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The linear stability and Hopf bifurcation of a solution of the initial-boundary value problem
for one system of nonlinear partial differential equations (NPDEs) is studied. A blow up result
is given.
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Nonlinear evolution equations as mathematical models are widely used in almost
all scientific disciplines. A lot of natural processes are described using the nonlinear
systems of partial differential equations.

The main aim of the present paper is to study the linear stability and Hopf
bifurcation of a solution of the initial-boundary value problem for one diffusion
system of NPDEs. Such systems arise in mathematical modeling of the process of
penetration of an electromagnetic field into a substance [11].

In this note, at first, we illustrate two reasonably simple problems, examples of
blow up to obtain nonexistence results for classes of problems that arise in the
studied NPDEs. The conditions which imply that the solution must blow up in
finite time are given.

For most of NPDEs it is very difficult to find exact solutions and there is no
general solution available in a closed form. It is known that, in some cases, it is
possible to construct specific exact solutions of the initial-boundary value problem
for NPDEs. The exact analytical solution is constructed in this note too.

Now, in the domain @ = (0;1) x (0;00), let us consider the following initial-
boundary value problem:
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(5) () ()],

U(0,) = V(0,) = W(0,t) = 0,

oS
- = B il

U(l,t) :Lbl > 0, V(l,t) :wg > 0, W(l,t) :Qﬂg > 0,

U(l‘,O) = UO(:L')a V(l’,O) = ‘/0(1')7

3)
W(x,0) =Wy(z), S(x,0)= Sp(x)>0.

Here (z,t)€Q; «, B,YER; a,b,11,19,13 are positive constants, and Uy(z), Vo(z),
Wo(x), So(x) are the given functions.

Systems of (1) type arise in mathematical modeling of many practical processes
and in theoretical spears too (see, for example, [1] - [4], [6], [8], [13] - [15] and
references therein). Some qualitative and structural properties of solutions of (1)
type systems are established in many works. If @ = 0, b = 1, when system (1),
(2) may be considered as one-dimensional analogue of the model of process of
penetration of an electromagnetic field into a substance [11].

It is easy to check that if a = 0, b = 1, v = «, Up(z) = 1z, Vo(z) = ez,
Wo(z) = 3z and Sp(x) = Sp = const > 0, then when o # 1 the solution of the
problem (1) - (3) is:

U(xvt) = 1/1133, V(.’E,t) = 1/]2:67 W(Jﬁ‘,t) = wSxa

1 @)
S(@,t) =[S+ (1 — ) (¥ +v3 +v3) t] =

As it can be seen from (4), for a finite value of time, namely, when
to =S5~/ [(¥ + 3 +43) (a = 1)]

and a > 1, the function S(z,t) is not bounded.

The above example shows that (1) - (3) has no global solution at all. So, the
solution of problem (1) - (3) with smooth initial and boundary conditions can be
blown up at a finite time.

The questions of unique solvability of some cases of problems of this type are
studied in above-mentioned literature and in the number of other works as well.

Note that if we add to (2) the following boundary conditions:

os| _os
ox 0_856

—0, (5)

r= r=1

then U, V, W and S defined by formulas (4) are also solutions of the following
system:
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with (2), (3), (5) boundary and initial conditions. We conclude that for o > 1,
neither (2), (3), (5), (6) the problem has no global solution.

In the remaining part, we give detailed formulations of the most important results
mentioned in the abstract. Now, let us consider general system (1), (2). In some
cases, linear and global problems of stability of stationary solutions are studied.
There appears the possibility of Hopf bifurcation. The small perturbations may
cause the transformation of a solution into periodic oscillations [12].

The study of similar problems in this area was firstly carried out in the article
[5] for the two component case. The following works [6], [7], [9], [10] are devoted to
similar studies for two and three component (U, V, S) cases of (1), (2) type systems.

It is not difficult to show that if S # ~ the stationary solution (Us, Vi, W, Ss) of
problem (1) - (3) has the form:

95 _
ot

1

_ _ _ I A ST RN
Us =1z, Vs=1px, Ws=13x, S5= a (1/’1 + 95 + 1/’3) . (7)
The following statement takes place.

Theorem 1: Let 2a+ B —~ > 0, B # v, then stationary solution (7) of the
problem (1) - (3) is linearly stable if and only if the following inequality is fulfilled

B—a—1

-9 2] T < 0

Proof: Assume, that the solution of problem (1) - (3) has the following form:

U(z,t) =Us +u(z,t), V(x,t)=Vs+v(x,t),

(9)
W(x,t) =Ws+w(z,t), S(x,t)=2S5s+ s(z,t),

where u(x,t), v(z,t), w(z,t), s(z,t) are small perturbations.
As a result of system (1) linearization, we obtain:

ou Js d%u
8t 045 /Bsa 39
@ __0s L5 9%
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where the following notations are introduced:

a—1 o

b B—v b B—v
av=ann | ir o)) = @i

a—1 a—1

B—v
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%=W—m{ﬁﬁ+%+%ﬂ

b EEE b 5
%zwwLW%w%wﬂ ,7wﬂwﬂJ%+%+%ﬂ

Let us seek the solution of system (10) in the following form:

u(z,t) = u(x)e, ov(z,t) =v(z)e,
(11)

w(w,t) = w(x)e*t, s(x,t) = s(z)ev?,

then we get the problem on eigenvalues for the following system of ordinary differ-
ential equations:

wu =« @—F,B dQJ
- Cdx Sdx?’
wY = 3@4-6@
~ S dx?’
(12)
ww = @—I-ﬂcpiw
_psdx sd.’L'Q’
WS = VsS + d£+ dv+ dw
- S T,de /’Lsd de

Now, assume that the solution of system (12) has the following form:

kx kx kx
) ) *

u(z) = upe™™,  v(z) = voel w(z) = woe’ s(z) = spe’

Substituting these functions in (12), after simple transformations, we get:

uo(w + Bsk?) — agiksy = 0,
vo(w + Bsk?) — ysikso = 0,
wo(w + BSkZ) — psikSO = 0,

Nstkug + psikvo + Tsikwy + so(vs — w) = 0.
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It is clear that this system has a nontrivial solution if and only if the following
condition is fulfilled

wH Bk 0 0 —aik
B 0 wH+pBk: 0 —sik
Alwk)=1" 0w+ Bsk? —pyik

nstk stk Tsik Vs —w
= (W + BskH)?[(vs — w)(w + Bsk?) — agnsk? — vopsk® — Topsk?] = 0.
Since the case w + k% = 0 is trivial, from this we get
kQ(/BsVs — Bow — M — Yslbs — Tsps) — w? + vsw = 0. (13)

The latest equality gives two values of the parameter k such as k; = —ko.
It is easy to show that the solution of system (12) has the following form:

() ko (Sleiklx _ Sgefiklx) ’

T ot Bsk?
ik S ikix —ikyx
v(z) = RN +1g 12 (Sle iz Gye~ik ) )
o (14)
_ M ikix —ikix
w(z) = ot B2 (5’16 Soe ) ,

s(x) = S1eth1® 4 Spe~hT,

where S; and Sy are constants.
Taking into account boundary conditions (2), from (9) and (11) we get

From this, taking into account (14) we get the following system:

S1—52=0,

Sleikl — Sze_ikl =0.

The above system has a nontrivial solution when

1 -1

elkl _elkl

A= = 2isink; = 0,

or
kip,=mn, né€Z
Let us rewrite equation (13) in the following form

W% + Pn(ﬁsa kn, Vs)wn + Ln(ﬁsa kn, Vs, Nsy sy Vsy Ts, ps) =0,
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where:

Pn(ﬁ& kn, Vs) = Bsk% — Vs,

Ly (Bss kns Vs Nss sy Vs> Tss Ps) = _/Bsyskg + asnski =+ VSMsk% + Tspskzr

One must note that the solution of problem (1) - (3) is linearly stable if and only
if for all n the following inequality holds Re(w,) < 0. It is easy to show that if
200+ B — v >0, then Ly (Bs, kn, Vs, N, fhs, Vs» Tss Ps) > 0.

Therefore, for the linear stability of solution it is necessary and sufficient that
the following inequality

Pn(ﬂs; kn7 Vs) = Bskyzl — Vs

e B—1
B—

b B—y b
- [a (¥F + 3 + w?,)] w*n? — (v - Bla [a (Wi+vs+u5)| >0,

holds or

B—a—1
B—~

(-l @t T < @
([

Remark 1: As we see from the inequality i.e. from (8), when « < f, then the
solution of problem (1) - (3) is always linearly stable.

Assume, v > 6, § — a — 1 # 0 and consider the value

2 B—~
s a=B+1 y—a—1 | B-a-l

b B=y q B—~
y—B

ws:

for which we have
Pl(wsaa7577)207 Pn(¢57a7ﬁ77)>07 n:2737"“

In addition, if we assume that 8—a—1 < 0, then for ¢ € (0,15), ¥ = 2 +1h3+13,
we have Pn(¢,a,ﬂ,’y) > Oa ne ZO-

Therefore, when ¢ € (0,5), then the solution of problem (1) - (3) is linearly
stable, and when ¥ > 1 it is unstable. When 1 = 1), we have Re(w;) = 0
and I'm(wy) # 0, i.e. there appears possibility of Hoph bifurcation. The small
perturbations may cause transformation of solution in periodic oscillations [12].
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