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FUNCTORIAL AND ALGEBRAIC PROPERTIES OF BROWN’S P
FUNCTOR

LUIS-JAVIER HERNANDEZ-PARICIO
Transmitted by Ronald Brown

ABSTRACT. In 1975 E. M. Brown constructed a functor P which carries the tower
of fundamental groups of the end of a (nice) space to the Brown-Grossman fundamental
group. In this work, we study this functor and its extensions and analogues defined
for pro-sets, pro-pointed sets, pro-groups and pro-abelian groups. The new versions of
the P functor are provided with more algebraic structure. Examples given in the paper
prove that in general the P functors are not faithful, however, one of our main results
establishes that the restrictions of the corresponding P functors to the full subcategories
of towers are faithful. We also prove that the restrictions of the P functors to the
corresponding full subcategories of finitely generated towers are also full. Consequently,
in these cases, the towers of objects in the categories of sets, pointed sets, groups and
abelian groups, can be replaced by adequate algebraic models (M-sets, M-pointed sets,
near-modules and modules.) The article also contains the construction of left adjoints
for the P functors.

1. Introduction

This article contains a detailed study of the properties of the P functor. An interesting
consequence is that in many cases we can replace an inverse system of sets or groups
by special algebraic models that contain all the information of the corresponding inverse
systems. Firstly we recall the context in which L. R. Taylor and E.M. Brown defined the
A-homotopy groups and the P functor.

In 1971, L.R. Taylor [Tay] defined the fundamental A-group of a space by taking a
set of base points such that any infinite path-component of the complement of a compact
subspace contains base points. He used the fundamental groups of these path-components
based at these base points to define the fundamental A-group of a space.

In 1975, E.M. Brown [Br] defined the proper fundamental group of a space with a
base ray by using the string of 1-spheres, #S', which is defined by attaching one 1-
sphere S* at each positive integer of the half line [0,+00). Given a space X with a
base ray, he considered the proper fundamental group #Z(X) = [BS!, X]., as the set
of germs at infinity of proper maps from #5' to X, modulo germs at infinity of proper
homotopies. Let X be a well rayed space (the inclusion of the base ray is a cofibration)
and suppose that § = Ky C K; C K C -+, 1is a cofinal sequence of compact subsets.
Denote by X; = cl(X — K;)/ray and by ¢ X = {X,} the associated end tower of X. The
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fundamental pro-group m1£X of X is isomorphic to the tower {m X;}. Brown defined a
functor P:towGps — Gps satisfying PmieX = 78(X). If one takes a one ended space
having a countable base of neighbourhoods at infinity, a base ray gives a set of base points
and it can be checked that the fundamental A-group of this space agrees with the global
fundamental Brown group, which is defined by considering global proper maps and global
proper homotopies instead of proper germs, see [H-P].

Later Grossman [Gr.1, Gr.2, Gr.3] developed a homotopy theory for towers of sim-
plicial sets and defined the analogues of Brown’s groups for towers of simplicial sets.
Using a well known exact sequence, he proved that his notion of fundamental group,

79(Y), was isomorphic to towGps(cZ,{m Y;}), where cZ is defined by (cZ); = j§>]i Z;,

where Z; = Z and ¥ denotes the coproduct in the category of groups. Applying the
Edwards-Hastings embedding theorem [E-H] we have that 7#8(X) & x&(eX). Therefore
the Edwards-Hastings embedding relates the Brown definition of the P functor and the
functor towGps(cZ, —). 1t is not hard to see that P and towGps(c¢Z,—) are isomorphic
for any tower of groups and then the P functor can be seen as a representable hom-group
functor on the category towGhps.

We have considered this last formulation of the P functor in order to define our more
algebraically structured version of the P functor. Next we give some notation and our
definition of the P functor and afterwards we establish some of the main results of this
work.

Given an object H of a category C, we can consider the class of objects generated from
it by taking arbitrary sums of copies of H and effective epimorphisms. When this class
contains all the objects of the category it is said that H is a generator for the category C.
Notice that the one-point set *x is a generator for the category Set of sets, the two-point
set SV is a generator for the category Set, of pointed sets, the infinite cyclic group Z is a
generator for the category Grp of groups and the infinite cyclic abelian group, denoted in
this paper by Z,, is a generator for the category Ab of abelian groups. We will denote by
C' one of the categories: Set, Set., Grp, Ab. The generator of €' will be denoted by G.

Associated with the category C, one has the category, towC', of towers in €' and the
category, proC', of pro-objects in C'. The object ¢ induces a pro-object ¢G:N — C
defined by

(CG)Z' = E'G, 1 € N.
izt

Given a pro-object X in proC, one has the canonical action
proC(cG, X) x proC(cG,cG) — proC(cG, X) : (f,¢) — fe.

For the different cases C' = Set, Set., Grp, Ab, we note that proC(cG, X) is a set, a
pointed set, a group and an abelian group, respectively. On the other hand, PcG =
proC(cG, c(G) has respectively the structure of a monoid, a 0-monoid (see section 3),
a near-ring and a ring. As a consequence of this fact, we will use different algebraic
categories, but because they have many common functorial properties we will use the
following unified notation:
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1) If C = Set and G = *, Cp.g will be the category of PeG-sets. A PclG-set consists
of a set X together with an action of the monoid PcGi = proC(cG, ¢Gi).

2) It C = Set, and G = S°, Cp.s will be the category of PcG-pointed sets. In this
case, the structure is given by an action of a 0-monoid on a pointed set.

3)IfC = Grpand G = Z, Cp.g will be the category of PeG-groups. Now the structure
is given by an action of a near-ring on a group, see sections 3 and 4.

4 It C = Aband G = Z,, Cp. will be the category of PeG-abelian groups (modules
over the unitary ring Pe@).

Using this notation, given a pro-object X in proC, PX = proC(cG, X) provided with
the action of proC(c(, c¢(i) determines an object of the category Cp.q. This defines the
functor P: proC’ — Cp.q.

Next we introduce some of the main results of the paper:

THEOREM 4.4 P:tow(C — Cpyg is a faithful functor.

This establishes that the restriction of the P functor to the full subcategory of towers
in C' is a faithful functor. It is interesting to note that the extended P functor, for instance
from pro-abelian groups to modules is not faithful, see Corollary 7.16.

Another important result of the paper states that the restriction of the P functor to
finitely generated towers is also full.

THEOREM 4.11 Let X be an object in towC'. If X is finitely generated, then X is
admissible in towC'. Consequently, the restriction functor P:towC/fg — Cpeq is a full
embedding, where towC/fg denotes the full subcategory of towC determined by finitely
generated towers.

For finitely generated towers, we are able to replace a tower of objects by a single object
with some additional algebraic structure. In this paper we have only considered this kind
of construction for towers of sets and towers of groups, however, many of the poofs are
established by using very general functorial methods. Therefore part of the constructions
and results can be extended to towers and pro-objects in more general categories.

For the case C' = Grp, the main results of Chipman [Ch.1, Ch.2] stated for towers of
finitely generated groups, are obtained from Theorem 4.11 as corollaries. We point out
that the class of finitely generated towers of groups is larger than the class of towers of
finitely generated groups.

Fortunately, some very important examples of towers of sets are finitely generated, for
example, the tower of 7y’s of the end of a locally compact, o-compact Hausdorff space or
the tower of mo’s obtained by the Cech nerve for a compact metric space. In these cases,
it is easy to prove that the fundamental pro-groups are finitely generated and therefore
the P functor will work nicely on this kind of pro-group. In the abelian case the towers
of singular homology groups coming from proper homotopy and shape theory are finitely
generated. However, we do not know if for towers of higher homotopy groups, the abelian
version of the P functor is going to be a full embedding.

As a consequence of Theorem 4.11, we get a full embedding of the category of zero-
dimensional compact metrisable spaces and continuous maps into the algebraic category
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of Pex-sets. We also obtain similar embeddings for the corresponding categories of topo-
logical groups and topological abelian groups.
In this work, we also give the construction of left adjoints for the P functors.

THEOREM 6.3 The functor P:proC — Cp.g has a left adjoint L: Cp.c — proC.

This left adjoint, for instance for the abelian case, constructs the pro-abelian group
associated with a module over the ring PcZ,. It is interesting to note that PcZ, is
isomorphic to the ring of locally finite matrices modulo finite matrices which was used by
Farrell-Wagoner [F-W.1, F-W.2| to define the Whitehead torsion of an infinite complex.

Next we include some additional remarks about other results and constructions devel-
oped in this paper.

In section 2, we analyse some nice properties of categories of the form proC. Giv-
en a strongly cofinite set I, we prove in Theorem 2.4 that the full subcategory pro;C,
determined by the objects of proC indexed by I, is equivalent to a category of right frac-
tions CTY =1 in the sense of Gabriel and Zisman [G-Z]. When the directed set of natural
numbers I = N is considered, the category pronC' is usually denoted by towC'. From
Theorem 2.4 we have that towC' can be obtained as a category of right fractions of CN,
however, for this case we also prove in Theorem 2.9 that the category towC' is equivalent
to a category of left fractions I'~*C'N. This fact has the following nice consequence: The
hom-set towC' (e, X') can be expressed as a colimit and this gives the definition of the P
functor given by Brown or if we use the standard definition given as a limit of colimits,
we nearly obtain the definition of A-homotopy group “at infinity” given by Taylor.

When we are working with categories of sets, pointed sets, groups and abelian group-
s we usually consider free, forgetful and abelianization functors. For the corresponding
“towcategories” and “procategories”, we also have analogous induced functors. The differ-
ent versions of P are functors into categories of Pck-sets, PcS%- pointed sets, PcZ-groups
and PcZ,-abelian groups. For these categories, we analyse, in section 5, the definition
and properties of the analogues of this kind of functor. For example, the left adjoint of the
natural inclusion of the category of PcZ,-abelian groups into the category of PcZ-groups
is a kind of “distributivization” functor. Given a PcZ-group X, a quotient dX is defined
by considering the relations which are necessary to obtain a right distributive action.

An important result of section 5 is Theorem 5.8. In terms of proper homotopy, The-
orem 5.8 proves that the P functor sends the abelianization of the tower of fundamental
groups to the “distributivization” of the fundamental Brown-Grossman group. It is not
hard to find topological examples where the abelianization of the fundamental Brown-
Grossman group produces a type of first homology group, which is not naturally isomor-
phic to the “distributivization” of the Brown-Grossman group.

Finally, we have developed section 7 to solve some of the theoretical questions that
have arisen from writing the paper. We see that the full subcategory of locally structured
topological abelian groups admits a full embedding into the category of global pro-objects
of abelian groups. As a consequence of the relations between these categories we obtain
Corollaries 7.10 and 7.13, which are the main results of the section. In these corollaries it
is proved that neither (towAb, Ab) nor tow Ab have countable sums, and therefore, neither
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(towAb, Ab) nor towAb are equivalent to a category of modules.

2. Procategories and categories of fractions

The category proC', where C is a given category, was introduced by A. Grothendieck
[Gro]. A study of some properties of this category can be seen in the appendix of [A-M],
the monograph of [E-H] or in the books of [M-S] and [C-P].

The objects of proC are functors X: I — C', where [ is a small left filtering category,
and the set of morphisms from X: I — C to Y:J — (' is defined by the formula

proC(X,Y ) =limcolim C(X,, Y;).
7 7

A morphism from X to Y can be represented by (¢, {f;}) where ¢:J — [ is a map
and f;: X,; — Y, is a morphism of C such that if j — ;" is a morphism of J, there are
¢ € I and morphisms ¢ — @7, ¢ — ¢j’ such that the composite X; — X,; — Y; — Y} is
equal to the composite X; — X,y — Y.

Notice that if I is a strongly directed set and J is just a set, then Maps(.J, I) is also
a directed set. It is easy to see that if [ is a strongly directed set and J is a strongly
cofinite directed set, then the natural inclusion I7 — Maps(.J, I) is a cofinal functor, see
[M-S, page 9], where I/ denotes the strongly directed set of functors from .J to I. As a
consequence of this fact, if I, .J are strongly cofinite directed sets, any morphism of proC’
from X to Y can be represented by (¢, f) where p € I/ and f;: (X¢); — Y; is a level
morphism.

Let C* denote the category whose objects are functors X:/ — C, where [ is a
strongly cofinite directed set, and a morphism from X:I — C to Y:J — (C is given
by a functor ¢:J — [ and by a natural transformation f: X¢ — Y, where X¢ is the
composition of the functors ¢ and X. Given a strongly cofinite directed set I, we also
consider the subcategory C! of ('**? given by objects indexed by I and morphisms of the
form (¢, f) where ¢ = id;.

If J, I are strongly cofinite directed sets, then /7 the set of functors from J to I is a
strongly directed set (.1 € 17,0 > 1 if p(j) > 1(j),7 € J) and can be considered as
a category. The evaluation functor e: C! x I' — (7 is defined by e(z, ) = X = X..
A fixed ¢ induces a functor —.p: Cf — C7, which sends f: X — Y to f.p: X.¢o — Y.,
and a fixed X induces a functor X,—: 17 — ¢’ sending ¢ > ¥ to X*i:X*Lp — X, .

Let pros.qC denote the full subcategory of proC defined by the objects of proC' indexed
by strongly cofinite directed sets. If X: I — C and Y:J — C are objects in prosqC, we
can take into account that I7 is cofinal in Maps(J, I) to see that:

prog C(X,Y) = proC(X,Y) = colim C7(X,p,Y)

pel’
That is, proC(X,Y) is the colimit of the functor

o Xu— OJ(_7Y)
(]J) P, (CJ)Op ——— Set
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Edwards and Hastings [E-H] gave the construction (the Mardesi¢ trick, see also [M—S],
page 15]) of a functor M: proC — pros.qC that together with the inclusion pros.,C —
— proC' give an equivalence of categories. We note that the category pros.C is a
quotient of the category C'*; that is, pro,.C(X,Y) is a quotient of C*?(X,Y).

We include the following result about cofinal subsets of I7.

2.1. LEMMA. Let I be a strongly cofinite directed set and consider
IL={pell | ¢>id}, then

1) the inclusion I}, — I' is cofinal,

2) for the case I = N the directed set of non-negative integers, if ]n(NN) = {p €
NN | ¢ is injective } and In(NN) = NN 0 In(NYN), then In(NY) — NN and
In(NY) — NN are cofinal.

Next, for a given strongly cofinite directed set I, we analyse the relationship between
C! and prorC, the full subcategory of pro,.4C defined by the objects indexed by a fixed
I. We are going to see that pro;C is a category of right fractions of C'I. For this purpose,
first we recall, see [G-Z], under which conditions a class ¥ of morphisms of a category C
admits a calculus of left (or right) fractions.

A class ¥ of morphisms of C admits a calculus of left fractions if 3 satisfies the following
properties:
a) The identities of C are in X.
b) If u: X — Y and v:Y — Z are in X, their composition vu: X — 7 is in X.
¢) For each diagram X'+~ X —Y where s is in ¥, there is a commutative square

X v

X — Y

where ¢ is in .
d) If f,g: X — Y are morphisms of C and if s: X’ — X is a morphisms of ¥ such that

fs = ¢gs, there exists a morphism ¢: Y — Y’ of ¥ such that ¢f = tg.

If we replace the conditions c¢) and d) by the conditions ¢’) and d’) below, the class ¥
is said to admit a calculus of right fractions.

') For each diagram X’ LYY where ¢ s in Y, there is a diagram X'+~ X Y
such that v's = tu and s is in .

d) If f,g: X — Y are morphisms of C and if :Y — Y’ is a morphism of ¥ such that
tf = tg, there exists a morphism s: X’ — X of X such that fs = gs.

Now for a given strongly cofinite directed set I, consider the class ¥ of C'! defined by
the morphisms of the form X.%: X.¢ — X where ¢ € I,
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2.2. PROPOSITION. X admits a calculus of right fractions.

PROOF. It is clear that X, = idx and that (X*ﬁl)((X*cp)*;@) = X*ﬁ}. These imply a)
and b). By considering the evaluation functor C! x I, — C1 (X, ) — X.p, we obtain
the commutative square

fre

X — Yo

id I/ I/ Y*fd

X.7
X — Y
!

Hence we have that ¢’) is satisfied.
Finally, if f,¢g: X — Y. are morphisms such that (Y.5)f = (Y.]})g, we have that
(Yap)uig) (fxp) = (Yuig)w0)(fup) = (Vi) (9x0) = (Yap)wia) (940),
(Vo)) (fep) = FIXL5),

(Yap)ia)(g-0) = 9(X53)-
Therefore it follows that f(X.];) = ¢(X.;;), and so d’) is also satisfied. B

Given a strongly cofinite directed set I, we denote by C**¢ and proyC the full sub-
categories of C*°? and proC', respectively, determined by objects indexed by I. Now to
compare CT¥~" and pro;C, we consider the diagram

CI Cscd]
cly-t prorC

In order to have an induced functor, it suffices to see that a morphism of ¥ is sent to
an isomorphism of pro;C. A morphism of ¥ is of the form X.%: X.p — X, ¢ € I}, We
also consider the morphism o¥(X) = (¢, idx,,): X — X.p in the category C'**¥. Using
this notation we have:

2.3. LEMMA. The morphisms X..[,, U;d(X) induce an isomorphism in proyC.

ProOF. Consider the composites

(idr, X ) (eridx,e)
Xop X Xop

(#ridx ) Yoo (idr, X a7y X




Theory and Applications of Categories, Vol. 1, No. 2 17

We have that
(997 ZdX*w)(lde*;il) = (997 (X*;il)*g‘o)

Because the following diagram is commutative

(Xx0)as
(Xep)wp ——  (Xap)up

(Xs0)ufy { { (Xafp)ne

Xop  — Xy,

tdxy e

it follows that (edy,idx,,) = (@, (X.5)«p) in proC.
On the other hand, we have

Since the diagram

X.Z

Xop — Xy

X*fd[ [ X7,

X — X
idx
is commutative, we have that (¢, X.[,) = (id;,idx) in pro;C. [
2.4. THEOREM. The induced functor C1 7' — proyC is an equivalence of categories.

PROOF. Since [}, is cofinal in I?, by Lemma 2.1, a morphism X — Y in pro;C can be
represented in C'*°% by

ol (X)

— Xip — Y

where f is in C!. By Lemma 2.3, in the category pro;C we have that f U;d(X) =
F(X.2)7L. Therefore CIX"1(X|Y) — pro;C(X,Y) is surjective.

v
Given two morphisms Yy % X0 v, x % X -4 Y in
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CI¥71 such that (p, f) = (1, g) in pro;C, there is a 6 € I, such that the diagram

Xop
/ x 0 NS
Xe— X,0 Y
AN x4 Sy
X

is commutative in CL. Therefore in C1¥~! we have that

FIXE)T = O™ = g(X)(X D)™ = g(Xf) ™

Hence CTY~H X, Y) = pro;C(X,Y).

Next, we study a particular but important case. We consider the strongly cofinite
directed set N of natural numbers. In this case, the category pronC' is usually denoted
by towC'. We are going to prove that if ' has a final object %, the category tow( can also
be obtained from CN as a category of left fractions. As before NN denotes the strongly
directed set of functors from N to N. We will use the following notation Nt = {—1} UN,
(NT)t = N**t = {—2} UNT and in: N — N7 denotes the inclusion. We also have the
strongly directed sets:

Cof(NN) = {p € NN |y is cofinal}
Cof(NY)N) = {¢p € (N')N | 4 is cofinal }.

Notice that we have the relations:
In(NY) ¢ In(NN) € Cof(NN) c N,

Given a ¢ € Cof(NN), define ¢: N — Nt as follows: If n < (0), then p(n) = —1.
Otherwise, there is an ¢ € N such that ¢(i) < n < (i + 1), and then define ¢(n) = 1.
Suppose that n < m, we have that if n < ¢(0), then ¢(n) < @(m), otherwise p(i) < n <
et + 1), n < m, and we again have that ¢(n) < ¢(m). Similarly, it is easy to check
that 7dy = in and that if ¢ <), then @ > 1. Therefore we have defined a contravariant
functor

~ Cof(NN) — Cof(NT)N).
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If C' is a category with a final object %, we also consider the functor +:CN — CN*
which sends an object X in CN to X+, defined by X¥, = * and X = X,, for n > 0.

Now we define the functor ¢* as the composite:
tx— e
CN 5 Cof(NN) —— ON*  Cof(NT)Y) —— N,

so e*(X,p) = e(X*,p) = X7T.p; we also use the shorter notation e*(X,¢) =
= X*p. For a fixed o, we have a functor —*¢:CN — CN and for a fixed X, we
have the contravariant functor X*—: Cof(NN) — CN,

2.5. PROPOSITION. Let C' be a category with a final object.

1) If € In(NY), then —. is left adjoint to —*¢; that is, there is a natural trans-
formation CN(X,p,Y) =2 ON(X,Y*p) that will be denoted by f — f°, g% — g.

2) If p € In(NX), the following diagram is commutative

b

X — Y

J e

X.7

X — Y
!

¥
3) If p,ib € In(NY), o < <, for the diagram X*;ZJ&X*@LY we have that
b b
(F(X.0) = ()
PROOF. 1) : We note that if ¢ € In(NY), ¢ = in: N — N*. Therefore for a given
object Y in ON, we have
(Yoo = (Y @)p =Y u(pp) =Y in =Y
Define  #:CN(X,Y*p) — ON(X,0,Y) by ¢# = g.p. It is clear that the counit
transformation is, in this case, the identity.
To define the inverse transformation *: CN(X,p,Y) — CN(X,Y*p), we have that
ot @ <in, since ¢ is injective and ¢ > id. We also have that
X = X"*.in
(Xep) e = (Xop) " = (X apM)up = X oot
Now, given f: X.p — Y, define f* = (f*o)(X.7 »); that is, it is the composite

*pt

X+ n
Yot fre

X — X)o —— Yo,
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By Considering the formulas
() = ()X ) = (o)) (X )ap) = FIXHDE) = f,
() = (0 = (0 PIEXE8) = (V)25 ) =
= (Vo) = (V50 e = (VHR.5De = 0.
it follows that the transformations above define a natural isomorphism.

2) The commutativity of the diagram is proved by the following equalities
PHXG) = (PR (YR )(XLf) e in) = (Frap) (X (X517 =
(f+ PUXFIL) = (Frp)(XFaph)lt) = (Frp)(Xag)tol) = (VI f =
(Y7

3) It follows from the following relations

(FX 0D = (FXD) b (XH I o) = (FHOR20) ) (X )
= (FLB) (XL g) = (P DX )
= (fF )X TR ) = (O (Xep) R (X )
= (Ve (X)) = (V) f°
2.6. LEMMA. Let C be a category with final object *, and o, € In(NY), then
(=) = (¥e)
2) (Y )*Zd = Y*W
PROOF. It is easy to check that @i = intepp. Therefore we have:
D) (Yo = (Vo) = (YHo)ha = (YH)r gt o =
(YY) gt = (Y inty =
=Y*. o =Y"(¥p). |
2) (Vo) = (YTp)hy = (Y+*95)+ D= (V) ety
= (YRL = (V)RS =Y = Y I

Now we define a class T’ of morphisms in C'N that admits a calculus of left fractions.
The category I'"'CN will be equivalent to towC = proxC.

Consider the class I' defined by the morphisms of the form Y™, 7:Y — Y*u, where
Y is an object in CN and ¢ € In(NY) (C has a final object).

2.7. PROPOSITION. [I' admits a calculus of left fractions.

PROOF. a) It is clear that Y*!4 = idy.
b) By Lemma 2.6, we have

(Y o)) (Y5) = (V)Y = Yif
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X% f
¢) For each diagram X*¢ — X — Y . we have the commutative diagram

!
X — Y

X*fdk k Yl

where Y*ﬁl isin .

* P f
X *

d) Consider a diagram X — X*p Y such that f(X*%) = g(X*7).

g

Applying Lemma 2.6 we have

(Y5 = (Fe) (X o)) = (Fe)(X07) = (Fe) (X5 w) = (X)) e =

= (g(X*5)) e = (") (X75) = (g7e) (X )i = (Y )g-

Therefore there exists Y*7, in I' satisfying the desired relation. [

It we consider the diagram

Csch CN

| |

pronC r-t ¢N

we can see that a morphism X*7: X — X*¢ of I has an inverse 7;7(X) in pronC'. Define

7 (X) = (¢ idx) in C*N.,

2.8. LEMMA. The morphisms X*7, and 7;5(X) give an isomorphism in the category
pronC = tow('.

ProOOFr. We have that
(ide X*ﬁl)(g‘ov idX) = (997 X*;il)
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Since the following diagram is commutative

we have that (¢, X*7)) = (idN, tdx«,).
On the other hand we have ' '
(X 0)ep = (X0 ) = XT.00 = X100 = X0,
(s 1dx ) (2dn, X™5) = (0, (X5 p) = (0, X7F)).
We have already seen in the proof of Lemma 2.3 that (¢, X..;) = (idN, tdx). [

2.9. THEOREM. For a category C with final object, the induced functor T7'CN —
pronC' is an equivalence of categories.

ProOOF. It suffices to dualize the proof of Theorem 2.4. [

2.10. REMARK. 1) We can also prove this theorem taking into account the definition of
the hom-set, see [G-Z], and Proposition 2.5

ION(X, V)= colim ON(X,Y*¢) = colim CN(X.0,Y) = pronC(X,Y),
veln(NN) veln(NN)

2) The equivalence of categories CNY=1 — I'"1C'N i5 given by

¥ b * P
X*id Y id

(X — Xop — YV) — (X — Yo —— Y).

Consider the class ¥¢ of morphisms of CN of the from XX — X, If D s
a finite category and C'P denotes the category of functors of the form D — C we can

consider the class ¥-p of morphisms of (CD)N of the form A,.p — A. The corresponding
category of fractions is denoted by tow(CP). Notice that we also have the equivalence

of categories (CD)N — (CN)D and the functor CN — towC' induces the natural functor
(CN)D — (towC)P.

With this notation we have the following result:
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2.11. PROPOSITION. If D is a finite category, then there is a diagram

N — (N’

| |

tow(CP) ——s (towC)D

which is commutative up to isomorphism and is such that the induced functor tow(CP) —

(towC)P is a full embedding.

PRrROOF. Let X denote an object of (CD)N and the corresponding object in (CN)D. If X
is an object in (CD)N, X(n) denotes a diagram of C'P and if X is thought of as an object
in (CN)D, then X, is an object in CN. We note that X(n)a = Xa(n).

Now suppose that X,Y are objects in (CD)N (or in (CN)D) and [: X — Y is a
morphism in (towC) Then for each d an object of D, we can represent f; for all d by
Xa — (Xa)up —>Yd By considering a map ¢ E In(NY) such that ¢ > ¢, d € Ob D,
we can represent f; for all d by Xy «— (Xd) © —> Y;. Then we have that X «— X, is

a morphism in (CD)N. However, if dy =% d; is a morphism in D, then

!
faq

Xdo*g‘o - i/do

(Xao)*@‘/ ‘/ YaO

Xd1 * , 1/511
dp

is only commutative in towC. Nevertheless we can choose 4, € In(INN) such that

1
fag

Xdo *@*¢a0 B i/do

| |

Xd1 *¢*¢a0 ., 1/511
dp
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is commutative in CN. Since the set of morphisms of D is finite, we finally obtain
representatives maps Xy «— X.@utagu. . xq, iﬂfd such that X «— X.p.thaos - - -
o, ——Y is a diagram in (CD)N.

This diagram represents a morphisms from X to Y in tow(CP) that is sent to
f: X — Y by the functor tow(CP) — (tow C)P.

Now if f,¢: X — Y are maps in (CD)N such that f = g in (tow C)P we have for each
d € Ob D a map ¢ € In(NY) such that fd(Xd*ﬁld) = gd(Xd*ﬁld). If o > de ObD,
then fy(Xal) = 9a(Xal)). Therefore f(X.7) = ¢g(X.). This implies that f = ¢ in
tow(CP). B

2.12. REMARK. Meyer [Mey] has proved that if the category C' has finite limits, then
the functor pro(CP) — (proC)P is an equivalence of categories.

3. Preliminaries on monoids, near-rings and rings

In this section, we establish the notation and properties of monoids, near-rings and rings
that will be used in next sections. We usually consider the categories of sets, pointed sets,
groups and abelian groups which are denoted by Set, Set., Grp and Ab, respectively.

A monoid consists of a set M and an associative multiplication - : M x M — M
with unit element 1 (1-m = m = m-1, for every m € M). If M has also a zero element 0
(m-0 =0 = 0-m, for every m € M) it will be called a 0-monoid.

A set R with two binary operations ‘4’ and ‘-, is a unitary (left) near—ring if (R, +) is
a group (the additive notation does not imply commutativity), (R,-) is a semigroup and
the operations satisfy the left distributive law:

- (y+z)=z-y+a-z, z,y,z€R.

A near-ring R satisfies that -0 =0 and « - (—y) = —(x - y), but in general, it is not true
that 0 -2 = 0 for all @ € R. If the near-ring also satisfies the last condition it is called
a zero-symmetric near-ring. In this paper we will only work with zero-symmetric unitary
near-rings. In this case, (R, ) is a 0-monoid.

It a zero-symmetric unitary near-ring also satisfies the right distributive law:

(r4+y)-z=x-24+y-z, v,y,2z€R

then (R, +) is abelian and R becomes a unitary ring.

3.1. EXaAMPLE. If C is a category and X is an object of C, then C(X, X) is a monoid
with the composition of morphisms: (g, f) — ¢ - f. In next sections C will be one of the
categories proC or towC.

3.2. EXAMPLE. If C is a category with a zero object, the monoid C(X, X) has a zero
element 0: X — X and C(X, X) is a 0-monoid. If C' has a zero object, the categories
proC and tow(' also have zero objects.
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3.3. EXAMPLE. Let F' be a free group generated by a set X, then the set of endomor-
phisms of F', End(F'), becomes a zero-symmetric unitary left near-ring if the operation +

is defined by
(f+9)r=fr+gz, fg€bndl), zeX.

3.4. EXAMPLE. If A is an abelian group or an object in an abelian category, then End(F')
is an unitary ring.

Let M be a monoid and C a category. A left M—object X in C consists of an object
X of C and a monoid homomorphism M — C(X,X):m — m: X — X. If M is a
0—monoid and C has a zero object, we will also assume that an M—object X in C satisfies
the additional condition 0 = 0. We denote by »C the category whose objects are the
(left) M—objects in C. By considering monoid “antimorphisms” M — C(X, X) we have
the notion of right M—object in C and the category Cyy.

For the case C = Set (C = Set.) we have the notion of M-set (M-pointed set) and the
categories pSet, Setys (mSet., Seta). If X is a group, then Set. (X, X) has a natural
structure of zero-symmetric unitary right near-ring. If R is a zero-symmetric unitary
right near-ring, a structure of left R-group on X (left near-module) is given by a near-
ring homomorphism R — Set. (X, X). If R is a zero-symmetric unitary left near-ring
and R — Set.(X, X) is a group homomorphism and a monoid antimorphism, then X
is said to have a structure of right R-group. We denote by rGrp the category of left
R-groups and by Grpgr the category of right R-groups.

If X is an abelian group, then Ab(X, X) has a natural structure of unitary ring. If R
is a ring, a structure of left R-abelian group (R-module) is given by a ring homomorphism
R — Ab(X,X). If R — Ab(X, X) is a group homomorphism and a monoid antimor-
phism, then X is said to be a right R-abelian group (R-module). We denote by pAb the
category of left R-abelian groups and by Abgr the category of right R-abelian groups.

3.5. EXAMPLE. Let C be a category. For each object X of C, we have the monoid
End(X) = C(X,X) and C(X,—) : C — Selgnqx) is a functor which associates to
an object Y the right End(X)-object defined by End(X) — Set(C(X,Y),C(X,Y)) :
o — @, @o(f) = fp, [ €C(X,Y). If C has a zero object, we also have the functor:
C(X, —)C — Set*End(X).

3.6. EXAMPLE. Let I’ be a free group generated by the set X. We have noted in Example
3) above that End(F') is a left near-ring. Is is easy to see that for any group Y, Grp(F,Y)
has a natural structure of right End(F')-group. Therefore there is an induced functor
Grp(F,—) : Grp — Grpgaar)-

3.7. EXAMPLE. If X is an object in an abelian category A, then A(X, —) defines a functor
from A to the category of End(X)-abelian groups ( End(X )-modules).

Recall that in this paper we are using the following unified notation. We denote by C
one of the categories: Set, Set,, Grp, Ab. The small projective generator of (' is denoted
by G. We also denote by *, S°, Z, Z, the corresponding generators of these categories.
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Because the categories of the examples above have some common properties, we will use
the following notation:

1) If C = Set and R is a monoid, Cr denotes the category of right R-sets.

2) If C = Set. and R is a 0-moniod, C'r denotes the category of right R-pointed sets.

3) If ¢ = Grp and R is a zero-symmetric unitary left near-ring, Cr denotes the
category of right R-groups (R-near-modules).

4) If C = Ab and R is an unitary ring, Cr denotes the category of right R-abelian
groups (R-modules).

It is interesting to note that C'r and C are algebraic categories and there is a natural
forgetful  functor U:Cg — C'  which has a left adjoint functor
F=—-—0RC — (Cg If C = Set and X is a set, then X ® R = X x R and if
C = Sety, then X @ R=X x R/((* x R)U (X x0)). It is also easy to define — @ R for
the cases €' = G'rp and C' = Ab.

If the functor F: A — B is left adjoint to the functor U: B — A, then it is well known
that F' preserves colimits and that U preserves limits. A functor U: B — A reflects finite
limits if it verifies the following property: If X is the “cone” over a finite diagram D in B
and U X is the limit of U D, then X is the limit of D.

We summarise some properties of the functors above in the following:

3.8. PROPOSITION. The forgetful functor U:Cr — C has a left adjoint functor
F=—-®RC — Cr. Moreover, the functor U preserves and reflects finite limits,
in particular if Uf is an tsomorphism, then f is also isomorphism.

ProoOF. It suffices to check that U reflects finite products and difference kernels. If Y7, Y
are objects in Cg, then UY] x UY; admits an action of R defined by (y1,y2)r = (y1r, y2)r,
if r € R. Now it is easy to check that for the different cases, C' = Set, Set,, Grp, Ab,
this action satisfies the necessary properties to define an object ¥; x Y, in Cg such that
Uy x Yy) = UY; x UY,. Similarly if f,¢:Y — Y’ are morphisms in Cg, then the
difference kernel K(Uf,Ug) is defined by K(Uf,Ug) = {« € UY | Ufax = Ugx}. In
this case the action of R on Y induces an action on K (U f,Ug) that satisfies the necessary
properties, and therefore defines an object K(f,¢) such that UK(f,¢9) = K(Uf,Ug). 1

Given a morphism Ry — Ry, there is an induced functor V:Cgr, — (g, which has
a left adjoint functor —®@g, Ry : Cr, — Cg,. It is not hard to give a more explicit
definition of the functor —@pg, Ry for the cases C' = Set, Set., Grp, Ab.

In next sections, we will consider the properties of the following construction to study
the inverse limit functor.

Let s be an element of R (if C' = Gps and R a left near-module, we also assume that
s is a right distributive element: (x4 y)s = xs+ys), and let X be an object in Cr, define

FX={eeX|a -s=u}.

This gives a functor F;:Cr — C which has a left adjoint —®@°*R: ' — (' defined as
follows: Let X be an object of C, the functor —@R:C — (g carries X to X @ R.

Consider on X @ R the equivalence relation compatible with the corresponding algebraic
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structure and generated by the relations * @ r ~ & @ sr. Denote the quotient object by
X ®° R, and the equivalence class of @ @ r by * ®°r. We summarise this construction in
the following

3.9. PROPOSITION. The functor — @° R:C — Cg is left adjoint to Fy:Cpr — C.

4. Brown’s construction.

In this section we define the P functor for the categories of pro-sets, pro-pointed sets, pro-
groups and pro-abelian groups. As in the section above, (' denotes one of the following
categories: Set, Set,, Grp, Ab.

Because the category (' has products and sums, then we can define the functors
e:C — CN and p: CN — C by the formulas

(eX); = Ein’ X;=X, j>i,
pY:+ﬁo Y
=0

It is easy to check that CN(cX,Y) 2 C(X,pY), therefore we have:
4.1. PROPOSITION. The functor ¢:C — CN is left adjoint to p: CN — C.

Associated with the generator GG of C', we have the pro-object ¢(G and the endomor-
phism set PelG = proC(cG, e(G) which has the following properties:

1) If C = Set, the morphism composition gives to Pex a monoid structure.

2) If C' = Set,, PcS? is a 0-monoid (see section 3 .)

3) If C = Grp, PcZ is a zero-symmetric unitary left near-ring.

4) If C = Ab, PcZ, is a ring.

For any object X of proC, we consider the natural action
proC(cG, X) x proC(cG, eGG) — proC(cG, X)

which applies (f,¢) to fo, if f € proC(cG, X) and ¢ € proC(cG, cG).

The morphism set proC(cG, X) has the following properties:

1) If ¢ = Set, proC(cG, X) admits a natural structure of PeG-set. Thus the action
satisfies

(fa)B = flap)
ft=171

feproC(eG, X), a, B, 1€ proC(cG,cq).
2) If C = Set., proC(cG, X) and proC(c(, c¢(i) have zero morphisms that satisfy
f0=0, feproC(cld,X),
0 =0, o€ Pel;
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that is, Pe( is a 0-monoid (see section 3) and proC(cG, X) is a PeG-pointed set.
3) If C = Grp, we also have that proC(cG, X) has a group structure and the action
satisfies the left distributive law:

fla+p)=fa+ f8, feproC(cG,X), a,p € PcG

Notice that the sum + need not be commutative. In this case, PcG becomes a zero-
symmetric unitary left near-ring and proC(cG, X) is a right PeG-group (near-module),
see [Mel] and [Pilz].

4) If €' = Ab, we also have a right distributive law:

(f+9)a= fa+ga, f,g€proC(cG,X), a¢cPcG.

Now PclG becomes a unitary ring and proC(cG, X) is a right PeG-abelian group (PcG-
module).

In order to have a unified notation, C'p.; denotes one of the following categories:

1) If C = Set, Cp.q is the category of PeG-sets.

2) If C = Set., Cpeg is the category of PeG-pointed sets.

3) If C = Grp, Cpeg is the category of PceG-groups (near-modules).

4) If C = Ab, Cp.g is the category of PcG-abelian groups (modules).

Using the notation above we can define a functor P:proC’ — Cp.s as the repre-
sentable functor

PX = proC(cG, X)

together with the natural action of Pc(G, where (& is the small projective generator of C.
For the full subcategory tow(C we will also consider the restriction functor P:tow(C —
Cpea.

Because (' has sums, products and a final object *, for any object Y of (', we can
consider the direct system

HY—>(HY)><>I<—>(HY)><>I<><>|<—>---

>0 i>1 i>2
where the bonding maps are induced by the identity ¢:d: Y — Y and the zero map ¥V — .
The reduced product Y of Y is defined to be the colimit of the direct system above. We
also recall the forgetful functor U: C'p.q — C considered in section 3 which will be used
in the following

4.2. PROPOSITION. The functor UP:proC — C has the following properties:
1) If X ={X;} is an object of proC, then

2)If X ={X; | j € J} is an object of proC, where J is a strongly cofinite directed
set, then
UPX = colimC7(eGlp, X).
peNY
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3) If X is an object in towC, then

UPX = colim_ p(X™p).
veln(NN)

PROOF. For 1), it suffices to consider the definition of the hom-set in proC"

UPX = lim colimC((cG);, X;)
j

K3

= lim colim II X;
J i k>

12

lim X,
J

2) follows since N, .J are strongly cofinite directed sets.
3) By Remark 1) after Theorem 2.9 and Proposition 4.1, we get

UPX = towC(cG,X)

=~ colim CN(eG, X*p)
veln(NN)

= colim_ C(G,p(X"yp))
@EIn(Nzlg)

= colim_ p(X™p)
veln(NN)

4.3. PROPOSITION. The functor P:proC — Cp.¢ preserves finite limaits.

PROOF. We have that UP preserves finite limits since UP = proC(cG,—) is a repre-
sentable functor, see [Pa; Th 1, Sect 9, Ch.2]. By Proposition 3.8, we have that U reflects

finite limits. Therefore we get that P preserves finite limits. ]

Now we recall that Grossman in [Gr.3] proved that the functor UP:towC — C
reflects isomorphisms. Since P preserves finite limits we have:

4.4. THEOREM. P:tow(C — Cp.g is a faithful functor.

ProOOF. Let f,g: X — Y be two morphisms in towC'. If we consider the difference kernel
i: K(f,9) — X, the Proposition above implies that PK(f,g) = K(Pf, Pg). Suppose
that Pf = Pg, then K(Pf,Pg) = PX and Pu:PK(f,g) — PX is an isomorphism.
Applying the forgetful functor U: Cp.q — C', we have that UPz is an isomorphism. Now
Grossman’s result implies that ¢ is also an isomorphism. Therefore f = g. [

4.5. REMARK. 1) Since P:towC — Cp.g is a representable faithful functor, we have
that P preserves monomorphisms and reflects monomorphisms and epimorphisms.
2) Notice that the proof given does not work for the larger category proC.
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4.6. PROPOSITION. P:tow( — Cp.q and UP:towC — C preserve epimorphisms.

PRrROOF. Let ¢: X’ — Y’ be an epimorphism in towC', by the Remarks at the end of
ChlII, §2.3 of [M—=S] it follows that ¢’ is isomorphic in Maps(towC) to ¢: X — Y where
q is a level map {¢;: X; — Y;} and each ¢;: X; — Y} is a surjective map. Now we have
that UPq = colim, p(g.y), and since —*¢, p(—), colim,, preserve epimorphisms, we get
that UPg and Pgq are epimorphisms. [

4.7. DEFINITION. Let S be a full subcategory of proC. An object X in S is said to be
admissible in S if for every Y of S the transformation

P:proC(X,Y) — Cp.a(PX,PY):. f — PJ,
is byjective. If S = proC, X is said to be admussible.
4.8. PROPOSITION. The object ¢ is admissible.

PrOOF. We have the following natural isomorphisms

proC(cG, X) =2 UPX
= (G, UPX)
= Cpcg(G @ Pe, PX)

12

Cpec(PelG, PX)
which send a map f:eG — X to Pf: PcG — PX. B

4.9. PROPOSITION. Let p: X — Y be an epimorphism in towC. If X is admissible in
towC, then Y s also admissible in towC'.

PrROOF. We can suppose that p is a level map {p;: X; — Y;} such that each p;: X; — Y
is a surjective map. Let X; x X; denote the equivalence relation associated with p;; that
Y.

is, X; x X; = {(z,2") € X; ><1XZ' | p;x = p;z’}. Then the diagram
Y,
XxX —— x . vy

is a difference cokernel in towC', where X x X = {X; x X;}.
Y Y

Let Z be an object in towC'. Given a morphism ﬂl: PY — PZ in Cp.q, since X is
admissible in tow(C, there is a morphism f: X — Z in tow(C such that 8 Pp =P/f.

P(f pr1) =Pf Ppri =8 Pp Ppr1 =3 P(p pr1) =

B P(p pra) = B8 Pp Ppro=Pf Ppry=P(f pra).
Because P is faithful, it follows that f pry = f pro. Now we can use that p is a difference
cokernel to obtain a morphism ¢:Y — Z such that gp = f. We have that Pg Pp =
Pf = p Pp. By Proposition 4.6, Pp is an epimorphism, then we have that Pg = 3. This
implies that Y is also admissible in towC'. [
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4.10. DEFINITION. An object X of towC' is said to be finitely generated if there is an
(effective) epimorphism of the form Y, ¢G — X.

finite

4.11. THEOREM. Let X be an object in towC. If X is finitely generated, then X s
admissible in towC'. Consequently, the restriction functor P:towC/fg — Cpeq is a full
embedding, where towC/fg denotes the full subcategory of towC determined by finitely
generated towers.

PrOOF. It is easy to check that Y ¢G is isomorphic to ¢GG. By Proposition 4.8, it

finite
follows that ¥ ¢G is admissible. Because X is finitely generated, there is an effective
finite
epimorphism Y ¢G — X. Now taking into account Proposition 4.9, we obtain that
finite
X is also admissible. ]

4.12. PROPOSITION. Let Y ={- -+ = Y, — Y] — Y4} be an object in towC', where

the bonding morphisms are denoted by Y'Y, — Yi, 1 = k. If for each i > 0, there is

a finite set A; C Y; such that for each n > 0, g YJA; generates Y, then Y s finitely
Jon

generated.

PrOOF. Define X, = ¥ ¥ G and consider the diagram

jzn Aj

- —_— nt+1 — Xn_>...

Pn+1 ‘/ ‘/ Pn

- —3 nt+1 — Yn_>...

where the restriction of p, to Z G is induced by the map Y7/: A; — Y. Tt is clear that
e and p: X — Yis an eplmorphlsm Therefore Y is finitely generated. [

4.13. COROLLARY. 1) A tower of finitely generated objects of C is a finitely generated
tower.

2) A tower of finite objects of C is finitely generated.

3) The restricted functors

P: tow(C/fg) — CPcG

P tow(C/f) — CPcG

are a full embeddings, where C/fg and C/f denote the full subcategories determined by
finitely generated objects and finite objects, respectively.
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4.14. REMARK. A particular case of Corollary 4.13 are Theorem 3.4 and Corollary 3.5
of [Ch.2].

Next we study some relations between the P functor and the lim functor.
Recall that for ¢ > 0, (¢GG); = ¥ G, where Gy is a copy of the generator (G. The
k>

identity of G induces a map G — Gigq, k > i. We denote by sh: ¢ — ¢ the level map
{sh;: ¥, Gy — ¥ G} } induced by the maps Gy — Gjiq.
k> k>

Given an object Y in Cp.q, we denote by F,,Y the object of C defined by
FaY ={yeY |y sh=y}

Notice that F, defines a functor from Cp.g to C.

4.15. THEOREM. The following diagram

lim
towC — C

7)\ /Fsh

CP cG

is commutative up to natural isomorphism. That is, imX = {z € PX |z sh = z}.

PROOF. For each ¢ € In(NN), there is a map SH: P(X*p) — P(X*p) which applies
T = (T5(0), Tp(1), TH(2), - - -) to the element

vSH = ((¢5H )g0), (25 H)g(r), ),
where for >0, (2SH)zu = X;((;)—l_l)xg(i_l_l). Notice that if «SH = =z, then
Xg((;;_l)xg(iﬂ) = rg(;). Therefore x € imX ™.

Associated with the map X — X*¢, we have the commutative diagram

limX —— PX) = PX)

| | |

lim(X*p) —— P(X*p) . P(X*p)

where limX is the difference kernel of SH and id, and similarly for lim(X*¢). Because
X — X*p is an isomorphism in towC' it follows that limX — lim(X*p) is an iso-
morphism. Now taking into account that colim, preserves difference kernels, we obtain
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that .
;
lim X — PX - PX
is a difference kernel. Therefore limX = {x € PX |2 -sh =2} = F,PX. [

Now we can use that — @*" PeG:C — Cpos is left adjoint to the functor
Fep: Cpo.g — C to obtain the following result:

4.16. COROLLARY. The functor lim:tow(C — C' can also be represented as follows:

limX 2 Cp.(G @ PelG, PX)
limX = Cpeg(P(conG), PX)

Moreover, there is a natural map G@*"PcG — P(con(), where conG denotes the level-

wise constant tower {--- — G -, Gl

ProoF. This follows, because con: C' — towC' is left adjoint to lim:tow(C — C and
— @*" Pel: — Cpyg is left adjoint to Fip: Cpog — C, see Proposition 3.9. It is also
necessary to take into account the fact that con(' is admissible in towC'. This follows

because con( is a tower of finitely generated objects, see Corollary 4.13 and Theorem
4.11. ]

4.17. REMARK. 1) Theorem 4.15 gives a relation between the P functor and the lim
functor for the case of towers. If X = {X;} is a tower, then PX = lim [X;, where [X;
is the reduced countable power. For a more general pro-object X : J — €, Porter [Por.1]
uses more general reduced powers to “compute” the lim and lim? functors.

2) For a tower of groups X, an action of PX on PX can be defined by

y=x+4+vy—x-sh z,y € PX.

It is easy to check that the space of orbits of this action is isomorphic to the pointed
set lim' X. The difference of two elements of the same orbit is of the form 4y —x-sh—y.
Notice that the quotient group obtained by dividing by the normal subgroup generated
by the relations « + y — = - sh — y, satisfies that the action of sh is trivial and it is an
abelian group.

3) For a tower X of abelian groups, we get isomorphisms

lim'X & Ext'(Z, @ PcZ,, PX)
lim'X = Ext'(P(conZ,), PX)

In this case, we also have that lim'X is obtained from PX by dividing by the subgroup
generated by the relations @ — x-sh for all x € PX.

4) A global version of Brown’s P functor can be defined for global category (proC, (')
(for the definition of (proC,C) see [E-H]). If X is an object in (proC,C), then P, X is
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defined to be the hom-set P, X = (proC,C)(cG, X), where ¢ is considered as an object
in (proC, ('), provided with the structure given by the action of P,c(G. We note that for
the global version of the P functor, if X is an object in (towC, ), then

UP,X = colim_ P(X"p),

¢€Ino(NT)

where Ing(NN) = {¢ € In(NN) | ¢(0) = 0}.

5. Applications and properties of the P functor

In this section, firstly we obtain some consequences of the main Theorems of section
4. We also analyse the structure of the endomorphism set PcGG for the different cases
(' = Set, Set,, Grp, Ab. Finally, we study some additional properties of the P functor for
the cases C' = G'rp, Ab.

It C is one of the categories: Set, Set,, Grp, Ab, we will denote by T'C' the correspond-
ing topological category. That is, T'C' will respectively be one the categories: topological
spaces, topological pointed spaces, topological groups or topological abelian groups. We
denote by zemT'C' the full subcategory of T'C' determined by zero-dimensional compact
metrisable topologies.

Let X be an object in . Consider the set of quotient objects of the form
p: X — F, where F, is a finite discrete object in . Given two quotients of this form
p: X — F, and p': X — F,/, we say that p > p if there is a commutative diagram

It is easy to check that A = {p: X — F, | F} is a finite discrete quotient object } with >,
is a directed set. Therefore we can define the functor TC' — pro(C/f): X — {F,},ea,
where C'/ f denotes the full subcategory of C' determined by finite objects. If X has a
zero—dimensional compact metrisable topology, then there is a sequence p;: X — Fj} such
that piy1 > p; and for any p of A, there is ¢ > 0 such that p; > p. Hence {p; }i>o is cofinal
in A, and the tower {£]};>o is isomorphic to {F}}pea.

Consequently it is clear that:

5.1. THEOREM. The category tow(C/[f) of towers of finite objects in C is equivalent to
the category zemT'C of objects in T'C which have a zero—dimensional compact metrisable
topology.
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5.2. REMARK. T. Porter has pointed out to me that Theorem 5.1 is closely connected
with a famous theorem of M.H. Stone [Sto] which gives category equivalences between the
category of Boolean spaces, the category of Boolean algebras and the category of Boolean
rings.

5.3. THEOREM. There is a full faithful functor zemTC — Cp.q.

5.4. REMARK. 1) There is a full embedding ¢ from the proper homotopy category of
o-compact locally compact Hausdorff spaces into the homotopy category of prospaces
considered by Edwards-Hastings [E-H]. If X is a o-compact locally compact simplicial
complex, then there is a cofinal sequence { K;} of compact subsets of X such that for every
i >0, mo(cl(X — K;)) is a finite set. Therefore moe X = {mo(cl(X — K;))} is admissible
in towSet. If a:[0,00) — X is a proper ray, then « determines a path-component of
mo(cl(X — K;)) and mpe X can be considered as an object in towSet.. If X is a simplicial
complex as above, we will suppose that « is a simplicial injective map. In this case, the
fundamental pro-group can be defined by me(X, o) = {m(cl(X — K;) UIma, a(0))}. If
X has one Freudenthal end, it is easy to check that m1e( X, «) is admissible in towGrp.
Finally, we also note that for ¢ > 0, the tower H,e X = {H,(cl(X — K;))} is admissible
in towAb, where H, denotes the singular homology.

2) Let X be a compact metrisable pointed space. Denote by C'X the pro-pointed
simplicial set of the Cech nerves associated with the directed set of open coverings of
X. In this case, it is easy to check that 7oC'X is isomorphic to an admissible object in
towSet,, 7 CX is isomorphic to an admissible object in towGrp, and H, C'X is isomorphic
to an admissible object in fow Ab.

3) As a consequence of Theorems 5.1 and 5.3, for the category of connected locally
finite countable simplicial complexes, the following categories are adequate for modelling
the proper O-type. The category of zero-dimensional compact metrisable spaces and the
Freudenthal end functor e, the category tow( finite sets) and the moe functor and Set.p.so
and the Brown-Grossman 0-homotopy group 72“. The relations between these functors
are given by e = lim 7y ¢, 7,®% = P 7y e. Similarly, for the shape 0-type of compact
metrisable spaces, we have the functors limroC, 7oC and PrC.

Next we study the different structures of the endomorphism set PeGi = proC(cG, e()
for the different cases C' = Set, Set,, Grp, Ab.

1) C = Set

The monoid Pex can be represented as follows: Consider the set R, of matrices of the
form A = (A;;), with 7,5 € {0,1,2,---}, where either A;; = 0 or A;; = 1, satisfying the
following properties:

a) For each j > 0, the cardinality of {¢ | A;; =1} is 1.

b) For each i > 0, there exists j > ¢ such that for 0 < k <iand j <1, ay =0.
Write o4(2) =min{j | j > ¢ and if 0 < k <iand j </, then ay = 0}.

Define the equivalence relation ~ by declaring A ~ A’ if there exists 7 > 0 such that
for 7 <[ the [-column of A agrees with the [~column of A’; that is, A and A’ differ only
on a finite number of columns.
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Matrix multiplication induces over R. a monoid structure that is compatible with
the relation ~. Therefore the quotient R inherits a monoid structure from R.. If we
(also) denote by N the set of natural numbers provided with the discrete topology, we
can consider the monoid P(IN,N) of proper maps N — N and the monoid of germs of
proper maps P*(IN,N). Given a matrix A of R., we can define a proper map that will
again be denoted by A:IN —— N as follows: if j > 0 the j—columm of A has only one
element A;; = 1, define A(y) = ¢. This gives monoid isomorphisms R, — P(IN,IN) and
R — P*(N,N). The isomorphism

R — P cx= colim_p(c+"¢)
veln(NN)

is given by A — (A(0), A(1), A(2),---) € ple*" @a).
Given an object X of towSet, the action PX x Pekx — PX can be defined as follows:
take x € p(X*p) and A € R., then [z][A] = [y], where y € p((X*¢)"¢4)) is defined by

2A()) PA()
Voeali) = X oot Toat) = X oa) (B o Ay).

2) C' = Set,

The monoid PeS® can also be represented as a matrix monoid R as follows: We
consider matrices A = (A;;) as above satisfying properties a’) and b), where a’) is obtained
by modifying a).

a’) For each j > 0, the cardinality of {¢ | A;; = 1} is at most one.

Denote by N* = N U {*} the Alexandroff compactification of N by a point % and
consider the monoid Top.((IN*, %), (N*, %)) and the monoid (Top.)>((IN*,*), (N*,*)) of
germs at * of continuous maps (IN*,*) — (N*,*). Given a matrix A, we can define the
continuous map A: (N*, %) — (IN*,*) such that if j > 0 and the j—column of A has a
unique element A;; = 1, then A(j) = ¢, otherwise A(y) = *. This defines isomorphisms

Rso — Top, (N*, ), (N*, %)) and R — (Top.)™ ((IN*,*),(N*,*)). The isomorphism
R% — colim_ p(eS®) is given by A — (A(0), A(1), A(2),--) € p(c5™¢).
@EIn(Nzlg)

Notice that R.® is a submonoid of R

3) C =Grp

Let F' be the free group over the countable set of letters {xq, 21,22, ...}. The multipli-
cation of F' will be denoted by +, then a typical word of F'is of the form 2z, + 321 — x,
we note that an additive notation does not imply commutativity. Let Rz denote the set
whose elements are of the form (wq, wy, ws,---), where for ¢ > 0 w; € F, satisfying the
following property:

For each 72 > 0, there exists 7 > ¢ such that xq,-- -, x;_1 are not letters of the reduction
of w; for I > j. For a given element w = (wg, w1, ws, - - -) of Rz, write

wu(t) =min{y | j > ¢ and xg,- -, x;_1 are not letters of the reduction of w; for [ > j}.
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The sum is defined by components

(wo, Wy, wa, -+ ) + (wp, Wi, wy, . ..) = (W + wj wy + W] wy + wh, - +)

Denote by w(@p,,...,x,, ) a word whose reduction has the letters x,,,---,2,,. The
product is defined by substitution as follows
! ! / —
(wo, w1, w2, . . .)(wo(xn?, e :z:ngo), wl(:zjn%, T ) wz(l'n%, e $n$2), )=
_ / / /
= (wp(wng, ... ,wngo), W (Wyt, .. Wi ), wy(wyz, ...y wng2), o)

It is easy to check that 4+ and - give the structure of a zero—symmetric near-ring to Rz.
The zero element is (0,0,0,...) and the unit is represented by (xq, 21, xq,...). Another
distinguished element is the shift operator (xy, 22, x3,...) that plays an important role in
connection with the inverse limit functor.

Let Iz be the subset of Rz defined by the elements w = (wg, w1, ws,...) such that
there exists m > 0 such that w; = 0 for [ > m. Then it is easy to check that Iz is a
normal subgroup of Rz, (Rz)(Iz) C Iz and (r+i)s —rs € Iz for all i € Iz, r,s € Ryz.
Then Iz is a ideal of Rz and we can consider the quotient near-ring Ry = Rgz/Iz.

For Rz and Ry we have the near-ring isomorphisms

Rz — colim _ p(cZ™p)
welng(NTY)

RZ — colim_ p(cZ™p)
veln(NN)
defined by w = (wg, Wy, wa,...) — [(wo, wy, we,...)], where (wq, w1, ws,...) € p(cZ*pw)
and @, 1s the map defined above.

4) C = Ab

Let Ryz, denote the ring of integer matrices A = (a;;) where i and j are non negative
integers and each row and each column have finitely many non zero elements.

If A is a matrix of Ryg,_ for each 2 > 0, there exists 7 > ¢ such that ay; = 0 for [ >
and k < ¢. For a given matrix A, write ¢4(¢) = min{j | j > ¢ and if £ <¢ and [ > j, then
ar =0 }. Let Iz, be the subset of Ry, defined by the finite matrices. Then it is easy to
check that Iz, is an ideal of Rz, and we can consider the quotient ring Ry = Rz, /Iz,.

We also have the canonical ring isomorphisms:

Ryz,— colim _ p(cZ,"p)
velIng(NN)

R — colim_ p(cZ, )
@EIn(Nzlg)

defined by
A — [(0-column of A, 1-column of A, 2-column of A,...)],

where (0-column of A, 1-column of A, 2-column of A,...) € p(cZ,*p4) and ¢4 is the map
defined above.
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Let F'* be the free abelian group generated by the countable set {xq,x1,29,...}.
That is, F'* = f,{xo,21,22,...}, where f,: Set — Ab denotes the free abelian func-
tor. Consider the following sequence of subgroups : F§ = F* F! = f,{x1,22,...},
Fy = f.{xg,23,...}, etc. This family of subgroups defines on F® the structure of a
topological abelian group. Denote by T'Ab the category of topological abelian groups.

Let Endpa(F*, F*) denote the ring of continuous endomorphisms of F*. If f: F'* —
— F* is a continuous homomorphism, because x; — 0, we have that w; = fx; — 0.
This implies that we have a canonical isomorphism Rz, — FEndya(F*, F*).

Given two continuous homomorphisms f,¢: F'* — F* we say that f and ¢ have
the same germ if there exists ng such that for every n > no  f(x,) = g(x,). Let
EndF,,(F*, F'*) denote the ring of selfgerms of /', it is also clear that Ry is isomorphic
to Endy, (F*, F?).

Next we compare the different P functors for the cases C' = Set,, G'rp, Ab.

5.5. PROPOSITION. Consider the diagram

P
towGps —— Gpsp.z

/| |

towSet, —— Set,pygo
P

where the functor f:towSet, — towGps is induced by the free functor Set, — Gps and
f:Setipeso — Gpspez is the free functor associated with the algebraic “forgetful” functor
Gpspez, — Setupeso (see [Pa; th 1 of 3.4]). Then the unit X — ufX (of the pair of
adjoint functors: f:towSet, — towGps, wu:towGps — towSet,) induces a natural
and epimorphic transformation nx: fPX — PfX.

PrROOF. The unit transformation Y — wufY induces the transformation
PY — PufY = wPfY. By adjointness we obtain the desired transformation
fPY—PfY.

An element of PfY can be represented as a sequence of words:

a = [((50y0 +.o. 67“0y7“0)¢(0)7 (5T0+1y7°0+1 +...+ 57“13/7“1)@(1)7 .- )]

where & € {_17 07 1}7 Yos -+ Yrg € Y@TO)? Yro+1s -+ Yry € Y@Tl)v etc.
If you take, one by one, the “letters” of these words, you obtain an element of fPY

b= [(yov"'7y7“07y7“0+17---7y7°17y7°1+17"')]'

If you replace the y’s of a by ’s, you will have an element of PcZ

w = [((g0zo + .-+ EroZry)3(0) (Erot1Trott + oo+ €120 )5(1)s - - -]
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It is clear that (nb)w = a, then n(bw) = a. Therefore nx: fPY — PfY is a surjective
map. B

5.6. COROLLARY. Consider the functor f:towSet., — towGps. If X is admissible in
towSet,, then fX s admissible in towGrp.

PrOOF. We use the facts that P is a faithful functor and fPX — PfX is an epimor-
phism to obtain:

towGps(fX,Y) C Gpspz(PfX,PY) C Gpspz(fPX,PY) =
= Set.peso(PX,uPY) = Setopeso(PX, PuY') =
= towSet (X, uY) = towGps(fX,Y).
where “C” denotes an injective map and “=" denotes an isomorphism. Because the

composite is the identity, we have towGps(fX,Y) = Gpspz(PfX, PY). B

We include here some additional properties of the P functor for the category of towers
of abelian groups.

5.7. PROPOSITION. The functor P:towAb — Abp.z, preserves finite colimits.

PrROOF. In an abelian category the product and coproduct of X and Y are both given
by an object Z and morphisms ¢: X — 7, 1Y — Z, p:Z — X and ¢: Z — Y such that
pr =1d, q7 =td, gt =0, pj = 0 and 1p 4+ j¢ = 2d. Since towAb is an abelian category,
see [A-M], and P is an additive functor, it follows that P preserves finite coproducts.
Given a morphism f: X — Y in towAb, f factorizes as X —— X’ LY, where ¢ is an
epimorphism and & is a monomorphism. It is easy to check that coker f = coker k.
By Remark 1) after Theorem 4.4 and by Proposition 4.6, we have that P preserves
monomorphisms and epimorphisms, so we also obtain that coker P f = coker Pk. Because
UP = towAb(cZ,,—), we have the exact sequence:

UPX' — UPY — UPcoker k — Extypap(cZy, X')

Since ¢Z, is a projective object, see [He.1], we have that Extioap(cZy, X') 2 0. Therefore
0 — UPX' — UPY — UPcoker k — 0 is a short exact sequence. Since U
reflects monomorphisms, epimorphisms and kernels, we also have that 0 — PX' —
PY — Pcoker k — 0 is a short exact sequence. Then Pcoker f = Pcoker k =
coker Pk 2 coker Pf. B

We next consider the inclusion functor ¢: Ab — G'ps and the abelianization functor
a: G'ps — Ab which is the left adjoint of ¢; that is, Ab(aX,Y) = Gps(X,2Y). We shall
also consider the unitary near—ring epimorphism PcZ — PcZ, that induces an inclusion
functor ¢: Abp.z, — Gpsp.z which has a left adjoint d: Gpsp.z — Abp.z,. It is easy to
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check that the diagram

towAb ——  Abp.g.

|

towGps ——— Gpspeg
P

is commutative up to natural isomorphism. The following result proves that Pa = dP.

5.8. THEOREM. Consider the diagram

P U
towAb —— Abp.z, —— Ab

| R

towGps —— Gpspg —— Gps
P U

where a and d are left adjoint to the corresponding inclusion functors. Then
1) There is a natural equivalence dPX — PaX induced by the unit transformation

X —iaX (dPX — dPiaX = diPaX = PaX).
2) The natural transformation aUY — UdY is epimorphic.

PrOOF. Given an object X in towGps, consider the following diagram, where several
notational abuses are made in order to have a shorter notation:

PX,X] —— PX —— PaX

e

DPX — PX — dPX

e

PX,PX] —— PX —— a«PX

where if X = {X;},[X, X] = {[X,, X;]} and [, ] denotes the normal subgroup generated
by the commutators [x,y] = +y — « — y. By (4.1), Remark 1) after Theorem 4.4 and
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(4.4), the first row of the diagram above is exact. In the second row DPX is the sub
PcZ—group generated by xw+ yw — (2 +y)w where x, y are elements of PX and w € PcZ.
Notice that if w = —1, we have —x —y + x +y. Therefore DPX contains the commutator
subgroup [PX, PY]. Recall that if H is a group and y € [H, H] theny = &1 y1+---+¢, y,
where ¢; € {—1,0,1} and y; = [a;, b;] with a;,b; € H.

An element a of P[X, X] can be represented by a sequence of words

a —= [((50 Yo+ -+ Erg yT0)¢(0)7 (€T0+1 Yrg+1 +o Tt Ery Yry )@(1)7 o )]
where e € {—1,0,1}, yo,- -, ys, are basic commutators of X%'(O), Yro+1, " *» Yr, are basic
commutators of X%'(l), ete.

If you take, one by one, the basic commutators of these words, you obtain an element
of [PX,PX]

b= [(yov s Yro s Yro+1s s Yr sy Yra 1, 0 )]
and by replacing the y’s of a by z’s, we get an element of PcZ,

w = [((g0 xo+ -+ &rp 51?7«0)5(0), (Erg41 Trgp1 + -7+ &0y Ty )G(l)v )]
satisfying bw = a. Since DPX is a sub-PcZ—-group, a € D(PX). Therefore DPX =
P[X, X] and this implies that Pa X = dPX. B

6. The left adjoint for the P functor.

In this section, we construct a left adjoint functor for the P functor.

First we introduce some notation and a technical result (Proposition 6.1) that gives
the construction of the left adjoint. Applying this proposition to the P functor, we have
the desired result.

Assume that A, B are categories with infinite sums, P: A — B is a given functor and

H is an object of A such that for any X of A
P:AH,X) — B(PH,PX)

is a bijection.
Let S be the category whose objects are objects of B with a given decomposition

of the form Y PH,, where A is an index set, ¥ denotes the sum or coproduct in B
a€A

and H, = H for all « € A. The morphism-set from ¥ PH, to ¥ 'PHg is given by
aEA peB
B(Y PH,, ¥ PHp)
aEA peB
Let iny,: Hs — X Hp denote the canonical “inclusion” into the coproduct, where

peB
it is assumed that Hsz = H for any 8 € B. Applying the functor P and the universal

property of the sum we have the morphisms:

Pingﬁ: ’PHQ — 73(5?]3 Hg)

' : H H
ﬁngmHﬁ ﬁ%}BP 5 — P(ﬁ%}B 3)
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Next we are going to construct a functor I: S — A. Given an object ¥, PH, of S,

a€A
define

(Y PH,)= ¥ H,

aEA aEA

where H, = H for any a € A.

If vy PH, — ¥ PHg is a morphism of &, then v = ¥ wu,, where
a€A BEB aEA
Uy = u tnpp, and tnpp : PH, — Y PH, are the canonical “inclusions”.
acA
For each a € A, consider the composition
Z ,PZTLH6
PH, e, Z PHg—ﬂD(ﬁZBHg)
€

Since P: A(H,, Z Hz) — B(PH,,P( Y Hps)) is a bijection, there is a unique
peB
lug,: Hy, — Y Hg such that Plu, = ( % Pingﬁ)ua. Then define
pBeB BeB

lu=Y lu,
a€EA

Next, we check that [:S — A is a functor. We start by showing that [ preserves
identities.
The canonical “inclusions” ing_ : H, — Y H, are such that the diagram

aEA
P H,
(agA )
aEA

PH, —— ¥ PH,

NP H, a€A

is commutative, therefore

l(ld) = l( D iana) = Z llana = 3 mHa 2d.
aEA €A a€A

Given two morphisms

ZPH—>Z73H5—>Z7DH

aEA ~yeC
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we have the commutative diagram

P(Zlvg)
P(x Hz) —— P(3 H,)

peB ~yeC

Plua /. EPing, ] EPlug / ] YPing,

PH,—— ¥ PHy —— % PH,
U BEB v=%uvg ~yeC

Therefore I(vu,) = (ﬁZB lvg)lu,. Then we have:
€

! =1 a) = [ o) — [ o) — { [ o —
(o) =1 2, = 1 2 vua) = 2, Hvua) = 2, (G o)l
= Y lwiluy =10 (Y lu,) = (lv)(lu).
aEA a€A
This implies that [: S — A is a functor.
The following properties of [ will also be used
a) The transformation

A(l(x PH,),Y)— B(x PH,,PY)

aEA aEA

givenby f= ¥ f, — ¥ Pf,is a bijection.
aEA a€A
b) Given morphisms u: ¥ PH, — ¥ PHgand ¢g: Y — Y’ the following diagram

aEA peB
1s commutative

Al PH,),Y') —— B(X PH,,PY')

aEA aEA

| |

A(( S PHS),Y B(x, PH,,PY
(13, PH).Y) —— B3, )

that is, for a given f:I( ¥ PHz) — Y, we have
peB

Y Plgfu)y = 7’9(5%3 Pfs)u

aEA

Using this notation and the properties of I: § — A, we can prove:



Theory and Applications of Categories, Vol. 1, No. 2 44

6.1. PROPOSITION. Suppose that A, B are two categories with infinite sums and differ-
ence cokernels and P: A — B a functor. Assume that we have:

a) An object H of A such that for any X of A, the map
P AH,X)— B(PH,PX): f — Pf

is a bijection.
b) Two functors Fy, Fo: B — S, where S is the category defined above, and two natural
transformations u,v: Fy — Fy such that the functor difeoker(u,v): B — B defined by

up

difcoker(u, v) B = difcoker(F1B [ FyB)
vpB
is equivalent to the identity functor of B.
Then the functor P: A — B has a left adjoint L: B — A.

PRrOOF. By considering the functor [: S — B defined above, we define £: B — A by

luB

LB = difcoker(IFFB____{lFy B).

IUB

Now we have

luB

ALB,A) = A(difcoker(IF1B___ {1FyB), A)

IUB

(luB)*

~ difker(A(lFoB,A)__ JA(IF1B, A))
(IUB)*
uh
= difker(B(FoB,PA)—__B(F1B,PA))
vE
up
= B(difcoker(F1B____ {FyB),PA)
vp

12

B(B,PA).

To apply Proposition 6.1, we need to have a category with infinite sums and difference
cokernels. The category proC has difference cokernels and the following Lemma shows
that it also has infinite sums.

6.2. LEMMA. [If C has infinite coproducts then proC' is also provided with infinite co-
products.
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PROOF. Suppose we have, for each ¢ € I, a pro-object X;:.J; — (. Consider the
left filtering small category H J; and deﬁne XL J, — C by Z Xi ((Ui)ier) =

i€l i€l
=3 Xi(ji), ((Ji)ier) € H J Assoaated with the projections p;: IT J — J; we have
€] =
the maps Z.ni(pz((jz)ze[)).X'( i) — ¥ X(y;) that define the “inclusions” in;: X; — ¥ X,.
€] el

It is easy to check that ¥ X verifies the universal property of the coproduct in proC. I
el

Recall that C' denotes one of the categories: Set, Set., Grp, Ab, and Cp.o respec-
tively denotes one of the categories:Setp ., Setip.so, Gpspez, Abp.z, .

To shorten notation, the composition of forgettul functors C'p.o C—"Set will
be de?oted by v = uU:Cp.g — Set and the composition of free functors
Set C Cpe by g = F f:Set — Cpog.

The main result of this section is the following:
6.3. THEOREM. The functor P:proC — Cp.q has a left adjoint L: Cp.c — proC.

PrOOF. We are going to check that the conditions of Proposition 6.1 are satisfied. Take
A = proC and B = Cp.s.
a) By Proposition 4.8, the object H = ¢ is admissible. Then for any X in proC,

proC(cG, X) = Cp.q(PeG, PX).

In the cases we are considering for any object B of Up.g, the natural transformation
pp:gvB — B is a (surjective) epimorphism. By Lemma 3 and Corollary 4 of section 3.4
of [Pa], we have that if we consider the fibre product

pr2

(gvBxgvB) —— guB
B

ol P

guB — B
PB
then -
guB >< gvB__—_qvB——B
PB

pr2

is a difference cokernel. Since gv(gvB x gvB) — gvB X gvB is an epimorphism, it also
B B

follows that prip
gu(gvB x guvB) gyB——B
prap Pp

is also a difference cokernel.
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Then we can define the functors £y, F1: Cp.g — S by
B =gvB
FiB = gv(gvB x gvB)
B

and the natural transformations by v = pry p and v = pry p.
Now we are under the conditions of Proposition 6.1, to obtain that P: proC’ — Cp.q
has a left adjoint £: Cp.q — proC. [

6.4. COROLLARY. The functors P:proSet —— Setpe., P:proSet, — Setipeso,
P:proGps — Gpsp.z and P:proAb — Abp.z, have left adjoints.

6.5. REMARK. M.I.C. Beattie [Be| has constructed an equivalence between the cate-
gory of finitely presented towers of abelian groups and finitely presented PcZ,—abelian
groups or PcZ,—modules. This equivalence is also given by the restrictions of the functor
P:proAb — Abp.z, and its left adjoint L: Abp.z, — proAb to the corresponding full
subcategories.

7. Global towers and topological abelian groups.

In this section we analyse some relations between towers of abelian groups and topological
abelian groups. As a consequence of these relations, we prove that the categories of towers
and global towers of abelian groups do not have countable sums. This implies that neither
category is equivalent to a category of modules.

7.1. DEFINITION. Let N be a neighbourhood of the zero element 0 of a topological group
B. We will say that N s structured if N is also a subgroup of B. A topological abelian
group is said to be locally structured if it has a neighbourhood base at 0 of structured
neighbourhoods.

Let T'Ab denote the category of topological abelian groups and ST Ab the full subcat-
egory determined by locally structured topological abelian groups.

Next we define two functors L: (proAb, Ab) — ST Ab and N: ST Ab — (proAb, Ab)
such that L is left adjoint to V.

Recall that an object X of (proAb, Ab) is a morphism X = (*X — X;) where X
is an object of proAb and Xy is an object of the category Ab which can be considered as
a full subcategory of proAb. A morphism f: X — Y in (proAb, Ab) consists of a pair of
morphisms f = (*f, fo) such that the following diagram

<

I

Xo — Yo
fo
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is commutative in proAb.

Any object of (proAb, Ab) can be represented up to isomorphism by a functor
X:A — Ab where A is a directed set with a final element 0 (A > 0,YA). If A > g,
let Xj: X, — X, denote the corresponding bonding morphism. Associated with X we
have *X = X: A — Ab which is an object of proAb, X, which is an object of Ab (or a
constant pro—abelian group) and the natural morphism X — X given by the identity
X, — Xg.

Next we use this notation to define a functor L:(proAb, Ab) — ST Ab. Given an
object X of (proAb, Ab), LX is defined to be the abelian group Xy together with the locally
structured topology defined by the subgroups ImXy, where X;: X, — X, are bonding
maps of X. Notice that given A,y there exists v such that ImXy C (ImXg) N (ImX*).
This implies that the neighbourhood local base {ImXg} defines a topology on Xj.

If f:X — Y is a morphism in (proAb, Ab), then the functor L is defined by
Lf = fo: Xo — Yy. We must check that fy is continuous. Assume that f: X — YV
is given by a map p:Ay — Ax (¢0 = 0) and homomorphisms f,: X,y — Y. If
ImYy' is a neighbourhood at 0 € Yj, there is a A € Ax such that the following diagram is
commutative

fu

oy — Yy

X/\< [YO“

Xo — Yo
fo

This implies that fo(ImXg) C ImYy'. Therefore Lf: LX — LY is a continuous homo-
morphism.

To define a functor N: ST Ab — (proAb, Ab), for a given object B of ST Ab consider
the directed set A = {S | S is a subgroup of B and S is a nbh at 0 } which has a final
element S = B. Now define NB: A — Abby NBs =5, S € A. Notice that NBy = B.

7.2. PROPOSITION. Consider the functors L and N defined above, then

1) L: (proAb, Ab) — ST Ab is left adjoint to N: ST Ab — (proAb, Ab)

2) The unit, B — LN B, induced by the pair of adjoint functors, is a natural equiv-
alence. Then ST Ab can be considered as a full subcategory of (proAb, Ab).

PROOF. Let X be an object of (proAb, Ab) and Y an object of STAb. If f: LX — YV
is a continuous homomorphism, for each structured neighbourhood S of Y. there exists
a structured neighbourhood ImXOwS at 0 such that f(ImXOwS) C S; for S =Y we take
¢S = 0. Define f*: X — NY by f* = (¢, %) where f&: X, 5y — S is the composition
15 = (FImX$™)xg°.

For a given ¢: X — NY, define ¢#*: LX — Y by ¢# = ¢o. Now it is easy to check
that (/)% = f and (¢#)" = 4. '
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If ST Ab/ fe denotes the full subcategory of ST Ab determined by first countable topo-

logical abelian groups, we also have:

7.3. PROPOSITION. The restriction functors

L: (towAb, Ab) — ST Ab/ fc and

N:STAb/ fe — (towAb, Ab) satisfy

1) L is left adjoint to N

2) The unit B — LNB is a natural equivalence and ST Ab/ fc can be considered as
a full subcategory of (towAb, Ab).

We also consider the following functors ¢g: ST Ab — Ab that forgets the topology and
the functor t: Ab — ST Ab defined as follows: If A is an abelian group, tA is the abelian
group A together with the trivial topology. Notice that ¢ is also a functor of the form
t: Ab — ST Ab/ fc. We have the following properties:

7.4. PROPOSITION. The functors above satisfy
1) g: ST Ab — Ab is left adjoint to t: Ab — ST Ab
2) g: STAb/ fe — Ab is left adjoint to t: Ab — ST Ab/ fc.

Next we prove that the category ST Ab/ fe does not have countable sums. To do this,
we take X = LcZ, that is given by the free abelian group

X = X(O) == fa{l’o, T1,L2y. . }
and the local neighbourhood base at 0 given by

X(n) = fa{xnvxn-l-lvxn-l-?? . }

In the category ST Ab, we can consider the countable sum S = 5 X; together the
=0

topology given by the following local base. For each sequence n = (ng,ny,ng,...) €
€N XN x N x --- we consider

S(n) = X(no) & X(nm) © X(ng) © -
It is not difficult to check that S is the countable sum in the category ST Ab.
7.5. LEMMA. S = Eé)o X, is a non first countable topological abelian group.
PROOF. Assume th_at we have a countable neighbourhood base at 0. This implies the

existence of a sequence ...m?* >m! > m%in N x N x N x ---, where

m® = (mg,mi,mJ,...)

m' = (mg,mi,mi,...)
m?* = (m3,mi,m3,...)

such that S(m®) D S(m') D S(m?) D --- is a countable neighbourhood base at 0, where
S(m®) = X(mg) & X(my) & X(m3) & -
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S(m') = X(mb) & X(mb) & X(ml) & -
S(m?) = X(m2) & X(m?) & X(m?) & -

Now consider m = (mg, mq, ma,...) such that
mo > m8

my > my = maz{mf,mi}

my > mj = maz{m9, mj, m3}

Then we have that

S(m) = X(mo) © X(my) © X(ma) © -
is a neighbourhood at 0 that does not contain S(m*) for 7 > 0. This contradiction comes
from the assumption that S was first countable. Therefore S is non first countable. [

7.6. COROLLARY. The full subcategory ST Ab/ fc of ST Ab is not closed under countable
sums.

o0

7.7. LEMMA. The category ST Ab/ fc does not have the countable sum ¥, X, where X =
=0
LcZ,.

PROOF. Suppose that we have a first countable topological abelian group O§ X;, where
=0

X, = X for: > 0. Let ini: X; — O§ X; be the canonical “inclusions”. Now since
=0
g: STAb/ fe — Ab is a left adjoint by Proposition 7.3, it follows that ¢ preserves sums.

Therefore there exists an isomorphism 6: g( O§ X,) — & gX; such that for each ¢ > 0,
=0 =0

the following diagram is commutative

o] 4 o]
oS x) — Ex
glnz\ /‘ingXZ'

9X;

where ¢X; = X for ¢+ > 0. The isomorphism 6 induces a topology 7 on & X; such
=0

that iny,: X; — % X, 1s continuous for each ¢« > 0. Then (% X, 7s) together with the
i=0 =0

“inclusions” is the sum in the category ST Ab/ fe.
Let ( % X, 7,) be the sum in the category ST Ab. Since in;: X; — % X; is continuous

for the topology 7y, it follows that id: ( & Xy Tn) — (% X, 7s) is continuous. Therefore
7, 1s finer than 7.
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For each n = (ng, n1,ns,...), consider the abelian group & X,/ X(n;) provided with
=0
the discrete topology, dis, which is first countable. As in;: X; — & X,/ X (n;) is contin-
=0
uous for ¢ > 0, the natural projection p: ( & X, 75) — (% X,;/X(n;),dis) is continuous.

Then p~1(0) = % X(n;) is an open neighbourhood of 0 for 7¢. This implies that 7 is
=0

finer than 7,. AS_Tf = 7,, we have 7, is a first countable topology. This fact contradicts
Lemma 7.5. [

7.8. COROLLARY. STAb/fec does not have countable sums.

o0

7.9. COROLLARY. The category (towAb, Ab) does not have the countable sum Y, ¢Z.
=0

1=

7.10. COROLLARY. The category (towAb, Ab) does not have countable sums.

7.11. COROLLARY. The category (towAb, Ab) is not equivalent to a category of modules.
PROOF. Assume that the object Y ¢Z exists. Since L: (towAb, Ab) — ST Ab/fcis a
=0

left adjoint functor, it follows that L preserves sums. Then L( O§ cl) = O§ LeZ. This
;=0 ;=0

contradicts Lemma 7.7. n

7.12. COROLLARY. The category towAb does not have the countable sum 5 (*cZ).
=0

7.13. COROLLARY. The category towAb does not have countable sums.

7.14. COROLLARY. The category towAb is not equivalent to a category of modules.

ProoF. If there is a countable sum O§ (*¢Z) in towAb, O§ (cZ) — O§ cZo would be
=0 =0 =0

isomorphic to a countable sum O§ cZ in (towAb, Ab). This is not possible by Corollary
=0

7.9. ]

Next we use topological abelian groups to prove that the extended functor
P:proAb — Abp.z, is not faithful. This implies that ¢Z, is not a generator of all
the category proAb.

Let S be an infinite set and let f,.5 be the free abelian group generated by S. Consider
the topology defined on f,S by the family of subgroups of the form f,T" where T'CS and
S —T is a countable set. We are going to see that if a sequence y; in f,T" converges to zero,
then there exists kg such that y;, = 0 for every £>0. Assume that there is a subsequence
x; = yg, with z; # 0 for every i. Since y; — 0, it follows that ; — 0. Each z; can be
written as a linear combination of finitely many elements of S. Therefore the sequence
x; determines a countable set S’ of generators such that x; ¢ f,(S — S5") for every ¢>0.
However this contradicts the fact that x; — 0.

Using the functor N: ST Ab — (proAb, Ab) we have the global proobject N f,S that

also defines a proobject denoted in the same way in proAb.

7.15. PROPOSITION. proAb(cZ,, N f,5) =0.



Theory and Applications of Categories, Vol. 1, No. 2 51

PROOF. The hom-set proAb(cZ,,Nf,S) is a quotient of (proAb, Ab)(cZ,, N f,S5).
By Proposition 7.2, (proAb, Ab)(cZ.,,Nf.,S) = STAbLcZ,, f.5). Notice that
STAb(LcZ,, f,S) is the set of sequences in f,5 converging to zero. Two converging
sequences define the same morphism in proAb(cZ,, N f,5) if and only if they have the
same germ as the zero sequence. Therefore it follows that proAb(c¢Z,, N f,5) = 0. [

7.16. COROLLARY. The functor P:proAb — Abp.z, is not faithful.

PRrROOF. Since the bonding morphisms of N f,S are non trivial, we have that N f,5 is not
isomorphic to the zero object. This implies that the identity id of N f,.5 is not equal to

the zero map 0: Nf, S — N f,5. By Proposition 7.15 we have that P(i¢d) =P(0) =0. g

7.17. REMARK. Grossman’s result that P reflects isomorphisms does not work for the
extended functor P: proAb — Abp.z..

7.18. COROLLARY. The object ¢Z does not generate the whole of the category proAb.

PrOOF. It is easy to prove that if ¢Z were a generator for proAb, then P:proAb —
Abp.z, would be a faithful functor. [

7.19. REMARK. At present, the author [He.2] is writing a paper that contains some
topological applications of the embeddings given in this paper. It considers an extension
of the P functor to categories whose objects are towers of simplicial sets or towers of
simplicial groups. One of the main results of the new paper is the construction of a
simplicial set hoP X associated with a tower of simplicial sets X. This space is constructed
by considering a right-derived functor hoP of the version of Brown’s P functor defined for
the category of towers of simplicial sets. Recall that the homotopy limit functor, holim,
can be defined as the right-derived functor of the lim functor. The simplicial set holim X
is a simplicial subset of hoPX. It is well known that the Hurewicz homotopy groups of
holimX are the strong (or Steenrod) homotopy groups of the tower X, we obtain that the
Hurewicz homotopy groups of the larger space hoP X are the Brown-Grossman homotopy
groups of the tower X.
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