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ABSTRACT. In the present paper we prove some fixed point theorems for near-
contractive type multivalued mappings in complete metric spaces. these theorems
extend some results in [1], [5], [6] and others
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1 BASIC PRELIMINARIES

Let (X, d) be a metric space we put:
CB = {A: A is anonempty closed and bounded subset of X }
BN ={A: A is a nonempty bounded subset of X }
If A, B are any nonempty subsets of X we put:
D(A, B) = inf{d(a,b) : a € A,b € B},
0(A, B) = sup{d(a,b) : a € A,b € B},
H(A, B) = max{ {sup{D(a,B) : a € A},sup{D(b,A) : b€ B} }.
If follows immediately from the definitoin that
0(A,B)=0iff A= B ={a},
H(a,B) = 4(a, B),
0(A, A) = diamA,
0(A,B) <6(A,C)+ (A 0),
D(a,A)=0ifa € A,

for all A,B,C in BN(X) and a in X.
In general both H and § may be infinite. But on BN (X) they are finite. More-
over, on CB(X) H is actually a metric ( the Hansdorff metric).
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Definition 1.1. [2] A sequence {A,} of subsets of X is said to be convergent to a
subset A of X if

(i) given a € A, there is a sequence {ay} in X such that a,, € A,, forn=1,2,...,
and {a,} converges to a
(i4) given e > 0 there exists a positive integer N such that A, C A; for n > N

where Ac is the union of all open spheres with centers in A and radius €

Lemma 1.1. [2,3].If {A,} and {B,} are segences in BN (X) converging to A and
B in BN(X) respectively, then the sequence {6(An, By)} converges to 6(A, B).

Lemma 1.2. [3] Let {A,} be a sequence in BN(X) and x be a point of X such
that §(An,x) — 0. Then the sequence {A,} converges to the set {x} in BN(X).

Definition 1.2. [3] 4 set-valued mapping F of X into BN (X) is said to be contin-
uwous at x € X if the sequence {Fxy,} in BN (X) converges to Fx whenever {xy} is
a sequence in X converging to x in X. F is said continuous on X if it is continuous
at every point of X.

The following Lemma was proved in [3]

Lemma 1.3. Let {A,} be a sequence in BN(X) and x be a point of X such that

lim a, = x,
n—oo

x being independent of the particular choice of a, € A,. If a selfmap I of X is
continuous, then Iz is the limit of the sequence {IA,}.

Definition 1.3. [4]. The mappings I : X — X and F : X — BN(X) are 0-
compatible if lim,, oo 6(FIx,, IFx,) = 0 whenever {x,} is a sequence in X such
that IFx, € BN(X),

Fz, —t and Iz, —t

for some t in X.

2. OUR RESULTS

We establish the following:

2. 1. A COINCIDENCE POINT THEOREM

Theorem 2.1. Let I : X — X and T : X — BN(X) be two mappings such that
FX CIX and

(C.1) ¢(6(Tx, Ty)) < a¢(d(Iz, Iy)) + b[o(H (Iz,Tx)) + ¢(H(Iy, Ty))]
+ cmin{¢(D(Iy, Tx)), o(D(Iz, Ty))},

where v,y € X, ¢:RY — Rt s continuous and strictly increasing such that
#(0) = 0. a,b,c are nonnegative, a +2b < 1 and a + ¢ < 1. Suppose in addition
that {F, I} are §-compatible and F or I is continuous. Then I and T have a unique
common fized point z in X and further Tz = {z}.
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Proof. Let ¢ € X be an arbitrary point in X. Since TX C IX we choose a point
r1 in X such that Iz, € Txg = Yy and for this point x; there exists a point x5 in
X such that Izo € Tx; = Y7, and so on. Continuing in this manner we can define
a sequence {z,} as follows:

Izp €T, =Y,

For sinplicity, we can put V,, = §(Yy, Yn41), for n =0,1,2,.... By (C,1) we have
d(Vn) = ¢(6(Yn, Yni1)) = ¢(0(Twn, Twni1))

< (AT, [2n11)) + BO(H (120, Tr)) + S(H (s 1, Tns))]
+ emin{¢(D(Ians1,T20)), $(D (I, Tarns1))}

<A+ A+ A
Where
A1 = ad(6(Yn-1,Yn))
Az = b[p(0(Yn—1,Yn)) + ¢(0(Yn, Yny1))],
Az = cdp(D(Izpy1,Yn)).
So

¢(Vn) < adp(Va-1) + b[p(Vim1) + ¢(V2n)]

Hence we have

a+b

Since ¢ is increasing, {V,,} is a decreasing sequence. Let lim,,V;, = V, assume that
V > 0. By letting n — oo in (1), Since ¢ is continuous , we have:

(V1) < (V1) (1)

< a+b

o) < T

P(V) <o(V),

which is contradiction , hence V = 0.
Let y,, be an arbitrary point in Y,, for n =0,1,2,.... Then

lim d(yn,yn+1) < lim §(Y,,Ynq1) = 0.

Now, we wish to show that {y, } is a Cauchy sequence, we proceed by contradiction.
Then there exist ¢ > 0 and two sequences of natural numbers {m(i)}, {n(i)},
m(i) > n(i), n(i) — oo as i — oo such taht

5(Yn(i)7Ym(i)) > ¢ while 6(Yn(i)7Ym(i)—1) <e

Then we have

e < O(Ya(i), Yim(i)) < 0(Ya(i), Yini)—1) + 0(Yim(iy—1> Yim(i))
<e+ Ving)—1,

since {V,} converges to 0, (Y, (i), Yim()) — €. Futhermore, by triangular inequality,
it follows that

| 0(Yn(i)+15 Ym@)+1) — 6 (Ya(i)s Yom() |< Vai) + Vi),
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and therefore the sequence {0(Y, ()11, Ym(iy+1)} converges to e
(From (C. 2), we also deduce:

P(O(Ya(i)+1> Ym(iy+1)) = A(0(Txp iy 1, TZm(i)4+1))
<Cy+Cy+C4
<Cy+C5+Cs (4)
Where

C1 = agp(d(Izn iyt 1, [Tm(iy 1)),

Cy = b{¢(5(1$n(i)+1,T:En(i)ﬂ)) + ¢(5(Ixm(i)+laTmm(i)-&-l))}a

C3 = emin{¢(D(Izn(iy+1, Ym(i)+1), QDU Tn(iy 415 Yim(iy+1) )

Cs = ad(8(Yn(iys Ym()))s

Cs = [0(Va()) + ¢V,

Co = co(0(Yn(iys Yim(i)) + Vin(s))-

Letting ¢ — oo in (4), we have

¢(e) < (a+c)g(e) < dle)

This is a contradiction. Hence {y,} is a Cauchy sequence in X and it has a limit
y in X. So the sequence {Iz,} converge to y and further, the sequence {T'z,}
converge to set {y}. Now supose that I is continuous. Then

I’z, — Iy and ITx, — {Iy}

by Lemma 1.3. Since I and T are d-compatible. Therefore T'Ix,, — {Iy}. Using
inequality (C.1) , we have

H(6(T Tz, Ty)) < ad(d(IPap, Ix,)) + blop(H(Iz,, T2y)) + ¢(H(IPx,, T1z,))]
+ emin{¢(D(Iz,, T1x,)), d(D(I*x,, Tz,))},

for n > 0. As n — oo we obtain by Lemma 1.1

o(d(Iy,y)) < ap(d(Iy,y)) + co(d(y, Iy)),
That is ¢(d(Iy,y)) = 0 which implies that Iy = y. Further
O(3(Ty, Tn)) < ad(d(Ty, Ira)) + Dg(H(Iy, Ty)) + $(H (L, Tiy))
+ emin{¢(D(Izy, Ty)), S(D(1y, Tzn))},

for n > 0. As n — oo we obtain by Lemma 1.1

o(6(Ty,y)) < bp(6(Ty,y)),

which implies that Ty = y. Thus y is a coincidence point for T" and I. Now suppose
that 7" and I have a second common fixed point z such that Tz = {z} = {Iz}.
Then, using inequality (C.1), we obtain

o(d(y, z)) = ¢(0(Ty, T'z)) < (a+ c)p(d(2,y)) < ¢(d(z,y))

which is a contradiction. This completes the proof of the Theorem.
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Corollary 2.1 ([6.Theorem?2.1]). Let (X,d) be a complete metric space, T :
X — CB(X) a multi-valued map satisfying the following condition :

6(3(T'x, Ty)) < ag(d(x,y)) +b[6(3(x, Tx)) + 6(6(y, Ty)) |+

+emin {¢(d(w, Ty)), 6(d(y, T2)) ) Vay € X,

where ¢ : RY — R is continuous and strictly increasing such that ¢(0) = 0
and a,b,c are three positive constants such that a +2b <1 and a+c < 1, then T
has a unique fixed point.

Note that the proof of Theorem 2.1 is another proof of Corollary 2.1 which is of
interest in part because it avoids the use of Axiom of choice.

2. 2. A Fixep PoINT THEOREM

Theorem 2.2. Let (X,d) be a complete metric space. If F : X — CB(X) is a
multi-valued mapping and ¢ : Rt — RT 45 continuous and strictly increasing
such that ¢(0) = 0. Furthermore, let a,b,c be three functions from (0,00) into [0,1)
such that

a+2b: (0,00) — [0,1) and a+c: (0,00) — [0,1) are decreasing functions.
Suppose that F satisfies the following condition:

(C3) d(6(Fz, Fy)) < ald(z,y))¢(d(z,y)) + b(d(z, y))[¢(H (2, Fx)) + ¢(H(y, Fy))]
+c(d(x, y)) min{o(D(y, Fx)), o(D(z, Fy))},

then F has a unique fived point z in X such that Fz = {z}.

Proof.. First we will establish the existence of a fixed point. Put p = maz{(a +
2b)%, (a+c)% }, take any x, in X. Since we may assume that D(zq, F'zg) is positive,
we can choose x1 € Fzg which satisfies ¢(d(zo, z1)) > p(D(zo, Fxo))p(H (xo, Fxo)),
we may assume that p(d(zg,z1)) is positive. Assuming now that D(z1, Fz1) is pos-
itive, we choose xo € Fzy such that ¢(d(x1,x2)) > p(d(zo,x1))¢(H (z1, F21)) and
d(d(z1,22)) > p(D(x1, Fr1))d(d(x1, Fx1)), since d(xg,x1) > D(xo, Fg) and p is
deceasing then we have also
Hld(z0r21)) > p(d(zo, 21))d(H (o, Fro)). Now

P(d(w1,22)) < G(6(Fxo, Fq))
< a(d(zo, 21))(d(x0, 1)) + b(d(xo, 21))[¢(H (20, Fxo)) + ¢(H (1, F1))]
+ c(d(zo, z1)) min{d(D(Fxo,x1)), d(D(xo, Fz1))}
< ap™'¢(d(wo, x1)) + bp~H[$(d(x0, 1)) + H(d(z1, 22))],
which implies
P(d(w1,72)) < q(d(x0,71))p(d(x0, 71))

where
q:(0,00) — [0,1)

is defined by
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Note that r > ¢ implies ¢(r) < p(t) < 1. By induction, assumunig that D(x;, Fx;)
and p(d(z;—1,2;)) are positive, we obtain a sequence {x;} which satisfies z; €
Friy, ¢(d(wi1,2i)) > p(d(wi—1,2:))p(H (vio1, Fri1)),
Pd(i; iv1)) 2 pld(wior, 2:))p(H (2, Fi)),
d(d(wi, wiv1)) < q(d(wim1,2i))p(d(Tim1,20))
< pld(@io1, 7)) p(d(wi—1,2;))
< pld(zi-1,2:)).
It is not difficult to verify that lim; d(z;, zi+1) = 0. If {2;} is not Cauchy, there
exists € > 0 and two sequences of natural numbers {m(i)}, {n(i)},
m(i) > n(i) > i such that d(2,), Tne)) > € while d(Tpy)—1,Tn@)) < e It is
not difficult to verify that

AT (i), Tney) — € as i — 00 and d(Tpy ()41, Tn(i)41) — € as i — 00.

For i sufficiently large d(2m (i), Tm(i)+1) < € and d(y, (i), Tn(i)+1) < €. For these i
we have

¢(d($m(z‘)+1a 3Un(z')+1))

2 ©
—~
o

6(Fxm 'L)ann(z)))
(xm(z)axn(z))) ( (xm(z)axn(z)))
T (i) Ln(s) ))[¢( (xm(z Fxm(z )) + ¢(H(xn(z Fxn(z)))]

N+ + A A
A=
A&

s}

(A(@m (i) Tn(i)))O(A(Tm (i) Tniy))
d(x m(z)vxn(z)))p ( (xn(i),fﬂn(i)+1))¢(d($n(i),lﬂn(i)+1))
d(wp, z)vxn(z)))p ( (Zm(i)axm(i)+1))¢(d(xm (i)afﬂm(i)+1))
c(d(@niys Tm (i) P(A(Tm (i) Tn(iy+1))
(A(@m (i) (i) )P(A(Tm(iys Trgiy+1) + A @n(i)415 Tn(i))
(d(Z iy, )P~ (A Ty, Tr(iy+1)) (AT (i) Trgi 1))
(d(Z iy @)D~ (AT (iys T (i) +1)) DA T (i) Tiy 1))
(d(@Zniys Tm(i))O(A(@m (i) Tniy 11 + d(Zniiy 41, Tngi)))
a(e) + c(e)]p(d(Tm iy, Tn(iy) + A(Tn(iys Tni)+1))

+ (d(Tm(iys Tm(iy+1)) T H(A(Tn(iys Tngiy+1)) (%)
Letting i — oo in (), we have: ¢(e) < [a(e) + ¢(e)]d(e) < ¢(e). This is contra-

diction. Hence {x;} is cauchy sequence in a complete metric space X, then there
existe a point x € X such that z,, — x as ¢ — oco. This z is a fixed point of F'

because
¢(H(2iy1, Fx))

A+ +
2=z =

s}

P(0(zit1, F)) < ¢(0(Fas, Fr))
(d(zs, ))p(d(ws, )

S

b(d(z;, 2))[¢(H (2, Fx)) + ¢(H (i, F;))]
c(d(z;, x)) min{$(D(z;, Fz)), ¢(D(z, Fz;))}
a( (zi,z))p(d(zi, )

P (@i, wi1)p(d(2i, wiga))

¢(H(z, Fz)) 4 c(d(zs, 2))p(d(z, Tis1) (%)

AA

I/\++|/\

Lm(i)s Tn(i) )) mln{(ﬁ( (xm (@) Fxn(z)))a ¢(D(mn(z) ) Fxm(z))}
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Using b < 1, p~'(d(z;,2i41)) < p~(d(z0,21)) and letting i — oo in (), we have:
$(3(a, F)) < 3

That is ¢(H(x, Fx)) = 0 and therefore H(z, Fx) =0 i.e, Fx = x. Fx = {a}. We

claim that x is unique fixed point of F'. For this, we suppose that y (x # y) is
another fixed point of F' such that F'y = {y}. Then

¢(d(y, z)) < ¢(0(Fy, Fir))
< ag(d(z,y)) + bl¢(H (z, Fx)) + ¢(H (y, Fy))]
+ ¢ min{¢(D(z, Fy)), p(D(y, Fx))}
< la+de(d(z,y)) < o(d(x,y)),

a contradiction. This completes the proof of the theorem.

We may establish a common fixed point theorem for a pair of mappings F' and
G which stisfying the contractive condition corresponding to (C.1), i.e., for all
r,y € X

(C.2) ¢(6(Fz,Gy)) < ad(d(z,y)) + b[o(H (z, Fz)) + ¢(H (y, Gy))]
+ ¢ min{¢(D(y, Fz)), ¢(D(z,Gy))},
2. 3 A ComMON FIXED POINT THEOREM.

Theorem 2.3. Let (X, d) be a metric space. Let F and G be two mappings of X
into BN(X) and ¢ : Rt — RT s conlinuous and strictly increasing such
that ¢(0) = 0. Furthermore, let a, b, ¢ be three nonnegative constants such that
a+2b<1anda+c<1. Suppose that F and G satisfy (C.2). Then F and G have
a unique common fized point. This fized point satisfies Fx = Gz = {z}.

Proof. Putp= maa:{(aJrQb)%, c? }. we may assume that is positive. We define by
using the Axiom of choice the two single-valued functions f,g: X — X by letting
f(z) be a point wy € Fx and g(x) be a point we € Gz such that ¢(d(x,wy)) >
pod(H (z, Fx)) and ¢(d(x,ws)) > po(H (x,Gz)). Then for every x,y € X we have:

P(d(f(),9(y))) < ¢(6(Fx, Gy)) < ag(d(x,y)) + blo(H (z, Fz)) + ¢(H(y, Gy))]

+ ¢ min{¢(D(y, Fz)), o(D(z, Gy))}

< ag(d(z,y)) +p~ bl(d(w, fx)) + ¢(d(y, 9y))]

+ ¢ min{o(d(y, fz)), d(d(z, gy))}-
Since a+2p~b < p~(a+2b) < p < 1, from [7, Theorem 2.1] we conclude that f and
g has a common fixed point. That is, there exists a point  such that 0 = d(z, fz) =
o(d(z, fz)) > pop(H(z, Fx)) and 0 = d(x, gx) = ¢(d(x, gx)) > pd(H (x,Gx)) which
implies ¢p(H (z, Fz)) = 0 and ¢(H (x, Gz)) = 0, then H(z, Fz) = §(x, Fx) =0 and
H(z,Gz) = 6(x,Gz) = 0 ie. Fox = Gr = {z}. Hence F and G have a common
fixed point z € X. We claim that x is unique common fixed point of F' and G. For

this, we suppose that y (z # y ) is another fixed point of F' and G. Since y € Fy
and y € Gy, from (C.2) we have

max{o(H (y, F'y)), o(H(y, Gy))} < ¢(6(Fy, Gy))
<b[p(H(y, Fy)) + ¢(H (y, Gy))]
< 2bmax{¢(H (y, Fy)), »(H(y,Gy))}
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which implies §(Fy, Gy) = 0, that is Fy = Gy = {y}. Then

#(d(y, x)) = ¢(8(Fy, Gx))
< ag(d(z,y)) + bl¢(H (z, Gx)) + ¢(H(y, Fy))]
+ cmin{@(D(z, Fy)), d(D(y, Gz))}
< [a+ co(d(z,y)) < ¢(d(z,y)),

a contradiction. This completes the proof of the theorem.
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