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Abstract: The spectral representation of the linear multigroup transport
problem is applied to the additional example. We obtain the dispersion rela-
tions, normalization coefficients and eigenfunctions for any order N of scatter-

ing by using the eigenfunctions for isotropic scattering as the basis.
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In the paper [1] was developed the mathematical reformulation of singular
approach to the solution of the one-dimensional equation of multigroup trans-
port theory. A number of simple examples were presented in which the spectral
formulation leads to the standard results of singular approach. In this paper
we demonstrate that the eigefunctions for isotropic scattering can be used as
a basis set for obtaining the dispersion relation, normalization coefficients and
eigenfunctions for Nth order scattering.

The phase function for a previously solved transport problem is

N

folpw — 1) =Y (25 + 1) Py(p) o P (),

s=0
with corresponding characteristic matrix equation

cv +1

W= pl)du () =5 [ folu' = wu(W)dy,
-1
and known eigenfunctions ¢, (u), eigenvalue spectrum Splv] and spectral den-
sity dp(v). The phase function for the problem to be solved (N-th order scat-

tering) is
N+1

flu— ') =) @2s+ )P(u) fP(),

s=0
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with corresponding characteristic matrix equation

cw +1

(WI = pl)vu(p) = 5 » ' — o (p)dyd, (1)

and assumed unknown eigenfunctions v, (1), eigenvalue spectrum Sy [w], nor-
malization coefficients Ny(w) where ¢ = diag{ly,...,l;,}, {; > 0, moreover
without loss of generality we can take maxl; = 1, Ps(u) = diag {ps(1), ..., ps(pt) } ,
ps(p) is the Legendre polynomial of olrder s, and fs is 79 X 79 matrix, s =
1,2, ..., 89. For the sake of simplicity, we have chosen fy = I and f, are sym-
metric matrics.

Our basic integral equation (see [1]) is

wrc

(=K (0) = 2° / | JAE) ~ Al N KW 0) )

where

A(v, V') — Ag(v, V)

- /—: i /_: dp' o, (1) (f (1 — 1) — fo(i' — 1)) (1)

Its solution is equivalent to the solution of Eq.(1). However, where Eq.(1) is
an integral equation involving an integration over the p, Eq.(2) involves the
spectral integral over the known eigenvalues of a complete set of solutions to
an equation of transport.

The continuum of Sy[v] is known to be given by —1 < v < 1. After some
algebra from Eq.(2) we obtain the dispersion relation giving the discrete values

of w, which lie outside of the continuum of Sy[v],

det (I — % 2(28 + 1) (L(w, So)hs(w) +

s=1

rs(w)

) fs9d(w)) = 0.

In this equation L(w, Sp) is the matrix spectral integral defined by

L(w, Sy) = /S ' ——ho(v)dp(v)ho(v)

where hg(v) is the matrix defined by

+1
hav) = / Py () s,

1

the s-th degree matrix polynomials r4(w) are defined by

700(“) = 07 7a1<("j) = _2(")]7
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and the recursion relation
(s+ Drepr(w) +rs(w) = (25 + 1)(1 — qwrs(w), s>1,

the s-th degree matrix polynomials ¢°(w) are defined by

gg(w) =1,

and the recursion relation

(s + 1)gi (@) + g3(w) = (25 + (I — cfi)wg(w), 5 >0.

The matrix function gs(w) which defined by

2@)= [ P

1

is given by the equation

9s(w) = gw)gd(w), s>0.

For all w in the continuum of Sy[v], that is —1 < v < 1, basic Eq.(2) has

the singular solution of the form

N

K(v,w)=-w ) (25 + 1)¢,(w)hs(v) fog:(w)

s=1

N

+8(v = w)No(w) Y (25 + 1) Pu(w) fsgs(w)- (3)

s=1
For the case of continuum w, the normalization coefficient Ny (w) for the

unknown eigenfunctions v, () are given by
K(v,w)dp(v)K(v,w') = §(w — )Ny (w).
Solv]

After the calculation of Ny(w) we find that

N(w) = No(w) ([M(w,w) = wNy ' (w) Y (25 + 1 ) fshs(w)Ao(w)]
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e N Z 25 + 1)gs(w) fohs ()]

where
N

M(p,w) =) (25 + 1) Po(p) fogs(w).

s=0
The normalization coefficient for ¢, (,) with w; discrete follows from

N(w;) = K (v,w;)dp(v) K (v,w)).
So[v]

Then employing last formula, we can express N(w;) in the form

N(w;)
= (BRS04 1) 3025+ 1) i [0ha(@) L, 50V () Loms, Fri()
(20 +1) 3028+ 1)) ) ) o )

cw al
R
Wiy al d
HEA S (204 1) D225+ 1) Fagnley) i) )] Feglo)
n=1 s=1 .7
The eigenfunctions ¢, (u) for the unsolved problem are given by Eq.(15)

from [1]
o) = ¢u()dp(v) K (v, w). (4)

So[v]
To obtain 1, (u) for continuum w, substitute the expression for K (v,w) given
by Eq.(3) into Eq.(4), we obtain

- —w Z (25 4+ 1) by () dp(V)pu(w)hs (V) fsgs(w)

+3 (25 + 1) (1) Py(w) fgs ().

The eigenfunction ¢, (1) for discrete w; is obtained by substituting K (v,w;),
as given by Eq. (2), into Eq.(4). We obtain

N

Yoo, (1) = S ()dp(v) == (w; = )71 Y (25 + Dhs(v) fugs(wy)-

Solv] 2 poy

wyrce
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