponential function e, is defined
as the unique solution of the initial value problem

22(t) = p(t)x(t), x(s) =1, where s € T.

An ezplicit formula for ep(t, s) is given by

ep(t,s) = exp (/t Cu(r) (p(T))AT) , forall s,t €T,
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with
log(14ht) if h;éO,

Ch(T):{T Y i h=0

where log is the principal logarithm function.

Lemma 11. Let p € R, then
(1) eo(t,s) =1 and ep(t,t) =1,

(i) e ( (t),s) = (14 u()p(t)) ep(t, s),
(iii) e ( s) = p(t)ep(t, s),

() oy = coplt,s) with 6p = — Lo,
(v) ep(t,s) = ﬁlst) = ecp(s, 1),

(vi) ep(t, s)ep(s,r) = ep(t,r).
Lemma 12. Ifp € R™, then

0 < ep(t,s) <exp (/Stp(T)AT) :

for all t € [s,00).

Theorem 13 (Variation of constants). Let tg € T, p € R and xg € R. The unique
solution of the initial value problem

22 (t) = —p(t)2” (1) + f (1), = (to) = o

s given by
t

x (t) = ecp(t, to)zo +/ eop(t, s)f (s) As.

to

3 The inversion and the fixed point theorems

One crucial step in the investigation of an equation using fixed point theory involves
the construction of a suitable fixed point mapping. For that end we must invert (1.1)
to obtain an equivalent integral equation from which we derive the needed mapping.
During the process, an integration by parts has to be performed on the neutral term

At —7(t)).
Lemma 14. Suppose that (1.2) holds. Then x is a solution of equation (1.1) if and
only if

z(t) = (&(to) +(to)(to — 7(t0))) eca (¢, to)
+ /tt (/s:(s) a(s,u) (Gx) (U)du> eon (t,s) As — y(t)z(t — (1))

0

— /t [Lz(s) — o(s)x%(s —7(s))] eca (t,s) As, t € [ty,00), (3.1)

0
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where
t o(t) u
L.(t) = a(t, s a(u,v)z(v)dv — r(u)z’ (u — 7(u Au
w=[  at ></ </“<> (,0)2()do — ru)a® (u — = >>)
7 () (o (t) = 77(t)) — v (s) z(s — 7(s))) As (3.2)
A1 = T2(t) + T28(t)c(t) o c(t)
N [ CI0)) A YO M
(Gz)(t) = z(t) — g(z(1)), (3.4)
and
(B(t) + (DA (A — 72(1)) + 722(t)c(t) [ (. YA
o TR Ty A= [, aas 6)

Proof. Let z be a solution of (1.1). Rewrite (1.1) as
t
P a(t, s)x(s)As
@+ [ atts)ee
- /t_ o a(t, s) (z(s) — g(x(s))) As + c(t)z®(t — 7(t)) = 0, t € [to, 00)y.

Obviously, we have

Inserting this relation into (1.1), we get

t o(t)
o2 (t a(t,s) | z°(t) — 22 (u)Au | As
W+ [ >< 0= [ e )

_/t_ (t)a(t,s)(Gx) (5) As + c(t)z(t — 7(t)) = 0, t € [to,00),

or equivalently

220 + 2°(8) /ttT(t) a(t, s)As — /ttf(t) alt, ) < /:(t) A Au) N

—/t_ o a(t, s)(Gx) (5) As + c()z™(t — 7(1))) = 0, ¢ € [to,00)r.
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After substituting 22 from (1.1), we obtain

t

S0 + 27 (1) / alt, $)As

t—7(t)
t o(t) u x B
+ /tT(t) a(t, s) (/S (/UT(U) a(u,v)x(v)Av + c(u)z= (u T(u))> Au) As
_ /t_ , a(t, s)(Gz) (s) As + c()a™(t — 7(t) = 0, t € [to,00)p. (3.6)

By performing the integration by parts, we have

(1) _
/ c(u)z® (u — 7(u))Au

where 7 and ~ are given by (3.3). After substituting (3.7) into (3.6), we have
a2 (t) + A(t)z7 () + Lo (t)

t ~
_/t_ RCOCRI0 As + e(t)zD(t — 7(t) = 0, t € [to,00)p

where A and L, are given by (3.5) and (3.2), respectively. By the variation of
constants formula, we get

x(t)
= dlto)eca (oto) + |

to

</i " a(s,u) (Gr) (u)Au) eca (t,s) As

- / [Lx(s)Jrc(s)xA(s—T(s))} eon(t,s)As, t € [to,00)r. (3.8)

to

Letting

/ c(s)xz(s —7(s))eca (t,s) As

to

_ /t c(s)eca (t,s) (1—72(s)) 22 (s — 7(s))As.

1—72(s)
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By using the integration by parts, we obtain

/t c(s)xg(s —7(8))eca (t,s) As

_0 c(to)
= ml’(t —7(1) — ?ﬁ(m)x(to —7(to))esa (t,to)

t
- / o(s)x% (s — 7(s))esa (t, s) As, (3.9)
to

where p is given by (3.5). Finally, we obtain (3.1) by substituting (3.9) in (3.8). Since
each step is reversible, the converse follows easily. This completes the proof. O

Burton studied the theorem of Krasnoselskii and observed (see [14]) that Krasnoselskii
result can be more interesting in applications with certain changes and formulated
the Theorem 17 below (see [14] for its proof).

Definition 15. Let (M,d) be a metric space and F : M — M. F is said to be a
large contraction if @, € M with ¢ # 1, then d(Fp, F1) < d(p,v), and if for all
€ > 0, there exists n < 1 such that

o, € M, d(p,v) > e] = d(Fp, Fy) < nd(p, ).

Theorem 16 (Burton). Let (M,d) be a complete metric space and F be a large
contraction. Suppose there is © € M and p > 0 such that d(z, F"z) < p for all
n > 1. Then F has a unique fixed point in M.

Below, we state Krasnoselskii-Burton’s hybrid fixed point theorem which enables
us to establish a stability result of the trivial solution of (1.1). For more details on
Krasnoselskii’s captivating theorem we refer to Smart [31] or [20].

Theorem 17 (Krasnoselskii-Burton). Let M be a closed bounded conver nonempty
subset of a Banach space (S, ||.||). Suppose that A, B map M into M and that

() forallz,ye M = Az + By e M,

(i) A is continuous and AM is contained in a compact subset of M,

(7i1) B is a large contraction.
Then there is z € M with z = Az 4+ Bz.

Here we manipulate function spaces defined on infinite ¢-intervals. So for compactness,
we need an extension of Arzela-Ascoli theorem. This extension is taken from [[20],
Theorem 1.2.2, p. 20 | and is as follows.

Theorem 18. Let g : Ry — Ry be a continuous function such that q(t) — 0 as
t — oco. If {on(t)} is an equicontinuous sequence of R™-valued functions on R4
with |pn(t)] < q(t) fort € Ry, then there is a subsequence that converges uniformly
on Ry to a continuous function ¢(t) with |¢(t)| < q(t) fort € Ry, where |.| denotes
the Fuclidean norm on R™.
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4 Stability by Krasnoselskii-Burton’s theorem

From the existence theory which can be found in [20], we conclude that for each rd-
continuous initial function ¢ : [mg, to]r — R, there exists a rd-continuous solution
x(t, to, ¢) which satisfies (1.1) on an interval [0, 3) for some 8 > 0 and x(t,t9, ¢) =
¢(t) for t € [mo, to]y.

We need the following stability definitions taken from [20].

Definition 19. The zero solution of (1.1) is said to be stable at t = to if for
each € > 0, there exists a 6 > 0 such that ¢ : [mo,to]Tr — (—0,9) implies that
|z(t, to, )| < € for all t > my.

Definition 20. The zero solution of (1.1) is said to be asymptotically stable if it
is stable at t = tg and § > 0 exists such that for any continuous function ¢ :
[mo, toly — (—0,9) the solution x(t,ty, ) with x(t,t9, @) = ¢(t) on [mg,toly tends
to zero as t — 0.

To apply Theorem 17, we have to choose carefully a Banach space depending on
the initial function ¢ and construct two mappings, a large contraction and a compact
operator which obey the conditions of the theorem. So let .S be the Banach space of
rd-continuous bounded functions ¢ : [mg, co]r — R with the supremum norm ||.||.
Let L > 0 and define the set

S = {p€S:¢isk-Lipschitzian, |¢(t)] < L, t € [mg,o0)T,
o(t) = ¢(t) if t € [mg,to]y and ¢(t) = 0 ast — oo} .

Clearly, if {¢,} is a sequence of k-Lipschitzian functions converging to a function ¢
then

|p(w) = n(u)] + ln(u) = @n(V)] + |on(v) = (V)]
o = @nll +Elu—v[+ [l = eal -

[p(u) = @ (v)]

IN A

Consequently, as n — oo, we see that ¢ is k-Lipschitzian. It is clear that Sy is
convex, bounded and complete endowed with ||.||.
For ¢ € Sy and t > tg, define the maps A, B and H on Sy as follows

t
(A)(t) = —1(B)plt — 7(t)) - / La(s)eon (t,5) As

to

+ / 0(s)p? (s —7(s))eca (t, s) As, (4.1)

(Be)(t) = (#(to) +7(to)¢(to — 7(t0))) eca (L, to) As

+ /to </S_T(S) a(s,u) (Gy) (u)Au) ecA (t,s) As, (4.2)
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and
(Ho)(t) = (Ap)(t) + (Bp)(t). (4.3)

If we are able to prove that H possesses a fixed point ¢ on the set Sy, then

x(t7t07¢) = @(t) for t > to, .ﬁU(t,to,Qb) = d)(t) on [m()vtO]’]I‘a l’(t,to,ﬂﬁ) satisfies (11)
when its derivative exists and z(¢,tg, ¢) — 0 as t — oo.

Let
t o(t) u
w(t) = /t_T(t) a(t, )| ( / ( / et lavs |r<u>|> Au

+1 7@+ v(s)]) As,

and assume that there are constants ki, ko, k3 > 0 such that for g < t1 < to,

to
A(Z)Az § kl |t2 — t1| s (4.4)
t1
7(t2) = 7(t1)| < k2 [t2 — taf, (4.5)
and
[y(t2) = ()| < ks [t2 — ta].- (4.6)
Suppose for ¢ > tg,
lo(t)] < JA(1), (4.7)
w(t) < AA(t), (4.8)
sup [7(t)| = ao, (4.9)
t>to
and that
Jlag+A+90) <1, (4.10)
2L
max (|G(=L)|,|G(L)]) < —, (4.11)
2
(g + apko) k + Lks + 3L <5+)\+ J) ki1 <k, (4.12)
where ag, §, A, J are positive constants with J > 3.
Choose 6 > 0 small enough and such that
2
(14+7(t0))0 + (a0 + aoke) k + Lks + 3L <(5 + A+ J> ki1 <k, (4.13)
and
3L
(1+~(to))0 + - < L. (4.14)
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The chosen @ in the relation (4.14) is used below in Lemma 23 to show that if e = L
and if ||¢|| < 0, then the solutions satisfy x(¢,to, ¢) < €.
Assume further that

t
t—7(t) —» oo as t — oo and / A(z)Az — oo as t — oo, (4.15)
0
v(t) = 0 as t — oo, (4.16)
o(t)
— 4.1
A(t)—>0ast—>oo, (4.17)
and 0
w(t
— . 4.1
A(t)—>0ast—>oo (4.18)

We begin by showing that G given by (3.4) is a large contraction on the set Sg.
So, we suppose that g : R — R satisfying the following conditions.

(H1) g : R — R is continuous on [—L, L] and differentiable on (—L, L),

(H2) the function g is strictly increasing on [—L, L],

(H3) supye(—r,1)9'(t) < 1.

Theorem 21 ([2]). Let g : R — R be a function satisfying (H1) — (H3). Then the
mapping G in (3.4) is a large contraction on the set Sg.

By step we will prove the fulfillment of (i), (i7) and (¢¢7) in Theorem 17.

Lemma 22. Suppose that (4.7)-(4.10) and (4.15) hold. For A defined in (4.1), if
@ € Sy, then |(Ap) (t)| < L/J < L. Moreover, (Ap) (t) = 0 as t — oo.

Proof. Using the conditions (4.7)—(4.10) and the expression (4.1) of the map A, we
get

[(Ap) ()] < [v ()] [t = 7(2))] +/t [Ly(s) eca (t,s) As

t

+ | le(s)llols = r(s))leoa (¢, 5) As

t
< a0L+L/ w(s)eca (t,s)As+ L | |o(s)|esa (t,s)As
to to

t t
<agL+ AL | A(s)eca(t,s)As+ 6L [ A(s)eca (t,s)As

to to

L
< (a0 +A+0L< S <L
So ASy is bounded by L as required.
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Let ¢ € Sy be fixed. We will prove that (Ap) (t) — 0 as t — co. Due to the
conditions ¢ — 7(t) — oo as t — oo in (4.15) and (4.9), it is obvious that the first
term on the right hand side of A tends to 0 as ¢ — oo. That is

ly@®)p(t —7(t)] < aple(t —7(t))| — 0 as t — oo.

It is left to show that the two remaining integral terms of A go to zero as t — oo.
Let € > 0 be given. Find T such that |p(t — 7(t))| < e for t > T. Then we have

/ L,(s)esa (t,s) As

to

T t
< / IL(5)] con (t,5) As + / ILo(3)| e (t,5) As
to T

t

T
< Leg (t,T)/ w(s)ega (T, s) AS+€/TW(S)69A (t,s) As

to

< LXega (t,T) + €A,

and

/ 0(5)9% (5 — 7(5))ean (1, 5) As

to

T
< / o(s)[1#7 (s = 7(5))[ eca (t,5) As

to

+ [ Il s = i)l can (t.5) As

T t
< Leoa (,T) / 0(5)| e (T, 5) As + ¢ /T o(3)| e (1,5) As

to
< Léega (t,T) + €6.

The terms LAega (t,T) and Ldega (t,T) are arbitrarily smalls as ¢ — oo, because
of (4.15). This ends the proof. O

Lemma 23. Let (4.7)-(4.12) and (4.15) hold. For A and B defined in (4.1) and
(4.2), if o, € Sy are arbitrary, then

| Ap + By|| < L.

Moreover, B is a large contraction on Sy with a unique fized point in Sy and
(By) (t) = 0 as t — oo.
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Proof. Using the definitions (4.1), (4.2) of A and B and applying (4.7)—(4.11), we
obtain

[(Ap) (t) + (BY) (1))
< [(Ap) O] +1(By) 1)

t t
< agL + /\L/ A(s)eca (t,s) As+ L [ |o(s)|eca (t,s) As

to to

t
+ (14 5(0) ol e (t0) + 57 [ Als)eca (t.5) As

< (14 9(t0)) 161l + (a0 + A+ D)L + 27
L 2L
< (1+9(t0) 9l + 5 + =

by the monotonicity of the mapping G. So from the above inequality, by choosing
the initial function ¢ having small norm, say ||¢|| < 6, then, and referring to (4.14),
we obtain

3L
A+ Byl < (1+7(t0))0 + — < L.
Since 0 € Sy, we have also proved that |(By)(t)] < L. The proof that By is
k-Lipschitzian is similar to that of the map Ap below. To see that B is a large
contraction on Sy with a unique fixed point, we know from Theorem 21 that G(p) =

v —g(¢) is a large contraction within the integrand. Thus, for any &, from the proof
of that Theorem 21, we have found n < 1 such that

[(Be) (t) = (By) (1))
< /to (/:T(s) la(s, u)| [(Ge) (u) — (GY) (u)] du> eon (t,s) As

t s
< U/to (/ST(S) a(s,u) [l — |l Au) eoa (t,s) As

t
<n / A(s) I — ¥l eon (£ 5) As

to
<nlle—-1v|.

To prove that (By) (t) — 0 as t — oo, we use (4.15) for the first term, and for the
second term, we argue as above for the map A. O

Lemma 24. Suppose (4.7)-(4.10) hold. Then the mapping A is continuous on Sg.
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Proof. Let ¢,1 € Sy, then
[(Ap)(t) = (AY)(1)]
t

< aglp(t —7(t) — ¢t — 7)) + t [Lo(s) = Ly(s)| eca (t, ) As

+ | le()llp(s = 7(s) = ¥s = 7(s))[eca (¢, 5) As

<aglle =9l +lle =¥l [ wis)esa(t,s)As
to

t

+Hs0—wll/t lo(s)] eoa (¢, 5) As
’ t

< oo llg — Bl + Al — ] / A(s)eon (t,5) As
. (0]

Lol -l / A(s)ean (t, ) As

1
S(ao+k+5)|!s0—w\|Sij—wH-

Let € > 0 be arbitrary. Define n = eJ. Then for || — || <7, we obtain

1
e — AVl < Z g —dll < e.
Therefore, A is continuous. O

Lemma 25. Let (4.4)-(4.12) and (4.16)-(4.18) hold. The function Ay is k-Lipschitzian
and the operator A maps Sy into a compact subset of Sy.
Proof. Let ¢ € Sy and let 0 < t1 < t3. Then
|(Ap)(t2) — (Ap)(t1)]
< [y(t2)e(te — 7(t2)) — y(t)e(tr — 7(t1))]
to t1
/ L,(s)eca (ta,s) As — / L,(s)eca (t1,s) As

to to

+

t1

/t " 080 (5 — 7(5))eca (f2, 5) As — / 0(s)0” (s — 7(s))eon (11, 5) As|.
i i (4.19)

+

By hypotheses (4.5)—(4.6), we have

[v(t2)p(t2 — 7(t2)) — v(t1)p(ts — 7(t1))]

< Jy(t2)] [o(ta — T(t2)) — @(t1 — 7(t1))] + l@(ts — 7(t1))] |7 (t2) — ~(t1)]

< agk [(t2 — t1) — (7(t2) — 7(t1))| + Lks [ta — t1]

< (Oéok? + Otokkg + Lkg) ’tz - t1| 5 (4.20)
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where k is the Lipschitz constant of ¢. By hypotheses (4.4) and (4.7), we have

to t1
| o617 (s = m(s)ean (t2s) As = [ ol (s = r(s)eea (1,9 As
¢ ¢
0 N 0 N
< Ljeaa (t2t0) 1] [ 0A(s)ecn (t19) 85+ L [ lofs)]ecn (t2.5) As
to t1
to to s A
<Lé A(s)As + L/ ecA (t2, s) ( lo(v)] Av> As
ti t1 t
to to to
<L A(s)As + L/ lo(v)| Av <1 + A(s)eca (t2,s) As)
¢ ¢ ¢
1tz ' to '
<15 [ A(s)rs+ 2L / lo(v)] Av
¢ t
ltg ' to
< Lé A(s)As+2L6 A(v)Av
t1 t1
< 3LGky |ta — t1]. (4.21)

Similarly, by (4.4) and (4.8), we deduce

/ : L,(s)eca (t2,s) As — / 1 L,(s)eca (t1,5) As

to to
t1 to
< Lleoa(taty) —1] | w(s)eon (t,5) As + L/ w(s)ecn (s, 5) As
t t
Otl ' to
< Llega (to, t1) — 1] MA(s)ega (t1,8) As + L/ w(s)esa (to,s) As
to t1
to to s A
< AL A(z)dz + L/ eca (ta,s) (/ w(v)Av) As
t1 t1 t1
to to to
< )\L/ A(z)dz + L/ w(v)Av (1 —I—/ A(s)eca (ta, s) As)
t t t
11‘,2 ' to '
< AL A(z)dz + 2L/ w(v)Av
t1 t1
to to
< )\L/ A(z)dz + QLA/ A(v)Av
t1 t1
< ALk |ts — t1]. (4.22)

Thus, by substituting (4.20)—-(4.22) in (4.19), we obtain

[(Ap)(t2) — (Ap)(t1)]
(Ozok‘ + agkks + Lk3) ’tz - t1| + 3Lokq |7f2 - t1| + 3Lk ‘tg - t1|
K|ty — 1. (4.23)
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This shows Ay that is k-Lipschitzian if ¢ is and that ASy is equicontinuous. Next,
we notice that for arbitrary ¢ € Sy, we have

(Ap) (@)

< I (B)plt — 7)) + / ILo(s)] con (1, 5) As

+ [ lee)l (s = 7Dl o t,5) As
< Lly(#t)|+L / wls)eca (t:5) A+ L | lo(s)]eoa (t,5) As

<L)+ L / A(S)Z((ge@fl (t,s)As + L / A(s) ﬁi))’e% (t,s) As

to to
= q(t),

because of (4.16)—(4.18). Using a method like the one used for the map A, we see
that ¢(t) — 0 as t — co. By Theorem 18, we conclude that the set AS, resides in a
compact set. ]

Theorem 26. Let L > 0. Suppose that the conditions (H1) — (H3), (1.2), (4-4)-
(4.12) and (4.16)-(4.18) hold. If ¢ is a given initial function which is sufficiently
small, then there is a solution x(t, ty, ¢) of (1.1) with |x(t,to, @)| < L and z(t,to, ¢) —
0 ast— oo.

Proof. From Lemmas 22 and 25 we have A is bounded by L, k-Lipschitzian and
(Ap)(t) — 0 as t — oo. So A maps Sy into Sy. From Lemmas 23 and 25 for
arbitrary, we have ¢,v¢ € Sy, Ap + By € S, since Ap + By is k-Lipschitzian
bounded by L and (Bvy)(t) — 0 as t — oco. From Lemmas 23-25, we have proved
that B is large contraction, A is continuous and .ASj resides in a compact set. Thus,
all the conditions of Theorem 17 are satisfied. Therefore, there exists a solution of
(1.1) with |z(t,t0, ¢)| < L and x(t,to,¢) — 0 as t — oo. O

5 Stability in weighted Banach spaces

Referring to Burton [20], except for the fixed point method, we know of no other
way proving that solutions of (1.1) converge to zero. Nevertheless, if all we need
is stability and not asymptotic stability, then we can avoid conditions (4.16)—(4.18)
and still use Krasnoselskii-Burton’s theorem on a Banach space endowed with a
weighted norm.

Let h : [mg, 00)p — [1,00) be any strictly increasing and continuous function with
h(mg) =1, h(s) = oo as s — oo. Let (S5, [.|,) be the Banach space of continuous
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@ : [mg,00)p — R for which

@(t)‘

o|, = sup |—=| < o0,

#h= 20 1)

exists. We continue to use ||.|| as the supremum norm of any ¢ € S provided ¢

bounded. Also, we use ||¢|| as the bound of the initial function. Further, in a similar
way as Theorem 21, we can prove that the function G(¢) = ¢ — g(¢p) is still a large
contraction with the norm |.|,.

Theorem 27. If the conditions of Theorem 26 hold, except for (4.16)-(4.18), then
the zero solution of (1.1) is stable.

Proof. We prove the stability starting at ¢g. Let € > 0 be given such that 0 < € < L,
then for |z| < e, find a* with |z — g(z)| < a* and choose a number « such that

oz—}—a*—k%ge. (5.1)

In fact, since x—g(z) is increasing on (—L, L), we may take o* = 275 Thus, inequality
(5.1) allows « > 0. Now, remove the condition (t) — 0 as t — oo from S defined
previously and consider the set

E, = {p €S :p k-Lipshitzian, |p(t)| < e, t € [mg, 00)y
and ¢(t) = ¢(t) for t € [mo,to|y} .

Define A and B on E, as before by (4.1), (4.2). We easily check that if ¢ € Ey,
then |(Ap)(t)] < e, and B is a large contraction on Eg4. Also, by choosing [|¢| < «
and referring to (5.1), we verify that for ¢, € Ey, |(Ap)(t) + (BY)(t)] < € and
|(By)(t)] < e. AEy is an equicontinuous set. According to [[20], Theorem 4.0.1],
in the space (95, ].|;,) the set AFEy resides in a compact subset of Ey. Moreover, the
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operator A : Eg — Ey4 is continuous. Indeed, for ¢, € Sy,

|(Ap)(t) — (AY) ()]
h(t)

< 5 IO (e = 7(6) = (e = 7(0)

+ /t: (Ly(s) = Ly(s)) eca (t,s) As

¥ / 0(5) (9 (5 = 7(6) = ¥ (s = (o)) e t.5) 2]}
< anle — o = vl | () pNeon (1.0) A
o= vl [ len Xm0

t
< ool — Pl + Ao — ol / A(s)eon (t5) As
to
t
+ 5l — ol / A(s)eon (£ 5) As
to

1
§(a0+>\+5)|90—¢|h§j|90—1/1|h-

The conditions of Theorem 17 are satisfied on Ey4, and so there exists a fixed point
lying in Ey4 and solving (1.1). O
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