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1 Introduction

In this article we consider the mixed problem for the operator equation

Pu=(=1)"D](t*D)u + t*Au = f, (1)
where t € (0,b), « > 0, D, = d/dt, f € Ly_»((0,b),H), and A: H — H is a

linear operator in a separable Hilbert space H.

Our approach, similar to that used in [3|, [15] for the case m = 1 and in
[12] for m = 2, is based on the consideration of the one-dimensional equation
(1), i.e., when A is the operator of multiplication by a number a (see [§]).
Note that in [3|, [12] and [13] have been considered Dirichlet problem for the
equation (1). It has been proved in [14] that the spectrum of the operator
Lu = (=1)™*"*D"(t*D")u, L : Lo—a2m — La—om, @ # 1,3,...,2m — 1 is
purely continuous and coincides with the ray [47™(1 — a)?(3 — a)?- -

(2m — 1 — a)% +00).

In Section 2 we define the weighted Sobolev spaces W™, W™ (b), W™(0), W,
describe the behaviour of the functions from these spaces close to ¢ = 0 and
prove some embedding and compactness theorems. Furthermore we define the

generalized solution for the one-dimensional equation (1) and give a sufficient
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condition on the number a which guarantees existence and uniqueness of the
generalized solution for every f € Ly _,.

In Section 3 under some conditions on the spectrum of the operator A we prove
unique solvability of the operator equation (1) for every

f € Lo _((0,b),H) and give the description of the spectrum for the corre-
sponding operator P = t~*P.

Note that the operator A in the equation (1) in general is unbounded in H.

2 The One-dimensional Case

2.1 Spaces W, W™ (b), W/(0) and W™

Let C™[0,b] be the set of m-times continuously differentiable functions u(t)
defined on [0, b] and satisfying the conditions
uB ()|, =u®®)],_, =0, k=0,1,...,m—1L (2)

Let W™

o )

a > 0, be the completion of C™[0, 4] in the norm
b
W W = [ e )
0

Denote Lyg = {f, |f, Lagl®> = [5 t°]f(£)]? dt < o0 }.

Proposition 2.1. For every u € WOC” close tot = 0 we have
[ ()] < CtP™ A0, W (4)

where o # 1,3,....2m — 1,7 = 0,1,...,m — 1 and in the case « = 2n + 1,
n=0,1,...,m—1, t*=2722=2n¢| instead of t*™ 2717 in the expression
4), j=0,1,....,m—n—1 (see [13]).

Proposition 2.2. For every a # 1,3,...,2m — 1 we have a continuous em-

bedding
W(;n C L27a—2m (5)

which is not compact. Moreover for every 3 > a—2m the embedding ng‘ CLayp
18 compact.
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For the proof of these propositions see [5], [9] and [13]. Note also that here
for a # 1,3,...,2m — 1 we have used Hardy’s inequality (see [7])

b 4 b
B=21,, (1) |2 Blul ()12
/Ot fut) dté—(ﬂ_w/otl OPdt, 541 (6)

where the number 4(3 — 1)72 is the best possible constant. Note that for
a=1,3,...,2m — 1 the embedding (5) fails.

Remark 2.3. In the space W;” for a # 1,3,...,2m — 1 we can define an

equivalent norm
b
/2,y (m)|?
fall =[] )™ ar @
0

Indeed, to estimate the norm (7) by the norm (3) we first apply the Leib-
niz rule for differentiation of the expression (t*/?u)(™), then use Hardy’s in-
equality (6) for the derivatives u®(¢),k = 0,1,...,m — 1, and estimate all
terms by fob t*u™ ()|2dt. To estimate (3) by the norm (7) we first set
u(t) = t~%/?y(t) and after differentiation again use Hardy’s inequality for the
derivatives v*)(¢),k = 0,1,...,m—1, estimate all terms by fob lo(™) (¢)|? dt and
then return to the function wu(t).

Note that Remark 2.3 for the case a < 1 was proved in [6].

Remark 2.3 allows us to write
Wm = t=217™(0, b).

Denote by W the completion of C™[0,b] in the norm

b
u, W2 = / (2 ™ ()2 + £2]u(t)?) dt. ®)

Proposition 2.4. For every u € W' close to t =0 we have
WP ()] < (B + Cit*™ 21 fu, WP, (9)

where o # 1,3,....2m — 1,7 = 0,1,...,m — 1 and in the case « = 2n + 1,
n=0,1,...,m—1, t*=2722=2/n¢| instead of t*™ 2717 in the expression
9),7=0,1,..., m—n—1.
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Proof. Let 0 < h < b/2m. Then there are constants aj; and bj, j=1,2,
o.,m—1,k=0,1,...,m — 1, such that for every ¢ € (0,b/2) we have the
following equalities (see [9])

m—1

t+kh
ul(t) = Z {&jku(t + kh) + bk /t (t + kh — z)™ '™ () dw} . (10)

k=0

For x € [t,t + kh] we have 0 < ¢+ kh —x < (m — 1)h and, therefore,

t+kh b
/ (t 4 kh — )™ ™ (z) dz| < c/ ju™ ()] d. (11)
t t

From (10) together with the inequality (11) we have

m—1 b 2
WD) < c (Z ate-+ k) + ([ 1) ) ) )

Multiplying both sides of (12) by t* and integrating over (0,b/2) for
7=12,...,m—1 we get

' b/2 b 2
[, Ly,(0,0/2) < ¢ <|u, Lo o|? +/ t” </ ™ ()| dx) dt) . (13)
0 ¢

Now for o # 1 we can write

b/2 b 2
/ o ( / ™ ()] dx) it <
0 ¢
b/2 b
< c/ U (e (/ 2% [ul™ (z))? dx> dt.
0 ¢

In the case @« = 1 we proceed in the same way. Therefore, from the inequal-
ity (13) we get the following estimate for the intermediate derivatives u/)(t),

j=12...,m—1 for every a > 0
|u(j),L2,a(0,b/2)| < clu, WM. (14)

Inequality (14) is true also for the case t € (b/2,b), because then we indeed do
not have a weight (see [2]).
Let a #1,3,...,2m — 1 and ¢ € (0,b]. Then we can write

wm D () — Y (1) = /t u'™ () dz. (15)

to
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Therefore, we get

() —u V()P < <

t t
/ x %dx / 2 u™ (z)? dz
to to

< et =ty u, W
t 2
/ u'™ (1) dr ) (16)
to

The second term of the right-hand side of (16) is already estimated. Now we
estimate |u™1)(ty)[2. Multiplying both sides of (16) by ¢ (after interchanging
t and tg) and integrating over (0,b) we get
t
/ u(™ (1)dr
to

which together with (14) proves that [u™= (t5)[? < c|lu, W™|2. From (16) now
we conclude that [u™ VD (t)> < (1 + cot'™)|u, W™, i.e., the inequality (9)
for j = m — 1 is proved. To show (9) for j = m — 2 we employ the inequality
(16) (for m—1 instead of m), then using (14) we estimate |u(™~2?)(¢)|? through

|u, W2*|. Then, using (9) for j = m — 1 we can write

t
/ (Cl + Cgtl_a) dt‘) s
to

i.e., we get (9) for j = m — 2. In similar way we prove the inequality for

From the equality (15) it follows that

IuW*NOFSQ(MW“”MM2+

2

b b
|u<m—1>(t0)\2/ tadt§2|u<m—1>,L2,a\2+2/ a dt,
0 0

20| < 2 (c|u,W$||2 = tol WP

1<j<m—-3 Ifa=2n+1for somen =0,1,...,m— 1 then by succesively
estimating of |u)(¢)],7 = 0,1,...,m — 1, starting with [u™™=1(¢)| up to
lu(t)] instead of £~ we get |Int| and then continue the proof in the same way.
Note also that the numbers B; and C; for j = 0,1,...,m — 1 do not depend
onuec W

The proof is complete.

Denote by s, (the number of the “maintained conditions") s, = m — [%1]
for 0 < a < 2m—1and s, = 0 for « > 2m — 1, where [a] is the integer
part of the number a. From Proposition 2.2 it follows that in the case @ < 1
(weak degeneracy) u()(0) exist for all j = 0,1,...,m — 1, while for a > 1
(strong degeneracy) not all u)(0) exist. More precisely, for 0 < o < 2m — 1
the derivatives at zero u'/)(0) exist only for j = 0,1,...,s, — 1, while for

a>2m —1all u(0), 7 =0,1,...,m — 1 in general may be infinite.
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Proposition 2.5. The embedding
W™ C Ly, (17)
1s compact for every a > 0.

Proof. To show the compactness of the embedding (17) we first observe that
this embedding is compact for every interval (1/n,b), where n € N, n > ny,
1/ng < b (see [2]). Let now {ug}?2, be some bounded sequence in W2
and |ug, W < M. We have to prove that there is some convergent in
Ly, subsequence. For every n > ny from {ux}32, we can choose a subse-
quence {un}2, which is convergent in Ly, (1/n,b). Let us prove that the
diagonal-sequence {uny, }pe,, is convergent in Ls,. We only need to verify
that |tun, — Umm, L2.4(0,€)] — 0 as e — +0 for every m,n > ny. Indeed, using
the inequality (9) for j = 0 we have (for a # 1,3,...,2m — 1)

|U7m — Umm L27a(0,€)|2 S 2M2/ t* (BO + Cotgm_l_a) dt S Ce.
0

For the case a =2n+1,n=0,1,...,m — 1 we use the inequality
u(t)* < (Bo + Cot*™ 2| Int]) [u, W' .
The proof is complete.

Remark 2.6. The embedding
Wg{n C Lgﬁ (18)
1s compact for every a > 2m — 1 and > o — 2m.

Indeed, the embedding (18) follows from the inequality (9) for j = 0. To
prove the compactness of the embedding (18) it is enough to show (see the

proof of Proposition 2.5) that
U — U, Lo, (0, €)[> < 2M? / t7 (Bo + Cot®™~17%) dt < CePrme,
0

because f+1>a—-2m+1>2m—-1-2m+1=0,6+2m—-1—-—a+1>
a—2m+2m—-—a=0and 8> 0F+2m—1—q.

Observe that in the case f = a — 2m and a < 2m — 1 in contrast to the
embedding (5) the embedding (18) fails (see [9]). In this case we only have
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W C Ly g, 8> —1. However, for a > 2m — 1 we have the embedding W C
Ly o—om (not compact) which can be proved by using of Hardy’s inequality (6)
(see [5] and [9]).

Note also that with the help of the diagonal sequence we obtain the compact-

ness of the embedding
H*(R™) ¢ H**(R"), s> s, 0 >0, 5,0 €R,

where H**(R") = (1 + |2[*)"%2H*(R") and H*(R") is the Sobolev space,
because this embedding is compact on B, = {z € R™, |z| < r} for every r > 0.
Another proof is given in [10].

Denote by W™(0) the completion of {u € C™|0,b], u® (t)‘t:O =0,
k = 0,1,...,m — 1} in the norm (8). The definition of the space W2*(0)
implies that the functions v € W2*(0) near to ¢t = 0 have the same estimate
as the functions u € W™, while in contrast to the space W™ for the functions
u € W™(0) the conditions u(k)(t)‘t:b = 0,k = 0,1,...,m — 1 in general
fail. Note also that the codimension of the space W2*(0) in W2" is equal
to codimW2'(0) = dim(W2/W2(0)) = s,, where W /W!™(0) is the quotient
space. Therefore, using the definition of the numbers s, it follows that for
a > 2m — 1 the spaces W2*(0) and W coincide.

Denote by W™ (b) the completion of {u € C™[0, b], u*) (t)|t:b =0,
k=0,1,...,m — 1} in the norm (3). Now for the functions u € W*(b) near
to t = 0 we have the inequalities (9) and u(k’)(t)‘t:b =0,k=0,1,...,m—1.

The codimension of the space W in W™ (b) is equal to
codimW™ = dim(W™(b)/W™) = s,

therefore, for a > 2m — 1 we have W = W7(b).

From the definition of the space W' (0) immediately follows that we have
a continuous embedding W2*(0) C Lo g—2m,® # 1,3,...,2m — 1, which is not
compact. As a consequence of Proposition 2.5 we have the compact embed-
dings W2 (0), W (b) C Lg, for every o > 0.

2.2 Mixed Problem of First Type

Now we consider the mixed problem of first type for the following special case

of the one-dimensional equation (1)

Bu = (—1)™(tu™)™ f oy = f,  fE Ly _q. (19)
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Definition 2.7. A function u € W2*(0) is called a generalized solution of the
mized problem of first type for the equation (19) if for every v € W (0) we
have

(t*u™ ™)) 4 (17, v) = (f,v) (20)

where (-, +) is the scalar product in L2(0,b) (see [11]).

Proposition 2.8. The generalized solution of the mized problem of first type

for the equation (19) exists and is unique for every f € Ly _, .

The uniqueness of the generalized solution immediately follows from Def-
inition 2.7. To prove the existence first we note that the linear functional

ly(v) = (f,v) is continuous in W2*(0) because
()| < 1f, La—allv; Loal < [f; Lo, —allo, W3 (0)].

Using Riesz’s lemma on the representation of linear continuous functionals we

can write it in the form

lf(v) = (f> U) = {U,U}a, v e Wam<0)a

where {u, v}, is the scalar product in W2*(0). The element u € W2*(0) realiz-
ing the linear functional /;(v) gives us the generalized solution.

If the generalized solution u(t) is classical then from (20) we conclude that
for a = 0 the function w(t) fulfills the following conditions (see [11])

u(k) (t)‘ _ u(?m—k—l) (t)|

t=0

0, k=0,1,...,m—1, (21)

t=b
i.e., we have Dirichlet conditions at the left endpoint of the segment [0, b] and
Neumann conditions at the right endpoint. Note that the conditions (21) are

of Sturm type and, therefore, regular (see [4]).

Definition 2.9. We say that u € W2(0) belongs to D(B), if the equality (20)

15 satisfied for some f € Ly _, . In this case we will write Bu = f.
According to Definition 2.9 we have an operator
B D(B) C Wocn(O) C Lg,a - LQ’_a .

To get an operator in the same space we set g(t) = t~*f(t). It is evident that
g(t) belongs to Lo, and |f, Ly _o| = |g, La|. Therefore, we get an operator
B=t*B:DB)=D(B)CW"C Lyy — Loy with Bu=gin Ly,.
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Proposition 2.10. The operator B : Ly, — Lo, is selfadjoint and positive.

Moreover, the inverse operator B~! : Lo — Lo 18 compact.

Proof. Symmetry and positivity of the operator B follow from Definition 2.9.
Let v € D(B*) and B*v = 0. Then for every u € D(B) we have (Bu,v) =
(u,B*v). From Proposition 2.8 it follows that v = 0, i.e., the operator B* is
invertible. Now using (8) and the equality (20) with v = u we get

|u7 W;n|2 - (f?u) S |f: LQ,—OAH“? LQ,a| S |gaL2,a||u7 W;gnl

Therefore, we have
|U,, L2,a| S |BU, L2,o¢|7 (22)

i.e., the operator B™! is bounded. Thus the operator (B*)~! is defined on Lo,
(see [4]). Now the self-adjointness of the operator B is a consequence of its
symmetry. The compactness of the operator B~ : Ly — Lo, follows from
the inequality (22) and from the compactness of the embedding W2*(0) C W
(see Proposition 2.5).
The proof is complete.

Corollary 2.11. The operator B has a discrete spectrum, and the system of

the corresponding eigenfunctions is dense in Lq .

This follows from the connection of the spectra of the operators B and B!
and from the properties of compact selfadjoint operators (see [4]).
Note that if A is an eigenvalue and u(t) a corresponding eigenfunction of

the operator B then we have
(=)™ (tul™) ™) oy = A%, (23)

From the inequality (23) and Definition 2.7 it follows that A > 1. For0 < a < 1
the number A = 1 ¢ 0B (0B is the spectrum of the operator B) and for o > 1
it is an eigenvalue for the operator B with the multiplicity m — s, (for the
definition of the number s, see Subsection 2.1), since t°* P, _1(t) for every
polynomial P, s, _(t) of order m — s, — 1 is an eigenfunction (see Proposition

2.1). Therefore, for the solvability of the equation
(=)™ ut™)™ = f, f € Ly a, (24)

we get the following result:
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Proposition 2.12. The generalized solution of the mized problem of first type
for the equation (24) for a > 1 ewists if and only if (f, Pp—s.—1(t)) = 0 for any

polynomial P,,_s._1(t) of order m — s, — 1.

Here we have used both (g, P—s,-1(t))a = (f, Pm_s,—1(t)) since t*g(t) =
f(t) ((-,)a is the scalar product in Ly ,) and the definition of the operator B.
Note that the generalized solution of the mixed problem of first type for the
equation (24) for o > 1 is unique up to an arbitrary additive polynomial of
order m — s, — 1.

Now we can consider the general case of the one-dimensional equation (1)
Pu= (=1)"(@u™) ™ +at®u = f, € Lya, (25)

because the number 1 — a can be regarded as a spectral parameter for the
operator B. Therefore, if 1 — a ¢ oB then the equation (25) is uniquely
solvable for every f € Ly _,.

2.3 Mixed Problem of Second Type

Now we consider the mixed problem of second type for the another special case

of the one-dimensional equation (1)

Su= (=)™t u™) ™ = f fe Ly ,. (26)

Definition 2.13. A function u € W2'(b) is called a generalized solution of the
mized problem of second type for the equation (26) if for every v € W2 (b) we

have
(tau(m),v(m)) + (t%u,v) = (f,v). (27)

In the same way as in Subsection 2.2 we prove the existence and uniqueness
of the generalized solution for every f € Ls_, and define a corresponding

operator

S:D(S) CWI(b) C Loy — Lo_q-

For the classical solution u(t) in the case a = 0 from (27) we get the conditions
(see [11])

T
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i.e., we have Neumann conditions at the left endpoint of the segment [0, b] and
Dirichlet conditions at the right endpoint.

Define S =t7%5, S: Ly oy — La, . In similar way we prove that the operator
S: Ly — Loy is selfadjoint, positive and the inverse operator S™! is compact.
Therefore, the operator S has a discrete spectrum.

Now we can consider the general equation (25) because the number —a can be
regarded as a spectral parameter for the operator S. Hence, if —a ¢ ¢S then
the mixed problem of second type for the equation (25) is uniquely solvable

for every f € Ly _, .

3 The Operator Equation

In this section we consider the operator equation (1). Suppose that the opera-
tor A : ' H — H commutes with D; and has a complete system of eigenfunctions
{@r 32, forming a Riesz basis (see [4]) in H. Hence Ay = appy, k € N, for
every x € H we have x = Y .~ ¢y, and there are some positive constants

c; and ¢y such that

oo o
a Y lnl < el < e Y ol
k=1 k=1

Hence for every u € Ly ((0,b),H), f € Lo _((0,b), H) we have

uw=>Y u()pr, =Y filt)er, keN (28)
k=1 k=1

Therefore, the operator equation (1) can be decomposed into an infinite chain

of ordinary differential equations
Py, = (=1 (™)™ 4+ apt®up = fo, fo € Lo—a, keN.  (29)

For the equations (29) we can define the generalized solutions wuy(t), k € N, of

the mixed problem of first or second type (see Section 2).

Definition 3.1. A function u € Ly ((0,b), H) is called a generalized solution
of the mized problem of first or second type for the equation (1) if the functions
ug(t), k € N, in the representation (28) are generalized solutions of the mized

problem of first or second type for the equations (29).
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Proposition 3.2. The operator equation (1) is uniquely solvable for every
f € Ly_n((0,b),H) if and only if the equations (29) are uniquely solvable for
every fr € La_o, k € N, and the inequalities

|uk7 LQ,O{‘ S C’fk? LQ,*Q‘ (30)
are satisfied uniformly with respect to k € N.

For the proof of Proposition 3.2 see [4].
Let the numbers {\;}52, and {ux}2, are the eigenvalues of the operators B

and S (see Section 2). Suppose that
p(1 —ak, \) >, k,méeN, (31)

p(_aka :um) > g, k7m € N7 (32)

where € > 0 and p is the distance in the complex plane.

Theorem 3.3. Under the condition (31) ((32)) the generalized solution of the
mized problem of first type (second type) for the operator equation (1) exists
and is unique for every f € Lo _,((0,0),H).

First note that under the condition (31) ((32)) the equations (29) are uniquely
solvable for every f; € Lo_,, k € N and the inequalities (30) are satisfied.
Now the proof of Theorem 3.3 follows from Proposition 3.2.

Let g =tf, f € La_o((0,b),H). Then g € L2,((0,b), H) and we define

an operator
P=1t"°P:D(P)=D(P) C Lyo((0,b),H) = Laa((0,b),H),

with Pu = g in Ly 4((0,b), H). It follows from the condition (31) ((32)) that
for the generalized solution u € W2*(0) (u € W2 (b)) of the mixed problem of
first type (second type) we have

[, L2,a((0,0), H)| < clg, L2,a((0,0), H)|.

The operator P~ : Ly ,((0,0), H) — L24((0,0), H) in general is not compact
in contrast to Proposition 2.10 (it will be compact only in the case when the
space H is finite-dimensional). If the operator A : H — H is selfadjoint we

can describe the spectrum of the operator P.
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Proposition 3.4. The spectrum of the operator P for the mized problem of

first type (of second type) is the subset of the direct sum of the spectra B and
o(A—=1) (oS and 0 A), i.e.,

cPCoB+o(A—I)={M+X—1: )\ €0B, \y € 0A}, (6P C 6S +dA).

The proof of Proposition 3.4 immediately follows from the equality

P=B®Iy+Ir,, A-1) P=S®Iy+1,, @A) (see [1]).
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